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A~,STPukCT 

Let X 1 ~ ~ ~ n, have ~ uniform distt ibution F ~ [,1 ]. 

i i i 

Assume that F ' s are mutuel Iv independent. We shal i deter mine 

:f:: the 0istributlon ICunction o 4: S -- ~ by ~ey o~ geometric 

i--I i 

realization o~ convolution. We shall adopt not.ation used in 

Actuarial Mathematics written by Newton L. Bowers, Jr., et al. 

For e~ch i, I ~ i ~ n, (;onsider the sum o4: i distinct a 's, 

~-i i] 

There are exactly ( ) such s~3ms~ denote them by a ~ I { ] ~ ( ). 

i i] i 

Note that not all a 's are distinct. Let b , b b , .... 

i J  i 2 3 
n 

(with m ~ 2 -I) be the distinct values of a "s in ascending 

ij 

b 

m 

order. Then the ~-th convolution o~ F ~s car, be e~:pressed as 

i 

0 s ~ 0 

i n n- 1 i in 

e ~s, . . . . .  ~ - -  ~s + ~ E ~ - i )  , ~ s  - a  ~ J~ 
S n!)-iTa i=I a • b i] 

i=l i ij k 

1 

b ~ s ~" b 

m 

We shall onl~r' yetiS,/ this result ~o~ n = 2 and 3. As ~:or the 

case where n ~ 3, the ~ame 1den can be app l  ~d with imagtr~:~tlon 

on the n-dimensional box. 
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~le ~h~ll ~irst fool: at the case where n = 2. Note that 

= ~iin(a ,a ) , a = Ma::(~ ,a ) and a = ~ + a , Therefor e, 

I I i 2 12 i 2 21 I 2 

E = a , b = ~ an0 b = a For slmplic~ty, ~e assLlme that 

] i I 2 12 % 21 

a ( e From Figure I, we can calculate F (s) geometrically. 

i 2 

R6 (0,~z) 
e2 

0 

S 

g 
P, N, (%01 

We shall LLse A(region~ to denote the area o~ the region in 

qL~estion. Let s E [O,b ) and let OF' O be the isosceles right 

1 1 1 

tr Jangle with s t~einq the Length oi r each leg. Then 

1 1 2 

F (s) ...... A(OF' (~ i ........ s . 

S a a 1 I 2 a a 

1 2 1 2 

Likewise, we can see on [b .b ) that 

] 2 

1 

F (s) ...... [A(CiF' Q ) - A(R F' R )] = ........ [s - <s - a 

S a a 22 1 22 2 a a 1 

1 2 1 2 

and or, [b ,b ) that 

2 3 

1 

F (s) ...... LA(OP Q ) - A<R P ~'. ) - A(R R E~ ~ ] 

S aa 3~ 1 3 3  

12 

1 Z 

= ........ Is - (s - a ) 

2 a a 1 

1 2 

= ..... [A(O~ ~ ~' ) 

a I 4 6 

1 2 

I 2 2 
] 

6 5 3  

2 

s - a ) ] 

2 

1 

A(P ~' P ~ ] = I ........ (a 

_~ 4 5 2 a a 

1 2 

+ ~ - -  E ;  

i 
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Now, let's look at the case where n=3. For simplicity, we 

assume that b = a , b = a , b = a , b = a + a , b = a + a 

1 I 2 2 3 3 4 1 2 5 I 

b = a + a and b = a + a + a . 

6 2 3 7 1 2 

the case where s [b ,b >. 

In Figure 2, ~e i!lust~ate 

•n•• 2 3Figure 2 

As be seen in Figure 2, a a a F (s) equals the volume o~ 

1 2 3  S 

the largest isosceles right tetrahedral minus the sum o~ the 

volumes o~ the smaller" isosceles right tetrahedrals out~ide oF 

the r-ectangular boi'.. Hence on [b ,b ), i.e. [a ~a >, we here 

2 3 2 7 

1 1 3 1 3 I 3 

F (s) = ....... [ --- s .... (s - a ) .... (s - a ) ] 

S a a a 6 & 1 6 2 

1 2 3  

I ~ 3 3 

= ......... Is (s - a ) - (s - a ) ] 

6 a a a 1 2 

1 2 3  

Likewise, we can see ~rom Figure 3 that 

l 3 3 3 3 

F (s) = ......... [s - (s - a ) + (s - a - a ) ] 

S 6 a a a  i=l i I 2 

1 2 3  

o n  [ b  , b  ) ~ i . e .  [ a  4- a ~ a + a ) .  

4 5 l 2 1 3 

T h e  o t h e r  c a s e s  a r e  s i m i l a r .  On [ a  + a , a  + a + a ) we c a n  

2 3 l 2 3 

also obtain 

1 7 

F (s) = I .......... (a + a + a - s) 

S 6 a a a I 2 

1 2 3  
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