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ABSTRACT 
We present a method to calculate the percentile of the 

distribution of the present value of the death benefit for a 
continuous deferred whole l ife Insurance. 

Example 4.3.c of the new Actuarial Mathematics textbook [11 
discusses how ore calculates the m~tan of the clistrtlxJtion or the present 
value of the benefit pagment for a 0eferre(! whole life Insurance pagable at 
the moment of death of (x). We find that mang of our students have 
di f f icul t ies following the solution given in [ l ]  because this is the f i rs t  
time theg have encountered a random variable which is partlg continuous 
and partlg discrete. This note presents a treatment uti l izing the concept 
of an Indicator functior~ 

Let I(1" • m) denote the random variable which takes the value I If 
T > m is true an0 the value 0 If T • m Is false. Thus the random variable 
of interest is 

Z = I(T • m).v T . 
Clearlg, E(Z) = m I T~x " The prot)lem we wish to solve is; Given a number 

f c (0, I), find the nomegative number ~ such that Pr(Z < ~) = f .  

Thus, if 

where 

First, note that 
Pr(Z = O) = PrII(T > m) = Ol 

= PrCl" rn) 

= mqx" 
mqx > f , then ~ = 0 . Herce, we shall consider onlg the case 

mqx < f - 
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For slmpl lc l tg,  wr i te  I(T > m) as I .  Then 
Pr(Z _< ~) = Pr[(Z < ~) n (I = 0)] + Pr[(Z _< ~,) n (I = I ) ] .  

Let us now evaluate the two  terms on the r ight side of the equation above. 
Pr[(Z < ~) n (I = 0)] = Pr(Z < ~ I I = O)-Pr(I = O) 

= Pr(O'v T < ~ Ix = o)-Pr(  = o) 
Fq'(O < ~ I I = O)-Pr(T <_. m) 
I.Pr(T <_ m) 

mqx- 
Pr[CI.v T < ~,) n (! = I)1 
Pr[(v T < l:) n (n : t)] 
Pr[(v T < ~) n (T • m)] 
Pr[(T > h) n (T • m) ] ,  

where 

Put 

then 

Hence 

Since 

PrI(Z < ~) n (I = I)1 = 

and 

we have 

T ~ s  

h = Io% ~: = ( - l / s X l n  t , ) .  

k = max (1~, m), 

PrI(Z _< ~) n (! = I)1 = Pr(T > k) 

= kPx - 

f = m°,x + kPx" 

I = mqx + mPx 

I > f ,  

k = h .  

f : mqx + hPx, 
from whic~ we calculate £ .  

(I) 

There is a s l ight ly easier wag to derive (1). Instead of solving 
Pr(Z <_ ~:) = f 

direct ly,  consider 
P r ( Z > ~ ) =  I - f .  
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As before, 
Pr(Z • ~) = Pr[(Z • ~) n (I = 0)] * Pr[(Z • ~) n (I = I ) ] .  

Nov/, 
Pr[(Z • ~) n (! = 0)] = Pr(0-v T • ~ I I  = 0)-Pr(I = 0) 

= 0,  

since ~ is a nonnegative number. 
Pri(z • ~) n (I  = I)1 = 

= 

= 

Hence, 

which is equation (I). 

Prt(v T > ~) n (! = 1)1 
Prf(v T • ~) n (T > m)] 
Pr[(T < h) n (T • m)] 
Pr(m < T < h) 

mPx - hPx • 

I - f = m P x - h P x ,  

( i )  

( i i )  

REMARKS 

A consequence of the development above is that, for ge [0, vm], 

Pr(Z <__ y) = mq x + (_ I/SXln y)Px- 
For an il lustration of the probability 0enslty function of Z, see 
[!, Figure 4.41. 
A good exercise for an actuarial student is to repeat the derivation 
above with the random variable 

Z = I (m < T < m+n)-vr T] , 

where rn and n are positive integers and I'T] is the least Integer 
greater than or equal to T (see [2]). In this case, 

E(Z) = m l n ~ .  
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