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I .  I n t r o d u c t i o n .  

The c lass ica l ,  d i s c r e t e  t i m e  m o d e l  for r u i n  t h e o r y  is based  on a 

s u r p l u s  p roce s s  w i t h  i n d e p e n d e n t  increments .  In [3], Gerber 
generalized por t i ons  of th is  t h e o r y  b y  c o n s i d e r i n g  s i t u a t i o n s  w i t h  

d e p e n d e n t  i n c r e m e n t s .  A p a r t i c u l a r  case ,  t h e  f i r s t -order  
autoregressive model, is discussed in Actuamal/14athematzcs[1]. 
One of t h e  restrictions i n h e r e n t  in t h e s e  w o r k s  is t h a t  t h e  

underlying r a n d o m  v a r i a b l e s  a r e  bounded .  (This is no t  exp l i c i t l y  

s t a t e d  in [1], bu t  t h e  b o u n d e d n e s s  is used  in t h e  proof of t he  m a i n  

r e su l t  as we  wilI indicate . )  Gerber  asks  if t h e  b o u n d e d n e s s  cond i t i on  

can  be re laxed ,  a n d  leaves  it as a n  open prob lem.  

The r e s t r i c t i o n  of b o u n d e d n e s s  m a y  be r e a s o n a b l e  f r o m  a p r a c t i c a l  

po in t  of v i ew.  However, w e  f r e q u e n t l y  use  u n b o u n d e d  r a n d o m  

v a r i a b l e s ,  s u c h  as  t h o s e  w i t h  a n  e x p o n e n t i a l  d i s t r i b u t i o n ,  for  

mode l l ing  c la ims .  Moreover, in t e a c h i n g  c o n c e p t s  of r i sk  t h e o r y ,  

t he  e x p o n e n t i a l  d i s t r i b u t i o n  p l ays  a k e y  role in e x a m p l e s ,  due  to 

its m a t h e m a t i c a l  s i m p l i c i t y .  Therefore, it  is of s i g n i f i c a n c e  to 

r e m o v e  t h e  b o u n d e d n e s s  c r i t e r i a .  

tn  t h i s  p a p e r  w e  focus  on t h e  f i r s t - o r d e r  a u t o r e g r e s s i v e  case .  

A m o r e  g e n e r a l  t r e a t m e n t  a p p e a r s  in [4]. We s h o w  in sec t ion  4 

below t h a t  t h e  b o u n d e d n e s s  r e s t r i c t i o n  c a n  be r e m o v e d  f r o m  t h e  

basic r e s u l t  on t h e  p r o b a b i l i t y  of r u i n ,  [1, T h e o r e m  12.3]. As a 

major tool, we use a certain concept of duality for distribution 

functions. This idea, which has some independent interest, is 
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i n t r o d u c e d  in s e c t i o n  2. In s e c t i o n  5 w e  give  s o m e  m i s c e l l a n e o u s  

e x a m p l e s  on e s t i m a t i n g  r u i n  p r o b a b i h t i e s .  

2. A duality. 

We f i r s t  n e e d  s o m e  f a c t s  a b o u t  t h e  a d j u s t m e n t  coe f f i c i en t .  These  

a r e  e s s e n t i a l l y  g i v e n  in [1, p. 355] ,  b u t  fo r  c o m p l e t e n e s s  a n d  

c o n s i s t e n c y  of n o t a t i o n  w e  will  r e v i e w  t h i s  m a t e r i a l  here.  

G i v e n  a n y  r a n d o m  v a r i a b l e  G, w i t h  d i s t r i b u t i o n  f u n c t i o n  F, 

d e f i n e  a f u n c t i o n  9:[0,oo)  - , [ 0 ~ o ] ,  b y  

O O  

p(r)  = _ ~ e - r x d F ( x )  i .  

Le t  v = s u p  { r: p(r) < oo ). ( S ince  p(0) = 0, t h e  se t  in q u e s t i o n  is 

n o t  e m p t y . )  S u p p o s e  t h a t  G sa t i s f i es  t h e  fo l lowing  t w o  cond i t i ons :  

(i) E(G)> O. 

(n) l ira r-~v p(r) = oo. 

We r e q u i r e  o f  c o u r s e  t h a t  

(ni) v > 0 

in  o r d e r  t h a t  c o n d i t i o n  (ii) m a k e s  s e n s e .  A n o t h e r  n e c e s s a r y  

c o n d i t i o n  for  (n) to  ho ld  is t h a t  

(iv) Pr (  G < 0 ) is pos i t ive ,  

s i n c e  if Pr(G < 0) w e r e  e q u a l  to  ze ro ,  p(r) w o u l d  be n o n p o s i t i v e .  

In c e r t a i n  cases ,  (iv) wil l  i m p l y  (ii). For  e x a m p l e ,  t h i s  ho lds  if -J = 

~ ,  s ince  (iv) i m p l i e s  t h a t  l i ra r-*= p(r) = oo 
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F r o m  (Ui) a n d  (i) w e  see  t h a t  p'(O) e x i s t s  a n d  is e q u a l  to -E(G), 

w h i c h  is n e g a t i v e .  It  is a lso  c l e a r  t h a t  for  r in (0, "~), p"( r )  ex i s t s  

a n d  is pos i t i ve .  T o g e t h e r  w i t h  (ii), t h i s  s h o w s  t h a t  P h a s  a u n i q u e  

z e r o  in t h e  i n t e r v a l  (0, ~). Th is  p o i n t ,  k n o w n  as  t h e  a'djustz?Tent 
coeff~blent, wil l  be  d e n o t e d  b y  R. t t  is c l e a r  f r o m  t h e  a b o v e  

r e m a r k s  t h a t  

p'(R) > O. (2.1) 

Def i ne  a d i s t r i b u t i o n  f u n c t i o n  F* b y  

t 

F*(t) = _fe-RXdF(x). 

From t h e  d e f i n i t i o n  of R w e  h a v e  a l e g i t i m a t e  d i s t r i b u t i o n  

f u n c t i o n ,  t h a t  is, F * ( ~ )  = 1. We wil l  r e f e r  t o  t h i s  a s  t h e  dual 
dJsttvhutJbz~ of t h e  o r ig ina l .  

T h r o u g h o u t  t h e  p a p e r  w e  wil l  u s e  * to  r e f e r  to  q u a n t i t i e s ,  

( s u c h  as  e x p e c t a t i o n s )  c a l c u l a t e d  w i t h  r e s p e c t  to F*. 

F r o m  (2.1) w e  o b t a i n  t h e  i m p o r t a n t  f a c t  t h a t  

E*(G) -- f x e - R X d F ( x )  = - p ' ( R )  < 0. (2.2) 
~ o  

Examples. 

(a) G t a k e s  t h e  v a l u e  I w i t h  p r o b a b i l i t y  p, a n d  - I  w i t h  

p r o b a b i l i t y  q,  w h e r e  p > q. T h e n  e -R = q / p ,  so t h e  d u a l  

d i s t r i b u t i o n  t a k e s  t h e  v a l u e  1 w i t h  p r o b a b i l i t y  q a n d  -1  w i t h  

p r o b a b i l i t y  p. 
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(b) G is n o r m a l  w i t h  m e a n  p a n d  v a r i a n c e  02 . Then  

2~ 

02 • 

(See [1, r e m a r k  be low f o r m u l a  12.49] ) The  dua l  d i s t r i b u t i o n  t h e n  

has  t h e  d e n s i t y  f u n c t i o n  

1 [ ( I a-x)2" 
o'~/"~ exp [-  20.2 

[2 kLx] 
exP J 

z [ 
= o2q  exp- 2--J] 

s h o w i n g  t h a t  it is n o r m a l  w i t h  m e a n  -I t  a n d  v a r i a n c e  02 

In b o t h  of t h e  a b o v e  ca ses ,  t h e  d u a l  d i s t r i b u t i o n  of G is 

d i s t r i b u t e d  as -G. This is n o t  a l w a y s  t h e  case ,  a n d  in f a c t  t h i s  

c a n n o t  ho ld  w h e n  t h e  r a n g e  of G is n o t  s y m m e t r i c .  Bo th  

d m t r i b u t l o n s  " t ake  t h e  s a m e  va lues" .  To p u t  it m o r e  p rec i s e ly ,  t h e  

p r o b a b i l i t y  m e a s u r e s  a r e  e q u i v a l e n t  in t h e  s e n s e  t h a t  e a c h  is 

a b s o l u t e l y  c o n t i n u o u s  w i t h  r e s p e c t  to  t h e  o t h e r .  

3. T h e  c l a s s i c a l  c a s e .  

We will  b r i e f l y  r e v i e w  t h e  s t a n d a r d ,  d i s c r e t e  t i m e  s u r p l u s  m o d e l  

w i t h  i n d e p e n d e n t  i n c r e m e n t s ,  as o u t l i n e d  in [1, s e c t i o n  12.4]. (For 

t h e  m o s t  p a r t ,  w e  fo l low t h e  n o t a t i o n  u sed  in [1]. H o w e v e r ,  w e  

o m i t  t h e  ~ u s e d  to d i s t i n g u i s h  d i s c r e t e  t i m e  f r o m  c o n t i n u o u s  

t i m e ,  s ince  w e  o n l y  d i scuss  t h e  f o r m e r . )  Le t  G n d e n o t e  t h e  gain  

m a d e  in t h e  n - t h  pe r iod .  T h a t  is, G n e q u a l s  t h e  e x c e s s  of t h e  

pe r iod ic  p r e m i u m  o v e r  t h e  c l a i m s  for  t h e  n - t h  pe r iod .  Let  U n 
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d e n o t e  t h e  s u r p l u s  a t  t h e  e n d  of n pe r iods .  Le t  u be  t h e  i n i t i a l  

s u r p l u s .  The  m o d e l  a s s u m e s  t h a t  

U n = U + G 1 + G 2 +...+ G n' 

w h e r e  t h e  G i ' s  a r e  i n d e p e n d e n t  a n d  e a c h  d i s t r i b u t e d  as  s o m e  

r a n d o m  v a r i a b l e  G. Le t  

T = rain{ n: U n < 0 }, t h e  t i m e  of r u i n ,  

~ (u)  = P r  ( T < oo), t h e  p r o b a b i l i t y  of r u i n .  

T h e n  t h e  m a i n  r e s u l t  is [1, T h e o r e m  12.1] w h i c h  s t a t e s  t h a t  

- R u  
e 

~(u )  = (3.1) 
E [ e - R U T I T <  oo] 

w h e r e  R is t h e  a d j u s t m e n t  c o e f f i c i e n t ,  c a l c u l a t e d  w i t h  r e s p e c t  to  

G, as  o u t l i n e d  in s e c t i o n  2. T h e  p r o o f  of t h i s  is in t w o  s t a g e s .  W e  

m u s t  f i r s t  s h o w  t h a t  t h e  s e q u e n c e  e - R U n  is a m a r t i n g a l e .  In 

o t h e r  w o r d s ,  w e  m u s t  s h o w  t h a t  fo r  all n,  

E[e -RUn÷I I U n ] = e-RUn . (3.2) 

This  is s u f f i c i e n t  to  o b t a i n  (3.1) w i t h  e q u a l i t y  r e p l a c e d  b y  less t h a n  

or  e q u a l  to. To o b t a i n  t h e  e q u a l i t y  w e  m u s t  a lso  s h o w  t h a t  

E[ e-RUn IT > n) ]Pr (T > n) -~ 0 asn-~ oo. (3.3) 

In  [3], t h i s  is d o n e  b y  i n v o k i n g  t h e  d o m i n a t e d  c o n v e r g e n c e  

t h e o r e m  f r o m  i n t e g r a t i o n  t h e o r y ,  w h i c h  n e e d s  t h e  b o u n d e d n e s s  of 

t h e  u n d e r l y i n g  r a n d o m  v a r i a b l e s  to  j u s t i f y  it. T h e  s a m e  i d e a  is 

u s e d  in a m o r e  g e n e r a l  s e t t i n g  in c h a p t e r  9 of [2]. In [1], t h e r e  is a n  

alternate proof, based on the following result, which is of 

independent interest. 

4 6 3  



P r o p o s i t i o n  1. L e t  X n be  a s e q u e n c e  of r a n d o m  v a r i a b l e s ,  w i t h  

m e a n s  ~ n  a n d  s t a n d a r d  d e v i a t i o n s  cr n s a t i s f y i n g  t h e  fo l lowing :  

(i) ~ n  --" ~ ,  as  n --* ~ .  

o" n 
(ii) ---, O, a s  n -* oo. 

~ n  

(iii) T h e r e  e x i s t s  m < ~ ,  s u c h  t h a t  

P r  (X n _< m )  = O, fo r  a l l n .  

L e t  g b e  a n y  n o n i n c r e a s i n g  f u n c t i o n  d e f i n e d  o n  t h e  r e a l  l i ne  

s u c h  t h a t  l i r a  t - .~  g( t )  = O. ( N e c e s s a r i l y ,  g > 0.) 

T h e n ,  

ProoyJ 

0 <_ E [g(Xn)] = 

E [g(xn)] - ~  O. 

L e t  F n d e n o t e  t h e  d i s t r i b u t i o n  f u n c t i o n  of X n. T h e n ,  

Unl2 
fg(t) dFn(t) + ,fg(t) dF'n(t) 

m Un 12 

B y  Chebychev's inequality, Pr(X n _< Pnl2) -< 4~n2/Un 2. Taking 

limits on the right hand side completes the proof. 

Thi s  is e s s e n t i a l l y  t h e  d e r i v a t i o n  of (3.3) g i v e n  in  [1]. T h a t  p r o o f  is 

g i v e n  in  t h e  p a r t i c u l a r  c a s e  w h e n  g( t )  = e -R t ,  a n d  Xn is U n 

c o n d i t i o n e d  b y  t h e  f a c t  t h a t  r u i n  h a s  n o t  y e t  o c c u r r e d  a t  t i m e  n. 

H e n c e ,  U n is n o n n e g a t i v e  a n d  w e  c a n  t a k e  m = 0. N o t e  t h a t  t h e  

e x i s t e n c e  of  t h e  l o w e r  b o u n d  is n e e d e d  to  e n s u r e  t h a t  t h e  f i r s t  

4 6 4  



t e r m  in (3.4) will  a p p r o a c h  zero .  The  fo l lowing  c o u n t e r e x a m p l e  

shows  t h a t  t h e  p ropos i t i on  c a n  fail w i t h o u t  h y p o t h e s i s  (iii). 

E x a m p l e .  Let  

a n d  let  

Xn 

- n  w i t h  p r o b a b i l i t y  2 -n  

n w i t h  p r o b a b i l i t y  1 -2  -n 

g(t) = 2 - t .  

Then ,  ki n = n( 1-2  l - n )  --, oo. M o r e o v e r ,  k l n / n  - - ' 1 ,  so t h a t  

H o w e v e r ,  

Cyn 2 n 2- pn 2 
h 

pn 2 pn 2 
- - ,  1 - 1  = O. 

E [ 2  - X n ]  is c l e a r l y  g r e a t e r  t h a n  2 n × 2 -n = l .  

4. T h e  A u t o r e g r e s s i v e  m o d e l  of o r d e r  1. 

We begin  b y  r e v i e w i n g  t h e  m o d e l  d e s c r i b e d  in [1, p. 357]. Let Y 

d e n o t e  t h e  u n d e r l y i n g  c l a i m  r a n d o m  v a r i a b l e .  Let  W n d e n o t e  t h e  

loss in y e a r  n. We a s s u m e  t h a t  

Wn = Yn + a W n -  1 

w h e r e  -1 < a < 1, a n d  t h e  Y n ' s  a r e  

d i s t r i b u t e d  as s o m e  r a n d o m  v a r i a b l e  Y. 

independent and each 

We will later use the fact that if Y is bounded, the same is true for 

W n. A m o r e  p r e c i s e  f o r m u l a t i o n  is a s  f o l l o w s .  
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P r o p o s i t i o n  2. Suppose t h a t  

b _< Y _< d. 

T h e n  t h e r e  e x i s t s  m a n d  M, s u c h  t h a t  f o r  a l l  n ,  

Moreover, 
fo l lows .  

If a > O ,  

If a < O, let 

T h e n :  

m <_ W n  ~_ M. 

m a n d  M c a n  b e  d e f i n e d  in  t e r m s  of b, d a n d  w as  

m = r a i n  ,w , M = max ,w 

b+ad d+ab 
m I - M 1 = . 

l-a 2' l-a 2 

(i) If m I <_ w _< M I, then m = m I and M = M I. 

(ii) If w _< ml, then m = w and M - 
w-b 
a 

w-d 
(iii) If M 1 <_ w, then m - a and M = w. 

Proo/. We will prove the more complicated case of negative a. 

(The proof for nonne~ative a is similar). We use induction on n, 

notin~ that the conclusion is trivial when the index is 0. Assume 

it is true for some index n. 

Suppose that (i) ho lds .  Then, 

Wn+l = Yn+l + aWn -< d + am I = M I. 
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S i m i l a r l y ,  

Wn+ 1 > b + a M  1 = m l .  

S u p p o s e  t h a t  (ii) holds.  T h e n  

w < m l  im p l i e s  t h a t  d _< 
w(l-a 2) -b 

a 

and so 

w - b  
Wn+ 1 < d + a w  _< - -  a ' 

a n d  
w - b  

Wn+ 1 _> b + a  a - w.  

Case  (iii) fo l lows  s i m i l a r l y ,  c o m p l e t i n g  t h e  p roof .  

We  n o w  r e t u r n  to t h e  d e s c r i p t i o n  of t h e  m o d e l .  Le t  c d e n o t e  t h e  

p e r i o d i c  p r e m i u m ,  let u d e n o t e  t h e  i n i t i a l  s u r p l u s  a n d  let  w 

d e n o t e  W 0, t h e  in i t i a l  v a l u e  of W. The  s u r p l u s  a t  t h e  e n d  of n 

p e r i o d s  is g i v e n  b y  

Un = u + nc  - ( W l  + W2 + . . . +  Wn).  

We  d e f i n e  T as  in s e c t i o n  3. The  m a i n  q u a n t i t y  of i n t e r e s t  is 

~ ( u , w )  = P r  (T< ~ ) ,  

t h e  p r o b a b i l i t y  t h a t  r u i n  o c c u r s ,  g i v e n  i n i t i a l  v a l u e s  of  u a n d  w .  

Let  

1 
~n = c - 1 - a  Y n + l  
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so t h a t  e a c h  ~n is d i s t r i b u t e d  as t h e  t he  r a n d o m  v a r i a b l e  

1 
G = c --Y 

i-a 

We will a s s u m e  t h a t  c sat isf ies  

i I 
l : : a S U p ( Y )  > c > I-~E(Y) 

This impl ies  t h a t  c o n d i t i o n s  (i) a n d  (iv) of sec t ion  2 hold for  ~. 

We a s s u m e  in add i t i on  t h a t  Y is s u c h  t h a t  cond i t ion  (ii) of sect ion 

2 holds. It follows t h a t  t h e  a d j u s t m e n t  coeff ic ient  R, w i t h  respec t  

to ~, exists.  

We can  m o t i v a t e  t h e  def in i t ion  of ~ as follows. A u n i t  of c l a im  in 

one  per iod  will r e s u l t  in a u n i t s  of c l a i m  t h e  fol lowing period,  

a n d  t h a t  in t u r n  will r e s u l t  in a 2 u n i t s  t h e  per iod a f t e r  t h a t  

a n d  so on. In t h e  l imi t i ng  case,  e a c h  u n i t  of c l a i m  will e v e n t u a l l y  

c a u s e  1 / ( l - a )  u n i t s  of loss. M o r e o v e r ,  f r o m  t h e  in i t ia l  s u r p l u s  of 

t¢ w e  s h o u l d  se t  a s ide  w / ( i - a )  to c o v e r  t h e  f u t u r e  losses 
occas ioned  b y  ou r  in i t ia l  v a l u e  of W 0. .It is n a t u r a l  t h e r e f o r e  to 

cons ide r  a n  a s soc i a t ed  i n d e p e n d e n t  i n c r e m e n t  mode l ,  w i t h  c l a ims  

m u l t i p l i e d  b y  1 / ( i - a ) ,  an  in i t ia l  s u r p l u s  of u - w / ( 1 - a ) ,  a n d  t h e  

s a m e  periodic p r e m i u m  of c. For s u c h  a model ,  t he  periodic gain is 

distributed as ~. 

Let  0 n be t h e  s u r p l u s  a t  t h e  end  of n y e a r s  in th is  a s soc ia t ed  

model .  This d e f i n i t i o n  ag ree s  w i t h  t h a t  d e f i n e d  in [1, f o r m u l a  

12.4.20] by  

a 

On = U n -  1 -a  wn" (4.1) 

We can  v e r i f y  th is  b y  i n d u c t i o n .  F r o m  our  de f in i t ion  of t h e  in i t ia l  

s u r p l u s ,  (4.1) holds t r i v i a l l y  for n = 0. A s s u m i n g  its v a l i d i t y  for 

index n, 
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i 4% 
On + 1 = Un + b n  + 1 = Un + c - 1-a Yn + 1 

a 

= U n - l_aWn + c 

i 
l-aYn+l 

i 
= U n + C l-a [Wn+l] 

a 
= U n +c - Wn÷ 1 l-a Wn+l 

a 

= Un+l - l-a Wn÷l 

In  the case that a is nonnegative we can immediately say 

something about the probability of ruin. From (4.1) we know that 

0 T _< U T (4.2) 

N o t e  t h a t  w e  do n o t  a s s u m e  t h a t  c l a i m s  a r e  p o s i t i v e ,  so w e  

c a n n o t  s a y  t h a t  O n <_ U n fo r  all n. It is t r u e  for  n e q u a l  to  T, 

s i n c e  t h e  loss in  t h e  y e a r  of r u i n  is n e c e s s a r i l y  p o s i t i v e .  We see  

therefore t h a t  there is less chance of ruin in the autoregressive 

model than there is in the associated independent increment 

model. This is intuitively clear, since the ruining claim of the 

associated model will not necessarily ruin us in the autoregressive 
case, where a portion of this loss will only appear in future periods. 

Let J~ denote the time of ruin in the associated model. It follows 

f r o m  (3.1) t h a t  f o r  n o n n e g a t i v e  a 

a 

e-R(u- w) 
l-a a 

%b(u,w) < ^ ̂  _< e-R(u- w). (4.3) 
E[e-RUT[~< ~] l-a 

T he  s e c o n d  i n e q u a l i t y  w a s  o b t a i n e d  in [1, C o r o l l a r y  to T h e o r e m  

i2.S]. The above derivation is somewhat easier, as it does not 

require that we first prove this theorem. 
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T h e o r e m  12.3 of [I] s t a t e s  t h a t  w e  c a n  r e p l a c e  t h e  f i rs t  i n e q u a l i t y  

sign b y  a n  e q u a l i t y ,  if w e  a lso  r e p l a c e  I' b y  T in t h e  

d e n o m i n a t o r .  T h a t  is 

a 

e-R(u- w) 
l - a  

%0(u,w) = E[e-ROTIT< oo] (4.4) 

This is intuitively logical when a is nonnegative We would then 

expect that 

OT -~ 0i'. 

Indeed, we have already noted that time T will occur after time ~. 

Hence, at time T, we will have already encountered ruin in the 

associated model and may have accumulated a large deficit in 

this model. This suggests that the second term in (4.3) should be 

larger than the right hand side of (4.4). 

We have motivated (4.4) by considering nonnegative a. but it is 

in fact true for all values of a. 

To prove (4.4), we must verify (3.2) and (3.3) with U replaced by 

0. There is no difficulty with (3.2) and the derivation of this goes 

through as in the classical case with a -- 0. The problem in 

deriving (3.3) is that unlike U n, O n need not be nonnegative at a 

time prior to ruin. We do know from (4.1) that O n _> -aWn/(l-a). 

Proposition 2 then shows that if Y is bounded, O n is uniformly 

bounded below, and we can apply Proposition I. However, if Y is 

not bounded, we need a different method. One problem is that the 

existing proofs of (3.3) do not use the full definition of R, but 

simply treat it as any positive constant. By a more subtle 

employment of the properties of the adjustment coefficient, we 

are able to handle the general case. 
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G e n e r a l  p r o o f  of (4 .4) .  

We  m u s t  s h o w  

E[ e - R O n  I T > n ) ] Pr(  T >n) --~ 0 as  n -~ ~ .  (4.5) 

W e  c o n s i d e r  n o w  t h e  d u a l  d i s t r i b u t i o n  fo r  ~, a s  d e f i n e d  in  

s e c t i o n  2. This  i n d u c e s ,  in a n a t u r a l  w a y ,  a n e w  d i s t r i b u t i o n  on  

t h e  s a m p l e  s p a c e  c o n s i s t i n g  of a l l  s e q u e n c e s  of i n d e p e n d e n t  

o b s e r v a t i o n s  of 5. F r o m  t h e  d e f i n i t i o n  of t h i s  d u a l  d i s t r i b u t i o n ,  

s t a t e m e n t  (4.5) is e q u i v a l e n t  to  

Pr*(  T > n) --, 0 as  n --. ~ .  (4.6) 

It  is a s t r a i g h t f o r w a r d  e x e r c i s e  to see  t h a t  

Un = ( l - a ) ~ n  + ( l - a 2 ) ~ n - 1  +...+ ( l - a n ) ~ l  + ( 1 - a n ) ( c - w ) + u .  (4.7) 

(See [ I ,  f o r m u l a  12.4.16] for  e x a m p l e . )  Le t  

E*(~) = c~, Va r* (~ )  = cr 2. 

F r o m  (4.7), 

E*(U n) = (X[ n 

We k n o w  f r o m  (2.2) 

E*(U n) 

a_an+1 
l-a ] + (c-w)(l-an) + u (4.8) 

that (x < O, and (4.8) shows that 

< 0 for sufficiently large n. (4.9) 

Using the independence of the ~n'S and the fact that ll-a n I is 

less than or equal to 2, we see from (4.7) that 

Var*(U n) -< 4n~ 2. (4.10) 
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If r u i n  h a s  n o t  y e t  o c c u r r e d ,  t he  s u r p l u s  m u s t  be n o n n e g a t i v e .  

H e n c e ,  

1 
P*(T > n) _~ P( U n _> 0) <_ P(U n > - ~ E*(Un)) 

16no 2 

[ E * ( U n ) 2 ]  ' 

w h i c h  b y  (4.8), a p p r o a c h e s  0 as n a p p r o a c h e s  i n f in i t y .  (Note t h a t  

w e  use  (4.9) for t h e  second  i n e q u a l i t y  a n d  (4.10) t o g e t h e r  w i t h  

C h e b y c h e v ' s  i n e q u a l i t y  for  t h e  th i rd . )  We h a v e  n o w  e s t a b l i s h e d  

(4.5), c o m p l e t i n g  t h e  proof. 

5. E s t i m a t i n g  t h e  p r o b a b i l i t y  of r u i n .  

One shou ld  n o t e  t h a t  (4.4) does n o t  give a n  expl ic i t  f o r m u l a  for 

t h e  p r o b a b i l i t y  of ru in .  T h e r e  is a c i r c u l a r i t y  i nvo lved ,  s ince t h e  

t i m e  of r u i n  T a p p e a r s  on bo th  sides of t h e  f o r m u l a .  However ,  

one can  o f t e n  use  t h e  f o r m u l a  to e s t i m a t e  r u i n  probabi l i t ies .  We 

will  i l l u s t r a t e  a f e w  e x a m p l e s  of th is .  We c o n s i d e r  t w o  cases ,  

dependinl [  on t h e  sign of t h e  coeff ic ient  a. 

Ca.z-e_/: a ~_ O. 

It is no t  h a r d  to v e r i f y  t h a t  

1 a a 
O n  - 1 - a  U n  - 1 - a  U n - 1  - 1 - a  c . (5 .1)  

We a l w a y s  h a v e  U T < 0 a n d  UT_ 1 >_ O. W i t h  a > O, it follows 

f r o m  (5.1) t h a t ,  

a 

0 T --- - 1 - ~ c .  
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(This  idea ,  d u e  to  G e r b e r ,  w a s  u s e d  in a m o r e  g e n e r a l  s e t t i n g  in [3, 

s e c t i o n  4]). F r o m  (4.4) w e  o b t a i n  

a 

0~(u,w) < e-R[ u + - - ( c - w ) ]  (5.2) 
- 1-a 

w h i c h  i m p r o v e s  t h e  e s t i m a t e  g i v e n  in (4.3). 

If Y is bounded above, then we can obtain a lower bound for 

%b(u,w). Let M be as in Proposition 2. Then 

U T = U T -  1 + c - W T -> c -  M (5.5) 

and 

a 1 
OT = UT - k - a  WT > c -  ~ M (5.4) 

so that 

1 e-R( u+ --[M-awl -c ) ~ ( u , w )  ( 5 . 5 )  > 
- 1 - a  

C a s e  2: a < O. 

As t h e  s e c o n d  t e r m  o n  t h e  r i g h t  h a n d  s ide  of (5.1) is n o  l o n g e r  

n e g a t i v e  fo r  n = T, w e  c a n n o t  o b t a i n  a s  good a n  u p p e r  b o u n d  a s  

in t h e  c a s e  of n o n n e g a t i v e  a. A s s u m e  Y is b o u n d e d  a n d  le t  M 

a n d  m be  a s  in P r o p o s i t i o n  2. T h e n ,  f r o m  (5.3) a n d  (4.1) 

-a a 

m, ~ - M  a 0 T _~ c - M - 1 - a  ± - a  

and we obtain 
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a 

e-R[u + (M-w)] > dd(u,w ) > e-R[ u+M -c ÷ 
1-a - - 

Example. 

For a s imple  n u m e r i c a l  e x a m p l e ,  suppose  t h a t  

Y = {12 w i t h  p r o b a b i l i t y  .6 

w i t h  p r o b a b i l i t y  .4 

a = 1 2 ,  c =  3,  u = O, a n d w  = O. 

T h e n  

I 1 w i t h  p r o b a b i l i t y  .6 

l 
L- 1 w i t h  p robab i l i t y  .4 

a 
(m-w) ]  

1 - a  

a n d  it is e a s y  to c a l c u l a t e  t h a t  

e -R = 2/3. 

Usm~ t h e  second  i n e q u a l i t y  of (4.3) does not  he lp  he re .  We j u s t  ~et 
an upper  bound of 1. Using the f i rs t  i n e q u a l i t y  of (4.3), we  ~et 

2 _- 

s ince  w e  k n o w  t h a t  0 T is n e c e s s a r i l y  equa l  to -1. 

This is c a n  be i m p r o v e d  b y  (5.2), w h i c h  gives 

8 
, ( o . o )  
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For the  lower bound, we calcula te  t h a t  M = 4, and  see f rom (5.5) 

t h a t  

31 
q~(O,O) ~ 243"  
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