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CURRMT STATTSWCAL MET‘HODS

For  Mormaury (FAnvEE TiME) Dara.

Data : rv. T20 T= +ime +o an event,

Explanatery Variables.

2z (2,..,2) measured covariates.

e.q. age, weight, Blood gressure,...

Pvepest :
I EsTimAare rFokrs or DisTw oF T 4iven 2

\

2. Exrone PRewsnowswr Berweew T Awp E.

g EECRENCES:

Kawsrpcersen « Peewnce Crase) Tha Statisheal Aralysis
of Fuilure Time Data, Witey

baweess (1a81) Stakisheal Models & Methods for
Life Hime Date ,Wihq

Cox,D.R. €1932) Regvession Models N Life Tubles
(Wit diseussima) TRSS B, 1g3-220
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ExampLe 1 Pike (19¢¢) Riometricg
Tiwe v Days To vaernar Cawcesn
MorTALITY FOR  RATS Cvenw A

CAR N O CEN.

2 PRETREAT MENT Resim2nsg. (R=0,))

2:0 143 1oy 186 188 190 192 206 ao¥
213 ale 110 a3 Wo 234 aye 26S
30 i, ayy

Fs) /142 IS6e 163 198 es 3L 13T 233
233 233 233 239 2yo 261 280 2%0
290 216 323 L.¢ 34y

Cewnsorsn Times Fomr & ANIMALS,

TiME TO DJEATN IS KWOWA TO EXCEED

THE CLewNSoORING TIME,

RIGMT CENSORING = VERY COMMON

METHODS AUST ACLOMMOBATE TN/,
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Examoe 2: (umeac Triar Dama.

Vettran's Adminishration Luwg Caucer Study.
- poHents itk inoperuble |un’ Cancer.
T= +ime from ouagnosés +o death.

Standard Vversus tegt 'H‘""PY

2 +ime from odiagnosis to adwmission
GQC
priec therapy O=mno (3yes
cell +ype

‘oer{orma-n-ce Status.

“fair " +reat ment comparison.

assess relatimship between T and Z.
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Examee 3: Aceeccraren Lire Tesrs.
e —————————

iIsoe /o x 8064 +

138¢ 1364, 2332, 3444, 34T, 3320
W80, SI196, IX SH4E+

I90°¢ H0F, 408, 1344, I34Y, 1440
Sx 1680+

a220°¢ 402,408, SO4 , 504,504, Sxs28+

Heav: ly cemsored.

Assessment of relationship between
temperature and time to fuiluce

E xtrapolation ~ 1306°¢ is stand ard

operati nq tem perature.

Poss//u’lil»y of time varying Covariates.

S

2l¢) = temperature at time t

relate failure vate <o Current and
previous Values of z(¢).
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Examore 4: CompEnné Risks

Fanvre My B ANy owe oF SEVERAL
DIsFERENT TYPES.

: +Hme +o failure
|1 T= type of €uilace

ey. Hael (1931). Mice given 300 vads of radiatim
-+ follo wed for Camcer incidence

Growp © tontrol
Grou’s \ gevm {free.

Three fuilure types.
1) incidence (diaguosis) of 'Hu,ua'c lyuphom

) " " Y reticulum cefl
Sarco ma

111) death

How do we Construct convenitnt Jetodels ?

How does freat meat (or other £'3) affect
falluve vate bg of ome type 7
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Frampe S Muenpie  FAwvre Times.

s4. attacks of asthma.

e it Pttt P

may be interested in re(ah'nj rate
of attacks +o (e9) pollution levels.
or to receat A story o f attacks.

£4. automobile insurance.
relate aeeident rate to (£.9) age, sex,

previovs aeci dent history , eTc.

Want methods which extead +o s5ituatims
like these.

CeuSorlng

Time varying covaviates.
Multiple Failure Types.
Muttiple Failure Times.
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Fanvee Tiwe DistrigoTions.

random variable T= time to failure , T20

Survivor Funekon (ﬁeliabili{wl Funch on )
Def'n SH(¢)= PriT’w&}

Sto)=1 , S(=x)=0 , non inueasing

Ste)‘ Ste)
[ .
C
A {
I ¢
" ?
; T
ﬁt Ay MR Ay A X Xy ¢

T Continyovs T discrete.
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T (assocvTeey) CowTmuoos.

PRoBABILITY DEwWSITY Fuwctiownw (pd-f.)

. -d
Fl¢) = de S(¢)

= Iim PriTé [b,é-f&t\}/ét
A¢»0*

HARARD rEunctTion (instantaneovs Ffuiluve rate,
force of mortality)

Ate)z Jim  peiTelt,e1at)|T3e}/at
At »o* ‘

INTERRELATIONS ¢

At)s fle)/ste)

- g L (st0)

2
,‘.(S(-&)= expl- So /\tu)du}J
' since S(0)=1
Thus A (¢) Characterizes the

distribution of T.

Fley= Ate) S+¢) j

-335-



Wey Hazped Movécing.

® Ease or IwnrerereranIONn
+ve aaeiug

--=-=MNo agciuﬁ (urm‘-"*'“'\.

- be ageinj

@ Iwvités Seavéwna. INTER pRETATION
Time dep't covariates .
Likelihood Construchron
ParFral Likelirhood-

so for,
So sooda
y A
1
o '
t t+a ¢

Inferprefah’on of r«‘sk(- cwsorina.
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IS A SEQuewce

LIFE

TRIALS

OF BRERNOULYL
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T~ DiscRETE

g(*) Sf'ep 'FCn
dis continuities at X, £ X < X3<

Pro BABILITY FUNCTION }

flx;)= Pf'iT=Xj§ J=urT

HA 2ARD  FUNCTION .
Aj= pedT=x| T3] = £(x) /(%)
J’sn,t,-"

TNTER RELATION S CAoz0)

Sx;)= Ci=-2)(1-2) -+~ Ci=Aj-0)

l
= T G- A)) *
g% et
flxd= A; SX)) Jette

| * Twe Lipe 76 IS BASED ON THIS

R ELATIONSHIR.

!
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SuevivoR Fuwetion EsTimATION

. losses
Lice Tasie : ot visk deaths (With drawals?)
[ b.=0, bl) No D. ¢,
[6,5) N D~ °c‘
[ b, bs) N 2s :
[biq b Bh) Nk D“ Ce
/\j : pelTe[bj,b;) | T2 &1 }
Esti mate
s A o _—
A. = - > J 2l,--5k
o N -4l A

The Covres‘oonola‘nj estimate of +the

Survivor fumckHon (s

A J. A
S - ’ZIT (1-4,) 7

L Dy )
- ./ -
L= (I 7&’
Nore: Grouped data. — if actual +(mes of

failures 4 cemsorings are knoww theve are
hettey CSHmares.
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Tre_Karsanw Heier ( Proover L:ﬁ:r) Esrirate

Censored sample from ?(f)zﬂtr;t}.

Farlure times are ¢ ,<t,<- <€y
d; individuals fail at ¥,

Censored +imes
m. individuals are Censored in

/
,,,1-) at é b,

Yo

J
+ ¢ ! Tt
to- é‘ t; . e; o= . *h
d ~—
m‘ M. "\‘
Let n; = d; + mj+--- dy + my

# at risk at '(:J--O

E stimate discrete hazavd COmponen+S
A A
Sesadh at £,

¢ # failin
A. = o: /n:- = 9
J v / J Hatrisk

Kaplan-Meier Estimate is

Fley: T (- .,.v)
Jlt"t ny
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Exanpre:

¢
/92
56

/%3
1L/ 4
208
23
233
239
2vo
261

ko

CIRGMM b8mES IS,
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d; n, (/-,3:-) ;(g-*o)

¢ as 0/z1 ‘o2

‘ 20 19/s0 905 (:-052 ¢ L,
) 9 t§/19 - 853

! Y 13/:8 - 8§10

) 16 1T/16 *¥5Y
2 T 13 /18 411 ¢

14 '3 /13 1713

- — Treatment
S
I —. = Control
| ] ¢ P ey
60 120 (g0 240 %eoc ¢
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Compatson of Tewo PoLy¢ ATIgnS :

Conswred sampleo quarlable {rom
fwo  pepulanions ca'th  survivor fems
Si(6) @nd Sile).

ke wisd to Test the A,poﬂu:is
Site) = Sa(¢) , 0¢éc 0.

Loc rawk TEST (MAnTe. HaewSzetL Tesr)

-MANTEL (1960) TNCTI
- PETD ¥ PETD (1932) TRSs B

Date organizakion:
-pool samples and le€
bic €r<--- <€,
be the diskmet failure +imes,

Z, ta R
fal'l!"!,
# alasak d, dx d,
at t;-‘
‘t.ﬁf resk .11' ,11 171“
at ¢ -0

View sequeatially and  test (€)= Ault)
(equality of failare rates)
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Let di (ﬂ.;,-) be the # of failures at ¢
(¢t at risk at tj-o) in Sample (,¢2),2

At €, Set up a axz &M‘Ht\’énc’ Table

Sample Failures  Survivers At Risk
! oy oy -dy n

2 olv; Poj ~deoy Ny

. * L] n y

Under the ne«ll hypothesis CA,t8)2 Autd) )
and 3-iv¢?\ CJ s (dj , ﬂ.j, "tj), +he
pro balu'/h‘; fen. of d.j Co

P51 (D (i) /o)

The Corvespondi'ng (Cmdc'h'nal) meam
Vari amce Qre

Ed;] &) ™ 4i/n;

¢,

V.

vwa (dij € )= My Moy o Cydy) 4™ (1)

LFf u}': doj -C.j
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The log rank s('ahsh'c IS
v s z = OQ-E.

J—D
Which Ccan be Shown to lwave be

approxc'manl\, normal With mean O and
varianee eshmah.d lo,

Ve 2V,

I

{—C_ompan'sor\ of V'/J'v_ w'th  A(o,)
tables provides tha +est,

Notes:
1) O, = 0bs'o #-UK deaths 1 Sample |

£, =-<$am of Coudc'(-t'ma(l,) expectect
# of cdeaths /n sample 1.
it) The tes? explots the sefiao»d-v'a'

nature of The €ailuve +ime Mech anism.

i) The test s applicable both +o
Jrowped dala and +s continuous” data.
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Exanpee:

Dis crete (qrouped) failure time data.

Cuur(ns at end of intervals,

Time 4o reeurrenee after incH'al 9o da—y

+reat ment period.
O-3mn. 3-4m08. G-9moe F-I2men. »2
RQ‘ du e 1O dir = 8 dl;' 12 oyt 8 (2
N6y Nt S5Y Nye 40 Ny 22
MrieRed | gy, e S duc & diyc® duyyzH 20
N = 70 N b2 N3z Y4 Nqay= 28

View Sequentially - egf intervel s a separate

‘rial
0.9. 2nd interval
Sample | Fail  suev. | atrisk
. ] 96 Y
Y L] 59 XX
1 ¢ /00 V116

Ve dip-€y =z 8- syress
Vie: 3-9¢

2-3% S.L.

"

v
Find J-TI_- = .02

indicahon that #Mrx + Rad (¢
the preferable Harapy.

Some

-345-



Exawm ple: Ur grouped olata. Caninoéuclit,
Grpl: 0¥3,/169,/88,182, /90,192, ...
Cp2: M2, 86, /03, 198, 205, 232, 231, .-
Sewme protedure
4.9, at -61 = IP&
L ETE B AR ]
Nejeig  doj =0

Sample ‘'l Surv | risk
t 2 s '3
2 (o) X 4 18
2 3s

Calealate LI V,J-

Carry out Comp utatrms for each Fuilure
+time
142,093 ,156,/¢3, 149, 1§82, 190, e, ...

In this case
v
f_\?-' = /77 St.. .08

vViD-£ >0 ® Sample ¢ has Somewhw
Posrer experienu. Differences are xoft
Significant,
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Rféxess:w Mooers :

-relate time to faclure +fo covariates 2
Z= (2,,---,2,)

- allew zuuhfccahm of “risk” asseccated
wth vYwiovs Sabéroaps indicated

b, levels of Z.

Consider simplest case First.
2z O,! Sawmple indicator. 4=1

Let
Me;)= [im  priTele,eva€)[Tr6,2 T /0t
A0

be the Ahatr ard functim for 2=0,1.
The Coporkional hazards ‘»wa'¢/
speufres lA(f;?k ,\,(é)e l

for Some Unknown pavamefer /5 and
arbitrary umspeufied hagzed Ao (4).

Thas
Alt;0 = Ay t€) €z:0)

Atttz dolt)e P 2+
el = “relative visk"
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Effect of the covaviate is to acf
multiplicatively on tha hajavd.

:‘-\—-l[:%:—’; = e/& = relatrve risk
’ (indept of 4ime).

GEAVEML
P
g= (Z.,.--,24) vt g 4 Covewiote s,

/ Ale; ) = Alle) e:sé

' T h+-- t3ofn
I = Aclt) € A t2eF
whae é’(&) and Acl) Is arhifr«ry.
B

(g

Note Até; ) ) e!é.
Ate;0)
assescioted wiit 1=g’ tonpoved fo T=9.

s tha “refatve risk’”
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Prosiens :
e ——
0. TESTS FeR ANooEL ADEQ vALY.

2. Estwmamen OF B  AND Hewee oOF
RELATIVE RISKS.

3. Esrmamen) O0F AgC)

We shatt deal uusfly wieltl 2 .

MNote again the wmodel
zA

Ale; 2 )= Aotle) e

Thes is a regressiov madel for tha
failure vate at +me ¢

Postulates no diret (elakruship betoen
T : time to failure and 2,

Like 15 A Sc auswee of BERWIwC) TRIALS.
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I T.D Kalbfleiscl.

-

CSTirtanion oF E
Model:
At 2 Aduwre?
Data:

(t.,8:,2:) 1uyeum
+.

L

d"‘.

+c'm¢ 4o ‘fa«'l«ve or CCASovin3
) -‘m'lar(

O  Censored.
Fos (g 2,0) Covulates for 1My
' ndividinal.

Problam: Estimate S
ue—— “~

Three appruches
{. Margiha( Lilkkelihood

2. Parka! Liketrhood 3
3. Pseudo HMaximusnn Likelihood.

All are in essenfral aqreement.

Note: Standard asymplrofc results for maximum

liketrhood estimatrmu de net Qpply i th
Qrbifrary Act) in tha wmedel.
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Mm CMﬁ'nm’nj, it is convenient +to vewrite
the cdata — orqomize them (n a Sejuénticl

Let +he observed Ffailure #imes bq,

é(nlfah"‘ "('03)
“‘u O‘é(l)<+('-’ &eove <t&j-

In addition, let R(#) be the set of
idems atrisk ((e. mot censoved and at
visk of failure ) a¢ ¢-o.

Zyy (s the covariate vedor of the ifem
that fwls at ty,.

M ethod involves Com paring the g(‘_,o\" +ha.
Ptem fat fails at . winn 2o, L6 R (¢4

which are thae T vuilnes of the items af
r'.Sk a(‘ *(‘-).
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il
w
1

/a/?{(pc Lixeeinoen (Nno Ti6s)
Consider 2 Sample problem f£rst

!p
)}}I
|
|

Aol¥) Aazard fovr Sample O
A, (€) havard for Sumple

’ Fro portionadl  hazards Ail€)z gY@ . ’

'\

! 11)‘lf1l€ 1507 < f?t) € v ‘('iak) .F‘l;(“.r¢ "6‘"‘25

| .

| A4t Cuy-0 , A, are af risk ,of whicdy onme fulls.

I T¢ SFadure at . o SI fauilure, cen Form
’} aary table

€ail Sury. at risk
/’ S/ ' Neg~t Ny
] §O o Ne¢ Ao’ i
l ) ne

Pri¢i) +ails | Rieg) , faiture at &}

|

I

I = Al dtg + Od¢,)
Noi Aoltyy) dlbyiy ¢ ¢ Ac“’(ﬂ)‘“'lt'l "
_ef

"0(.+ ’h( (?“

Albu)) ~ risk se ~ labels of itews at risk at ;0

ghm'/arl,, f Q) (S m Sample O
priﬁ')‘fg'l:[kl(w,),‘fa.c'(urg at -(-“-,]‘. ".:l:;"a‘_ep
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It 2= { I Semple (

O Sample O
ond 2,z 1 o O simedlarly for @ms i R (%),

the term arising Gt b, &
25 B

¢

7
Z et
EeRIkgy)

Combine “widep't " p'ts to Obtain tha

Pactiad Likelihesd of B

k %A
LB :'I.T 2'_%—;*4 A

tl‘d‘l‘%y)

Note: LIE) s met a [ikelihoo in wusual
Sense. Lt Aas Keen Shewn , however,

Fhat the uwsual asymp ktic properlies of
IikeGhoods apply fo C(S) under sl
Festvich'ons on Covariales T and CCnsom'o\j .
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( 7.° h"';-)

Qfﬁcra/ case:
4,50 €y Falurt +mes.
3(,,,.... s ¥m) Corresp. Covaria fe vectors
2, cevaviate vedor of LYk individaal
Rie) as hbefere
Medel + Al&#)2 Aglé) efh
Ae ¢,
priitem (i) farls [ Rlt,), one item fauls at )}

A ‘é(") H sl"l)

Z Ate. s ®
26RLE,) (n).¢)

exp (f(t'l é)

Z exp( 2 p)

LeRlty,)
Prcdgot over Me,'e exf'*: gifes.
k e&t‘aé
L(pY: T
Y Z‘ e!’¢P
Pbﬂuw)

Cox l'kelchood Hor Case of me Hes,
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Tue Case or Ties:

Cox 3sutessrs A Oucaere Aid ffor Tk waMRD,
Ace PET= %, | 220 fTatw]

A(Z) PeT= &, ’ !,T% ) }

2 .
= A.’ e - ﬁ- - c d“!é
/€ .J;C't/! - )c. (+ @ ot !t!
A “Bivary Lot
whare a3 ly e Moot ¥,
Mole :
AdR)

loo, A(')'%I-A *gﬁv

covariates Get  addikiely om l.cé odclS.

ﬁ?swg.: Ll
 Adde): Z Ap Ltt-ky)

Ale;2): 2 A (w) dle-¢q)

At€; ) ot Aote) ol t e!(‘.

[~ Ale; B olt 1~ Aste)de

S'p'-u"l"s bott. ocliscrere +
eon ki ous smude/g,
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ara: €, Cuy, ooty dliskut  failure  Hmes
dr d-.,, .o - :dk ‘Mqlﬂ"h‘c(ﬁ‘oc,
P Set of itemns fm'(ing at €4,

Consider again tha eoncliHonal erms,
P{ Cmes in O: fail | RUe,) | di failurss ot PR |

T .e:‘ﬁ m I»"A.:e“ —A)T(‘,)

= tep; Le R
Z , ' v} ..
vt ('”ﬂ:
PER 160 £ /e .u-gum )(/ZZ,-O:" \
4i B
N 4, R
2 e {4
'cgd"“’(t‘l)
whave A= L
Yy
4, = Z
~ de P £+

Bnd RUtw) /s vhe set of all sapsel of
d: iGwms -chosSen from Hia visk et
Without replacemént .
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Tre Parnac Lwieuneod 5 THEN
W e A B
m
D 5 e 4 A
Pe Ryt
Aprecx,manoN : -
CHANGE  ATHOVT REPLACLMENT" TO irH
RePLAIANT
f Cl‘eki' é£
Ul T b2 & T LAY
. ok L
131 { Z é ?
J.ORH(.'»)
¥ Twe Cox  LULEL HooDd .
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SxarPLE :
? f(v’l
! 142
2 43
o 188
) i
9 198
/0 20%
(4 233
; :
2F  3o¢
29 33

Notes: | 2z)o

Sihea all
2 Vawes.

Caecrnoébwess

L
. Cénsored
o ‘alures
{ !
’ (]
2 0,0
t { t (204)
] '
q 10,1,
/ o
( ' 2(3YY)
Sewmple /
Sample 2

tied wvalues
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Coatn +o
{ikethaod .

e®/cresaret)
'/ (lq-n.oe")

1/ i+ ef)t

eh/G3+ 19eh)
eh/ (13 +(0eR)

e'ﬁ/é"ﬁ /396)q

v /Gr2ze®)
eh/ 2ef

3. Uneeessary 1o use +ed failure +ime approx,

oclur At Common



-1.0

ce = -- - =l.aL

i'&_(f_)
'9 T

Log partial [ikeliheod fea of B for Carcime-
genesis data .
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}‘ S\{m‘e f'ohc /?CSll.ff: 3
The Paytral Likel'hood (s not a
likeli' hood in wusual! seaxse.

It has been Skow»\.,ka«.vcwv‘fka,r woua (
asymptotrc preperties hold.

- /f é‘ /s the wmagimum pPortial [lkelihood
estimate, TA€n Under re/aﬁ'vel7 el

3 f?? alaw/ ‘7 Condibrons ®

YIRS

s am'zae Solutftm to

5 gt =0
17 é_é asymp hﬁca/@ rornm//y arstmbated
Wi meon /é, andl Covariouce matrn
eshmated 57

I7(8)
- . (- OtlpLp)
whewe  Tlp= (- 222 S >m

Tsiltis (1980 , Aof. Stet.)
Andersen 4 Gitl (1952, Anm-of Shu.)
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Eramvres: Caronwocenesis pata
SR, a
A= -S%6

LiA): -t L(pd = §.23%
ser CRt(A |6=3

1. Wald /m.b.e. resulfs.
s.e. of £ is estimated by G:(— =.3§

9570 C.L. $or
A= raclany: (-L28,.09)
hospze LI
SIIAY® = -3 =-J1ar
Neli: relative resk /0=e’s ,J':e’sr-s’rl

9570 C.L. s (e (2e,100)

2. leeh/nnd Raho

Ho' =0 z/aji ::o))} = 2:86 Compare 7((‘,,

757 €I, = {p: ~2loy L—é) €2 W} C-t-23, .11)

3. Rao [Score Tesks.
Ho:p20 UlH= 4263 |, T(): #8569
Cout put $rom 473t step in Newton Rophsen)

uo)* Ty = 3.00
NAB. ULd= O-£ (s tha (oy renk stehish'es
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Tee Scoes Tesr Awo THE GoeRANS TEST
uo)s 04L(p/36 g
3
c s -ain” T w
[ %1 ’m“'.,)
where N = # of elfs in RU&y,)
Sy = obs'd sum of w3 Ffor fuilures at €,

dn'Z 2 COnde'ﬁ'ana/ly expected Sum of £ s

Rfﬁw)
Special Case : S+t Sample problom
! (Hh Sab; m St
0 else
f”.?’ : 9-€ Q S(,; L X f%’, t obs'd # fuclures
[
E : Tadin'Tge = Sum dz Cmd. €xp.

Ritg,)
Varianee estimalon:

from Cox [ikelihood use JI(o)
involves approx Hor Hes,

Earlier estimate V invelves xo approx,
o avises divekly from partiad (cketiboed
Win. cdiserete logish'c madel.

Can be Shown that

ute)' Tt ute) & ute)' v ylo)
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Exanpié: Lune Cancee Taine

2, Kay,ofsky seove © ,10,.-~ 5 190
2.: age

23 Sguawmovs vs§. laraﬂ.
2y Cell "yfe Smatl vs. large

s

adeno. vs. larae.
2, treatmeat. 1= tegt

O = S$andavd.

iR
AlE;2)e Aol®) e""¢s

Variable & X (Likethood vatie)
<) -.03% 35.0§
23 -.00%6 - &8
is . = .408% .
iy ‘4593 % 181§ Compove 7(;,
[ 1y ‘3839
% -.29°% 2.03

Estrmalton of relakve risk

#,2100 =yo =50

o -.033 ~r
& hmatfe A e“ ) )= .22

Jould 9/000"‘7 Subgrrups i He—acppp-cryrrtode
Unidotsn—piste, Witkin whick the risk e
heaﬂ; ComsteS .
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éST{?;‘W'IOA/ 0F Adl)

i
Hodel: AlER): A te) €

B can be esHmated wusing the Portial Likelikas

Rt%uivc Now am estimate of Aol

General approack

Take L= and generalize [ife table

or Kaplan Meier Estimates “o
allow for weig//n‘ed failure rates.

Remffinj estimate is of

2
- («) .
So‘f)% P’iT%ti?so}: e Iq Asla

+ c% Obf'a.l')l 'FVOM 'r‘ll.s -QSF('“WS of
¢ - Y6
S("}!)t P(iTatj?']: e SO Aot“)due

=f§ ({)}%P(EA)
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Evamae: Centralizakim of the life table.

ch [ét‘go) b‘)o [Lub") s " tbl-ubk) be

"o pavtitien of tae interval [0,be).

Nofe that b
priTe Ibi--,‘k') ‘ T34, .2} = evpl- S"A.l«)du ez" }

wp (2f)
= 468

":=') L., k*

b
where  §i v ex,oi-fbm,\.lu)daz,

The base lrné S‘arr:"ror fen at be te : .
Slh) = .T‘T(I-gy') K(RY 'I'T(:f i})
J='

&iw‘de ﬂ(‘;_,) info 3 Cm/)ohent‘s
'0‘. = Slé OF indivicdduals 'fal.ll.“j “M [A"_“ i")

@‘. = Set ofF individuals Susviving 5“
2 . Set of individuals Censeved un Yb., b))

Tntor val failures Survivors withdrawals
Dby b)) B, 268:  24,06C 2, L6 X
Form & likelihood fo estimate §.
(2A (2P 5
L= T g% "0 g0 (. S0Py o Sroteb
16‘0‘. ?’ .lf'a' ;c )lfx‘. (’ }‘ )

+ est mate g.- Uring Pean/mume [ikelidadd.
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Exrensions:
Varywt CovAKIATES:

0) Tit1é
@ Comperwt Risus (MunrPLt FAILIRE Tfft5)
(B Muemhes Fanves TirES.
Tine . VaryNE. CovaxiA TES :
A of the earlier ﬂa*cnal extends 1o
$he case in whith the covariates Vor{
WwWith Hme.
2 (¢) ¢ ovan afe value at time €
Zle) = AL 044¢t}‘
M BB = lim priTe [e4406)] Zle), Trty/at
aé»0"
i‘(t)
= Ado(¢) €7 A
where dep endénd enct /s on tHu current

value Z(®) only
xac lidoon EX yENDS 171114248 JELY.

| R, afoilure 04 €0}
e*(u(*ﬁl)p

: ﬂ
Z e < l(‘h'))

ParniAc LI
pria) pos

7

-!e ‘(*‘,)’
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ywes)

Coneerwe Keses (Moerince FRiwuee T

T s ¢ime to farlure
T = type of fuilure T s, 2,0 ™

relafe +o Covariates g:tz.,...,%‘)

[How should This be wmodelled?

)\t.'a\ e J:
i /N‘*/"“"Q Jrt
W
>4

JEM

:DC Fin e
SR
’\/'(fa' 3)’ [im p!IT'é [é,ﬂcé))g‘,jl-r;f)z ‘/At
J:l,.-;?ﬂ

”C AvSE Sffc tFre b or “CRUDE - Aa;a’d

Note #hat t1he total hazard (s
”n

A€ E) s JZ:; "jl“}g)

;s A SEQVENCE of MULTINOHIAL TRIALS

" LiFE
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Examnpee: Mice §iven 300 veds of vadiation "fkempg"
— Contvol

raxdnw';td
‘ S~ ge/m dree

Thra +ypes of fuilure
jrt inudeace of Hogmic lymphoma

r A

reticulam Cell Savcoma

J:3 olath by other causes,

v:t

Time ~ measared in dlays.

Data: [t; = time to failere or censoring
d: =1 (farilure) 0O (eensoved)
2¢ ’

ﬂ"- s +7fe of failure.

Peogrers .
/o How de covariates relate +o rafe s

Failure by various types 7

2. Are the failure types intervelated 7
“rinae pead ent" yisks

3 What is thedfect of yemoving one or
several Causes of fallure?

3 s often catled T=/~'£ prob/em of com,olﬁ'nﬁ
risks.
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fRobesms (cowt'n)

/. ESMMATION OF RECANMNINIPS  BETSEN CWALIATES
B AND  FAILURE RATES.

- 2.9, Etfedt of germ £qa¢ EnvirOMwent o r

deatn rate by refrca lum Cell  Sarcomo.
-29. Un/ versity Croup Dichekes Pro‘gram.

2. Interrefationships betveen diffevent Hailure

trpes

"¢ ov ond woiyidenl < of U'.asaally 45!
pisk of toilive of ome type ,is she

Corres pord ingly ot "!.5/‘ (low) bisk ot
tortne et C.w‘_.c Hoep "‘Ifx.’ B

~Bone IMarrow Trausplamtakion in fré of
Reute Leukemra
Aeute 9"»‘{- versus host dAisease

Recurrent Leukemia.
~Dep eadent Censoring,

3. Estrmabon of tarlure rates or remax'm'ng
types if Some types are removed.
.r,a,”,}p Ny ~ ‘fh’(’.////)()/\'

< vihsir! house 71%53 r)

- C(.’-w_"k’j_h'o*,;_ ('.f A f_V#D - WL’,, @t{‘.‘ I) ¢

ve b yve ¢ lenkéwr ¢
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//o'rA»'noN

Totel Aazard :  Ale; ) = Z‘ A (e 2)

ISI

Surviver  fumetion:
Fle; 2 priT2t)1] = exp 1- (5 A gydu}

Sub density function for jth ewse type !

density
File; )z lim priTeletrat), T2 | 2]rat
2 Ale;2) FUEE)
Cumutative Tycoenwce Kok yJth type:
Ti(e;2)= priTet, Te | &}
f: f; (u; B du

Pseudo ?mrvwor Funcvon -For Jﬂ:‘ 4-7,,(

- ——— e e e B e e — L

Filt;2) = expi-f; Ajlu; 2) sl

MG : F; (¢ ®) has no probebilistic
interpratation n geéneral

Eacm pe 7ogss  Can Lz (17 TEA  EnT S 8cy 40

T s, (43 7oz iy - YA VY 4 127 N VA J. 74 A
; / L P .
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T;w3) = priTee 7o | e}

!

%(9----—-- me s cececm cmome s eeas

1/
¢
Cum ulative inciolence for Jih Cause.

(2): lim T;(¢; )= Teilz
F; € > J ") 'Q" v =J l a-}.

. 2)
43[*0‘
N
'E_.\.‘-’"""'
pres”

Total area =f,(%)

—
Sub density (r incidence) funch'm for JM Hype,

Lagakes v Mosteller (1650) mode/ using p;(T) awd
/\;‘(('; s lim P,{‘ro&,ﬁcﬂ\&,78)',1'!'('!/41‘-
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Reu-ésslw Hobu s

PA(MEmlc ' _
4.9 A,u—,!)= A e 0 e) c'é’

- Subfitute in likelihood - find X, p:, A;
—usa asympfolic Thaory for estimabion “feshing,

5!‘!’ Parameneic :  properkional harards
/\ (¢ !)° A (ﬂ e!& 1’&!,....,\-\

Data: Suppese k; fuiluves of 4ype
at ordered 4+imes 't:,-,,..--,f;;,l- (no fes)

Partial Likel'hood
priitem ji has type j Fuilure at 6| R1E;)vone Hype
Fuitre at 4|
A léﬁ ;-.J‘)

Z A (‘..M J E.l )
eR4)

Subshtute # o product over failure Himes

et

. 73
L‘&' e 'é") ® Tr T.'L %P A—J‘ é‘) ‘
o z exp (Ee i )

OIS ST TTTATKIANE eI T T ST

R - i T

PRoDUeT o0F M FacToRS . TTH FACTOR /s Saré AS

BEFORE wWiTH ALt OBur TYPE T FANUAES TAKEA
AS CENSOREND,
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nE '
ExﬁW , Pavs wwre ‘OW”CA' OF CARER FOR
WREADIATRD  fMALE MICK-
Cantro/
F (o)
* i ! 3“»\ Fru..

Ae2) s dgre P fras
S Ty mie Lymphoma
&, = .295 ThY' = 082

sLT 30

jer Reticulum Cell Savcoma
A A
B -2.018 Ve (8= -1949

SL €< 00O
jet  Otwr Causes
A ' A A
€y = ~(. 188 v (f3) = 0 B89
sSL €< .00}

No evidence o€ an ettet of germ frec environmce

On Thymic Lymphoma rafes.
- mavked decrease due to germ free envivonmeést

Tor jet,3 relanve niks e‘:‘. 752

- e"‘" 325
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2, INTERRELANONS _BETWESA FALLURE_RATES,

Classical Ap,nad\

ﬁalH’u Dcweuga.t Fungtrion
..Ts, T... c“cep‘fual Clatent) fuilure

Ltimes,
OhServe '

T2 min (1‘".,...,,‘:1\"“}
T= iJ' , :FJ 5:’1 ,leu,---.u}
The mu ltiple deere mest Sfunchion (s
Q- st s B)epriTong,,... ,‘?.",t.“,!._ |
Mergina!_ Surviver Function of T :
&;tt;;2): Qlo,--.0,%,0,.,0)
e rrif;af,-%-,s}

The corvespending hazard is called the
ne¢ haard

X 7 ~
hjL€)z = & Loy GLE) = i prdTelt, 00a8)| T3t

One for mu lakion: Tha risks are n’udcpendewt
[
i &("u :tm;*) 7T &J'U‘-;_E)

J
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Bor, THERE IS A PROBLEM 4

The data (¢, 4, Jir 2. ) are sufficent
to ideatify only the cause 3pecific
hazards

/\j te; 2) = [:b\. P iTe [f,'t#dé)‘fgj 's , T’,t}/A(‘:
QAtH0

Qle,... , . ) and Gy (¢;) , g1, m are
not idemtifHuble — further AsSumptions needed .

P N S R ek Sttt

Ho: Gty st = T @ (L) s wholly
Untes tuble without €urther assumpton.

S T,

X
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3 Cavse Remevae

New starssricae  Olvesrion S
WHAT 15 THE MHECHANISAT OF REMVAL T

Classical Approack

multiple decrement QO E,,...,6)
Afler removal of all bat jth cause

0, (t;) = Qlo,--,0,¢,0,--,0)
e iTag

HAssumprions of independence or of
param etric wodels Thot -

Canwot be 'fes'E(é

o NKemo val <=> Marginali 2atirn :7

No prior Vo/id/'ly Makeham (151Y)

@ xm//, Qa nswers fo 8ae4h'as of Cause

removal "li«if( Spetl'dlfaed wmodels that
actcount for +he mechewics of the tuilure
types and the method of removal.
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Muenece  Fanvre Times

The statisheal merthods outlined ahbaove
Conve niently general/ge to problewms
involving maltiple failure fimes,

2 Asthma attacks and pollution levels.
. =9)

\1

oft

—)— —en —ee. 444!2

X s altack

n individuals arse followed <+ the fimes
of attack are recorded.

Want to relare rate of aftacks 1o (eq.)
pollution Jevels. Let z(¢) be a measure

of pollutron at +ime €

At ¢ 2(t)) — rate at Which eveats
oceur at fime t Given Curvont level Elf

2(¢
AE; I A (€) & A

More gemerally , models Can allow for depomdenc:
of rate on fnzaeucy of previous allacks, n
time sinu last attack, efc.
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