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The new Actuarial Mathematics textbook provides methodology 
from which a pension plan participant can calculate 

1) the expected present value of future payments, and 
2) the variance of that present value 

under any of the plan's optional forms of payment. If the 
actuarial assumptions (interest and mortality rates) used in 
these calculations are the same as those used by the plan to 
calculate the optional benefit amounts, the expected present 
value will be the same under each form of payment, but the 
variance amounts will be different. By calculating the 
variance amounts, a participant can quanti4y the amount of 
risk associated with each form of payment. 

METHODOLOGY - GENERAL 

Generally, the new method treats the participant's time until 
death as a continuous random variable (T) which has a 
probability density function given by: 

As long as a given form of payment clearly defines the exact 
timing and amount of all benefit payments given the 
participant s exact time of death, the participant can 
calculate the expected present value and variance of those 
payments by treating (T) as the random variable. 

It should be noted that by treating (T) as the random 
variable, the calculated variance represents and isolates the 
variance due to mortality. Investment return is assumed to 
be fixed and is not a cause of variance. It does, however, 
influence the level of variance as shown in the Sample 
Results·section of this paper. 
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METHODOLOGY - SPECIFIC 

Assume that a retiring pension plan participant can elect to 
receive either a) a lump sum distribution, or b) an 
actuarially equivalent monthly annuity in any of the 
following forms: 

1. L., Life annuity, 
2. L + nG = Life annuity with a guaranteed certain 

period of n years, 
3. JL = Joint life annuity, 
4. J & LS ., Joint and Last survivor annuity, and 
5. J & P'l. S ., Joint and P'l. survivor annuity (reduces to 

P'l. of the original amount upon the first death of 
the annuitant or his beneficiary). 

The expected present value of payments is the same under all 
options. In order to measure the variance under the monthly 
payment options (the variance under the lump sum option is 
$0), thi s paper ·suggests the foil owi ng procedure: 

1. Develop variance formulas for each of the 
continuous functions that correspond to the actual 
monthly forms of payment available, and 

2. Express the actual monthly forms of payment in terms 
of the continuous functions and calculate the 
variance of each actual form of payment. 

Procedures 1 and 2 above are performed in Appendices I and 
II, respectively, of this paper. All calCUlations are based 
on annual annuity factors which are based on the 1984 Unisex 
Pension Mortality Table, set forward 1 year for males and 
backward 4 years for females. These factors are shown in 
Appendix III. Standard approximation formulas found in 
Jordan are used to approximate continuous factors from non
continuous factors. 

SAMPLE RESULTS 

Appendi x I I contai ns numerical Variance cal.cul ati ons for two 
sample, male partiCipants who are retiring from a pension 
plan at ages 65 and 55, respectively. ·Each participant is 
married to a female of equal age and is offered a choice 
between a lump sum distribution and six actuarially 
equivalent monthly annuities. The lump sum and annuity 
amounts offered to each participant are shown in Table I 
at the top of the next page and are based on (a) the 1984 
Unisex PenSion Mortality Table set forward one year for males 
and backward four years for females, and (b) (i) 5'l. interest, 
compounded annually, or (ii) 12'l. interest, compounded 
annually: 
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Table I 

Annual Benefit Amount Offered to a 
Pension Plan Partici~ant at Retirement 

5~ Interest 12~ Interest 
65 55 65 55 

1. LO $1,026 $793 $1,556 $1,334 
2. L + 5G 998 786 1,504 1,319 
3. L + lOG 927 766 1,405 1,285 
4. JL 1,241 904 1,767 1,436 
5. J &c LS 775 648 1,285 1,190 
6. J &c 40~ S 1,001 781 1,537 1,326 
7. Lump Sum $10,000 $10,000 $10,000 $10,000 

The expected present value under each form of payment is 
$10,000 for each participant under either set of assumptions. 
The variance of the present value for each participant, 
however, differs according to both the form of payment and 
the assumptions. Using the variance amounts calculated in 
Appendix II, and assuming that the present value of payments 
is normally distributed, the participant can calculate a 
range for each form of payment that should contain the actual 
present value of payments 90~ of the time. The range will be 
symmetrical around the eKpected present value of $10,000 and 
the size of the range will be: 

2 ti mes 1. 645 

times 

The Standard Deviation of the present value 
of payments under the particular form of payment. 

Results of these calculations are shown in T.ble II below: 

1. LO 
2. L- + 5G 
3. L + lOG 
4. JL 
5. J &c LS 
6. J &c 40~ S 
7. Lump Sum 

Table II 

The Present Value of Payments, Within 
a 90~ Confidence Interval, Equals 

$10,000 :t: $X, where $X = 
5~ Interest 12~ Interest 
65 55 65 55 

$7,004 $5,296 $5,370 $3,737 
5,994 4,881 3,998 3,116 
4,099 3,974 2,200 2,029 
8,041 6,159 6,409 4,540 
3,689 2,477 2,222 1,466 
5,073 3,884 3,942 2,807 

0 0 0 0 
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Analysis of Table II supports the following general 
relationships: 

* Higher rates of investment return reduce variance due. 
to mortality. 

* Adding a guaranteed period to a life annuity, or 
lengthening an eKisting guaranteed period, reduces 
variance due to mortality. The reduction is g~eater 
for older participants. 

* Joint life annuities are more variable than life only 
annuities. 

* Joint and last survivor annuities are less variable 
than life only annuities. 

When analyzing the results shown in Table II, it is important 
to remember that these variance figures eKclude any amount of 
varlance due to the investment risk. 

APPLI CAT IONS 

This paper is written from the perspective of a pension plan 
participant who wants to know the variance of the present 
value of payments he will receive from the plan under various 
forms of payment. Similar variance calculations could also 
be used to: 

1. Quantify the variance due to mortality in the 
present value of benefits of an ongoing pension 
plan, or 

2. Quantify the variance due to mortality in the 
present value of future annuity payments to be made 
a) from a terminated pension plan s trust fund, or 
b) under the terms ·of an insurance company s annui ty 
contracts. 

By programming the methods presented in Actuarial 
Mathematics, computers can be used to calculate the variance 
due to mortality whenever they are used to calculate the 
eKpected·present value of annuity payments. These variance 
calculations can provide useful information regarding the 
liabilities of either a pension plan or an insurance company. 
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SUPPLEMENT 

One form of payment commonly offered under a pension plan is 
a Joint and PX Contingent Annuity (J L PX Cl. This type of 
annuity pays $1 per year to the partiCipant for his lifetime 
and, if the participant's beneficiary outlives him, $P per 
year to the beneficiary for her lifetime commencing on the 
date of the participant's death. This form of payment was 
not included in the body of this paper because I could not 
·prove" its variance formula, which was developed in Appendix 
I-F. In order· to prove that variance formula, I must prove 
thatl 

where U the shortest of 5 and T, 
5 = the future lifetime of (yl, and 
T E the future lifetime of (xl. 

If the above covariance formula is correct, the following 
information could be added to Tables I and III 

8. J L 40X C 

8. J L 40X C 

Annual Benefit Amount Offered to a 
Pension Plan Participant at Retirement 

5X Interest 12X Interest 
65 55 65 55 

$909 $728 $1,435 $1,272 

Table II 

The Present Value of Payments, Within 
a 90X Confidence Interval, Equals 

$10,000 ~ $X, where $X E 

5X Interest 12X Interest 
65 55 65 55 

4,221 2,970 3,043 1,933 

If the above covariance formula is not correct, the numbers 
in Table II, above, would have to be changed. I would 
appreciate a proof of the correct covariance formula so that 
I can add the correct numbers to Tables I and II of this 
paper. 
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'/AF: I ANCE OF A COl" ItjUOUS L I FE ONL y ANNU 1:" y 

1. BENEFIT DESCRIPTION -

A con~lnuous annultv of Sl per year IS paId tQ a P~I-tlc:pa~~ 

... ~ge (; .... fer' as lc:·n9 itS t.he Piu-tlcipant IS all ~·e_ Tile 
ar!nult~· value is: 

wl,er~ 

3. 
_( /_,.r7')~ 

== f;. -,- • 
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VARIANCE OF A CONTINUOUS LIFE ANNUITY 
I<JITH AN N-YEAR GUAI':ANTEEI:· CEFnAHJ F'EF'IQ[· ------." 

A contInuous annuity of SI per year 15 paId to a ~ar~lCJP~r1t. 

at';lp (::.'. fot- as lana as tt1e oartlcioant IS alive. 
Additlonally. if the partIcipant dies before receivlnq 
pa~ments ior n complete y~ars. the continuous annuitv of 11 
per ye~r will continuE to the participant s beneficiary untIl 
payments have been made. either to the partlclpant or hlS 
beneficiary for a total of n years. The ~nnuitv value is: 

Zi Yl .J wAere y= the ~ rec. fer o{' n and i 

= 

==-
': 

= 

= 
= 

il .. "f), e S ... e.ra.., teed certe.'--. pH 

T= tAe (4+1.( re Id~d,,,,E. ~{ (x ). 

"r~ (i;;7 1 .if" t) ! " .. f,,-"'1o;C' (1-# cf.;t 

~~ a;;1 of t (~P. - (~. - fi.',,,.,) 

" t· 0;; 

"(J< 5., 

" [" eI;:;J 

A f. ~;;1 

iii", f 

a~ ';:;7 

f f(.f. -((I-l"lI.'> -(1- rJ~, iil -Af\f. »)) 

or f(n P• -j tJo:y .,./ - J iI),,,"'? - Ar""fK ') 

+ t ( ,. f~ (j-,I' .) T J c: v - d if. ~"'? ') 

+ " 1'" ~iil "I a. -ax ,,7 

0)< - a~ ", 
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• 

I 

I 

A ccntlnuous annuIty of $1 per ve~r IS o~id to ? DarticIP~n~. 

age (:~). for as long ~s the particIPant and hIS spou~e. ~9~ 

Iy). ar~ alive. The annuIty value IS: 

Q4' w Ae re 
J 

U:. rAe Shodes+ of S Q.I'd 7 
-' 

S = ,,4e .f'-l+lA,re 

T" .,),e tl"dlA,re 

JJdu'.,e. ot (J'); 6,t'Jd 

/,fdl ... e. of (It). 

2. E(r; iii'): .(t: f)(~ -"t"'~C'~'~ ai"! ci.7 = !,:: ~'1""'71.r ~1t e-1~) d/ 

= f ~-:f':l /t-.n ~,~(J-.-.r~)cPf= f(l-;qx':J ') =- a" 'I 

3, E( ~; ) = r.: PrJ .)f'YH, :;'l Oe~ d:t :: f:c f'j ~-t<t: :l H r-.:r or)~ cf.;f 

:: j,. r.""-t-f'-."j ~ .. ft:j't' (I-2A"'C ... ....r~ot) ~ 

= f.-(l- J ):;xl r~:J ) = f,(I- 2(/-d~".,. ') of (/-JJ ~Y:J ~) 

= f;.(J-2 t ::J J O:."J "'1-,.r~"'::3 ,>:: fi(:;cfo.Y:J-)J~x-: ') 
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APPENDIX I-D -------
VARIANCE OF A CONTINUOUS JOINT 

AND LAST SUR'jJ VOF A"i"JU In 

1. BENEF IT DEseR I PTI ON - a 'i1 

A contlnuOUE annuItv of ~1 per year is o~ld to a Dartlclp~n~. 

ace (;:). or to the oarticioant s spouse. aoe (v). for ?s lonQ 
as elther the participant or hIS spouse are ali\'e. T~e 

annultv value IS: 

c..vhere. 2 = -I-he IOl?jes.-J of S ~f'lri ~ 
.s:: fhe.. fl.(+'-rre lite 1-i,.,e (){' (J') a",c/ 

;" tAe f",r14re. kfe 11,.,e. of (,,) ) 

? £(~): f·~({ -"!".t(I-..f'J ')0. 8 tiA- 1" fo"'(:f)~ ~'J'tc (I-cP" )(J~/ d/' 

= i""c~ /j"'r (h~~ Y/"".r...r)u of i""r f, /1., .. (f-rt" )(L=;r~) d-f 

= .: i~ f. A7CfC (I-d, 'X 1-,..,-") aIJf 1" i r: .. f~ /f! H (I_"P.)()-.".t) dt 

f i"" c: P" .I'f"'1: - "fl.::! --t'~~r t "P.., fifj' C --ePIt") ..-4j H ) (I-...r c
) cOT 

.:0 t f (1:P7.,)f7<r t -cfv ,'1.,tr -tf!."'j--1 ... c. ,rr )(1-,.".1:) ~ 

= f(l+ 1-/ - if. - ~ t i9~, ') 
1(1- (l-dOv ') - (I-Joj ) + (1- J Q.~ ') ') 

:= f(I-I" Ja,,-I 1-J(J'j~)-?i"J) 

f(l?t.)t tJa~ -~)t::!) 

.,.. a,)( t C1i';l - (;f,,'J 
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== i- ~p')l A'Il'. -eA.';) ,-I.{lIH ft:f, .-If:JH -ep,,;) ~.,H '>e-:l;:,..".".J"t") d1I 

= f.!. .... (~fi"lf.,.+c ~~I)/t~.t -cr':; /t,..ro:J'c)(J-)"Jr;-Af:J't) obi-

-- ; .. (I + J - / -;) ~ w -.2 ~~ t.) 19)(:J .T~)f .,. ~ ~ - ~x ':: ) 

~ f..(J-:J..(I-I?j)t) -2(1- .;-~"') .,.) (1- d ~)r:l '> t- (/-.JJa" ') 

"I" (J- JJ 1i~) - (1-)/ 5y';) ') ') 
= t(;)Jayt).JQ'j -:2.d"Ox'j -.2J"Z:r)f-.2.1~~ "l"JJ~.:1) 

; ft(,)J QX"5 -).J 2?ix~ ') = +(zr~ - 2r;; ') 

73 



AF'F'ENv D I-E: 

VARIANCE OF A CONTINUOUS JOINT 
AN[:f% _SUF:'''~:~:,,_ANNl,!.L!i 

A continuous annultv of $1 per year is paId to a oarticlPant. 
~ge (x), for as long as the partIcIPant and ~is spouse. age 
~v:. are alIve. Additlonallv. a contInuous annL(lt'.' oi $F' oe!
Year 15 paId to the survIving member after the fIrst death o~ 

the participant or the spouse for as long as the survivln9 
member l,ves. The annuitv value is: 

P aF1 of (I-f) a 47 Wh e re 
I 

r = fAe jOf)jes t- ot S (J.~d ~ 
. -u- i~ e. S),OrTes+ ot S (!J,r;d 

s= -IA e f<.(fy,e lr~·f/""e. "f 

T:= f),e -//,;/ f-~re.. J,te..fIW)e.. of' 

3. {o / ( a ¥J; Q c;7 ') = E ( 0 i7 0 L1"I ') - E (e F1 ') E (:J ~ ) 

= E ( ('-:~)( I-J"'"'")) - aG QWj 

-= fa E (1-4 t
_ A1''1 t 4t-1If'4) - QX; Girj 

= t>(J- iix';:J -jjw'j t i9w ~ ') - a)i:;l ~~ 

T 
I 

(j )) 3"1d 
(~). 

f.. (/- (J- J ~>l"S ') - (1- d 7i:~~ ') + (1- r ~" ') ()- ; ~"l '» - iif~:l 3:ij 

= ;~(J-Jt JQ'rs -/+cf~wj t"/-,JQ; -!5~ +6"l.~~a::) -3,"":, 
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...1-( J /l.. -". - -Cov ( (j~7.1 C4;:;7 '): Jl. JOG +- a~.:J - J~. - ..r~J t ~~ Q~ ) - a":l a ~'"5 

: ) .. (1 Z;i; - tS z:ilS -t- J 2 Gx ~':l ') - 2rx:;, a:~ 

= a~ ""':1 - aXj (ax 't~j - a,,:;, ') 

10/' Va. r ( Pa~ f(J-P)Qi;7) = fJ.V~r((j~) 7(/-f):4Va.r(~Ci7) 
+::< f'(I-f) Co" (0 p C31i:iJ ') 

I 

:: r1-: (Q~ - ~-; ') - ~ .. :] 
-r(I-P):4!; (Qr~ -~.,')-(7,,:] 

T:2 P(I-P)j((J.)I - i3"~':l ') (O'j - G).: '>] 

75 



AF'F'END! X I -F 

VARIANCE OF A CONTINUOUS JOINT 
~~U_~r:!!l!JGENT ANt'JU I TY 

A contl~uouS annuity of 11 per year 1S p~id to ~ p~rticip2nt 

age ':,). for as long as the part1c1pant 1S al1ve. 
Additlonally~ uoon the o~rticlpant s deat~t 1f he 1S SUrV1,"ec 
by h1S spouse, age (y). ~ contInuous annu1tv of ~p per Ye~r 
is paid to the surviving spouse for her remaln1ng Ilfet1me. 
The annu1ty value 1S: 

wAere 

u:: rAe sAortes t- or S Q",d T 
~fl.tre 

/ 

S:: rhe ); f'e t In;e at (~ ) 
) 

Is rAe -(fl.fre. II f'e I'M e af (x). 

Ond 

'2. E (a;:! f fan -P Qii/) = E(qrl '> r f E(ap ;-p£(Gi:;;) 

= Ull T f a ~ - P ax j 

~ f (~~j - ~)'j ') -t j Q~ OJ - Cly ?i.~ 
.J 
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i1 V~r (a:;<7 f- fa :l7 - Pa~')~ Var(on) tf;J.~r(aS1) 

-I-fJ. Va r" (a. "') r:H Co 'I (Q 7' Q~"""!) , 

-.if CoV{a77, Q",) -~pJ.eOV((JS7 a:;,') 
/ 

= !f(a~ -~)( ') - o~ -r f17(~~ - ~~ ') - ~;] 
-rr!7(~~ -b~:l') -eix"~] t:2p!o] 
-.2F! f(~~=- - ?r~", ') of f~ Q~ -ax ~)(~J 

:1./'(- ~ .1-- --} 
-.:1 p ;;: Go":! - ~X':l ') f ..2 qx (;j'j - a.~ q":J 

=-f..:..(Ci. -k \ - (j'l.7 f f:l.[; (Cl; -a;-" -~ 'l. - CAx~ - a- q+ 2 0' ~ o.,J 
tf " )J xJ 1° !l ~) ':l 'J )( 'j - .J 

_~ f l-;(Gi)i~ -~,,~ ') .. ± a:. a:'j - G:." 0.'] 
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VAF: I ANCE OF A MONT!-IL y L I FE 0i'~L\' AJ'JNLJ IT" 

" (u'l 
1. PEIJEFIT C'ESCRIF'TION - Q 'Fl 

A monthly annuItv O~ '1/1~ per morlt" 15 P~lO to a 
o~rtlclpant. age (;:). on the fIrst day o~ each month tn~t t~;e 

p~rtlclpant IS alive. The annuity value is: 

J 

I_NT) "-.r 

/7.:n.lo; .s J) = 7'. IS'O 

(0) 
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::. 9. ¥o 3 ; 5 () :: .2 0 9 8 

(d) ¥:. S s~ i. & /:;-;., 

II (. '(1))) I- Il31~q :\ r- :3~ .. (7.L/¥2.- '1./"11) -7 7''1')./7 
v~r 0;:7 : ~/~(/-(rrL}v")}L" 

..J 

-= 2 899 ..I .s D = /.70 J 

79 



'H.R I ANC;:: OF A MONTHL Y L I FE AW JLl I T"y 
I~Ure Ar, N-,E'::'R GUAF:ANTEED CEFnAIN F'ERIOD 

•. (I» 
1. 8ENEF I T DESC'" I F'T I ON - a)11 

~ monthlv annuitv of .1/12 per month 15 pa1d to a 
oartlclpant', age (x). at the beginnIng of each mont~l th3t ~hG 

oartlcip5nt is alIve. Additlonally. If the partIcIPant dIes 
before receiving (12 x n) monthly payments. mcntnlv payments 
of $1/12 will continue to the participant 5 beneflciary until 
a total of (12 H n) monthlv pavment5 have been rece1ved bv 
either the partIcIpant or his beneficiary. The annuity v~lue 
is: 

" (.» 

Q fI, wJ..e. re.- \"= tie J re c2./- er o( n a.,c1 T .J 
Ii .. 1'4e Jf.(Gr~.,leed cerfo I> fer ad 

J 

T:: rAe. /"rl.(re /(er,,,,e. or (x) 

;.",d 

(a) X"l.S .:=S"'~ ,,~~ -
Var (a~)) : (/2{/~;~~'/) r'lJi' r.O'f~7'f (s.Ii'l-3.J68) - 9.9 77j 

:::./3.333.J 5D ~ 3 65/ 
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X=S5- S~ 
~t!.= " .. ",:S" 

V~r(i:J(")) I .OYR79 '\ r: .. 2 -, 

;'J a (12(1- (i-;;;~ 'l'W 1 f'. -Y'J7 ,.. ,~'j(&'.~3b-'1. ".$-.2) -:.7 6 73~) 

=. /f'.2s".2.; SD:. 377.!>-

X-=SS" (.. ::. S~ /'):: 10 
./ ,,'" 

Var(c/;i) :U2(~~/~;}L) ') /7.9 /3~'" . t:"f'; 7'1 (S".09S-J.:JS3) -IJ OOPJ 

-= 99so 51) :: 3. /57' 
.) 

X=6s-.. C-12.,o" I')=S 

11r('.(")) I .//3)j9 )\J.~ :z .2 /. ) :>.7 
va e~ ~ (/.2(J-(mYA) ,/.817 .; ~\.)7,gg-.'?'1s -(, bOS" .J 

=;) (,I(); SlJ = 1.1.1f:, 

(f') X ::.~S );),. 
.) L= OJ n=/o 

V<zr(d~). 0~(:~::;):.))fs9~3~ r'flJ~j~ (;. (9).- . .233) -707sj 

=.907 . oS/)= .95:2-
.J 

0) X=SS; ~=12~", ;,=s-

t/a r
( Q~) -= 6l(:::::}". ) [3.9J7" ".II~Jj~ (3. 71 9 -/';U5) - 7 ~:z 1:.-.7 

".2 c:Jb 3 .I 5> D = / +' 3 {; 

(~) )(=Ss: '" =/:;>'- J /J::/t.? 

II / .. (1))) _I- //3:;-:J~ ':\&C?g3"",. JIJ~J(l/.7>j?- 33~) -7 7¥/~7 
V,l/rlOn ·1/.;l.(I-(T.ii)~·)F'· . .J 

.:: , '12:z.. 5~ :: 9bO 
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AF'FEI~D 1 X I I -C 

'{,=,RIAIJCE OF f., MOIHHLY JOINT LIFE AI'''~UIT,' 

A month},' annuity of 11/12 oer month is paid to a 
oa~tlcioant. aoe (::,. at the beginnIng of each montt. that thQ 
p~r~icipant and his spouse. age lV). are allve. The ann~lt\ 
value 1S: .. (,.) 

Clii', w/'ere. u: -rle s/'odf!sf ~{' S Q ... d ?; 
S s th fwti/re. t(efl,..e. ~(' (l)~ Q~d 

T= ;I~e f",t ... re ;'(d, ... e. of' (.). 
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=~96/; SD=)20S-

)( = S"S- .... -=-$ S- (. ~ j:; /" 
J..J ,J 

II ( .. (,.'1) _ /.. //J~j~ "[/I~:W'l((. '1/-3 CJ97) - 6 9/] 
ro. r a <;7 - tj~( 1- (i:ii.) h') J 

= '5 (.9S 5 ~ = I 9;l.l. 
,J 
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1. 

AF'F'EN[·j t I 1- L' 

VARIANCE OF A MONTHLY JOINT 
AN~ST S~!F:"/!2~:!UlT , 

A monthlv annultv of $1/12 per month IS paId to a 
cartlclpant. ag~ (X), or to the portlclpant 5 spouse. 2ge 
(v). at the beqlnrllng of each month that E'lther thE 
partlclpant or hIS spou~e are alIve. The annult~ \·al~!e l~: 

;:;. 7"Je 

$ =- ,.~ e 

7~l'ie 

/O"J es. f 

.f'f.('""re 
f,.,fl.fre. 

~{' ~ o"d T 

} (e -I,,,,e of ( ..... "> 
j,(e.;.,.,e o( ( ... ~ 

:5 $a,.,e/e.. Ce.k ... /~1;o"".s. 

(~') X = 6S i..>. -= "S" i = .r- ~ 
.J -' .J 

( .. (1») (.. .0';'879 \L~9(';:; fj'l9- & /:,/;,1) - J) 
Va.! <3. n =- V,-(I-{,,:,.Y"")} O"lg7 

= 8."3. 71.1'; 5 0 = ;) il 9 'f 

::::S "'01 Sf) = 23~Y 
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(c) ~='~:l =6-5"" ':'=/.:2.i" 

Var (~;')) " 0J{/Z';)~:»):"! JI3~~q (7 7.?9- '7.)g;.) -7. /;~~7 

'= /-loS"' S D : / OS I 
J 

(tI) )(:s~ :;, :~r" ~:/;)/ .. 

V. ( " ( .. )) - I'.. ,11.J3~D, '\)-II~J~ ... (t.3SS"- "/.368) -8J.s-S"~7 
Cl( a.n - I..;;;'{/-(,.,'. )y,,») . ... 
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1. 

VA~IANCE OF A MONTHLY JOINT 
~p F':, SUR V I VOr: ANNU IT y 

~ monthl. annultv of $1/12 pe~ mon~h 1S paid to a 
participant. age (x). at the beginning 0+ each month tnat he 
and his spouse~ age (v), are ~live. Addltlonall\". a montniy 
annultv of $P/l~ per month l~ pald to the survIving member ~t 

the beglnnlng of each month afte~ the fl~St death of the 
partic1pdnt or spouse for as long as the survIving member IS 
alive. The annu1ty value is: 

Pall»~ r (I-p) of;;) w~ere 
., ... J 

"i! =' "~f! /"'''5 l!! sT of .s (j"d 7 , 
1.-/7 -!-I,I!! sl?""il!$r e,( .$ (J"J 7 

'" 
5 w ."I.e.. .(W f-/,f,..e /;.(Q i',.,e of' ('J )) tI"q 

7 = rAe /..,f'1 r l!! /, (er,,,,,e. of (I<) 

,l V41",e,,,c.e. Fo,.,..,w/o, 

y. ( Dll» (p)' '(Ill) - II (p /-,.j~ r (I-P) ~ \ "r r a ~ r /- a.., - v ~ r , . i'i(;:::;:V:.) 12 (/_..- 'I, .. ') ) 

( 
J I-,r~ J /-". ... \ 

:' Var f/l(J-.r".·1· -J-'f"(I-P)/2(J-..-Y,L) -;;-) 

::G':;(I-~Y"))~ {p:1. Ve. r (Qi7 ') 't(I-/)" Vdf(a.., ') "';;f(/-!')Cov(C;~, ~"'}) 

;: 0
J
(/",vI<)) ~r17{(jr., -b~ ') -i~] -t(/-f)1f(u.~ -~, '). J(~] 

-t 2. P(I-F) [(a. - Q'.!) )(a~ -a., ;J ) 
.3 S a,.,p Ie Ca )c,.'Q~'o .. .$ 

(a) X~65' I.A:,{,S ,~S'o .r.= ~ .J J,I .1 r· _ 

VQr(fQ~·)1'"(I·f) (i~')) == (;1(;~~;;';Y'''~ [.1f1o'(;,<t UUV ?- 8618) 

- /) 8'>''11 +- (1-.1.;)1 O'f~''1 (8 007- (. 0(6) - g 007) 

t j('v )(1-: I() [( 9 ,bq '1- 8,00" ") (! / /62 - II 00 7 ~ J 
.5C = 3.081 
86 



Ib) x = s s .... 7 SS' t:: .$" 'P. " ~ • 7-
(~ '..J JI J r ~ 

Va.r(pa·~·)+(J-f')a~·)) = (i~(/~~~5'1,.)) {,,1C7'8""7'jVs.379- 9,IOIJ) 

-IS", '3/,~ r (1-. "')~!O"l~7' (//.()/~ -7.637) -1/'1712'] 

r 2.( .,. )(1-, ~) [(I:; SS 7 -II. OIJ,) (13 83 jI~ II (//2)j ) 
- 9,/0//' SD = 3,0..2:5 

J 

(c) )f:. (. >J ., ~ (.~.1 i,: I J ", / I' =-, '7 

( "(10) (. )' '(I.) /.. I/J3~"I \ r ."'l:> (7. no u ) 
V.r fa~ f 1-1' Cl,;? )=V2('-(;:7r)'1,')) .f[iil'3i''l . 7-7,;.g:;, 

-7, 7:t~J t (1- "'I)1"3;l~ (s. bOS -3, s-s:J) - S- 605":1.] 

of ;)('7')(I-,~)l(' 'S7S-S 60.s-)(6 9~,,-S" 60S)]} 
= 2 'i 3;( ; S IJ = I .$-S ~ 

(J) )(:s-~ '-j~.s.r/ i=/.27"" {J=''1 
~ 

( 0 .. (1') ) ,.(")) 1-.11332'1 \ { ,:I.{ 2 (. ) Vsr / CI~7 t' (I-P ~ .. ., = ,1)(/'( i.'i;-)'''')) '1[ii3r;;" g 3SS-" 368 

-8 3SSJ r ('~'7')1-I/~)':.'" (b 9/-3 'H7)- {, 91y 

r )(~)(I- It)[(7,,,,.,,2.-6.91)(7,t5',a, - 6 9/)J} 
= I b 5' ~ ; S D = I. l g 7 
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!. 

JARIANCE OF A MONTHLY JOINT 
AND p~ CONTINGENT ANNUITY 

.' (") p' . (,. 'I P (' 
BENEFIT DE5CF"lF'TION - Or"! r a,.$'"7 - a;;" 
A monthly annuity of $1/12 oe~ month is paid to • 
p3.~tIcIpant. ace (,,). fo~ as long as the pa~ticIpant HS 
alive. AddItionallv. upon the p.~tICIp.nt s death If ne IE 
survive~ bv hIS spouse. age (y). a mcnt~lv annultv of IP 1: 
per filor,th lS paid to the survlving spouse at the beginrllng oi 
each month that the soouse ~emalns alive. The annuity value 
is: 

tA =- Il,e 

...s:, fA e. 
7 ... 1'A e. 

sJ.orfer 01 .s 
f",f"l~e ;,fef,,.,e 

{/..ff,./re. /,te.t-,-e. 
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(. ) X ': S ~ .... = ~ S t "" S" <. ~ :, 7' 

.,.I...J.., .I ,-

v~r/a('·).,.. Pc/t»_ f'C/':J"»)_ /. 0"187'1 \{[-~-(I:;S~7-f? 310) 
l' T7 II ~ - ll~(I-(-f.;~'l'/") ) ,o'tIl7'1 

- P S~-7j 'I, "Il~:'?, (138J't-8.80S) -(i3.8 3'1- /lOI:z't- (12 .5's 7)-

(;3SH~ - ,1-0 '1:'0, (11,012.-7 {, 37) f'(/~.U 7)(I)./J"I) -:2(I).~ s-')' 

(1/.01.2)]) = b I~:J..; SD =~. 'leo 
(<. ') ~:t.S '" ,:6S ,,= /2~ n= u 

I,,) J ,r· T 

VM(a~')Tf(i~')- fliS) = OJ(:'I!-:;'}'.~ ([";JJ9(6.37S- 3.82S") -6,57~-:..J 
,. '1j,1l;;9(6 "IS'j- '1."0'1) -{6 9St1-S,6or'j - (6 3i~)(~ 9Sq,)] 

-; 1m~''1 (s. bO.S'- 3..>.5"") + (, . .3 7s.')(6 9S''f) -~(6 37.5")(S: bO~)J) 

= J. b b"3 ~ .s D = /. 28 '1 

(i) x=ss-~ ~,:s-.r.J i.:.j;)'~J f'=.~ 

V~r(~ c;\'faj:;)- fag')) -= G (:~:';;'»)'{fl:Jl)" (7 '/~.l- Y /~//) -7 t,I'T~] 
r 1Jj;/1;-;' (7. g~~- "1 . .).3.,..) - (7.~.2 3 - {, '1;)2. - (7. +'~~ )(7 f ~ '1)] 
-,111)~ :19 (, 9/-3 99 7) of (7. "'t,I j )(7. 5':2 3) -.2(7. '/t,l2)(6 q I il J 
== B5lf . S[): ,a~"1 ..) I 
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