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ABSTRACT

n, have a uniform dietribution F on 03,8 1.
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seume that F "¢ are muteally independent. We shall determine

1 n

@ distributicn function of S = E: X by w2y of geom=tric
1=1 1

aliration of convelution., We shall adopt rmotaticn | used 1n

tuarial Mathematics writter by Newton L. kRowers, Jr., et al,

For earch 1, 1 S i € n, consider the sum af i distinct a “s.
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There are exactly ( ) such sums; denate them by a , 1 g i S [ I

1 i3 1
Note that rmot all a "s are distinct. Let b [ b . b , ..., ju}

ii 1 2 = m
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fwith m £ Z -1} be the distinct values of a 's 1n ascending
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der . Then the n—th convolution of F ‘¢ can be e:xpressed as
1

() g £ O
1 n n-—l i "

F (s) =(=—-—-= w5 r T r-n (s ~a ) 1; b s ¢ >

3 (") T 2 1=1 a < b i3 -1 8
1= 1 1] b
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We shall only verify thiz result for n = 2 and 7. &g for the

se where rn » T, the same ides can be applisd with imaginztion

the n-dimensional bowuw.
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we z=hs1l fi1rst look at the cace where n = 2. Note that
a = Min{a ,a ), a = Ma:(a ;& ) and a = & o+ a Therefore,
It 1 z 12 1 2 21 1 =
vt = a . b =ua and b = & . Far simplicity, we assume that
1 11 2 12 K 21
a <€ 2 From Figure 1, we can calculate F (s) gecmetricallv.
s - S
e
Re(0,0,) 5 Relai, @)
ah \
Rs
Figue 1
Gy Re
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ol P R,(a,0
ke shall use Al{regicn! to denote the atrea of the region 1n
questioen. et = € {(G.b ) and let OF @ be the isosceles right
1 t 1
triangle with « being the length of each leg. Then
1 1 s
F (g) = ————=— AQF Q) = = s .
S a a 11 2 aa
12 1 2
Lilewise, we can see on [b .b ) that
12
1 1 2 2
F (ge)] = ————= AWF @) — AR F R H) = ~————~—- s - (s — a
s a a 2z 1 22 Joa a 1
12 1
and orn [b .b ) that
1
F (8) = ————— [ACP B ) - AR PR ) - AR R D]
S a a g 1 33 & 5 3
1z
3 2 z Z
= e [ - (s —a) =~ iz - a) ]
2 aa 1 2
t
1 1 2
= —-- - LAOR F R D) - AR F P 311 = 1 - ——e=ome (a + a - &
a A 1 4 & T 45 T a a 1 2
1= [
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Now, let’s look at the cace where n==. For simplicity., we

assume that b = a ., b =a,b =a.b =a +a,b =a +a
1 1 2 2 T z 4 1 = S 1 K

b =& + & andb = a + a + a . In Figure 2, we illustrate

) by =z 7 1 2 z p

the case wherf s (b ,b .

/ Figure Z \\\\Figure z

A

As can be seen in Figure 2, a a a F (s equals the volume of
12325

the largest 1sosceles right tetrahedral minus the sum of the

volumes of the emaller isosceles right tetrahedrals outcide of

the rectangular bo. Hence on [b ,b ), 1.e. [a ,a ). we have
>z 2z
1 1 et 1 I 1 I
F (s) = ——————= L === g - —-—— (5 — a ) - == (s - a3 1]
S a a a & & 1 & 2
1 23
1 i ke z
T eemm—ee——— (e ~ (g -a) = (g~ a) 1l
6 a a a 1 2
1 2 3
Likewise, we can see from Figure I that
1 I I > 3
F (s) = ————————= [s -~ (s —a) + (s —a =~ a ) 1}
S S aaa i=1 1 1 2

4 5 1 2 1 I
The other cases are similar. On [a + & ,a + a + a ) we can
2 Tt 2 =
also obtain
1 S
F(s) = 1 - —=——mmemm (a +a +a - s)
S b a aa 1 2 K
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