A MORE GCENERAL PRESENTATION OF PENSION FUNDING

Hung-ping Tsao
ABSTRACT
This paper improves Chapter 2 of "Mathematics of Pension Funding"(Part 7 Study Notes).
Key formulas are derived in more general fashions than in Study Notes. For three individual

cost methods, concise formulations and auxiliary diagrams of normal costs and accrued

liabilities are also presented.

I. INTRODUCTION

We shall adopt symbols used in Study Notes. In addition, we use ;q; to denote that 0 is

a quantity relating to an individual j at age z determined at time t under salary-increased
assuption(SIA). The subscipt t will be omitted, if t is the time at which }'s age is z or

in the case that Q is independent of t. We also define
S~# _ St _ st
Ax&z. "‘xflaa xQ; .
Let ﬁj be the entry age of j. If t is the current time of discussion, we define

)(é = ng +1.

For convenience, we define

U*= u+l

for an integral quantity u.

Let (: be a category of employees covered by the plan. Then we define
Z56% = = 365
ANy T, F ad? &
C +¢C ?

7 Gh= 7 i
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and
We also define

For convenience, we define

Dnt = Op N
and
S SQix= = Q.
m: b d X; ?%+Amn1_ 7_R ,tha* .

Let y be the uniform retirement age. Then we define

. 02 D .
a = 24
3% Dy 4

We also define
S
s -l _ D}
Az.y T35y _ sp.
3: SN;" N'U’

and kS
5&-' [ __'___D__'[___.-

3:V SN;__SNV .

\

For quantities that we have so far defined, if SIA is not imposed, we simply drop the
superscript s. We shall assume that SIA is imposed throughout our discussion. However,
all the formulas that we are dealing with also hold true without the superscript s(i.e.

without assuming SIA).
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We use PVFS to denote the present value of future service so that SPVFSi: stands for the
. ¥

present value of future salary and PVFS)% the present value of future years. Thus

. . S/\/ L - S

: x X s
SpyESie = S . S N - My
tPV sté* Sxé ij S Dxé* 5

pyFsi, = MM
3

Note that PVFS’# is the counterpart of both iPVFSi}* and SPVFS%*. Note also that

X5
Sht _ Sxa- #
xBJ - Wi 183 .

S

We shall make use of the following relations to derive our formulas.

: ¥ s # Dv
S ¢ = MG,
(1.1) tPVFNC} = 5 Y Dy
. s o (1)
a.2) iPVFBg =4 : Rziy
Spt Spi
(1.3) =
Bt X
(1.4) 7"5 — V4
sz'* D)(a
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@n Q= = %i&i.* + Z*_ i&)z:* + %SQ;}%
e PVFNCx = (PYENCS - NCE)(+4) + ;l;*irvwcgngrvwcg
F o
@ PVFBjx = PVFB; (40 + Z, JPVFBLs + Z “PUFB]x
; 1
2.6 :AL,Z.* Py = (SAI.Z?. +$/\/C;a.)(|+o
@5 AL = (ALF+NC(H) + azz;: fpd_gj* + % sALif

@6 ALz« = UAL; 0#0)+ [(iFe+ T~ 1p)- 1] - [(c+ L) Wi ()
+ % FAL tAL** [(P+1p)- ZXALX*]n»ZSALX

avint

U= Ui+l g Pvpsxaj{mmzc 1p)-1]

*[Z *PVFB * = Ux g xPVst ]
Ol

~Z e*z,( TPVFBLx - i PUFSiy)
t(P+Ip)- 2 ,PVFBXJ]

+ = (PVFBLy - Ui PUFSE)
Gk,

590,

where G stands for Gain.
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III. DERIVATION OF (2.1)

ant = mx* - = m,t—fj—(f{,
O‘t* = Qia
—_ S\ S ?’
N 05—7—01 5T ?L Qg
- -RiO‘;a' FEN ”ZSQ}
‘Z?’x t@\? $Qx+ Z 5Qx

zw— Refg’ 4 o

which is (2.1).

IV. DERIVATION OF (2.2), (2.3), AND (2.5)

From (1.1) and (1.4), we have

CSprEycia = T = Sved . p, P
Z by VNG = Z 7 i el b g

= Z.[(Z, iVei ) - N D] s

i

%t( PVFNCXJ. - SVCE) (#0)

= (PVENCE - NCZ QD). (41)

Hence (2.2) follows from (2.1) and (4.1).

69



From (1.4), (1.2) and (1.3), we have

s ‘ # _ < (12) Dg
7 bo PVRBL = Z Bl

Qy D"a‘
_ A Dy
T 1) B }‘ "Dy

— SB? (”') DZ (H’L

i

(12 :
Z SBX3 x; I’J(‘“)

=z SPVFBgUm
PVFB% (144). (4.2)

1l

Hence (2.3) follows from (2.1) and (4.2).

SALE = SPVFBE - SPVFNC

(2.5) follows from (2.2) and (2.3).

V. DERIVATION OF (2.4) AND (2.5) VIA DIFFERENTIAL EQUATION OF THE CONTINUOUS INDIVIDUAL
ACCRUED LIABILITY

We shall take for granted that the differential equation

SAT ¢
LQF;:L ZSWEE, + (g + )AL,

holds true for any cost method. For discrete case, the equation becomes
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AL AL =i + (22090 sl

‘ )

This is algebraically equivalent to (2.4). Thus (2.5) follows from (2.1) and (2.4).

For unit credit and individual level premium methods, since 03 0, (2.4) and (2.5)
at )%

become
7)"4'5/4{-;,-* _ (SAL% +SNC;j)(l+i)
and s é }

ALz = (AL + NGE)(1H4) + - 7—R+n AL;

VI. DERIVATION OF (2.4) AND (2.5) VIA RETROACTIVE DEFINITION OF THE INDIVIDUAL ACCRUED

LIABILITY

For any cost method, we can always write
. Dy
S ¥ r\/(:a' v
AL v wj #VV Dg

[}

Then
?Xj’stL;é* = ?’(a 3= u{, *NC} Dx
(CE w0 W

i

o]

Hw

= ( ‘Alij Dy + *NC; D) 155
= (SAL%XJ, +5/vc§a,)(|+i))

which is (2.4). Again, (2.5) follows from (2.1) and (2.4).
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VII. DERIVATION OF (2.6) AND (2.7)

Ft* = F**I"’ C"'P

UALY = AL; - Fe

(2.6) follows immediately from (2.5). Note that the second, third, fifth, and sixth terms of

(2.6) are deviations of actual experience from the expected.

For any cost method, we can write

*PVFNCS, = U+ *PVFSE,

iPVFNCij* = Uz - {PVFSir .
Then, from (2.6), we have
UALx = UAL; (wi) + [(iFe +1.-Ip)-T) - [ (C+I)-NCo(D)
+[ 7 iPvEBix _(u;*z‘PVFs * —U*ZxFVFS,’;j*)J
Zn,( PVFBLx - U,§ 'fPVFSxe)
+ L(PrIp) - FRPVFBLp)
t = ( "PVFBy* — Uz -*PVFSL),

Since
G5 = (VAL +VCH (#) = (C+I) ~UALgx
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(2.7) follows immediately.

Since PVFs:_* is the counterpart of both iPVFS}A* and sPVFS)’(f, if SIA is not imposed, (2.7)
d ¢ 4

becomes

Uge = Uy + Eﬁ%nx PVFSié*]—l{[(in*Ic'IP)‘I]
+ Z FVFB

z ( ,(PVFBX - Uy aPVESH)
-m*

+ [(P+1p) = Z «PVFBiy]
t 2 (PVFBEx ~Ur PVFS;;.,;
+ Ef*} X

For frozen initial liability and aggregate methods, G; and C'X’ are zero.

VIITI. NORMAL COSTS AND ACCRUED LIABILITIES FOR INDIVIDUAL COST METHODS

1. Unit Credit Method

o
swch, = (4%BL) dlyy

r e

1

S
NC 4°B "
a(l)
¥ i e (1)
5ALX& = SB? a.x“'g,
X 4
SAL °B

d( 12)
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2. Entry Age Normal Cost Method

4 (12
5/\/0;’ xBya Sawy

w X &
' — -‘~(u-)
SNC ° 5
s
¥ _spptsnqd
S,V(:x3 = /\Log SCLMQ :;5
W X
)
Ve SAL
—
5o
3. Individual Level Premium Method
7 (n-)s -
w
s o -« (12)
NMCw B a
L S
sa
1y
NC?* = ch t (ABX> ayfsa—x
¥
S
SIVCX* SNCX
+ (kM)

ABy
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