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Theorem A. L e t  a,  c ,  d and e be p o s i t i v e  numbers .  

~ u n c t l o n  
2 i / 2  

f ( x )  = ( d x  + e ) / ( a x  + c) 

2 2 I / 2  
a t t a i n s  i t s  maximum v a l u e  [ ( d  / a )  + (e / c ) ]  

Then t h e  

a t  ): = c d / a e .  

P r o o f .  The v a l u e  o~ ~ " ( x >  a t  t h e  r o o t  x = c d / a e  o f  

2 3 / 2  
f 1 ( x )  = (cd - a e x ) / ( a x  + c) 

2 2 2 5 / 2  
i s  - c ( a e  + cd ) / e [ c  + a ( c d / a e )  ] Thus t h e  maxlmum v a l u e  

o~ ~ ( x )  i s  
2 1 /2  

6 ( c d / a e )  = [ d ( c d / a e )  + e ] / [ a ( c d / a e )  + c ]  

2 I / 2  
= ( { d ( c d / a e ) [ d ( c d / a e ) + e ]  + e [ d ( c d / a e ) + e ] } / [ a ( c d / a e )  + c ]> 

2 2 2 2 i / 2  
= ( { d  [ a < c d / a e )  + c ] / a [ a ( c d / a e )  + c ] }  + {e  / c } )  

2 2 I / 2  
= [ ( d  / a )  ÷ (e  / c ) ]  

C o r o l l a r y  A. Fo r  an i n s u r a n c e  o r g a n i z a t i o n ,  l e t  S d e n o t e  t h e  

random l o s s  on a segment  o f  i t s  r i s k s  and l e t  x be t h e  r e t e n t i o n  

I / 2  
l i m i t  t h a t  m i n i m l z e s  t h e  p r o b a b i l i t y  P r ( ( S - E [ S ] > / V a r [ S ]  > ~(>:))  

whe re  ~ ( x )  i s  t h e  r a t i o  o f  t h e  s e c u r i t y  l o a d i n g  g ( x )  = dx + e a n d  

1 /2  2 1 / 2  
t h e  s t a n d a r d  d e v i a t i o n  h (x>  = V a t [ S ]  = (ax + c) Then 

2 2 1 /2  
x = c d / a e  and ~ ( c d / a e )  = [ ( d  /a> + (e / c ) ]  

171 



Cot l l a r y  B. L e t  a,  b, c,  d and e be p o s i t i v e  numbers such  t h a t  

2 2 1 /2  
4ac ; ~ and 2ae }- bd. Then f ( x >  = (dx + c ) / ( a x  + b:: ÷ c)  

2 2 2 i / 2  

a t t a i n s  i t s  maximum v a l u e  [ ( d  / a )  + (2ae - bd) / a ( 4 a c  - b >] 

a t  x = (2cd - b e ) / ( 2 a e  - bd) .  

F~oo~. W r i t e  

and use Theorem A. 

= {d[>," + ( b / 2 a ) ]  + [ ( 2 a e  - b d ) / 2 a ] } /  
2 2 

{ a [ x  + ( b / 2 a ) ]  ÷ [ (4ac - b ) / 4 a ] ]  
1/2  

Theorem B. L e t  f ( : , ' )  = q b [ e x p ( - b x ) ]  and l e t  g ( x )  = - e x p ( - a x > .  

Then h ( d ; c >  = J O - ~ ( x ) g ( d  - c ; : )dx  = - q b [ e x p ( - a d ) ] / ( b  - ca> .  

C o r o l l a r y  C. L e t  p be t h e  p r o b a b i l i t y  t h a t  a p r o p e r t y  w i l l  n o t  

be damaged i n  t h e  n e x t  p e r i o d  and l e t  ~ ( x )  i n  Theorem B be t h e  

p r o b a b i l t y  d e n s i t y  f u n c t i o n  o f  a p o s i t i v e  random v a r l a l e  X w i t h  

q = I - p. I f  t h e  owner o f  t h e  p r o p e r t y  w i t h  w e a l t h  w has a 

u t i l i t y  f u n c t i o n  g ( x )  i n  Theorem B and i s  o ~ e ~ ' e d  an i n s u r a n c e  

p o l i c y  t h a t  w i l l  pay I - r p o r t i o n  o~ any l o s s  d u r i n g  t h e  n e x t  

pe~' iod,  t h e n  t h e  maximum premium G t h a t  t h e  p r o p e r t y  owner w i l l  

pay ~or  t h i s  i n s u r a n c e  i s  

G = ( I / a ) I n { E p  + q b / ( O  - a ) ] / E p  + q b / ( b  - c a ) I } .  

E q u a t i n g  t h e  u t i l i t i e s  w i t h  and w i t h o u t  i n s u r a n c e ,  we Proo~ c . 

have 

pg(w - G) + h(w - G;c) = pg(w) + h(w;1). 
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I t  6 o l l o w s  ~rom Theorem B t h a t  

- p { e x p [ - a ( w  - G>]~ - [ q b / ( b  - c a ) ] e x p [ - a ( w  - G) ]  

= - p [ e x p ( - a w ) ]  - [ q b / ( b  - a ) ] e x p ( - a w )  

and t h a t  

{p + [ q b / ( b  - c a ) ] } e x p ( a G )  = p + [ q b / ( b  - a ) ] .  

The t h e o r e m  f o l l o w s .  

Theorem C. L e t  

6(x) = ( 2 / a ) [ 1  - ( x / a ) ] ,  0 ~ x ~ a,  

be t h e  p r o b a b i l i t y  d e n s i t y  6 u n c t i o n  o6 a random v a r i a b l e  X. Then 

n n n + 2 
E[X ] = a / ( ) .  

2 

C o r o l l a r y  D. The mean and v a r i a n c e  o6 t h e  random v a r i a b l e  X i n  

2 
Theorem C a r e  a / 3  and a / 1 8 ,  r e s p e c t i v e l y .  

Theorem D. A d e c i s i o n  maker has w e a l t h  w, has a u t i l i t y  
f u n c t i o n  

r 

u ( × )  = x , 0 < r < 1, 

and #aces  a random l o s s  X w i t h  a u n i f o r m  d i s t r i b u t i o n  on [ O , w ] .  

Then t h e  maximum amount t h i s  d e c i s i o n  maker w i l l  pay ~o r  t h e  

c o m p l e t e  i n s u r a n c e  a g a i n s t  t h e  random l o s s  i s  
1 / r  

G = {1 - [1/(r + 1>3 }w. 

P r o o 6 .  E q u a t i n g  u t i l i t l e s  w i t h  and w i t h o u t  i n s u r a n c e ,  we have 

I t  f o l l o w s  t h a t  

r ~(_)w r" 
(w - G) = (l/w) <w - x> d~. 

r r 

(w - G) = [ i / ( r  + 1 ) ] w  . 

The t h e o r e m  ~ o l l o w s .  
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Theorem E. Assume that a decision maker will retain wealth w 

with probabilty p and will su~fer a loss c with probabilty 

q = 1 - p. Based on the utility ~unction 

2 
u ( x )  = x - ax , 0 < x < I / 2 a  ( a ) 0 ) ,  

t h e  maximum i n s u r a n c e  premium t h a t  t h e  d e c i s i o n  maker w i l l  pay 

f o r  t h e  c o m p l e t e  i n s u r a n c e  i s  

I / 2  
G = w - ( I / 2 a ) [ 1  - (1 - 4 a { p w ( 1 - a w )  + q ( w - c ) [ l - a ( w - c ) ] } )  ] .  

F'roo~. E q u a t i n g  u t i l i t i e s  w i t h  and w i t h o u t  i n s u r a n c e ,  we have 

2 
( w  - G )  - a ( w  - G )  = p w ( l  - a w )  + q ( w  - c ) [ i  - a ( w  - c ) ] .  

I t  ~ o l l o w s  t h a t  
1 /2  

w - G = ( i / 2 a ) [ l  - ( 4 a { p w ( l - a w >  + q ( w - c ) [ 1  - a ( w - c ) ] } )  ] .  

The theo rem ~ o l l o w s .  

We s h a l l  c o n c l u d e  by p r o v i d i n g  t h e  d i r e c t  p roo~  o~ 

Theorem F. L e t  X , i = 1, 2, 3, - - . 7  n, be n o n n e g a t i v e  m u t u a l l y  
i 

i n d e p e n d e n t  random v a r i a b l e s  w i t h  t h e  p r o b a b i l i t y  d e n s i t y  

~ u n c t i o n  ~ ( t ) .  I~ t h e  moment g e n e r a t i o n  ~ u n c t i o n  M X I ( t )  o~ each 
i 

x i s  ~ i n i t e  on some open i n t e r v a l ,  t hen  t h e  c o n v o l u t i o n  
i n 

~ ~ (x )  i s  t h e  un lque  p r o b a b i l t y  d e n s i t y  ~ u n c t i o n  o~ S = ~_~ X . 
I 2 I i 

P r o o f .  We s h a l l  o n l y  p r o v e  t h e  c o n t i n u o u s  case  w i t h  n = 2. 

For  any t i n  t h e  g i v e n  i n t e r v a l ,  we have 
0 

M ( t )  = J o e  J0 f l ( x - y ) ~  ( y ) d y d x  = J o  e f (y )  e ~ ( z ) d z d y ,  
S 2 2 I 

where z = >~ - y.  

t heo rem ~ o l l o w s .  

Hence M s ( t )  = MX1 ( t ) M v ( t ) ~  and hence t h e  

,T 
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