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ABSTRACT 

The use of annuity certain symbols provides a convenient short hand for the 

value, accounting for interest, of a variety of types of sequences of payments at 

a variety of different points in time. One must, however, be careful with the use 

of such symbols for fractional payment periods, ie. for IIi where j, measured in 

interest conversion periods, represents a fractional number of payment periods. 

What one might want it to represent and what it does represent, according to standard 

textbook definitions of the symbol, may be different. This paper discusses the 

problem, how it develops and some important practical implications. The paper 

discusses the problem using present value symbols (a's) but a similar analysis holds 

for accumulated value symbols (s's). 

I. BACKGROUND 

Annuity certain symbols have been developed as a short hand for the value, 

accounting for interest, of a variety of types of sequences of payments at a variety 

of different points in time, measured most generally in terms of number of interest 

conversion periods. Thus, the value at time 0 of the payment sequence indicated by 

the following diagram is represented by aoli' where n is the number of interest 

conversion periods, i is the effective interest rate per interest conversion period, 

and the payment period is the same as the interest conversion period. 

Payment--- 1 1 1 1 

Number of interest 0 1 2 n-1 n 

conversion periods 

Using the basic principle of discounting each payment separately, the value at time 0 

is v + v 2 + .... vn. As the sum of a finite geometric progression with common ratio v, 

this can be simplified as follows: 

v(l-vn) __ i_v __ 

This simplification can be accomplished only if the values are in a geometric pro-

gression. But when that is the case, there are then two equivalent mathematical 

expressions for the annuity certain symbol. For the example above, they are: 
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a~H • v + v2 +- v 1'1· 

n 
a..,.=~ 
"' ~ i 

(1) 

(2) 

The symbols and simplifications can also be helpful in a variety of other 

situations. An Appendix uhich gives a summary of basic annuity certain symbols 

and the payment patterns represented by those symbols is available from the author. 

Given that aiil~ is the present value of a certain sequence of payments when n 

is integral
1 

for what sequence of payments should 1J1ibe the present value when j 

ti+ k, n integral,O<.k.l!.. 1? 

There are several possibilities. Some, of course, are more reasonable than 

others, The following diagrams illustrate a few of the payment sequences that 

might be considered: 
l 1 1 1 k 

(a) 

0 

(b) 

0 

(c) 

0 

(d) 

0 

1 

1 

1 

1 

1+1< 
1 

ntK 
2 n-1 n n-+1 

'( i( 

2 n-1 n n+l 

l 1 1 

2 n-1 
,~/<. 

n n+l 

1 1 

l.-tk n·1+k n+K 
2 n-1 n n+l 

----------J.----1--------------------1-.(~,.~;)~T -&-,--
(e) 

n+K 
0 1 2 n-1 n n+l 

(a) is the situation which might seem to be the most reasonable since it 

reflects a proportional payment for -thl!. last fraction of a payment period. But, 

then 
2 n n+k 

Q.n:tl<l: ~ v + v + --- v + kv ~ be simplified to an expression 

of the form 1-vn+k since the values 'are not in a geometric progression. It can 

i n+k 
be simplified to<tril

1
+ kv • 40 





II. PRACTICAL IMPLICATIONS 

Two general types of problems may potentially involve use of ~;:;~-,;· n integral, 

O~k' 1, as defined above. The first type is to determine the present value of a 

sequence of payments over a term that involves a fractional number of payment periods. 

The second type is to determine the term of an annuity, given a lump sum value and 

a level of payments desired. 

For the first type,a;Kl;,as defined above, is generally not appropriate since 

it represents a unique irregular payment of (l+i)k-1 per unit of regular payment, 
i 

at the end of n+k payment periods. A given sequence of payments would usually not 

have the pattern of payments implied by the above definition of 0~;· If the 

interest conversion period and the payment period are not the same, it is not un-

common to have a fractional number for the term of the annuity measured in interest 

c;9nversion periods. For example, thet!O monthly instailments on a loan with a term 

of 18 months and an effective rate of interest of 12%, 1-<Htl. present value represented 

(nl 
by 600 Q.'!J1 • However, the number of payment periods is 

ft. .II.- f. {<;. ~ f.( 18) 
sUDBDation is: SOv "'+ SOv + -- SO v SOv ~1-(vf~) = 

1- v t ... 

integral and the basic ,, ) (•~ 
50•12(1-v:r,. =600a;n 

• (12) K: t •• :.... 
·t 

This is ~ a problem involving an annuity symbol with a fractional term as measured 

"' in payment periods. The irregular payment of the form (l+i) - 1 , arises when the 
i 

term, as measured in payment periods, is fractional. In that case, the present 

value is best determined by use of basic principles for the payments over the 

fractional period, and annuity symbols for an integral number of payment periods for 

payments over the period involving an integral number of payment periods. 

For the second type of problem, although a~t1 as defined above, is appropriate 1 

it is generally not used since it' use results in an irregular payment at a fractional 

payment period. It is preferable to use annuity symbols for an integral number 

of payment periods, and determine an irregular payment to be made at the same time as 

the last regular payment, or one payment period after the last regular payment. ~ 

Example 3.5 from Kellison's text is illustrative. 

If this definition of GtM'l<]; is such that a~ i is, for all practical 

purpose, hardly ever used, what is the value of such a definition? It does provide 
42 



a more complete theory from a mathematical standpoint. It is helpful to have 

the functionQnr,defined for all positive values of n (note that the function can 

be defined for negative n in a manner consistent with the definition for fractional 

ieQ = 1-v-n.to my knowledge, that definition has even less practical value). 
:;jj; --i-) 

Unfortunately, the primary motivation for this paper is the practical 

misinterpretation of aMK7. as defined above. "fwo instances of possible mis-

interpretation have come to my attention, 

First, it was brought to my attention that a computer software package 

which calculated values of annuity certain used a form analagous to Q""" k( 4 

This is not a problem in itself; however, the individuals using it were using it 

to determine the present value of a sequence of payments different from that 

J.-v"+l( 
i. 

sequence implied by use of The values they obtained 

from the computer were not what they thought they were obtaining, Fortunately, 

they discovered their error. This situation also points out a_critical problem in 

use of software packages, Such packages are very valuable and efficient, but those 

who use them must be sure they understand what it is that the package calculates,· 

The second case of possible misinterpretation involves the incorrect 

use of a deferred annuity certain for the expectation of life in determining the 

value of future retirement benefits for purposes of divorce settlements. There 

are many reasons why such usage is incorrect; among those reasons (although not as 

important as some other reasons) is the fact that such a term is usually for a 

fractional number of payment periods. Use of a deferred form of a. 1'1-+k.( ~ ,as 

defined above, implies a payment pattern of regular payments (P ) for an integral 

number of payment periods and a payment of the form P, (('~t)~- j) at n+k, This 

is not the pattern of payments that pension plans use in making payments. 
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Two alternative approaches to problem 48 from Chapter 4 of Kellison's text 

further illustrate the potential for misinterpretaion of the symbol. 

The problem is stated as follows: 
('I) 

"The last payment under an annuity represented by a. ----n • is 
(I"'~'' 

taken as 1/12. Show that the error involved in this assumption is 

,~[1-~] 
The first approach proceeds in a manner similar to the development of the 

definition of 
(¥) 

a_.,.,.~ 
n+,-.;.1 t 

a_ -:;;:-7• , 1'1 integral, 0 .C. k<. 1: .!. 
1!-~ ,... V\ ... ,,. 

1- v ,.,,..(-._ _ 1-v"'../-v"-v = 

• <•i -
L 

I") + C{ _,. 
... " 

Y 111 +~((1ri)h. -1) 
i. <") 

.J. 
('f) (l·t.)''" -1 

Thus, the definition of 0.. ~. implies 
...... ,,_,' J. 

a payment of ·(~) at n + 1/12 • 

= J.(l-r:(Crtl)\..-1)1= J. [1- i'' ... 1J Using 1/12 implies an error of ..J. _((Hi)'~-j\ 
llo- ' ~(4} 1 '""" . ,., :!J 11.. ":(':;) 

The 

Thus 

An alternative approach uses the diagram below: 

n n+1/12 
p 

reasoning is as follows: 

n+2/12 
p 

.!.
't 

' ~ 

, .. ) 
£l --, . implies payments of ~ every quarter of an interest conversion period. 

'a_ N) 
should represent payments of 1 for n interest conversion ,.(>_ l; If 

periods and a payment at n+1/12 such that the value at ~ of that payment and 

payment,s at r,+ ~ ",.. J.. Jilt.+~ should equal.l • 't. 

~· ). 
that is,P•ijl+i)-;,. + (l+i)'~ 
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or P 
J. 

.J'f ( ) (1+<):..-~{t~i r- H 
1 

(lq • -z 
ri+<)""- .l 

) = ( 
( I +i)f• - 1) = 

q.( i+ i) ~- l 

(1~1)'~ -1 
L IY) 

Using this approach, the result for the payment at n+l/12 is the same. One may be 

tempted to conclude then that this alternate approach provides an equivalent 

definition for the annuity certain symbol for a term involving a fractional number 

of payment perio~ However, to see that the two approaches do not provide - a t'IJ 
equivalent definitions, consider the same problem as above, except using "+41 ~ 

n l-1) /- v"'"'f 1-V~~vn-v"fq 
The first approach yields V\ ;::;n c 

I~) n+~ ((l+i)L1) to+~ I i ~~) 
- a. iii. + V - implying a payment at n+l/9 of 
- II t i("'J 
The second approach yields the following diagram: 

v 
n ri+ ~ not .!::: " +pq 

p p" 
with a payment at n+l/9 of P, developed as follows: 

t I~) 
(Hi)i! -1 

~~-) 

+ (l+i)t-~ .j.; l)J = 4-

p = ·.J. ( 1 -) which does not eoual 
't (t~<J'''+tt-~.;)~U 

f [ (l+if-~ 
o,-

(r~~)~ -1 
i. !4) 

In this case, then, use of an annuity symbol with a fractional number of payment 

periods, leads to two reasonable and apparently equivalent interpretations, which 

in fact are not equivalent. 

III. CONCLUSION 

Perhaps the main lesson in this paper is to not lose sight of the basic 

principles of discounting oraccumulating individual payments. Annuity symbols 

provide convenient short hand in many instances, but it may be better not to even 

attempt to define an annuity symbol for a term involving a fractional number of 

payment periods. It has little use and its availability may mislead some into using 

it when they should not. 
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