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ABS'TP.ACT 

The c.d.f, of a random sum can easlly be computed iteratlvely 

when the distribution of the number of i.i.d, elements in the sum 

is itself defined recursively. Classical estzn~ation procedures for 

such r e c u r s i v e  p a r a m e t r i c  f a m i l i e s  r e q u i r e  s p e c i f i c  d i s t r i b u t i o n a l  

assumpt i  ons ( e .g .  Poi sson,  N e g a t i v e  Bi nomi a l ) .  The ml ni mum 

d i s t a n c e  e s t i m a t i o n  p r o c e d u r e  proposed here  a l l o w s  f o r  t h e  

sel ecti on of the best fi ttl ng fami I y member wi thout prior 

distributional assumptions. It is shown that the estimator thus 

obtained i5 consistent and that it can be made either robust or 

asymptotl cal 1 y efficient. Its asymptotic dl str ibuti on is also 

derived and an illustration with Automobile Insurance data is 

i nc I uded. 

~Rese~ rch  s u p p o r t e d  by oporot~r ,g gtonts 

Sc'ce'~'-,cel; o.~d r ~ g t ~ e e r t ~  Iteoec:~.rcl", COUnCLL o f  Co.no.do. 

f r om L)%e NQL',.onQL 
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I. Introduc£ion 

Let xf ..... x n be i.i.d, observations from a discrete 

parametric fa~ly of p.f. "s defined recursively by: 

-- Ca + ~--~--D i+! Pt for ~ = a, a+! ..... 14-I CID 

where  p~ d e n o t e s  ~ X = ~' ) , O -< a < A - I  and ~ = Ca , •D' 

i s  t h e  p a r a m e t e r  v e c t o r  o f  i n t e r e s t .  The p r o b l e m  i s  t o  e s t i m a t e  O 

w i t h i n  @ ( i . e .  t h e  s e t  o f  v a l u e s  f o r  w h i c h  C I )  d e f i n e s  a p r o p e r  

p . f . ) .  

S u b s t i t u t i n g  we f i n d  t h a t  

p~ = Ca + ~) . Ca + a+¢ Pa N Ca + [~,P Oa 
t ] .;'=a+ ! 

and 

Sp a = C ! + Ca + f~ .) + Ca + a-~DCa + ~---~--.) + 
a+1 a+2 

+ Ca + [~ .) Ca + ~D I -I  
a + l  " " " I .  

= cI + E I I C a  + ~ j - 1  
f = a + f  3"=a+1 J 

Clearly maximum likelihood Ca. 1.9 estimation is not tractable 

here; even in the case where k is finite, it requires the roots 

of high degree pol3nhom~als. When ;~ is infinite, p{ does not 

t a k e  a c l o s e d  f o r m ,  c o m p l i c a t i n g  f u r t h e r  t h e  use o f  m. 1. 

e s t  i m a t i o n .  

The s t u d y  o f  d i s c r e t e  p a r a m e t r i c  f a m i l i e s  d e f i n e d  r e c u r s i v e l y  

as i n  (13 a r i s e s  n a t u r a l l y  i n  compound d i s t r i b u t i o n s .  O f t e n  t h e  

d i s t r i b u t i o n  o f  t h e  random sum w i l l  n o t  have  a c l o s e d  f o r m ,  bu t  

can be computed recursi vely i f the number of i . i . d. random 

variables in the sum follows a p.f. which belongs to (19 ; see 

P a n j e r C l g B i ]  a n d  P a n j e r  a n d  Wil lmotC1~)823. 

The use of a recursi ve definition also allows for the 

parametrization of large families o f  p.f. ' s .  For example, f o r  

f i n i t e ,  t h e  t w o  p a r a m e t e r  f a m i l y  d e f i n e d  i n  C19 c o n t a i n s  t h e  

T r u n c a t e d  G e o m e t r i c  C 19 = O ) and t h e  T r u n c a t e d  P o i s s o n  C a = O ) 

f a r o / l i e s  as s p e c i a l  cases .  For  k i n f i n i t e  i t  c o n t a i n s  t h e  P o i s s o n  

and N e g a t i v e  B i n o m i a l .  The p r o b l e m  i s  t o  f i n d  w h i c h  member o f  t h e  

r e c u r s i v e  f a n u l y  b e s t  f i t s  t h e  o b s e r v e d  c o u n t s  x I . . . . .  x n 

wi t h o u t  need t o  s p e c i f y  f u r t h e r  t h e i r  p . f . .  I n  a s e n s e ,  t h i s  

resembles the objective of classical procedures testing for 
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overdisperslon (here underdispersion could also be tested, but for 

the generalized family described below). 

S u c h  is the motivation to estimate the parameter e of the 

recursive family with no further restrictions on 8 by an 

alternate method based on the minimization of quadratic distances. 

We shall show that: 

a) For the case where M is finite, i.e. a parametric family 

of truncated p.f. 's, the proposed Minimum Quadratic 

Distance Estimator (Q.D.E.) is as efficient as the 

difficult-to-compute m.l. estimator. 

b )  When the range of the parametric family is finite, it is 

clear that the m.l. estimator is not robust. The Q.D.E., 

on the other hand, provides a mean for tailorlzed 

estimation; by an appropriate choice of the design matrix 

the estimator can be made robust, at the cost of full 

efficiency, or fully efficient but not robust. 

It is simple to check that the estimation procedure described 

in the next section generalizes to the much richer parametric 

(am/Iv of p.f. 's defined recursively by: 

p t  = C ~ l ~ I i  + ~ 2 u 2 t  + . . . + a j . ~ j £ ) P £ _  1 

+ C ~ l U l , t _  t + 0 2 ~ 2 , [ m  I + . . .  + ~ [ ~ [ , t _ l D P t _ 2  

for t = a, a+l ..... ~-2 , where O = C~, ~D' and u is a 

vector of known constants. For notational convenience, however, we 

will only discuss in detail the estimation problem for (19. 

F1 hal 1 y, i t should be menti oned that methods other than 

max/mum i i kel i hood are gi yen by Br ant( i g84) , Feuer verger & 

McDunnough(Ig81 , ig84) and Luong & Thompson(lg87) when the 

parametric distribution does not have a closed form but some 

transform of it has. 

2. The Htntmum Ouadrattc DLstance Est£mator CQ.D.E.) 

2. I £)eJ£nttton o/ the Q . D . E .  

We first consider the case where ~ is finite and, without 

loss o£ generality, let a = 0. Denote by Pt the fraction of 

sample elements x I ..... x n taking value t = O, I ..... ~ . 

We can then write 
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p~ : C a  + /9..) f o r  i = ! £ P£-1 4- c£ . . . . .  

where EC~£D = 0 let W M be a A-dimensional positive definite 

symmetric matrix of constants. The slnularity with the Weighted 

Least Squares Estimation problem is clear. 

The mznlmum quadratic distance estimator (Q. D. E. 9 , e = 6a, 

~ D ' ,  is thus chosen as to minimize 

QnC19~- = z ~ c 1 9 ) % z ,  c 1 9 ) .  _ -- z ' , c , ~ . o ) S z , , c o . ¢ )  ca~  

where 

z ;  c e >  = z ;  c ~ , p >  = I P l  - c ~  + 8 >  Po . . . . .  p~ - c ~  + ~ >  P~-I J 
Q 6199 is a quadratic form in a and /9 Its nunimlzation 

n ~ 

reduces to a weighted least squares computation. This should make 

the Q, D.E. very attractive from a computational point of view. The 

case of interest is when M is large in comparison to the number 

of parameters in 19 . Here no restrictions are applied on e , the 

set of adnussible values of t9 For large samples this should 

not cause a problem since it is showT~ that the Q.D.E. is 

consistent. Substituting ~ for 19 in (19 should still yleld a 

p r o p e r  p. f.. I n smal I samples , negative esti mated p~ values 

coul d be obtai ned i n some cases i f restri cti ons on 69 are not ~ 

imposed in m/nimlzing Ca>. Standard mlnlm/zation techniques under 

const r ai nts are avai i able and hence wi i 1 not be di scussed her e 

explicitly 

2 . 2  P r o p e r t i e s  o~ t A e  Q . D . E .  

2. 2. ! C o n s i s t e n c y  

Let -~0 be the true value of the par ameter ~ By 

definition, as n --~ ~ , Z) E19 O) ~ 0 which in turn implies that 

OnC190 ) ~ 0 Consistency is therefore guaranteed if we have 

QnC19D ~ O at and only at ~ = ~O " 

2. 2. 2 Robustness 

We show here that the Q.D.E. defined in (aD is robust in the 

sense of bounded influence function (see Hampel ,Ig74, 10869. 

can be considered as a statistical functional eCF D = [~CF D, 
- n 7% 

~CFng)' defined implicitly as a root of the following system of 

equat ions : 
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$-G 

6__ z ; j~ , . f~>WAZ~C,~,n.> : o 
6f~ 

where the vector Z A in C2) is re-wrltten as 

z ; c o , f ~ )  = c ~ { h  t - C a  + f ~  h o l a F  n . . . . .  

J" (h A cc, + -~.) hA_,,ce- n ,' C3) 

and h.C×D = I if x c [~,£+ID and 0 otherwise. In order to 
t 

derive the i n f l u e n c e  function of ~ we need to introduce some 

more notati on. Let W e be the c.d.f, of the x t val ues under 

= b e  the true c . d . f .  ) .  I f  t h e  p a r a m e t e r  v a l u e  8 ( and F 0 Fee 
f o r  a f i x e d  v a l u e  o f  x _> 0 and any i c ( 0 , I I  we deno te  by F X 

= ( i - k D F  0 + L6 x where 6x i s  a d e g e n e r a t e  c . d . f ,  a t  x ,  t h e n  

Z~Ca, [g)  i n  C3) i s  a s p e c i a l  case o f  

Z ' C a ' f g ' f x D  = < I [ h !  - C a  ÷ pD hOld } -  X . . . . .  

- Cc~ + ..~D t % . _ , l d F  X ) " f [h k 
where F n replaces F X Finally, let 

HICa,f~,k.) = 6__ Z'Ca,f~,F×DWkZCa,f~,F)) 
6a 

and H2C(~,I%X.) = __6 Z'Ca,D, FXDWkZCa,19,F>.D 
6p 

The influence function of e = ~CF D at a fixed value x >_ 0 
T~ 

is thus given by implicit differentiation to be: 

6Hi 6H! ] - ~  6HI 

ICCxD = valued at X = 0 and ~ = ~0' 

6H 2 6H 2 6H 2 

6 a  6 p  

- !  

- -  = 

6x x=o, e=fo ~ ~ x=o, e_ :eo 
I f  a l l  d e r i v a t i ~ s  a r e  va l ued  a t  k : 0 and ~ : ~0 = COO'/gOD 

w e  h a v e :  

6HI = 6Z" W A 6Z , 6NI = 6Z" W A 6Z 

6 H ~  = 6 z "  w A 6 z  . 6 n 2  : 6 z "  w A 6 z  
6 c, 6--~ 6-~ 6 n 6--~ 6-~ 

and 6Hi = 6Z" W;~ 6Z , 6H2 = 6Z" W A 6Z 
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w h e r e  

6Z' = - [ I  hOdFO . . . . .  I h ~ - l d ' F O  ] = - ~-~ [Po . . . . . .  P, P~-,]" 

60 
Pl P1~ - 1 

= - ~ Po" ~-- . . . . .  - £  ) " 

and 

6ZZ' = C ChlCxD-PID - C~O+Po}ChoCXD-pO) . . . . .  
6X 

Oo 
Ch~CxD-p~D - C~O+  ~mDCh~__ICx)-P~__l D 1 

It is clear that for R finite, ICC×) is a linear 

combination of h CxD values and that, consequently, it remains 
t 

bounded. The Q.D.E. is therefore robust in the sense of bounded 

influence function. 

2 . 2 . 9  Asymptotic norm~[£ty 

The Q . D . E . ,  ~ , mini,uzes 0 CSD . Using a Taylor's series 

expansion we have: 

where Q C.) and Q C,) denote the matrices of first and second 
n 

derivatives, respectively, and o~C.) stands for a term 

converging to 0 in probability at the specified rate. Thus, 

QLCOoDC~ - fOD = - OnCfoD + o~Cn-I/2p 

where 

Q Ceo> = 2 6__ z~ceo>W~Z~CeoO = a t s ' C e o >  + o / , >  Jw~Z/eo> 
&8 

~ 

with S ' C f o )  = E[ 606 Z~CeO)  ] = S~CeoD S i n c e  

~-ce0~ = 2 6  e z ' c e  > ~ z c e  o * 2 6  z : c % o % ~  6 z c e  o 

R e p l a c i n g  i n  C43 gives 

- s 'COo)W~-l-~ z ~ C e o )  = s ' C ~ o )  w~ see  o )  ¢g  c~ - eo ) + o c l )  

Consequently, 

q-~ Z ~ C e O )  ~ NC 0 , Z 0 > 

w h e r e  Z 0 = ~C~09 i s  t h e  v a r i a n c e - c o v a r i a n c e  m a t r i x  o f  t h e  v e c t o r  
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hCX;eO9 = ( CAICX..)-pID - C,',O+f~o.DCh.oCx.>-pO.> . . . . .  

~o  CAI CxD-p~D - Cao+ -~mDCh~__ICx-)-p]~__ID 1 ' .  C53 

For n o t a t i o n a l  conven ience  l e t  S O = SC80) . We thus  have, 

-1 - i  
where Z i = CS~W,'4S OD S~)W'4 Z. 0 Wj450 CS~Wj4SO..) 

* }7.01 * The c h o i c e  W~ = i s  o p t i m a l ,  i t  reduces Z 1 t o  Z 1 = 

CS~ZO 1 SO_) -1 

C l e a r l y  W: i s  a f u n c t i o n  o f  e 0 An i n i t i a l  e s t i m a t e ,  8~ 

say ,  can be used w l t h  a t w o - s t a g e  p rocedure .  A qu ick  f i r s t  

e s t i m a t e  i s  reached by l e t t i n g  W/~ = I ~  Cthe k - d i m e n s l o n a l  

i d e n t i t y  m a t r l x S .  The r e s u l t i n g  ~~ i s  then  used t o  compute ~ :  = 

~* ~, Z01 ~: y i e l d s  an e s t i m a t o r  Z-ICeD P r o v i d e d  t h a t  W~4 

asymptotically equivalent to that obtained with W: It is 

d e r i v e d  b y  m i n i m i z i n g  Z ~ C e . ) W ~ Z ~ ( ' e _ )  . 

Note that the above procedure al so yi el ds robust and 

consi stent esti mator s. 

2. 2. 4 E//Lcierzc~ 
[~ICX;O0 D] 

Let w/Cx,80D = ~ be the score function, where 
LW2C×; 0 D 

w'cx;e°~" = 6~6 tn Pxle =~0 and W2CX;OoD~ = 6--~6 tn Pxl.e=e ° . and let 

IC~09 be Fisher's information matrix. 

From the previous section, CS~Y.01SO.) i s  the variance- 

covariance matrix of -S~ZoIh , where 

h 0 = [CA 1Cxg-P I.) - CC~o+fgo~)CnoCx.)-po.)) 

~o 
h~_ i = {CA~Cx.)-p~D - CO*O+ ~--.)CI%M_ICX.)-p~_I.)] 

and h = h C x ; 9 0 >  = [ h 0 . . . . .  h ~ _  1 ]" as in C59. Le t  ~ = 

J4-i 
qpCx;80D : ~ a .h . where t h e  o . a r e  known c o n s t a n t s ,  and c o n s i d e r  

3=0 ] ' J  ] 

t h e  p rob lem o f  c h o o s i n g  a 0 . . . . .  a~_i t o  m in im ize  

- IS ~ , h  ~a d r  ° = IS t % c ~ ; O ~ o ~  - ~ci;e.oJ]a p t  . S C~1 j=O ] ~ ]  i=O 

C al 1 functions valued at the true parameter value 8 O) , The 

solution, say a = Ca ..... a~,_l.)' is obtained by solving the 
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set of equations, 

E ~rcb~bo> : Erich o) 
t : O  

E " ~ e c b ~ b ~ , _ 1 )  = c C ~ I b , , _  l )  • 
=0  

In matrix notation this reduces to 

l r°-~ : - s l  : ~ l '  6 b ~ - i  I 
Ltc~ b ~ - ~ ) J  L e r T )  J 

which gives a ~ =- ZOIS! 

" ~ a . h .  , we can view it as the Deflning ~! = a 'h = t~ t  
=0 

projection of ~1 onto the subspace spanned by ho ..... ~ - 1  

Sinularly, ~p can also be vlew~d as the projection of ~u onto 

the same subspace. Therefore, if the range of the parametric 

fanuly is finite, ~ must belong to such subspace and ~ = ~ . 

Consequently the Q.D.E. is asymptotically as efficient as the m.i. 

estimator. 

9. The non-truncated case 

I f  t h e  range  o f  t h e  p a r a m e t r i c  f a n u I y  i s  i n f i n i t e ,  t h e  above 

dlscusslon still applies if we let ~ --* ~ as n --* ~ at an 

approprzate r a t e ,  t h a t  i s  A = o C ~ ]  . The Q.D.E. i s  t h e n  o b t a i n e d  

by m i n i m i z i n g  t h e  q u a d r a t i c  f o rm,  

zAcf)~z~c~) 
where WM is an estimator of Z C802 , and then taking the llnut 

as ~ tendz to infinity. 

The consistency of the resulting estimator is established as 

above. Note that 

and since 

~ *  Cgo>Z-¢Cgo)Z~Cgo) z A C e o ) W ~ z ~ C e o p  - z~ . o 

t o  have 2~(~DZ-ICODZ~C~D ~ 0 a t  and o n l y  a t  i t  suffices 0 

~0 " This is clearly the case here since, 

E( 
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tends to 0 as n --~ m , and 

va,-.c z ~ C g o ~ Z - l C g o ~ Z ~ C g o ~  ) = z l , , / n  e 

a l s o  t e n d s  t o  0 as n --~ ~ U s i n g  C h e b y s h e v ' s  i n e q u a l i t y  

mompletes the proof, implying that ; 
- ' 9o • 

The asymptotic normality is also established as in the finite 

case. Using a Taylor series expansion like in ( 4 9  we have 

where S'Z-IS = [£~ S~Z-I(9ODSO , assuming it exists. 

Finally, the Q.D.E. also attains full efficiency in the 

infinite case, for the score function W belongs to the 

(infinite dimensional) linear space spanned by ( ~0' ~S .... )' 

and therefore, W = 

Note that if the design matrix W~ is truncated to be finite 

~-dlmens~onal, the above procedure still yields robust and 

conszstent Q.D.E. 's, although sub-efflcient. 

4 ,  A n%in%er[ca[ exounp[e 

The data in Table ! pertains to an Automobile Insurance 

portfolio of a Belgian company, observed for the period between 

July I, Ig75 to June 30, IQ76, and reported in Lemaire(Ig85). Here 

M stands for the number of claims reported in the observation 

perzod, n M and PM for the observed frequency of ~ and its 

c o r r e s p o n d i n g  relative frequency, respectively. 

Tub[e I : DCstr£b~t£on o/ Number ol cta£ms £n PortloL~o 

Obserued Es£im~u£ed 

0 g~5,978 0.90056 0.~M)380 o. gfM558 0.90~57 

I 9,R40 0.08638 0.0Q136 0.0862Q 0.08038 

E 704 0.00658 0.00462 0.00662 0.00595 

3 43 0.00040 0.00016 0.00047 0.00037 

4 g 0.00008 0.00000 0.00003 0.00002 

~5  0 0.00000 0.00000 0.00000 0.00070 
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Lemai re  f i t t e d  t h e  Po isson  ( u s i n g  t h e  n o t a t i o n  o f  s e c t i o n  1, 

he g e t s  ~ = (0  , O, i011)') and N e g a t i v e  B inomia l  d i s t r i b u t i o n s  

(~  = ( 0 . 0 5 8 3 5  , O. OOg41) ' )  t o  t h i s  d a t a  by maximum l i k e l i h o o d  

e s t i m a t i o n ;  t h e  r e s u l t i n g  f l  t t e d  t e l  a t i v e  f r e q u e n c l e s  a r e  

r e p o r t e d ,  r e s p e c t i v e l y ,  i n  columns I and I I  o f  Tab le  1. Both o f  

t h e s e  d i s t r i b u t i o n s  be long  t o  t he  f a m i l y  d e f i n e d  i n  ( 1 ) ,  bu t  

a c c o r d i n g  t o  Kol mogor ov-Smi r nov '  s c r i t e r i a ,  t h e  f i t  c o u l d  be 

improved.  Lemal re  proceeds by f i t t i n g  G e n e r a l i z e d  Geomet r i c  C2 

p a r a m e t e r s )  and Mixed Po isson  d i s t r i b u t i o n s  ( 3  p a r a m e t e r s ) ,  none 

o f  which be long  t o  t h i s  r e c u r s i  ve f a m i l y  Cnor t o  i t s  

multi-parameter generalization), hence the iterative evaluation of 

his compound sums is not possible. 

With the reported Pi values we produced an initial QDE of 

69 = Cs 699' in (i) by minimizing Q4 in (a) with W 4 equal to 

the identity matrix. This initial estimate, ~ = (0,05608 0.03830)' 

* = Z-1C~9 Only two such was then used to compute the optimal W 4 ~ . 

iterations were required to produce a OjDE ~ = (0. 05660 

O. 038@8] ' accurate to 5 deci n~l s Cthe resulting relative 

frequencies are reported in coluncn III of Table i). 

The ex~%mple illustrates how relatively simple it is to obtain 

a O~DE within the family defined in el). ~e Garrido & LuongClgB~J 

for a more detailed analysis of OJ]) estimation in the 

multlparameter case Cand its applications to acturial inference 

pr obl eros] . 
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