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ABSTRACT 

S e v e r a l  p r e v i o u s  p a p e r s  [1, 2, 3,  4] t r e a t  the  r a t e  o f  i n t e r e s t  as a 

s t o c h a s t i c  p r o c e s s  i n  t he  d e t e r m i n a t i o n  of  v a l u e s  o f  i n s u r a n c e s  and a n n u i t y  

f u n c t i o n s .  None o f  t h e s e  p a p e r s  c o n s i d e r  the  c u r r e n t  i n t e r e s t  r a t e  as  a 

s t a r t i n g  p o i n t  i n  t he  model .  In t h i s  p a p e r ,  a u t o r e g r e s s i v e  i n t e r e s t  mode l s ,  

which a r e  c o n d i t i o n a l  upon c u r r e n t  and p a s t  i n t e r e s t  r a t e s ,  a r e  d e v e l o p e d .  

I t  i s  shown how t h e s e  models  may be a p p l i e d  t o  the  e v a l u a t i o n  o f  moments o f  

i n t e r e s t ,  i n s u r a n c e  and a n n u i t y  f u n c t i o n s .  Numerica l  r e s u l t s  a r e  a l s o  g i v e n .  

David R. B e l l h o u s e  i s  an A s s i s t a n t  P r o f e s s o r  a t  t h e  U n i v e r s i t y  of  

IVestern O n t a r i o .  He h o l d s  the  Ph.D. d e g r e e .  His  t e a c h i n g  and r e s e a r c h  

i n t e r e s t s  a r e  i n  t he  f i e l d  o f  s t a t i s t i c a l  t h e o r y  and methods .  Har ry  H. 

P a n j e r  i s  an A s s o c i a t e  P r o f e s s o r  a t  the  U n i v e r s i t y  o£ W a t e r l o o .  He h o l d s  

the  Ph.D. deg ree  and i s  a Fe l low,  S o c i e t y  o f  A c t u a r i e s  and a Fe l l ow ,  

Canadian  I n s t i t u t e  of  A c t u a r i e s .  P r o f e s s o r  P a n j e r  has  worked as  a l i f e  

i n s u r a n c e  company a c t u a r y .  
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INTRODUCTION 

Non-participating insurance products are priced using interest assump- 

tions that reflect anticipated yield rates on a portfolio of assets. Such 

rates usually reflect in some way both current levels of yield rates as well 

as some ultimate level that can be reasonably expected to occur. In order 

t o  r e f l e c t  t h e  s t o c h a s t i c  n a t u r e  o f  y i e l d  r a t e s  a n d  i t s  a s s o c i a t e d  r i s k ,  

i n s u r e r s  u s u a l l y  i n t r o d u c e  some e l e m e n t  o f  c o n s e r v a t i o n  i n t o  t h e  a s s u m p t i o n s .  

T h i s  u s u a l l y  m e a n s  a r e d u c t i o n  i n  t h e  e x p e c t e d  i n t e r e s t  r a t e  b y  some a m o u n t ,  

such as I%. 

This paper is concerned with the quantification of the stochastic 

nature of yield rates and the resultant effect on interest, insurance and 

annuity values. The theory developed in this paper recognizes not only that 

the yield rate on a portfolio of invested assets is stochastic but also that 

the yield rates in future years are often correlated. That is to say, if 

the Field rate is high in one year, it will tend to be higher in the next year 

than if the yield rate is relatively lower. In addition, the theory recog- 

nizes t h e  c u r r e n t  l e v e l  o f  y i e l d  r a t e  a s  a s t a r t i n g  p o i n t  i n  t h e  s t o c h a s t i c  

s t r u c t u r e  o f  i n t e r e s t  r a t e s ,  

R e c e n t  p a p e r s  b y  P o l l a r d  I 3 ,  4 ] ,  B o y l e  [1]  a n d  P a r t i e r  a n d  B e l l h o u s e  [2]  

h a v e  c o n s i d e r e d  t h e  i n t e r e s t  r a t e  a s  a s t o c h a s t i c  p r o c e s s .  A l l  o f  t h e s e  

a u t h o r s  u s e  t h e  n o r m a l  o r  a r e l a t e d  d i s t r i b u t i o n  t o  d e s c r i b e  t h e  v a r i a t i o n  

in  i n t e r e s t  r a t e s  f r o m  e x p e c t e d  v a l u e s .  B o y l e  [1]  a s s u m e s  t h a t  i n t e r e s t  

r a t e s  i n  s u c c e s s i v e  y e a r s  a r e  u n c o r r e l a t e d  w h i l e  P o l l a r d  [ 3 ,  4] a s s u m e s  t h a t  

a s e c o n d  o r d e r  a u t o r e g r e s s i v e  s t o c h a s t i c  p r o c e s s  c a n  b e  u s e d  t o  mode l  i n t e r e s t  

r a t e  v a r i a b i l i t y .  P a n j e r  a n d  B e l l h o u s e  [2]  d e v e l o p e  g e n e r a l  r e s u l t s ,  b a s e d  

on t h e  moment  g e n e r a t i n g  f u n c t i o n  o f  t h e  i n t e r e s t  r a t e  m o d e l ,  w h i c h  c a n  be  

a p p l i e d  t o  a n y  m o d e l .  They  a p p l y  t h e s e  r e s u l t s  t o  t h e  c l a s s  o f  n o r m a i  

- 2 -  



p r o c e s s e s  and more s p e c i f i c a l l y  t o  a u t o r e g r e s s i v e  m o d e l s  o f  i n t e r e s t  r a t e  

v a r i a t i o n .  

None o f  t h e  a u t h o r s  m e n t i o n e d  a b o v e  u s e  c u r r e n t  l e v e l s  o f  i n t e r e s t  

r a t e s  a s  a s t a r t i n g  p o i n t  f o r  t h e  m o d e l .  T h i s  wou ld  seem t o  be  t h e  a p p r o p -  

r i a t e  s t r a t e g y  when p r i c i n g  i n s u r a n c e  and a n n u i t y  p r o d u c t s  u s i n g  r e a l i s t i c  

a s s u m p t i o n s .  In t h i s  p a p e r  r e s u l t s  a r e  o b t a i n e d  f o r  d i s c r e t e  a u t o r e g r e s s i v e  

m o d e l s  c o n d i t i o n a l  on p a s t  and  c u r r e n t  l e v e l s  o f  i n t e r e s t .  

TIIE BASIC MODEL 

Let  i t and 6 t = In (1 + i  t ) d e n o t e  t h e  i n t e r e s t  r a t e  and  f o r c e  o f  

i n t e r e s t  r e s p e c t i v e l y  a p p l i c a b l e  i n  y e a r  t ( t  = 1 , . . . ,  n ) .  The v a l u e  a t  

t i m e  0 o f  a paymen t  o f  1 made a t  t i m e  t i s  g i v e n  by e x p ( - A t } ,  where  

A t = 51 + 62 + . . .  + 6 t .  T h i s  l a s t  sum may be  e x p r e s s e d  a s  a v e c t o r  p r o d u c t .  

Le t  ~ = ( 5 1 , ~ 2 , . . . ,  6n) T, where  T d e n o t e s  t h e  t r a n s p o s e ,  and 

~t  = ( 1 , 1 , . . . ,  1 , 6 , . . . ,  O) T be  n - e l e m e n t  co lumn v e c t o r s  w h e r e  t h e  l a t t e r  

v e c t o r  c o n t a i n s  t l ' s  and n - t  O 's .  Then A t = ~ ~. 

I f  ~ i s  s t o c h a s t i c ,  P a n j e r  and B e l l h o u s e  [2] h a v e  shown t h a t  t h e  e x p e c t e d  

v a l u e s  and v a r i a n c e s  o f  v a r i o u s  i n t e r e s t ,  i n s u r a n c e  and a n n u i t y  f u n c t i o n s  

depend  on t h e  e x p e c t a t i o n s  E[exp{ -A t}  ] and E[e~:p{-~ t - A a }  ] ,  w h i c h  a r e  t h e  

moment g e n e r a t i n g  f u n c t i o n s  o f  a t and  A t + A s r e s p e c t i v e l y ,  e a c h  e v a l u a t e d  a t  

t h e  p o i n t  - 1 .  The symbol  E d e n o t e s  t h e  e x p e c t a t i o n  o p e r a t o r  w i t h  r e s p e c t  t o  ~.  

[:or e x a m p l e ,  t h e  a n n u i t y  c e r t a i n  

h a s  mean v a l u e  

n 

t=l 
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a n d  v a r i a n c e  

a n d  

E[exp{_A t} ] E[an-~ ] = t = l  

n t i  

s=l t=l 
E[exp{-A t - ~8}1 - 

I f  ~ i s  a n o r m a l  p r o c e s s ,  t h e n  

1 T 
E [ ~ { - ~ t } l  = ~P(-~t T ~ + 5 It r gt } 

tl 
E [exp{-Lx t } ]2. 

t=l 

1 T 
E [ e x p ( - ~ t - A s }  ] = exp{-  (1.~t+ l~s)TS~ + 2(J~t + Z~s ) r ( l t  +~s)}  , 

(1) 

(2) 

w h e r e  t = i , . . . ,  n a n d  Y t  

and  n o t  r a n d o m  v a r i a b l e s .  

TIlE CONDITIONAL AUTOREGRESSIVE MODEL 

The c o n d i t i o n a l  a u t o r e g r e s s i v e  p r o c e s s  o f  o r d e r  p f o r  6 t c a n  be  w r i t t e n  

Yt = $I Yt-1 ÷ ~2 2/t-2 + "'" + ~p Yt-p + et (3) 

= 5 t - 0, a n d  w h e r e  y 0 , 3 / _ 1 , . . . ,  Y-p+1 a r e  c o n s t a n t s  

'{'he e r r o r  v a r i a b l e s  ~t '  t = 2 , . . . ,  n a r e  i n d e p e n d e n t  
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On )T i s  t h e  mean v e c t o r  o f  ~ a n d  r i x  t h e  v a r i a n c e -  w h e r e  ( 0 1 , . . . ,  

c o v a r i a n c e  m a t r i x  w i t h  e l e m e n t s  Xst  = Cov[6s" 6 t ] ,  s , t  = 1 , . . . ,  n. E q u a t i o n s  

(1)  a n d  (2)  c o r r e s p o n d  t o  e q u a t i o n s  (12 )  a n d  (13 )  f o r  d i s c r e t e  t i m e  i n  P a n j e r  

a n d  B e l l h o u s e  [ 2 ] .  i t  r e m a i n s  o n l y  t o  d e t e r m i n e  ~t (~t ~t f ~t" 

a n d  (~t +~s )T r (~t  +~e ) when 6 t ix  c o n d i t i o n a l  on t h e  p r e s e n t  a n d  p a s t  r a t e s  

t o  o b t a i n  t h e  c o n d i t i o n a l  a n a l o g u e  t o  t h e  r e s u l t s  o f  P a n j e r  a n d  B e l l h o u s e  [ 2 ] .  



and identically distributed normal random variables each with mean 0 and 

2 
variance y . Model (3) implies that interest rates in any given year depend 

on the rates in the previous p years. In most practical situations the values 

of 6 t at t = 0,-I,-2,..., -p+l will be known, that is, at the current time, 

t = 0, and at the p-I previous periods. The distribution of ~ = (Yl"'''" Yn )T 

and subsequent expectations of functions of the elements of < is then obtained 

as conditional on yO, y_1,... , Y-p+I" 

The system of equations (3) for t = 1,2,..., n > p can be written in 

matrix notation as 

w h e r e  

0 0 0 ... 0 0 .°. 0 ..° 0 0 

~I 0 0 ... 0 0 .°. 0 ... 0 0 

~ ~I 0 ..• 0 0 ... 0 .°. 0 0 

~3 ~2 ~ •.• 0 0 °°° 0 .°. 0 0 

Cp %p-1 %p-2 ''" ~I 0 ... 0 ... 0 0 

%p %p-1 "'" ~2 ¢I "'" 0 ... 0 0 

0 0 0 . . .  0 0 . . .  ~p . . .  ~1 0 

is an n x n matrix The "error" vector ~ is comprised of two components, 

= ~ + ~ where i = (~I"'" c )T and "Jn 

IS} 
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m 

~I ~2 $3 "'" ¢p-2 @p-I Cp 

¢2 ¢3 ¢4 "'" Cp-I ¢ P 0 

'3 % % ... ¢ P 0 0 

~p o 0 . . .  0 0 o 

0 0 0 ... O 0 0 

0 0 0 ... 0 0 0 

YO 

I Y-1 

I Y-2 

l ( Y-p+1 
(6) 

The m a t r i x  i n  (6) i s  n x p .  S i n c e  ~ h a s  mean v e c t o r  ~ ,  t h e  n - e l e m e n t  co lumn 

v e c t o r  o f  O's,  and v a r i a n c e - c o v a r i a n c e  m a t r i x  y2I ,  where  I i s  t h e  n × n  i d e n t i t y  

m a t r i x ,  t h e n  ~e ha s  mean v e c t o r  ~ and variance-covariance m a t r i x  y25 .  

On r e w r i t i n g  (4) a s  ( i -  4) ~ = ~ or  ~ = ( I - * ) - I  and s i n c e  K i s  m u l t i -  

v a r i a t e  n o r m a l ,  t h e n  t h e  d i s t r i b u t i o n  o f  ~Y g i v e n  yO,y 1 , . . .  , Y p + l  i s  o b t a i n e d  

a s  a m u l t i v a r i a t e  n o r m a l  w i t h  mean v e c t o r  ( I -  $)-1 ~ and v a r i a n c e - c o v a r i a n c e  

m a t r i x  

r = ( I -  ~ ) - l ( I -  ~T)-I 2 (7) 

S i n c e  ~ = ~ + 0~n t h e n  ~ g i v e n  ~0,6 1 . . . . .  6-p+l has  t h e  same d i s t r i b u t i o n  a s  

b u t  w i t h  mean v e c t o r  

-1  

The i n v e r s e  o f  Y-  ~ and h e n c e  I -  cT may be  found  f o r  any  o r d e r  o f  t h e  

p r o c e s s  p < n.  From (5) i t  may be n o t e d  t h a t  I - *  i s  a l o w e r  t r i a n g u l a r  m a t r i x  

w i t h  d i a g o n a l  e l e m e n t s  o f  v a l u e  2. The ( I -  ~)-1 i s  a l s o  l o w e r  t r i a n g u l a r  w i t h  

d i a g o n a l  e l e m e n t s  o f  v a l u e  1. An a l g o r i t h m  f o r  t h e  i n v e r s i o n  o f  a l o w e r  

t r i a n g u l a r  m a t r i x  may be found  in  R a l s t o n  [5,  p. 4 4 6 ] ,  Deno te  t h e  ( s , t ) - t h  
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e l e m e n t  o f  ( I - 1 ) - I  b y  r s t .  Then  r a t  = 0 f o r  8 < t a n d  r t t  = 1 ,  On a p p l y i n g  

t h e  a l g o r i t h m  i t  i s  f o u n d  t h a t  t h e  e l e m e n t s  i n  row t a r e  t h e  s o l u t i o n s  t o  t h e  

s e t  o f  e q u a t i o n s  

m rst-j[~.= ¢jrs, t+j=°,  t : s - 1 ,  8-2,. . . ,  I, (9) 

w h e r e  m = min ( e - t ,  p ) .  E q u a t i o n  (9)  i s  a d i f f e r e n c e  e q u a t i o n  o f  a t  m o s t  

o r d e r  p .  The v a l u e s  o f  r s t  f o r  s > t c a n  be  o b t a i n e d  u s i n g  d i f f e r e n c e  

e q u a t i o n  t e c h n i q u e s .  Once  ( 7 - 0 )  -1 i s  o b t a i n e d  t h e n  ( I - @ T ) - 7  i s  o b t a i n e d  

a s  t h e  t r a n s p o s e  o f  ( I  - @ ) - 1  Then  ~ a n d  r may be e v a l u a t e d .  

APPLICATION TO AR(1) AND AR(2) PROCESSES 

A u t o r e g r e s s i v e  P r o c e s s e s  o f  O r d e r  O n e - h R { 1 )  

The m o d e l  i s  o b t a i n e d  f r o m  (3)  w i t h  ¢1 = ¢ a n d  ¢2  = " ' "  = Cp = O, t h a t  

i s  

6 t = o + ¢ {6 t_  I - o} + 6t~ 

On a p p l y i n g  (9)  t o  f i n d  w h e r e  t h e  c ' s  h a v e  t h e  same d i s t r i b u t i o n  a s  ( 3 ) .  

( I - 0 )  -1 , t h e  r e c u r s i o n  r e l a t i o n s h i p  

~ s , t  = ¢ r s ,  t+1" t = 8 - I ,  s - 2 , . . . ,  I 

w h e r e  r = 1,  i s  o b t a i n e d ,  t l ence  
8 8  
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(I- ~)-I = 

1 

2 

n-1 n-2 
¢ 

0 0 ... 0 O 

I 0 ... 0 0 

2 ... 0 0 

n-3 . . .  ¢ 1 

F o r  t h e  AR( I )  p r o c e s s ,  ~ = (¢yo, O , . . . ,  O) T so  t h a t  

(10)  

2 3 n T 
0 = (¢YO'* YO "¢ YO''''" * YO ) + el n, [11) 

P r o v i d e d  t h a t  - 1  < ~ < I t h e  e f f e c t  o f  t h e  i n i t i a l  d e v i a t i o n  YO = 60 - ~ i s  

r e d u c e d  e x p o n e n t i a l l y  o v e r  t i m e .  On a p p l y i n g  ( 1 1 ) ,  t h e  expressions  ~O and  

( ( t + ~ 8 ) T  ~ i n  (1)  a n d  (2)  r e d u c e  t o  

a n d  

0 ) / ( 2 -  ¢) (12) ITe = tO + ¢(I-¢t)(6 0- 
% t% 

(13)  (l~t ÷~sl )To~ = ( t + s ) o  + ¢ ( 2 - ¢ t - ~ s ) ( ¢ o - o ) / ( 1 - ¢ ) .  

In t h e  u n c o n d i t i o n a l  AR(1) p r o c e s s ,  P a n j e r  a n d  B e l l h o u s e  [2 ]  o b t a i n e d  tO a n d  

( t+s )O f o r  (12)  and  (13)  r e s p e c t i v e l y .  The d i f f e r e n c e  i n  b o t h  c a s e s  may be 

v i e w e d  a s  a c o r r e c t i o n  t e r m  t o  t a k e  i n t o  a c c o u n t  t h e  d e v i a t i o n  o f  t h e  c u r r e n t  

f o r c e  o f  i n t e r e s t  f r o m  t h e  a v e r a g e  f o r c e  o f  i n t e r e s t .  

The v a r i a n c e - c o v a r i a n c e  m a t r i x  F c a n  be  o b t a i n e d  f r o m  (7) a n d  ( 1 0 ) .  

A f t e r  some a l g e b r a  t h e  ( s , t J - t h  e l e m e n t  o f  F r e d u c e s  t o  

covC4t,~s) = y2¢It-~[ ( 2 - ¢ Z m ) / ( ~ - , ~ ) ,  (14)  

w h e r e  m = min ( t , s ) .  Tile a s y m p t o t i c  r e s u l t ,  o b t a i n e d  b y  f i x i n g  t - s  a n d  l e t t i n g  

m become large, is the covariance in the unconditional model obtMned from 
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equa t i on  (19) of  Panjer  and Bel lhouse  [2] .  

Consider  the  f u n c t i o n s  

and 

x -1  x @u a(x) = + [ (x-u) 
u=1 

x 1 + ¢  1 - ¢  x 
= ~ 1 - ¢  ( 1 - ¢ ) 2  

x-1 ] 
H(x) = ~2~ ~I + ~ #ku (1-~p2(x-u))u=1 

- 1_@2 

( is) 

(:6) 

Then from (14) ,  (15) and (16) and by u s ing  arguments  s i m i l a r  to  thosc  given in 

Appendix I of  Pan je r  and Bel lhouse  [2] fo r  the  d i s c r e t e  u n c o n d i t i o n a l  p r o c e s s  

the  e x p r e s s i o n s  ~ F ~t and (~t + ~s )T r (~t +<z ) in  (1) and (2) reduce to  

1T F ~ t  = 202 {G(t )  - H( t ) }  (17) 
~t  

and 

(~t +~s)TF(~t +~s ) = 20212{G(t) - H(t)} + 2{G(8) - H(s)} 

- {G{It-s I) - ~2mH(It-81)}], (18) 

where o 2 = ~ 2 / ( 1 - ¢ 2 )  and m = min ( s , t ) .  Panje r  and Bel lhouse  [2] ob ta ined  

2o2G(t)  and 2o2{2G(t)  + 2G(s) - G ( I t - s [ ) }  fo r  (17) and (18) r e s p e c t i v e l y .  

The d i f f e r e n c e  in each case shows the r e d u c t i o n  in va r i ance  ob ta ined  by u s i n g  

the k n o ~  c u r r e n t  va lue  50 . 
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A u t o r e $ r e s s i v e  P r o c e s s e s  o f  Order  Two -AR(2)  

The model i s  a s p e c i a l  c a s e  o f  (3) wi th  p = 2 o r  

6 t = 0 + ¢1{~t_i-O) + 02{6t_ 2-0) + e t, 

where,  a g a i n ,  t h e  ¢'8 have  t h e  same d i s t r i b u t i o n  as  (3) .  

-1  t i o n s h i p  (9) to  f i n d  (I- ~) becomes 

The recursion rela- 

ret -#irs, t+l - ¢Irs, t+2 = O, t = 8- 2, 8- 3,..., 1 (19) 

with initial conditions r88 = 1 and r8,8_ I = ~I" 

for t < 8. The solution to (19) is 

Again, the elements rst = 0 

8-t 8-t 
rst = ~I~I + ~2~ 2 t = 8,8-I,..., 1 

~11 and ~;1 a r e  t h e  r o o t s  o f  t he  c h a r a c t e r i s t i c  e q u a t i o n  where 

(20) 

~(r) = 1 - ~i r - ~2 r2. 

Upon n o t i n g  t h a t  

and s i n c e  r 
$8 

= 1 and r 
8,S-I = ¢1 t h e  c o e f f i c i e n t s  r educe  to  

(21) 

~I = ~I/(~I - ~2 ) and a 2 = -~2/(~1 - ~2 ). 

process ~ = (¢1y 0 + ¢2y 1 , ~2YO, O .... , O) T. For the AR(2) 

- 1 0 -  

(22) 

From (20) 



and (22) and no t ing  t h a t  

~1~2 = -~1 (23) 

the  i - t h  ( i  = 1 , . . . ,  n) e n t r y  of  O reduces  to  

i + l .  
e + {~+I % ~o/c~ I ~2 ) ~i~2{~ ~ i . . . .  ~2}Y-1 / (~I - ~2 )" (24) 

1 z ~8) T On app ly ing  (24) ,  the  e x p r e s s i o n s  ~t  ~ and (~ t  + 0 in  (1) and (2) reduce 

to  

~t 0 = t 0 T {~(1-~2) ( I -  qP~)(yO +~O2Y_1) 

- t1,~(1-@1 )c l -~ t  2) Cy O+tply 1 ) } / ( ( I -~1  )(1-tp 2)('I' 1-t~ 2)}. 

and 

t _ ~s2) (YO +~2 y I ) ~t  + ipz  e = a+~)o + (~c1-~)c2-~  I 

- ~a - ~I)c2- ~- ~)c~ o + ~y_:)}/{c~- %)c~- ~2) c~ - ~)}. 

The v a r i a n c e - c o v a r i a n c e  m a t r i x  ~ may be ob ta ined  from (7) ,  (20) and 

(22) .  A f t e r  some a l g e b r a  the  ( a , t ) - t h  element  of  F reduces  to  

2m 
- ~ ( 1  - ~2 )}] / (tPl - V)g),  (25) 

where m = m i m ( s , t ) ,  

>, = ~ f(1 - ~)21) / (fov I - ~2 ) (I + ~P1~2 ) }, 
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as in  P a n j e r  and B e l l h o u s e  [2 ] ,  and 

02 = ~2(I + ~i,2 ) / ((1 - ~i~2)C1 - ¢~)(I - @~)}. (26) 

On u s i n g  (21) and (23) i t  may be no t ed  t h a t  (26) i s  t h e  v a r i a n c e  o f  ~t i n  

t h e  u n c o n d i t i o n a l  model s t u d i e d  by P a n j e r  and B e l l h o u s e  [2] .  The a s y m p t o t i c  

r e s u l t ,  o b t a i n e d  by f i x i n g  t - s  in  (25) and l e t t i n g  m become l a r g e ,  a g r e e s  

w i th  t h e  c o v a r i a n c e  o f  6 t and 8a in  t h e  u n c o n d i t i o n a l  model o b t a i n e d  from 

e q u a t i o n  (21) in  Par t ier  and B e l l h o u s e  [2] .  

C o n s i d e r  t h e  f u n c t i o n s  

x-1  x Oi(x) = ~ +  [ (x-u)~ u, i = 1,2, (27) 

and 

@iCJ { l'- (~iCJ)x X-l u [l- (~i~j)X-u] } (28) 
Hij(x) = l-Oi~ j 2 + u=I[ ~i 

i = 1,2; j = 1,2. 

Then from (26) ,  (27) and (28) ,  and u s i n g  t h e  same a r g u m e n t s  a s  f o r  t he  AR(1) 

process, the expressions ~ r ~t and (~t+In.8) g F (~t+In~S) in (i) and (2) 

reduce  t o  

and 

1T ~t F ~t = 2°2{xG1 (t) + (1- x)O2(t) - [k~lHll(t) - kt2Hl2(t) 
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(~t +18 )rr qt +~8 ) 

where in (29) 

and 

= 2s2{2G(t)+2G(s)-G(It-8 I) - [k~lFll-k@2F12+ (1-k)@lF21 

(1 - X)$F22 ] / ($1 - $2 )} (29) 

G(x) = kGI(x) + (l-k)G2(z). 

Fid = 2Hij(8) + 2Hij(t) - (~i~j) m Hid(It- 8[), 

NUMERICAL ILLUSTRATIONS 

T a b l e s  1, 2 and 3 g i v e  t h e  mean p r e s e n t  v a l u e  o f  an a n n u i t y  c e r t a i n ,  a 

whole l i f e  a n n u i t y  and a whole l i f e  i n s u r a n c e  r e s p e c t i v e l y .  Each t a b l e  i s  

ba sed  on t he  c o n d i t i o n a l  a u t o r e g r e s s i v e  model o f  o r d e r  1 w i t h  a v a l u e  o f  8 o f  

6%, v a l u e s  o£ o of  1~ and 10~, v a l u e s  o f  ~ of  O, . 25 ,  . 50  and .75 and v a l u e s  

o f  60 , t h e  s t a r t i n g  v a l u e s  o f  4g,  6~ and 8~. 

Prom t h e s e  t a b l e s  i t  i s  n o t e d  t h a t  t h e  e x p e c t e d  p r e s e n t  v a l u e s  i n c r e a s e  

as  t h e  v a r i a b i l i t y  as  measured  by t he  s t a n d a r d  d e v i a t i o n  g i n c r e a s e s ,  i n c r e a s e s  

as  t h e  d e g r e e  o f  dependency ,  ¢ ,  i n c r e a s e s  and d e c r e a s e s  as  t he  c u r r e n t  r a t e ,  60, 

i n c r e a s e s .  

Tab le  4 g i v e s  t he  ne t  annua l  premium f o r  an o r d i n a r y  l i f e  i n s u r a n c e  

p o l i c y  under  t he  above a s s u m p t i o n s .  The v a l u e s  a r e  o b t a i n e d  by d i v i d i n g  t h e  

v a l u e s  i n  Tab le  3 by t h o s e  i n  Tab le  2 i n c r e a s e d  by an amount of  1. 

I t  can be seen  t h a t  t he  ne t  annual  premium i n c r e a s e s  as  g i n c r e a s e s ,  

as  ¢ i n c r e a s e s  and as  dO d e c r e a s e s .  Changes i n  t h e  s t a r t i n g  v a l u e  60, do n o t  

a f f e c t  t he  ne t  annua l  premium as  much as  i t  d i d  t he  ne t  s i n g l e  premiums i n  
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T a b l e s  l ,  2 and 3. The e f f e c t  o f  5 0 may be more pronounced  f o r  o t h e r  t y p e s  

o f  p o l i c i e s .  The v a l u e  o f  @ seems to  be much more i m p o r t a n t  t h a n  t he  v a l u e  

o f  o or  6 0. This  d e m o n s t r a t e s  t h a t  t he  c o r r e l a t i o n  o f  y i e l d  r a t e s  i n  suc -  

c e s s i v e  y e a r s  i s  an i m p o r t a n t  v a r i a b l e  in  t he  d e t e r m i n a t i o n  o f  i n t e r e s t ,  

i n s u r a n c e  and a n n u i t y  v a l u e s .  

The r e a d e r  i s  c a u t i o n e d  t h a t  t h o s e  o b s e r v a t i o n s  a p p l y  o n l y  t o  t he  

o r d i n a r y  l i f e  p l a n .  The e f f e c t s  o f  t he  v a r i o u s  p a r a m e t e r s  may be more or  

l e s s  pronounced  f o r  o t h e r  p l a n s .  
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TABLE I: 

0 o 

Mean present value of an n-year annuity certain 

n 

¢ 60 10 20 30 40 SO 

• 06 .01 

.10 

0 any 

.25 .04 

.06 

.08 

.50 .04 

.06 

.08 

.75 .04 

• 06 

.08 

7.298 11.306 13.506 14.714 15.378 

7.346 11.382 13.599 14.816 15.485 

7.299 11.308 15.511 14.720 15.584 

7.253 11.235 13.423 14•624 15.284 

7.430 11.523 13.773 15.010 15.690 

7.300 11.313 13.518 14.730 15.597 

7.173 11.106 15.268 14.456 15.109 

7.607 11.870 14.220 15.514 16.227 

7.302 11.321 15.534 14.753 15.424 

7.010 10.799 12.884 14.032 14.664 

0 any 7.482 11.799 14.290 IS.727 16.556 

.25 .04 7.622 12.169 14.881 16.499 17.464 

• 06 7.573 12.090 14.784 16.391 17.550 

.08 7.525 12.012 14.688 16.284 17.236 

.50 .04 7.841 12.856 16.021 18.052 19.547 

.06 7.704 12.600 15.722 17.712 18.982 

.08 7.569 12.368 15.428 17.379 18.624 

.75 .04 8.178 14.320 19.092 22.809 25.703 

.06 7.844 13.635 18.129 21.629 24.354 

.08 7.526 12.984 17.217 20.513 23.080 
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TABLE 2: 

O 

Mean p r e s e n t  v a l u e  o f  a l i f e  a n n u i t y  u s i n g  1958 

Age 
¢ 60 0 10 20 

C50 Mortality Tables 

30 40 

.06 .01 

.06 .10 

0 any 15.437 15.290 14.858 14.162 12.983 

.25 .04 15.545 15.398 14.961 14.260 13.072 
.06 ]5,544 15.297 14.864 14.168 12.987 
.08 15.343 15.198 14.767 14.075 12.903 

.50 .04 15.752 15.601 15.158 14.446 13.240 
.06 15.457 15.310 14.876 14.177 12,995 
.08 15.169 15.024 14.598 15.914 12.755 

.75 .04 16.297 16.158 15.675 14.927 15,667 
.06 15.489 15.340 14.902 14.199 13.012 
.08 14.723 14.584 14.171 13.509 12.390 

0 any 16.731 16.519 15.980 15.140 13,773 

.25 .04 17.744 17.475 16.847 15.889 14.373 
.06 17.629 17.361 16.737 15.785 14,279 
.08 17.514 17.248 16.628 15.682 14,186 

.50 .04 19.929 19.504 18.651 17.411 15.555 
.06 19.552 19.136 18.299 17.084 15,265 
.08 19.182 18.775 17.955 16.763 14,980 

.75 .04 28.447 26.988 24.883 22.276 19.003 
.06 26.937 25.564 23.582 21.126 18.042 
.08 25.511 24.218 22.351 20.038 17,133 

e o ¢ 60 50 60 70 80 90 

,06 .01 0 any 11.235 8 .962  6 .431 4 .073  2,174 

.25 .04 11.311 9.022 6.473 4.099 2.187 
.06 11.238 8,964 6.432 4.074 2.174 
.08 11.165 8.906 6.391 4.048 2.161 

.50 .04 11.453 9,]31 6,547 4,142 2.206 
.06 11.243 8.967 6.434 4.074 2,174 
.08 11.038 8 .806 6 ,322  4 .007  2 .142 

.75 .04 11.804 9 .389 6 .709 4 .225  2 .238 
.06 ]1 .254  8.973 6.436 4.075 2.174 
.08 10.732 8.577 6.175 3.930 2.112 

.06 .I0 0 any ii.810 9.327 6.627 4.160 2.202 

.25 .04 12.244 9 .602 6 .776  4 .227 2 .226 
.06 12.165 9.541 6.733 4.200 2.212 
.08 12.086 9.479 6.690 4,174 2.199 

.50 .04 13.067 10.098 7.026 4.329 2.256 
.06 12.826 9 .915 6 .905  4.257 2.222 
.08 12.589 9.736 6.782 4,187 2.189 

.75 .04 15.215 11.227 7.506 4.486 2.290 
.06 14.472 10.708 7,189 4.323 2.224 
.08 13.767 10.216 6.888 4.166 2.160 
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TABLE 3: 

0 

Mean p r e s e n t  v a l u e  (ne t  s i n g l e  premium) of  a whole l i f e  i n s u r a n c e  
u s i n g  1958 CSO M o r t a l i t y  T a b l e s  

Age 
50 0 10 20 30 40 

.06 .01 

. I 0  

0 any 43.58 52,09 77.27 117.75 186.36 

.25 .04 43 .90  52 .49  77.87 118.64 187.73 
.06 43.62 52.15 77.35 117.86 186.49 
.08 43.34 51,80 76.84 117,08 185.26 

.50 .04 44.50 53.29 79.04 120.41 190.45 
,06 43.70 52.26 77.51 118.07 186.74 
.08 42.92 51.25 76.00 115.77 183.11 

.75 .04 46.17 55.62 82.46 125.58 198.29 
.06 43.92 52.56 77.92 118.60 187.37 
.08 41.80 49.68 75.64 112.01 177.06 

0 any 51.15 62.48 91.34 136.29 209.45 

.25 ,04 57.70 71.26 102.91 151.13 227.48 
.06 57.32 70.79 102.23 150.13 225.97 
.08 56.96 70.32 i01 .55  149.14 224.48 

.50 .04 74.68 93.34 130.89 185.47 267.13 
.06 73.28 91.51 128.33 181.83 261.91 
.08 71.91 89.72 125.83 178.27 256,79 

.75 .04 184.66 220.24 272.37 336.90 418.37 
.06 174.36 207.61 256.78 317.63 394.67 
.08 164.64 195.71 242.10 299.48 372.34 

0 o ~ 60 50 60 70 80 90 

.06 .01 0 any 288.08 420 .33  567.60  704.80 815 .33  

.25 .04 290.15 423.25 571.42 709.38 820.39 
.06 288.24 420.48 567.73 704.89 815 .38  
.08 286.33 417.73  564.06 700.43 810.41 

.50 .04 294.18 428.86  578.49 717.35 828.35 
.06 288.52 420.75 567.94 705.03 815.44 
.08 282.96 412.80 557.59 692.92 802.74 

.75 .04 305.48 443.74 595.64 734.26 842.35 
.06 289.17 421.31 568.32 705.20 815.48 
.08 273,75 400.08 542.35 677.44 789.59 

.i0 0 any 314,49 447.34 591.82 723.87 828.62 

.25 .04 334,67 467.68 609.99 738.34 839.06 
.06 332.46 464.61 606.04 733.66 833.94 
.08 330,27 461.57 602.12 729.00 828.84 

.50 .04 376.66 507,39  642,77 761.82 853 .63  
.06 369,36 497.73 630.96 748.63 840.25 
.08 362.21 488.26 619.37 735.68 827.09 

.75 .04 513.72 616.29 716.17 802.92 872.34 
.06 485.37 584.01 682.14 770.26 844.09  
.08 458.61 553.48 649.84 739.09 816.91 
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TABLE 4: 

O o 

Net  a n n u a l  p r e m i u m  o f  a $100 o r d i n a r y  
1958  CSO M o r t a l i t y  T a b l e s  

¢ 60 0 I0 

l i f e  i n s u r a n c e  p o l i c y  u s i n g  

Age 
20 30 40 

. 06  . 01  

.10 

0 a n y  2 . 6 5  3 . 2 0  4 . 8 7  7 . 7 7  1 3 . 3 3  

. 2 5  . 04  2 . 6 5  5 . 2 0  4 . 8 8  7 . 7 7  1 5 . 0 7  
.06 2.64 3.20 4.88 7.77 1 3 . 3 3  
.08 2.65 3.20 4.87 7.77 12.90 

. 5 0  . 0 4  2 . 6 6  3 . 2 1  4 . 8 9  7 . 8 0  1 5 . 3 7  
, 0 6  2 . 6 6  3 . 2 0  4 . 8 8  7 . 7 8  1 3 . 3 4  
. 0 8  2 . 6 5  3 . 2 0  4 . 8 7  7 . 7 6  1 3 . 3 1  

. 7 5  . 0 4  2 . 6 7  3 . 2 5  4 . 9 5  7 . 8 8  1 3 . 5 2  
. 0 6  2 . 6 6  3 . 2 2  4 . 9 0  7 . 8 0  1 3 . 3 7  
. 0 8  2 . 6 6  3 . 1 9  4 . 8 5  7 . 7 2  1 3 . 2 2  

0 a n y  2 . 8 8  3 . 5 7  5 . 3 8  8 . 4 4  1 4 . 1 8  

. 25  . 04  3 . 0 8  3 . 8 6  5 . 7 7  8 . 9 5  1 4 . 8 0  
. 0 6  3 . 0 8  3 . 8 6  5 . 7 6  8 . 9 4  1 4 . 7 9  
. 0 8  3 . 0 8  3 . 8 5  5 . 7 6  8 . 9 4  1 4 . 7 8  

.50 .04 3.57 4.55 6.66 10.07 16.14 
.06 3.57 4.54 6.65 10.05 16.10 
.08 3.56 4.54 6.64 10.04 16.07 

.75 .04 6.27 7.87 10.52 14.47 20.92 
.06 6.24 7.82 10.45 14.36 20.73 
.08 6.21 7.76 10.37 14,24 20.53 

e o ¢ 60 50 60 70 80 90 

.06 .01 0 any 23.55 42.19 76.38 138.93 256.88 

. 2 5  . 0 4  2 3 . 5 7  4 2 . 2 3  7 6 . 4 6  1 3 9 , 1 2  2 5 6 . 4 2  
. 0 6  2 3 . 5 5  4 2 . 2 0  7 6 . 3 9  1 3 8 . 9 2  2 5 6 . 8 9  
.08 23.54 42.17 76 .32  138.17 256.38 

.SO .04 23.62 42 .33  76.65 139.51 258 .37  
. 0 6  2 3 . 5 7  4 2 . 2 1  7 6 . 4 0  1 3 8 . 9 5  2 5 6 . 9 1  
. 0 8  2 3 . 5 1  4 2 . 1 0  7 6 . 1 5  1 3 8 . 3 9  2 5 5 . 4 9  

. 7 5  . 0 4  2 3 . 8 6  4 2 . 7 1  7 7 . 2 7  1 4 0 . 5 3  2 6 0 . 1 5  
. 0 6  2 3 . 6 0  4 2 . 2 5  7 6 . 4 3  1 3 8 . 9 6  2 5 6 . 9 3  
. 0 8  2 3 . 3 3  4 1 . 7 8  7 5 . 5 9  1 3 7 . 4 1  2 5 3 . 7 2  

. 1 0  0 a n y  2 4 . 5 5  4 3 . 3 2  7 7 . 6 0  1 4 0 . 2 8  2 5 8 . 7 8  

. 25  . 04  2 5 . 2 7  4 4 . 1 1  7 8 . 4 5  1 4 1 . 2 6  2 6 0 . 0 9  
.06 2 5 . 2 5  44.08 78,37 141.09 259.54 
. 0 8  2 5 . 2 4  4 4 , 0 5  7 8 . 3 0  1 4 0 . 9 0  2 5 9 . 0 9  

. 5 0  . 0 4  2 6 . 7 8  4 5 . 7 2  8 0 . 0 9  1 4 2 . 9 6  2 6 2 . 1 7  
. 0 6  2 6 . 7 1  4 5 . 6 0  7 9 . 8 4  1 4 2 . 4 1  2 6 0 . 7 9  
. 0 8  2 6 . 6 5  4 5 . 4 8  7 9 . 5 9  1 4 1 . 8 3  2 5 9 . 3 6  

. 7 5  . 0 4  3 1 . 6 8  5 0 . 4 0  8 4 . 2 0  1 4 6 . 2 8  2 6 5 . 1 5  
. 0 6  3 1 . 3 7  4 9 . 8 8  8 3 . 3 0  1 4 4 . 7 0  2 6 1 . 8 1  
. 08  3 1 . 0 6  4 9 . 3 5  8 2 . 3 8  1 4 3 . 0 7  2 5 8 . 5 2  
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