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ABSTRACT 

The annuitg coefficients ~m), p(m) anti ;~(m) 

are introduced in the new Actuarial Matltematics 

textbook for evaluating the value of a l i fe annuity wi th 

payments more frequent than once per year. In this 

paper we 0erive the power series expansions of these 

functions. 

I. INTRODUCTION 

This paper is motivated D g pr~lem 5.q4.a Of trio new ActuarM/ 

Mathematics textbook [1] : Expand in terms of powers of 8 the annuity 

coefficients =(m) and ,8(m). 

Under the assumption of uniform distribution of deaths in each gear . 

of age, the following formulas are given in [I, chapter 5]: 

a(m) : a(m)a - p(m)A x (I.I) 
I'I x 

a~m) : =(m)~ x - l~(m). (~.2) 

a(xm) : o<(m)a x + ~'(m). (1.3) 
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Let 

Cj : (jl.mJ+l) - '  ~',I <_.k<_m [kJ- (kJ'llm)] , 

In this paper, we shall show that 

P(m) : c o + C1~ ÷ C2 s2 + C3~ 3 . . . .  

~(m) : c o - cl8 * C252 - C3~ 3 -~ "'" 

and 

o<(m) : m - I  * ~(m) * ~(m) 

: 1 + 2(C252 + C454 + C.~$ s . . . .  ) .  

j : 0 .  1 ,2 ,3  .... 

(1.4) 

( I .5) 

(1.6) 

2. CEILING AND FLOOR 

For a real number t, let [tJ denote the floor of t, i.e., the greatest 

integer less than or equal to t, and let r t ]  denote the ce/// /~ of t, i.e., the 

least integer greater than or equal to t. Observe that, for a real-valued 

function f defined on [a. b]. a and b Integers, we have 

[ ,  b r(LtJ ) dt = T.a<j< b f ( j )  

and 

J'a b r ( [ t ]  ) d t  : Za<j<.b f(J). 

Thus. for a positive integer rn and a positive number k, which is divisible 

m -I. the 

functions hold: 

sir 

fol lowing integral representations for amuitg-certain 

= J'o k (I * I) LmtJ/m dt (2.1) 

: fo k (I + i ) k - rm t ] /m  ( I t ,  (2.2) 
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,~n) = j'o k (I * i)[mt]/m dt (2.3) 

= J'O k (I • i~ -lmtJ/m (It, (2.4) 

a~") = /o k vrmq/m dt (2.5) 

= ,fo k ~ : - lmtJ /m dr .  (2.6) 

~m)  = [ok v[mtJ/m dt (2.7) 

= fok vx-rmt] /m ~t .  (2.s) 

3. POWER SERIES OF p(m) 

The difference between a~) and a (m)~ is due to the payments that i q~x  

occur in the gear of death. Thus 

~x(m) _ ~(rn)~ = -E(vrq. : (=) 
x ~rT i - [mT'l/m I ) 

== ,. (=) 
= -J'0 v[t l" Sl'tl " [mtl/ml dtO'x ' (3.1) 

The assumption or uniform distribution or deaths in each gear or age 

implies t ~ t  the differential alto ~ equals [U Iqx (It. Since the product 

v It]- It j iq x 

is a step function with step size I and the function 
.. (=) 
s m - [mq/m I 

is periodic with period I. we can applg the A~ra~e Value Theorem ([3]. 

cf. [I. secLion 3.6]) Lo fact.orize (3.1) as the product, of 

( I )  Jo *0 v[q .  [U I°~ ° t ,  which is A~, ar~ 

I -(1) 
(2) J'o sPl - rmq/ml Or. 
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Hence, by (1.1) 

,8(m) = ~o B1 - rmtl/ml dt 
I 

[01 [(t * i)1"[mtl Im- l]Id {m) dt 

(~-ll {m) - l)/(J (m) (3.3) 

(i - iCm))/ iCm)d ira) . ( 3 . 4 )  

E×pressior~ (3.3) and (].4) are 11, 5.5.5] and II .  5.5.11], respectively. 

Neither of these expressions is easy to expand as a power series in 8.  On 

the other hand, by (2.3) the integrand in (3.2) can be expressed as 

~o1-rmtl/m (I + i)[msl Im ~s. 

Interchanging the order of integration yields 

~(m) = ~o j ( J ' o f ' f c n s l / m  (I + I) [msl/mdt)dS 

=Jo I (1 - [msl/m)(1 * I)[ msl/m dS . 

= i'd I (I - [rnsllm)e~[msl Im os 

= .[01 ( I  - [ms l /m)  T.j~o(Sl'msl/rn)l/ jJ ds 

= i 'd  ~ T.p_ o I(rmsl/m)J - (rmsl/m)l+'l ~Jljl ds 

= )]_i>_O (So I [(fms l /m) l -  ([ms l/m) P II dSI6l/j! 

= ~--j_>O {m-1~--4n~_>l I(k/m)!- (k/m)J+l])sJ/jl. 

Hence. the coefficient or SJ is 

(jl.mJ* I )" l ~.l <_k <_m [kl - (kI + I /m)] .  

which we denote by cj. Thus, 
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c o = m"  Ilm - re(m* 1)/(2m)1 = (m - I ) / ( 2 m ) ,  

c I = m-2lrn(m+ 1)/2 - m(m. 1)(2m+ l ) / (6rn)]  = (m 2 - I)/(31m 2) , 

cz = (2m3)- l {m(m * 1X2m+ I ) / 6  - [re(m+ I ) /2)2/m} = (m 2 - I)/(41m 2) , 

c 3 = (6m4) - 1(Ira(m+ I ) /2 ]  2 - re(m* I X2m* I ){3m(m+ I ) -  1]/(30m)} 

= (m2 - i X3m 2 - 2)/(3,51.m 4) , 

c4 = (m 2 - 1)(2m 2 - 3)/(2"61"m 4) , 

c s = (m 2 - I ) (2m* - 5m 2 * 2)/(2.71.m s) , 

cs = (m 2 - lX3m*  - 1 lm 2 + 10)/(3.81.m6), 

etc. 

4. POWER 5ERIE5 OF ~'(m) AND o<(m) 

The power series in 6 o ( ~ ( m )  mag be der ived bg a method paral le l  to 

the one in the last section. However, we can easilg show that the 

coefficient of hl in the power series expansion of ~(m) is simplg (-I)]cj. 

The formula for  ~(m) that  correspono~ to (3.4) is 

t~(m) = (0 '(m) - d)/l(m)d (m) . (4, I ) 

Recall that  

i (m) = m(e  i /m  - I )  ( 4 . 2 )  

and 

o (m) = m(1 - e -S /m) .  

Considering ~(m) as a funct ion of 6, w r i t e  

f(S) = ~(m). 

It easi lg fo l lows From (3.4), (4.1), (4.2) and (4.3) that  

f ( -s )  = ~ ( m ) .  

Thus, expansion ( I .5 )  holds. 

(4.3) 
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As pointed out in problem 5.19 o1' [11, subtracting equation ( I .3)  from 

equation ( I .2)  gields 

m- I  : c<(m) - ~(m) - t~(m) . 

ThuS. expan6ion (1.6) holds. 

S. DERIVATION OF (1.2), (1.3) & (4. I )  

To make this paper complete, we now prove (1.2), ( I .3)  and (4.1). 

Recall that 

:~(m) (=) = E(~ [mT1--Ti ~ , (5.1) 

and 

NOW, 

;1(m) 

(m) 
a~ m) : E ( a ~ ,  . (s.2) 

: ( I  ' vm-lrmT1)/d (m) 

: ( I  - v [T I ( I  • i)rT1" m'l [mT1)/d (m) 

: [d(I + i)[T]'m-lrmT]a[T--T] + I - (I + i )rT' lm-lrmTl] /d(m). 

Taking expected values and applying the Uniform Dist r ibut ion of Deaths 

Assumption and the Average Value Theorem gield 

~ )  : (d/a'(m))E( ( I  + i)rTl-m'~l'mT1)~x • E([I - (I + i ) l 'T l 'm' f fmT1]/d (m)) 

: (0/0(m))E( ( I * i) Frl --m-, I'mT 1)a x _ E([(1 • I) Frl -m" 1 i-mT 1 _ 1 ] /d (m)) 

: (g/dm))(i/ i(m))~x - [( i / i(m) - I)l/d(m) 

: o<(m)~ x - ~ ( m ) .  
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Simi lar lg.  

(,I) v m- ' LmTJ)/i(m) 
a t - a r j ~  = (I - 

= (1 - vLTJvm'lLmTJ'LTJ)/i(m) 

= [ivm"LmTJ-LTJaLT--TI • I - vm-ILmTJ'LTJ]/i (m). 

Hence, under the Uniform Distr ibut ion of Deaths Assumption, 

axOn) = (i/l(m))E(vm-O LmTJ -LTJ)a x . E([I - v m' l  LinT J- LTJ vi(m)) 

= (i/ i(m)xo/d(m))ax + [I - (d/O~m))]/i (m) 

= o<(m)a x + ~'(m), 

6. FEIIARKS 

( i )  OOserve that 

Slmi lar lg.  

p(m) = f z.a .. (,,) - ,  srq. [mtl/m I d t .  z an arl) i trarg real number. 

t . .  C=) 
= J'o Srq - rmL1/ml dt 

= J'o s i  . rmq/ml  dt 

= f I -m "1 ~(m) 
"o ~t - I m q / m  i clt 

= ( i c = ~ .  

-z am-iLmtJ - LtJ i (IL. Z arbi t rar  U, 

= SO 1 (=) am'lLmtJ - ttJ ] (It 
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Hence, 

I 
: J0 a ~  at 

I (m) 

Itm 

: ( D ( m ) a ) { ~ - ] .  

(x(m) : m - '  • B(m) + "~(m) 

: (ICm)s)~m) • (DCrn)a) I _(~-~7~ 

This resul t  should be compared w i t h  [2, page 86, example 4.8}, 

( i i )  For the remainder of th is paper, we assume j >__ I. By the 

Euler-Maclaur in formula, 

,~,O<_k<_m_ I kJ = m } * l / ( } + l ) - m J / 2  * } m J - l / 1 2 -  j ( j - I ) ( j - 2 ) m J - 3 / 7 2 0  

• j ( ] - I ) ( j - 2 ) ( J - 3 ) ( j - 4 ) m } - 5 / 3 0 2 4 0  t ... 

This series, in descending powers of m, ends w i t h  the term in the f i rs t  

power of m if j = I, 2, 4, 6 . . . . .  arid w i t h  the term irl the second power of 

m i f  j = 3, 5, 7, 9 . . . . .  in derivlr lg the riext formula it is important to note 

that, for } Odd, j > I, the ending term of the series above is not a constant 

term but an m 2 term. Now, 

~,1<k<m [kJ- (kP11m)] 

= ,~.O_<k_<m {kJ- (kJ ° Ym)} 

= ~-O<_k_<m-1 [kJ- (kJ°11m)} 

= mi'II(i.i)(].2 ) - mj-I112 • j(j-I)mJ-S1240 

- j(i-l)(i-2)(i-3)m}-516048 ; ... 
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Consequent I W, 

cj= (jt.m~t) -I ~.1 <_k<__m [kJ- (kilt/m)] 

= {I- [(j.l)(j+2)1121m -2 +_ --. ± t,m'2[JlZl}l(j.2)l. 

Because of the ol)servation just made, there are two expressions for the 

last coefficient ~, in this series, depending on whether j is odd or even. 

Since for m = I 

~.l<_k<_m lkJ- (kP11m)] = 0 

and cj is a polynomial in m -2 , the term 

I - m -2 

is a factor of cj. Hence. 

cj= (I - m'2){1 - [(j2*3j-lO)l12]m'2 *_ ..- ~ t, m2-2rJ/21}l(jo2),. 
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