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INTRODUCTION

The new Actuarial Mathematics textbook provides methodology
from which a pension plan participant can calculate

1) the expected present value of future payments, and
2) the variance of that present value

under any of the plan’'s optional forms of payment. If the
actuarial assumptions (interest and mortality rates) used in
these calculations are the same as those used by the plan to
calculate the optional benefit amounts, the expected present
value will be the same under each form of payment, but the
variance amounts will be different. By calculating the
variance amounts, a participant can quantify the amount of
risk associated with each form of payment.

METHODOLOGY - GENERAL

Generally, the new method treats the participant’s time until
death as a continuous random variable (T) which has a
probability density function given by:

(‘(t) = QPI -/(qv!

As long as a given form of payment clearly defines the exact
timing and amount of all benefit payments given the
participant s exact time of death, the participant can
calculate the expected present value and variance of those
payments by treating (T) as the random variable.

It should be noted that by treating (T) as the random
variable, the calculated variance represents and isolates the.
variance due to mortality. Investment return is assumed to
be fixed and is not a cause of variance. It does, however,
influence the level of variance as shown in the Sample
Results section of this paper.
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METHODOLOGY - SPECIFIC

Assume that a retiring pension plan participant can elect to
receive either a) a lump sum distribution, or b) an
actuarially equivalent monthly annuity in any of the
following forms:

1. L =Life annuity,

2. L + nG = Life annuity with a guaranteed certain
period of n years,

3. JL = Joint life annuity,

4, J & LS = Joint and Last survivor annuity, and

S. J & PZ S = Joint and P% survivor annuity (reduces to
P7 of the original amount upon the first death of
the annuitant or his beneficiary).

The expected present value of payments is the same under all
options. In order to measure the variance under the monthly
payment options (the variance under the lump sum option is
$0), this paper 'suggests the following procedure:

1. Develop variance formulas for each of the
continuous functions that correspond to the actual
monthly forms of payment available, and

2. Express the actual monthly forms of payment in terms
of the continuous functions and calculate the
variance of each actual form of payment.

Procedures 1 and 2 above are performed in Appendices I and
II, respectively, of this paper. All calculations are based
on annual annuity factors which are based on the 1984 Unisex
Pension Mortality Table, set forward 1 year for males and
backward 4 years for females. These factors are shown in
Appendix III. Standard approximation formulas found in
Jordan are used to approximate continuous factors from non-
continuous factors.

SAMPLE RESULTS

Appendix Il contains numerical variance calculations for two
sample, male participants who are retiring from a pension
plan at ages 65 and 55, respectively. ‘Each participant is
married to a female of equal age and is offered a choice
between a lump sum distribution and six actuarially
equivalent monthly annuities. The lump sum and annuity
amounts offered to each participant are shown in Table I

at the top of the next page and are based on (a) the 1984
Unisex Pension Mortality Table set forward one year for males
and backward four years for females, and (b) (i) 5% interest,
compounded annually, or (ii) 12% interest, compounded
annually:
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Jable I

- Annual Benefit Amount Offered to a
Pension Plan Participant at Retirement

5% Interest 127 Interest

65 55 &5 55
1. LO £1,026 $793 $1,556 $1,334
2. L + S6 998 786 1,504 1,319
3. L + 106 927 766 1,405 1,285
4. JL 1,241 04 1,767 1,436
5. J & LS 775 648 1,285 1,190
6. J & 4074 S 1,001 781 1,537 1,326
7. Lump Sum $10,000 $10,000 $10,000 $10,000

The expected present value under each form of payment is
$10,000 for each participant under either set of assumptions.
The variance of the present value for each participant,
however, differs according to both the form of payment and
the assumptions. Using the variance amounts calculated in
Appendix II, and assuming that the present value of payments
is normally distributed, the participant can calculate a
range for each form of payment that should contain the actual
present value of payments 0% of the time. The range will be
symmetrical around the expected present value of £10,000 and
the size of the range will be:

2 times 1.645
times

The Standard Deviation of the present value
of payments under the particular form of payment.

Results of these calculations are shown in Table Il below:
Table II
The Present Value of Payments, Within

a 90%Z Confidence Interval, Equals
£10,000 ¥ $X, where $X =

S% Interest 127 Interest

65 55 65 55
1. O $7,004 $5,296 $5,370 $3,737
2. L+ 56 5,994 4,881 3,998 3,116
3. L + 106 4,099 3,974 2,200 2,029
4. JL 8,041 6,159 6,409 4,540
S. J & LS 3,689 2,477 2,222 1,466
6. J % 40% S 5,073 3,884 3,942 2,807
7. Lump Sum (o] (o] (o] (o}
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Analysis of Table Il supports the following general
relationships:

# Higher rates of investment return reduce variance due
to mortality.

# Adding a guaranteed period to a life annuity, or
lengthening an existing guaranteed period, reduces
variance due to mortality. The reduction is greater
for older participants.

# Joint life annuities are more variable than life only
annuities.

# Joint and last survivor annuities are less variable
than life only annuities.

When analyzing the results shown in Table II, it is important
to remember that these variance figures exclude any amount of
variance due to the investment risk.

APPLICATIONS

This paper is written from the perspective of a pension plan
participant who wants to know the variance of the present
value of payments he will receive from the plan under various
forms of payment. Similar variance calculations could also
be used to:

1. Quantify the variance due to mortality in the
present value of benefits of an ongoing pension
plan, or

2. Quantify the variance due to mortality in the
present value of future annuity payments to be made
a) from a terminated pension plan s trust fund, or
b) under the terms of an insurance company s annuity
contracts.

By programming the methods presented in Actuarial
Mathematics, computers can be used to calculate the variance
due to mortality whenever they are used to calculate the
expected present value of annuity payments. These variance
calculations can provide useful information regarding the
liabilities of either a pension plan or an insurance company.

66 i




UFP 1

One form of payment commonly offered under a pension plan is
a Joint and P%Z Contingent Annuity (J & P4 C). This type of
annuity pays $1 per year to the participant for his lifetime
and, if the participant’'s beneficiary outlives him, $P per
year to the beneficiary for her lifetime commencing on the
date of the participant’s death. This form of payment was
not included in the body of this paper because I could not
“prove" its variance formula, which was developed in Appendix
I-F. In order to prove that variance formula, I must prove

thats , _
Cov(an, T)= 7(84-8,,) 7 43,3733,

where U = the shortest of S and T,
S = the future lifetime of (y), and
T = the future lifetime of (x).

If the above covariance formula is correct, the following
information could be added to Tables I and I1I:

Table I

Annual Benefit Amount Offered to a
Pension Plan Participant at Retirement

5% Interest 127 Interest
&5 55 65 S5
8. J & 404 C $909 $728 *1,435 £1,272
Table I1

The Present Value of Payments, Within
a 90% Confidence Interval, Equals
$10,000 £ $X, where $X =

5% Interest 127 Interest
65 55 &5 55
8. J & 40%Z C 4,221 2,970 3,043 1,933

If the above covariance formula is not correct, the numbers
in Table II, above, would have to be changed. I would
appreciate a proof of the correct covariance formula so that
I can add the correct numbers to Tables I and II of this
paper.
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AFFEND I« I-m
Rl T .

VAGRIAGNCE OF A CONTINUOUS LIFE ONLY ANNUITY

EENEFI1T DESCRIFTION - Q 7!

A ceontinuous annuitvy of 1 per vear 1s pald to & psrticioanc
age (., for as long az the participant 13 alive. The
annuity value is:

an , where 7 = #de fauture lLtetime o ),

= f(/ E(Mr)) 7/ E}: a.x

f(a-n>= £

AT\ ar

£(a3) s £ )
= [_:.(/'lﬁx "Z.)
—L,(/—,z(/-Ja,)+(/-2f'=y3>

_;’_(,4.!'6. -248) = :}“(5,-;5..5

Yy Var(3n) = £(a) - £(3Y

.(SDI

Vor (@) = (@ 4 -
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ARFENDIY I-E
VARIANCE OF A CONTINUOUS LIFE ANNUITY
WITH AN N-YEAR GUARAMTEED CERTAIM FEFIOL

—

EENEFIT DESCRIFTION - QW

@ continuous annulty
age (xr. for

of ¥1 per vear ic pead to & participsnt,
aAdaitionally,

lona as the oarticipoant 1s alive.

if the participant dies before receivinog
pavments for n complete vears,

as

the continuous annuitv of #1
per vear will continue to the participant s beneficiarv untal

pavments have been made, either to the participant or his
beneficiary for a total of n years The annuitv value is:

'éy.) where = +he greater of »n and T

/

n= the guaranteed certeain perod ood

7= zle rq'f'qre I:\ee,'f,me of (’()_

E(an\) = Sh

- Lad —
o ta /‘(—ut arﬁdt 7{,, tfx/‘ffnt ar" #

= an_' z(unrpx Aape dd + j"ﬂ“ﬂ‘ Axre (J-:f’::> o

o

= G TBn? 8 P A (15

= fe Tt SOR= (5= Bl )

= npe Bt 7GR (7B (137 5= p)))
= o Bp 7 (P11 ] =T E = T fe)
= nfe T # $(O(wD T IE - dE )

= 2 dm * AT 1T T

:a‘-ﬂfax_a-

n X Al
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P ePEnDTX T -8 @:m’-)

32 i -— o
A, E(AR) = L el Tmdrt S opo iy, 55 oty
= CT,H.L :‘CP, /(‘lrr# fS:Qf/; /(77»: (ut);a’f

g
= "(o" 5’:’ * ;é{n el ﬂﬂ“e(/’—?""t #r2%)
-2 a - —_ E 2_
=nf dnt J‘("F" ~2(B - B2+ (B /7,..v>>
= ”ix 5; 4 ;’L‘("Px ‘2(("Ja*> '(/-JE,,.."-, -, P,))
3 2
» ((1-208,~(1-26 &4 7=~ F)))
= a5 » AGP-2+288, #2020 Ty =2 a7 fu
>/ —.ZJ’"a, —] 22 d é.. » r,{:‘,./—’,\,
=G Fm 7 FoPm2um g™y 125 @, -2 80 0 =27 &,
#208y.m )
nf, E,,: +6€[nﬁ, (/—4-)2 +20( (@8- a0 '(ZZ& L R Y)Y

2 - L
= an @_;T * nbr a; *T("/qx = »/@,\>

a; # j}(.,'@', -.f%.\)
7 VYer(Ay): £33 -£(@5)

Var (@Y7 G ? G013 -2&) - T
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AFFENDI Y I-0

YARIANCE OF A CONTIMUOUS JOINT LIFE ANNUITY

1 BENEFIT DESCRIFTION - Qg

A contimucus annvity of ¥1 per vear 1e paid tc & particicent,
age i3, for & long &3 the participant and hi1s SpOuUze. agc
(y), are alive. The annuity value 1s:

am) wihere W= #4e shortest of S g.d 7
$= she future lifetime of (']3, and
7= the Fu*ure /ifetime of QN

2 E(am\= ftﬁxj Aw::svr G-t—' et = fo‘;ﬁ’/{%vg yre \/r;-—:>féf
= f,{tﬁa Alase J,t(l-nrt)o(#= :-L(I‘/_’?,,:\) = ?’)’

3, ;(a;’ ) s {atpvj /"wt,j" a; d+ =‘C:ij Aaee gt (/-;:,'!ylau
= ?I"{:’rloxj /‘(ﬂujor (=2 r ) 2
= F(/1-25, +5,33= F(1-20-92 1+ (1-248,)))

- -’;(/-2 #2d Ty f/-JJaa',JB = a:é(aa’avj -24 %X:B
= %(2;*: "ij»
Y Ve (B2 = £(a5) -£(q)

Van (a'm\ = _j—-(a;: -’a*j> - —a_:j
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AFFENDIX 1-D

VARIANCE OF A CONTINUOUS JOINT
AND LAST SURVIVOR ANNUITY

BENEFIT DESCRIFTION - A g

A continuous annuitv cf ¥1 per vear is peid to a participant.
age (i), or to the participant s spouse, age (v}!, for 2= long
as erther the participant or his cspouse are alive. The
annuity value is:

e, where 2= ke bngesd of S and 7
S=rhe futare lfetime of(‘ﬂ, and
T = 4he tem‘ure ifetime of ™.

E(aiTD: gi@/{”t(/.rpj\)aa ot +/:t s /fjfz (”:Pf)a'aaﬁ‘
={p A,.((/—eﬂ,)(ir;’—f}a PP P Ao (e PY(EE ) 1

= (TP Amie (e p Xl # F e Py Ay (1P (P o) F
= ffo»(:l’q/h«-<ﬁ,j/1,.z tePy Myre —ePeg Myrz )(/.Mc)cw—
EL-(: (¢PxAzee T ePyAgre ~efey /‘{a«c.gn)(}-’,«r‘) o
f(l*l-/ -% - A, f/—9—,33

FO-(1-98) = (-dT) 4 (1-4Fx))
- Flrr SE=) # Iy Ty)
= F(7 3+ 5Ty - Ty)

3y +aj - E,‘j

= a9z
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HPPEMDZY T-D (con?.)

3 [(6;7) = f tﬁrﬂxoc(l—tﬁJ‘) 51,0(/1‘ fp‘otpj //G’: (":ﬁ>5; ar
—j (P7’/1”¢ tR‘J’qﬂt féf: yre eP- ﬂ,or)(/—ai_f—”_ )d)’
= Ja{. (ta/‘fnc *ef_’y/’_‘,re ’tﬁ_’ ﬁyre-jr:Y/'-?»\ftf/fn>@#
- J'T(H-/—.?E, 28, 12 F +5, +;'5 - )

= A(R20-08Y 2057 f—’(’ Ja,jy » (7245,
p (1-208)) - (1-273:))
- #(a208, 1253 - 2d By 2T B, 245 220 By)

- IOy 2 By = F(F5 - a5
— e
¥ Var(3ga): £(3L) - £

|
Var(§m> J( —%7 6’%
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AFFENDIY 1-E

VARIANCE OF A CONTINUOUS JOINT
ANL F% SURVIYOR ANNUITY

1. BENEFIT DESCRIFTION -~ P 59—; +("F>5W

A continuous annuity of #1 per year is paid to a participant.
age (2), for as long as the participant amd his spouse. age
(v:, are alive. Additionallv, a continuous arnuity of #F oer
vear 1s paid to the surviving member after the first death of
the participant or the spouse for as long as the surviving
member lives. The annuitv value is:

Pag +(rP) 5,_-'7’ where

2 = tle /Onjes* of S and 7:

U= #he shortest of S erd 7

= tho Lature /[ifetime of ¢ )J a-d
T = 4he -,fuf-qrg_ /;"!fe'f/"')ﬁ G'€ (‘3.

2 E(fPas +(rMan) = P £(3n) *(0-F)F(F,)

= Pag +(-P W

3 (or(Fg, 25) - (T, 3a) - E(30)6(35)
= s ((FE)5F5)) - 35 A,

L E(=nt - artut) = Tig Ty

F (1= Prg ~Buy *Pu By )~ Byy Oy

L (I-(r 8Ty = (1-Em N + (TN (0T — By T

ul

ul

_(,-“Ja,?-/wa, F)-58, ~da, +4°4,8,) ~F A
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PPPENDZ X T-i (cont )

—- = A — - - —
CDV (02-7J @G'7>= JI(JE_IS *JGIJ-JEv-Jaj *Jzax 0:> —ij a)g
- Ay -Sag ~I7 5, 3.) vy T

@ 3y - Gy (T 73, -3,

"

= &, 51 - 3, a',j —@—3 G,J r@,;
= (@-a,)(a,-5,)
g Var( P +0PT) = P yac(a ) +(PY ar (3)
, # 2P0 Gov (B Z5)
- P70 B -5
7‘("’9)12’%(@!3 - a;:\)-a-‘;?
. f2P(/'P>/>(§x’a':>(as'gx:>]]
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AFFENDIY I-F

VARIANCE OF A CONTINUOUS JOINT
AND _F% CONTINGENT ANNUITY

BENEFIT DESCRIFTION - (3 +P53—1 - P a4,

& comtiruous annuitv of %1 per veer 1s peaid to & participent
age ‘'x), for as long as the participant 13 alive.
fidditionally, upon the carticipant £ death 1+ he i= survivec
bv his spouse, age (v, a continuous annuitv of IF per vear
iz paid to the surviving spouse for her remaiming Iifetime.
The annuity value 1s:

s tPan -Pﬁm’ where

7 7"/@ SAOH‘@Sf O{ -S and 7:
S = the ﬂ}qre //?(’ef/ms ot 6‘3) Gnd

A 7‘%@ 4,7‘“,-& //ﬁef/me G'F ),

"

f(ffﬂ 7‘/053’1‘Pa—m>=E(aﬁ\)ff’[(a_s—,)-/’f(@mj‘
= Zix t P 275 = F>57;j

%

Cov (a'ﬂ, 3;1) = f(aﬂg_axj\ "L—'Ila—* a‘J

)
9
N

(94
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ApPPaErDZX Z-F (cont D

Var (Gs #P@g -~ PN Var(35) + Fll/ar(a_g7>
#P* Var(@a) r2PCov (@5 T2
-2P Cov(asm G5 =2P? Covl(és?/ Z-)
- [(3.-85-3) +F[3(3,-8,5-7]
PR (3, -‘a,,)-a,‘,] +2pf0]
o0y 550
_JP[ (Zus -8, ) # $F Ay -3 T,

Jr(aE)- ] PR R -E -, 3,8, 0277

9
-2 f[ (a_)‘:\ K:3* T4, 33 -3y 5’3
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AFFENLIX 11-@

VARIANCE OF A MONTHLY LIFE ONLY ANNJITY

=D
EEMEFIT LESCRIFTION - Qﬂ
A menthnlyv annwity of 41712 per month 1S paad to &
particapant. age (), on the first dav of each month that the
patrticipant 1s alive. The annuitv value is:
(4]

Qax where 7= rhe Coture ] Cctime o8 (V)
F

Var.'anee_ Fo rmula

_ L. el
V@ (u (12) - VQV(#(I-—-—A:'-_T’TW): VG(VCJ(I'A,"M) . ,/Ar )
( sall-a "“j VGF(O ”)

() [0 7

Samp/e Caleulations

(*) X=65, =252

V‘"(d 7) = é"‘(ol.‘; 25 )["‘/87‘) (q 694-( 9'3) - 76?9’7

= /7.226; So= .50

() x=55, ¢=5%
ovs79 oY=} <57
Var(d;n)\) (/2 (- Y)\)[ "”7"(/255 774 310) =1 ]

= /6 ‘/é’lJ‘SO’ ¥ 060
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HFPFPsAbTX Zr_p (wm,)

() x=¢s .5 .

2
/72329 a L
y‘"(c' (m) (2(/ - (3 ,‘)"»))/113394(4 375-3.925) -4 ;7.»]

= QVOSJ‘ SO = 3 o9y
(d) *’55, i=12%,

3
[ 7/3329 2.4 "y 7yt
Var(a( 3) ((/ 1”3: \/..)3[:::3:\( ¥2- 4.4/ - /

= 289 - sp= ,703
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AFFENCIX I11-E
VARIANCE OF A MOMTHLY LIFE ANNUITY .
WITH AN N-7YEAR BUARAMTEEL CERTAIN FERIOD

G
BENEF1T DESCRIFTIOM - 077

& monthlyv annuity of #1712 per month i1s paid to a
participant, age (¢}, at the beginning of each montin that che
participant is alive. Additionally. 1f the participant dies
before receiving (12 % n} monthlv pavments. montnly pavments
of ¥1/12 will continue to the participant s bereficiary urntil
a total of (12 % n) monthly pavments have been received bv
either the participanrt or his beneficiary. The annuity value
is:

)
0;7 where Y= the greater of n Gnd T

p = rhe jqcrde/e&/ Ce"{'c' d Pe' ac"‘ ard
7 = #he /qfqre /fetime d{ é)

Yariance Formule

li J - '
Var (&3 = Var /a(/- '/,.>> Vaf@(/ “ ) —/_:L>

(T Var (35)
(u(: "”"b LO—, 2.3, -.8) -3 ]

Sample CLaleylat ons

(@) x=¢5,i:5%,n>5 2 y
o 0¥279 \ 2, =2 (s 5y-3268 —9.9777
e (o) « (s ) s’ r T 57220

=/3.333 , SD= 3 65/

() x=65 =572 L n=/0
ovg 29 S[ﬂ/}‘f 5677
,(12) - _:_:/_—‘/,‘.— oY
er(aw ) (/z(/ (75"

=7223 , sb= 2.688
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APFLa0 T x ZZ-R C,J_,,)

() x=s55 K R

- Pl

(] oyL 729 ~
Var(al?). (/2(1 y(, a,—)“)>/y'4’371"-T‘:F;?(g-'?“"}fﬂ‘:) - e

= /%252; sp= 3 775

@ x:s5 C:S% pzpp
Var (43)y - (,(, (,-‘;,)“)>/79’3 - ZrTa(5.095-2, 253) —/3 oog]
=7950  sp=3.s4
ORPE €5 ¢2/2%9 nrg
8- 285 o mar- 3014 s
=260 ; s0=/4n

(‘F) X=é'§ 4=/27 2 =20

Var(a("’) (1(1”/33:;’%)) 5.9¢3" ’un:q £.092-.233) - /0_’5]

=,907 J Sp= 952

(@ X2SE, c21% me s

V(o) (22853 f 17 57912157 25

2063 | sp= Juy3g
G) =55 c=poy EY”, -
232323 >[§933 4 //3339(/7‘!’- ;?‘3) -7 79/ /’

Var(a ) (,z(/ (7RI

=722 sp: 940
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AFFEND1X I1-C

VARTANCE OF A MONTHLY JOINT LIFE ANNUITY

()
BENEFIT DESCRIFTION =~ Q_7

A mornthly annuitv of $1/12 per month is paid to &
participant. age (1), at the beginninc of each month that the
participanrt and his spouse. age (v), are alive. The annuaty

value i1s:

)
a;—,, (,;/"Qrc U7 #4e shoetest of S a-d 7,

S #ie "(i/f(lfe //'(C/u-é of (])) a~d
T = she future /fetme of ().

Vorionce Formula

Ver (al) = Var (G55 ) * var(,,(,,,,‘) =2
(omy) Var (T
() 3 (8- 50 7]

Samp le Caleulat.ons

() x=45 y=¢5,425%

V@ (Q(,ﬂ> (’J(/ (/p’)ﬁ.)>[0¥b’7q

)$ $/6 ; sp=3 739

(3.007-4.064)-8 007"/

ORI A A
P _____.—(//0/2 -7637)-// 93
v,q)[

01820
Vae (@‘ ) (/:(/
= y7/53 , Sb= 4/¥2
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ﬁfﬁ:zvo X ZzZ ~-C (Caq/ >

(> x=€5, 4245 =723

2 //3329
Ver(a(l)) (/9(, /_)M;))[//JB)‘% (5—605'3552> 560;—7

=486/ ; Sp= 0208

(@) x:55 4=55 ¢=/23,

VAF(G oy L 2(///(332;9[/”3,9 (¢ 9/-2997)-¢ 9/]

=3 ¢95 S so=/922
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AFFENC1Y T1I-D

VARIANCE OF A MONTHLY JOINT
AMD LAST SURVIVOR ANNUITY

. (l:}
EENEFIT DESCRIFTIOM - aé—,

A monthlv arnnuitv of #1712 per month is paio to &

participant, age (x), or to the participant s spouse, &3¢
tvi, at the beginrang of each month that sither the
participant or his spouse are zalive. The amnnuitv value 1s:@

0D
0'7 where 2= #e /ﬂﬂjesf of £ and 7

S= #4e 'quqre /{’e//me ot (\.‘3 Gnud
7 = e (qurg /i feting of GD)

Vacianee Formula
2
_ ;o /,—_—\_r_>
Vﬂf(ag) VG" /:(/-,.,-v,q> Var 6.: D) rs
= ,27.—:7)\ Ver(Tg)

I3 2 — 2 ——
= () [H (T %) - 7 |

3 Samp/e Caleulations

() x=45 4 =65, = S7 p
> ov87I N [ (128v9-8 £/2) - 12 é77 ]
Var (a8 = (7 /,.,y»blwm( -

= §37y; sp=2 87y

é) X’.f}—/b:;-s—J‘:;?

oyg7 15379-9478) -/£.377
Var (49 > (IJ(I (7YY [agﬂ( J

=S qo1 ¢ $p = 2324
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ALEMTX 7y (cont )

s

() xzeg 9565 cz)ay

Var{a(")) Cq/éf’%}/,,,,n (7 29 -4 282 ) -7 vz 7

=Z/0:J' sSD = /0.5‘/

(d) .\':3“5: =S$‘ ¢=/J7

Var(a( )) ( - /(/:s:;&/ //”‘q(&Bff— %348 —€3§;‘:/7

-

= £¢) J. SO = 779
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AFFENLIY TI-E

VARTANCE OF A MONTHLY JOINT
AND F% SURVIVOR ANNUITY

5 o
EENEFIT DESCRIFTION - Pa"‘ +(-Pag

A monthls annuatvy of #1712 per month 1s paid to a
participant. age (%), at the beginning ot each month trat ne
and hi1s spouse., age (v), are alive. Additionally. & montriy
annus tv of ¥F/1Z per month is paid to the surviving member at
the beginning of each month after the first death of the
participant or spouse for as long as the surviving member is
alive. The annuity value is:

o (1)
. (9) -
pa;,“ r (/ P)Q_—;/ where

2= rhe /oaﬁesf of S and 7,

Y= rhe Shortes? ef § and 7,

S » vhe future /ofe trme ot (-J )) ard
T = rhe futyre Ji€etime of Ic))

Vdr.emce, Fof»-w/q

e o o (n)
V‘“‘(PG:.’" * (/-P>a"‘(ﬂ VQI’(F /2(/_4,.‘/;,, > ( /2 (,- ‘//l)\
A\

A /-t

J J
=Ver (Pagamy - =5+ P) o my =5 )

((,— ,\) {p Var(Tg) #(1-PY Var(TaYy +2(/- P Cov(ag u_,)}

12(1-arVy

) {f’“(a’r o)A [ (A58 5
#2p(-A (3 7.5)(3, -.,)] }

Sm»p/e Cd ,cu ,a"nans

(b) X’és- Y 265 ¢:n$’% P =
. 09979

Vac (PafP# (-1 5" = (/:(/ Eo0 {-‘/’.7‘379 (28+9- 3 e12)
—/2397_7+(/ q)[o,e.,, 8 007-¢ 066)-8& 007]
#2950~ v)[(? 69y- 8007 (/) 162 - 399727}

G491 ;  SH=3.08]
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PRPPENDIT X T -£ (conr)

(b) X:ss .js-:f ¢=59, , =
Var(Pa &5 0- F)a“’) N(/o-/ev)/ ) {77375% (15379 9.478)

~/5.37 9]* (=9) [sromy (11012-7.637) -//,0/2’_7
7«2(:,)(/—,:0[(/2 S$7~/7.02)(13.83%- //0/227}
= %1%; Sb=3.023

(c) Xz¢$, 965, €= /2%

7/

/3 \
Var(f’a(")r(/ -P) q(")) (2(/ (_3';3,> {.4’",—,:—3?3 (7.72? ~4282)

-7. 777‘7 * (- ) .//33:’1 (5. 605 -3.552) -5 405’7
# 2(-@(/—-.5«)[(4 315~ 5 605 (6 959-5 605_)]}

= 2432; SD=/559

(@ xe55 gess, i22%, po

\/ar(/’c’;‘ »(-P) 8 ) (_,/,/;fi);/,)) {y 7o (8 355-93¢9)

-2 355% > (08w (¢ 20-3 997)- £ 7]
» (I ‘f)[(7. v92-6.9/)(7.8:3 - ¢ 90]}

/_éf_(; sD=1287
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AFFENDIY 11-F

VAERIANCE OF A MONTHLY JOINT
AND Fo. CONTINGENT ANNJITY

D (/l\ o
ZCHIE g - _ Pue
BENEFIT DESCKIETION - Om *+ P dp - Fa5
& monthly annuitvy of #1712 per month is paid to &
participant, age (1), for as long as the participant iz
alive. Additionallv, upon the participant s death if ne 1=
survived bv his spouse. age (v). & montklv annuirtv of FF 1T

per month is paid to the surviving spouse at the beginninc of
each month that the spouse remains alive. The annuity value

1e (4:) s P Q(l:) /_, 5 12y

&, where

U= 7r4e shorter of S end 7;
ST #e (u*qre /(C’L""ve ot (!5/ ER4
7= Fde ((4 Fure /r fetime c‘() (")

Var s.ee Formula
Var (507 pal>- Pac) = Var‘:(/ AN ,;%::7’7s —f/%;—%
VG'(E?T-';V"_)[ e = ]>
= /7/_7/-) Var(ar +PTA-FPEL)
b s
MEES 3 =<5 5’:4}

Sample Celeulations

m’
Q

z ’

@) x:65 (=65 :252 p-,

" . R oye 9694 -4 983
VG\’(O(’ /’a“ Pal’) (IJ(I " Ya) {owﬁ‘i( >

+ 9/;/7,;(///62 7.701) - (11.162 —zooﬂ (9490(/;/&:)]

g [5s, (8.007 - ¢ 066 +(3.69)01 162)=2(3697)(3

= 7970; sb=2.823
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() X=5S, y=85 :2S2 poy
=72 ::7:7 ’. 92—;,;—_,9(/3.537-8805> ~(13.837- /1 012) - (12.55 7
(/3.9347] -~ ) eaaas(11.012-7 ¢37) +(12.5£9)(3.23v) - 2(12.55 )+
(//.O/.Z)J} = £ )s2 ; Sb=2.9Y20
D) NGS5, 4265 c=/2% pry

;473329

ar(a(n\”oa(n) Fa(li)> 62(/ (’“)m» [‘”;3”(6,375-3,5’2§> -6 .375 :-_/
» 4 ,,mq(é 159~ 4.009) ~(6 959-5. cosY - (637 9:q)_7
-4, ——(,,,,,q $605-3.502) + (6.375)(¢ 959) -2(¢ 378)(5 405)]}

= /663 SD= /289

|

() x=55, y=$5 ¢=/2%, p=¥
Vera &5 pat) = (r11755%) { [ (79725 191) 7 97 ]
79 iass (78337 9.23v) (7923~ ¢ ) ~(2v52)(7 £2 ;)7
- 9[//;”9 (é 9/-3 997) *(72992)(7823) -2(7. v92)(s 9/?]}

=  &5Y = ,924

4
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AHPFPE~DZ X IT

B PPROXZ MmprroN FORMULRS

Avb PANNLZT Ty FARCTORS

K PPPROXZIMBAT =0/ FORMULA &

74e '('o//ou.—j effra,lu—d»/r)n ‘écflars were taken Crom Jordean

~ /"R
ARy .

2 5} = ax‘f',‘j"(/‘bfl)
3 ”/EX;— ,/5,-Mhhp,(ff;§(/{,”f{)>

B ANNUZTF FACTORS

/ /onthly Factors Zpieres+ Rate

S 7, /22,

PR ks 9 742 6. 428

D a2 /7,209 7.0/2

- R g 056 S 660

D Gaes /0 010 6 649
ey  dis /0 786 7 /)5
£ agm /2 60y 749y
3)  dix /3.281 7 975
IR A /) 059 (963
) A 12717 7. 542

J)  dss )3 050 7723
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2 (ontinuous

PPPENDTX ZE (corr D

fe etors

Znierest Rede

S /27
7. 437 R 87
79/3 5943
9.69y $.375
£.983 3.925
/) /62 6959
770/ 4.009
8.007 5 605
§.066 3552

58490 2.7588

2838 /092

3268 995

/369 233
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