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ABSTRACT

This paper shows that Balducci hypothesis imposed on a survivorship
function 1x over a closed interval [b, w] is dual to the 'Uniform
distribution of deaths' hypothesis imposed on the survivorship function
1;Ex over the same interval, where w is such that 1w+1 = 0. This fact
enablesus to give a simple visualization of interpolation relations
concerning 9% and hebe
For the sake of convenience, we shall refer to Balducci and the "Uniform
distribution of deaths' hypotheses as B - hypothesis and the U - hypothesis,
respectively and imposé.superscriptsB and U on quantities such as +9%

whenever appropriate.

For each x in Eo,.wa, we define
-1

1'=1
X WeX.

Note that w is so chosen that 1 = o, This is to prevent 1-1 from
wtl w=X
taking an infinite value and therefore to assure that 1; is a survivor-

ship function over Eb, w] .
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Let us now impose B—hypothesis on lx. Then we have, for every integral

age x less than w,

-1 -l -1l
® Leve = lx+1 - (1-t) (lx+1 L )

where t varies between 0 and 1. It then follows that

-1
' =1
1x-!-t w—(x+t)

-1

= o] + (1-0)

=171 » _ [1 - (l-t)]- (1—1 11 )
[w=(x+)] +1 - x+HOFHL T Tw - (x+l)

- 4
Lo £y = Lyoxen))

=1' - v -1
1x |‘:'(lx 1x+1).

Hence 1}'( assumes the U-hypothesls. We can also see from the above derivation

that 1if 1x assumes the U-hypothesis, then 1}’{ assumes B-—hypothesis.

Next, let us impose the U-hypothesis on lx' Let x be a fixed integer

less than w. Since tq: is a linear function of t, we have

@ g =teq.
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This equality can also be seen to be true from the diagram:
A/V t -ﬂl
X X+1 X+\ 1
——————
U Dioagram
*.%x ag
Fx

L :/——— ﬁ _\' -+
X Xt XtE+R Xt

e 2570 N Diagram 2
Fx ’

*Py'iz?xgt = ‘R?x

Then it follows from (2) that

U -
(3) k(g’xﬂt = 'W%‘

By setting h = 1-t in equality (3) we have

U _ (“'I)‘%x
1-% zx+t -

From the following diagram,

we see that

l"t'?’x ’

which can also be seen to be true fram the following diagram.

Ja T

—
'

; X+ X+1

Y

U U > jagram 3
trx l—t%xd 4 3

bx
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Finally, let us impose B-hypothesis on lx. We have shown that 1}'( assumes the U-hypothesis.

Hence we have

(4) ig/f - /px :'qfx-rt

-1 -
_— 'ex-hf - Ax
=

4 x+1

/ /
4 w=(xt+4) = —?w—x
Lw-tx1)

—
—

,t?/w-(x-rZ)

_ U
- xZ’ Tw—(x+\)] +(1-X) |

When t=]1, we see that

(5) ?;/-(XH) ? w-(x+) = ? ‘ ?x .

Combining (3), (4), and (5), we have

B A Bx
(©) bx = = (-1)-%x .

Similarly, we have
) % B Quvt = Axrtr&
R xtd Lx+t

- -l
= L "(+t¢ & £ x+2
-e;ﬂfw&

o Lw-txrtre) = R ox42)
Lw-(x+4+8)

/
= %w ~(x+1+&)
= kj‘ rw-tx“)J + (1 =2-R)

= - $’ -(xu
V= (1-2-4): %’w-cxﬂ)
<.

L=Ci-t-8) - %y A
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By setting h=l-t in (7), we obtain

(3) ;_;(%)it = (1-1) - Z’x .

Now, let us give a simple visualization of equalities (6), (7), and (8) by using (5)

From
the following diagram
r"l‘t\
X 7‘1-1' X+t we{x+) Tw-0a0l+(-1)  w-x
r——> p————
78 %Y
— —> - >
¥ a
Diagram 4
we see that
'V ,
I-t?x"'f - a—x%w-(xﬂ) = (1-1)- gw—(xﬂ) = (1-4)-¢x .
From the following diagram
- - t — — ¥ —
X X+1 X+1 w-xe)  [w-AxD]+ (-0 w-x
ﬁ?g 17/[} ?}/ V]
+— 7 —> — 77 —>
Diagram 5
we see that
. - ?’/u‘;} (¥l t#
x?x = fw-(x*n)]-i-(l—x) = = =
i e V= (-0
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From the following diagram

B —~R—
‘ ' ; — . |
P X+t x+2+R X+t W) [Wce)J+{10-8) Cw-(x+0] + (1-4) w-x
B ‘r——’u)‘. IU >
¢ ? 3 N
— —> — >
?I

(3

Diagram 6

we see that

Fart = ?r x4+ (1- £ ) = — %I"OU-("') - 2k
X we{x+1)]+ et D).
RExet TR g |~x-&ﬂ/-(x+|) \=(1=2-8)-

For practical purpose, we consolidate Diagram 4 into
=2
/_; M—\

w —(x+ V)

-
= w-(x+z
w-X (Xf ) Diagram 7

l-xz x+L‘

o x

which is the dual of Diagram |. From Diagram 7, we see that

B
n-x?x-rt = (- .

Next, we consolidate Diagram 5 into

/'*—”X\—\

-
w=x w- (x+t) w=(x+1)

(———\_B____-H———B——"" Diagram 8

2z ?x )—x?)‘ +X
. Y

— 2

From Diagram 8, we see that

which is the dual of Diagram 3.

B B
,_x"’x+t 'tZX =44
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It follows that
?B - /‘C‘Z»x - 2 ?x _ - gx
o x '-ITf-rt V=il =G-t)gx .

Finally we consolidate Diagram 6 into

A\ L .R- b — 1)
w -X w=(x+14) w—(X+t+484) u/—('x+|)
< B o fB ) Diagram 9
- -&%xwt \-t-RIxttrd
Fx
which is the dual of Diagram 2. From Diagram 9, we see that
8 B
l-x-{’fx+{+k 'Jm =R fx.
It follows that
R $x _ R-§x R-x

B
-&?xﬂ’ = I_(tm'f’f,,(xrﬁ) - -0+ - &4 = Tm0-1-)- 2,
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