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This note is motivated by the paper [MT], which appeared in a recent issue of this 

journal. Among the many interesting ideas discussed in [Mr] is a proposal of a discrete 

analogue of the Cox-Ingersoll-Ross model [CIR1, CIR2]. The purpose of this note is to 

comment on this binomial lattice model. 

Cox, Ingersoll and Ross postulate that the instantaneous spot rate of interest r(t) is a 

stochastic process governed by the stochastic differential equation 

dr(t) = ~ [ y -  r(t)]dt + p',/r(t)dW(t), (1) 

where o~, 7 and p are positive constants and W(t)is the standardized Gauss-Wiener 

process. In the context of an intertemporal general equilibrium asset pricing model, Cox, 

Ingersoll and Ross [CIR2, (23)] derive a closed-form formula for valuing default-free and 

noncallable zero coupon bonds. Several authors ([Ba], [HW], [NR]) have presented 

methods for the discretization of the square-root spot rate process. With the closed-form 

formula for zero coupon bonds, it is possible to check the validity of a discretization 

method. A derivation of the closed-form formula can be found in [BeS]. 

It is suggested in [MT] that the stochastic equation (1) be discretized as 

r ( n + l )  - r(n) = (~[7- r(n)] + p'~r(n), n = 0 ,1 ,2 ,3  . . . . .  (2) 

Consider the up and down functions: 

u(x) = ~,  + (1 -~ )x  + pqx, x -> 0, (3) 

and 

d(x) = ct7 + ( t - c0×  - p4x, x _ 0. (4) 
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Formula (2) means that r(n + 1) = u(r(n)) or r(n + 1) = d(r(n)). (For simplicity, we assume 

that the constants (z, y and p are such that, for each x > 0, d(x) is nonnegative.) Since 

u(d(x)) ~ d(u(x)), 

(2) cannot be "implemented" on a binomial lattice. To overcome this difficulty, the authors 

of [MT] modify (2). We now show that the volatility of the spot rate in the modified model 

will a lmost a lways go to zero as time passes. 

In a binomial lattice, there are n + 1 states of nature at time n. Let the one-period 

rates at time n be denoted by {ro(n), rl(n), r2(n) . . . . .  rn(n)}. 

r~.l(n) 

ri(n - 1) 

r,(n) 

Write |2(x) = f(f(x)), f3(x) = f(f(f(x))) . . . . .  In the binomial lattice in [MT], ro(n ) = tin(r(0)), 

rn(n ) = un(r(0)) and the inequalities 

ro(n) ~ rl(n) < r2(n ) <: ... < rr~(n) 

hold. The sequence {un(r(0))} converges to the unique fixed point of u, which is the larger 

root of the quadratic equation 

[ ( : x ( 7 -  x)] 2 = p2x. 

(The smaller root of the quadratic equation is the fixed point of the function d and is the 

limit of the sequence {dn(r(0))}.) Thus there is a positive constant M such that, for all n, 

0 <: ro(n) <~ rl(n) < r2(n) < ... <~ rn(n) < M. 

Consequently, for large n, most of the differences {r i ÷ 1(n) - r,(n)} have to be small. 

Hence the volatility of the one-period interest rate must almost always go to zero as time 

tends to infinity. 
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