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A b s t r a c t :  There are three widely used assumptions in actuarial science regarding 

the behavior of survivorship function, l,+t, in the interval 0 < t _< 1, where x 

is an integral age. These assumptions are, namely, uniform distribution of death, 

Balducci assumption and constant force of mortality. All these assumptions lead 

to a continuous l,+, for all x >_ 0 and 0 < t < 1 but the corresponding forces 

of mortality are discontinuous at integral ages. The discontinuties in the forces 

of mortality at all integral ages do not make much sense. This paper suggests a 

new model for the distribution of deaths between two adjacent integral ages which 

takes care of the existing discontinuities. A necessary and sufficient condition for 

the existence of such model is derived and performance measures are discussed. 

Application of the model is shown and compared with the existing three popular 

models. 
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1. I n t r o d u c t i o n  

In actuarial literature there exists many assumptions regarding the distribution 

of deaths in unit  intervals. The trio, namely, uniform distribution of death,  Balducci 

assumption and constant force of mortality are the few in vogue. The  problem of 

discontinuities in the force of mortali ty at the integer ages (or unit  intervals) are 

inherent characterstic of these three popular  models. These models had beeen 

proposed by Wittstein [3]. Let us consider the models one by one. Note that 

throughout the text x will be treated as an integral age. 

In the uniform distribution of death model, the deaths between integer ages 

are assumed to be distributed linearly. Under this assumption: 

1 ~ = I~ - t . d ~  x + t  

t q  u = t . q ~ ,  

11 _ q ~ :  
I, t z + t  

1 - -  t . q x  ' 

~P~ .#~-+t  = q~, where 0 < t < l .  

(1) 

(2) 

Notable among these results are (i) l~+ t is a piecewise straight line on 0 < t < 1 and 

continuous throughout  and (ii) #~+t is an increasing function on 0 < t < 1, convex 

upaward and ctiscontinuous at integral ages. For more discussions see Batten [1]. 

The Balducci assumtion, named after an Italian actuary, does not have a simple 

physical description like uniform distribution of death. However, it is a reasonable 

indicator of the survivorship functions in many instances. This assumpt ion leads to 
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the following results: 

lbz+t = /z./z+l 
l,+z + t .d ,  ' 

- , ¢ -  = (1 - t ) . q , ,  

b q~ 
#*+ '  = 1 - - ( 1  --  t ) . q . '  

b b l-,P,:+,.I-t,~+, = qz, where 0 < t < l .  

(3) 

(4) 

Notable among  these results are (i) lb-+t is a piecewise hyperbola in 0 < t < 1 

and continuous throughout  and (ii) P~+t is a decreasing function on 0 < t < 1, 

convex upaward and discontinuous at intergeral ages. For detail discussion see 

Gershenson [2]. 

The third mor ta l i ty  assumption,  constant  force of mortality, has a sense inter- 

mediate of the o ther  two already discussed. The assumpt ion leads to the following 

results: 

t~+ t = l ~ . e - . -  t 

= l~.  p~ ,  

l - , q ~  = 1 - e - ~ ' ~ 1 - ° ,  

¢ ~z+, = ~x, where 

(5) 

0 < t < 1. (6 )  

The discontinuities in the force of mortali ty at integral ages and its piecewise lin- 

earity over unit interval  is clear. Like Balducci model, U.+, is a piecewise hyperbo la  

and continuous throughout .  For more details see Bat ten [1]. 
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2. M o d e l  d e v e l o p m e n t  

The  usual  actuarial  symbols  used are: 

1~ = the number  of persons at age x; 

d~ = the number  of persons expected to die between x to x + l ;  

q~ = the probabi l i ty  tha t  a person aged x dies before age x + l ;  

#~ = the annual ized force of mortal i ty  at age x. 

Suppose  the deaths  are d i s t r ibu ted  at a ra te  f ( t )  in the interval z to x + 1 and  l h 

is the  number  of persons at  age x + t under current  assumpt ion ,  where 0 < t < 1. 

Then  

I h l~ - f ( t ) a~ .  (6) x + t  ~-- 

Eq(6) must  satisfy the  following boundary condit ions in order  to have cont inuous  

survivorship  function and continuous force of mor ta l i ty  at  all ages. They are: 

(1) = l ~ ,  l~+,l,=0 

(2) = l~+~, t~+,l,=l 
(3) ,~+,1,--~ ~z+l+tlt:O" 

Condi t ions  (1), (2) & (3) ensures the cont inui ty  of h h lx+ t and #~+t for all z _ > 

0 and 0 < t < 1. The  above conditions imply that  the f ( t )  must satisfy the 

following conditions ob ta ined  from eq(6): 

(i) f ( 0 )  = 0, 

(ii) f ( 1 )  = 1, 

(iii) f ' ( 1 )  dx+~ 
) , (0)  = d z '  

From condit ion (iii) it is clear tha t  the f ( t )  is dependent  on the integral  age x. 
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Now let us divert our at tention to the case where f ( t )  is based on age x and 

denote it by f , ( t ) .  In order to satisfy the above three conditions the function . f , ( t )  

must  be more than a second degree polynomial in t. Assuming it to be a polynomial 

of degree three we have 

f z ( t )  = a~ + bzt + cxt 2. (7) 

Now we want to express f z ( t )  in terms of life table function using the conditions 

(i), (ii) and (iii). This is discussed in the following theorem. 

T h e o r e m l .  In terms of life table function, l~+ t is given by 

t 2 t ~ 
t^z+, = z~ - [ ( t  - - ~ ) B ~  + ~ B ~ + , ] ,  

W--Z--] 

where B~ = 2  Z ( - 1 ) ' d ~ + "  
i----O 

Proof." Using conditions (i), (ii) and (iii) in eq(7) we have 

f~(t) = ( I  - c~)t + c~t ~, 

where c~ and c~+1 have the recursive relation 

• dz+l 
cx = (1 - c x + l ) - - ~ -  - 1. 

After some algebra and using eq(8) as the link between fx(t) 's  we have: 

.d~+,~z \(dX+'d~ ) f , ( t )  = - f , + ~ ( t ) - - - ~  + 2t + - 1 t ~ 

(8) 
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. d ,+ ,  + 2 t ( 1 - d , + l ' ~  1)t2 

= -  f . + 3 ( t ) - - ~  +2 t  1 - d--'-~ + --~--~ J + 2 - 2 - - -~  + ~ - 

d~+~ ( d,+~ d,+2 d,__+~'~+ 
= f . + 4 ( t ) - - ~ .  +2 t  1 - ~ + d---Z d, ] 

(2 d*+' g d*+2 + 2 d*+a d~+' ) t  2 
d, - -  d. d~ d. 1 

( d.+l d.+~ 
=f~( t )  + 2 t  1 - ~ +  

d, + d. 
(-a) ~-~d~ ) 

dx 1 t 2, 

d.+3 1).,_._1 dw-1 ) 
a ~  - + ( -  d~ + 

+ + (-1) t°-*-12 dw-1 
' "  d. + 

d,+3 
d. 

where w is the limiting age, ie, x < w. Since dw = O, we have 

f .(t)=2t(1 d~+l d.+~ d.+3 ( -1)  . . . . .  l d w - l )  
- d-S- + % -  d ~ - +  e~ + 

w - - z - - I  w--x--I 
= 2_it t~ dr E (-1) 'd*+i 2t2 

,=o - d---:- ~ (-1)'d~+, + 
/ = 0  

=t, Bz  _ t2 Bz t 2. 
d~ d~ + 

236 



Using the fact that  Bz + B~+I = 2d~, we have 

t h =t~-A(t)d~ z + t  

t 2 t 2 
= t~ - [ ( t  - ~ ) B ~  + ~ - B ~ + d ,  where O < t  < I. (9) 

LJ 

L e m m a  1. The function l~+ t is a decreasing function in 0 < t < 1 iff B ,  > 0 

and Bz+l > 0  for all integer z > 0 .  

P r o o f :  Clearly, 

h' t~+, = - [ ( 1  - t)B~ + tB~+~]. (10) 

Now to prove the lemma it suffices to show that  the right of side of the eq(10) is 

negative for a l l 0 < t  < l i f f B z  > 0  and Bx+l > 0 .  

h' To determine whether 1~+ t is positive, negative or none for 0 < t < 1, we 

need to know the sign nature of B's.  Since B ' s  are any real number  we may consider 

the following four possibilities: 

(I) B~ < 0 and B~+1 < O, 

(2) Br  < 0 and Bz+l  > 0, 

(3) Bx > 0 and B,+1 < 0, 

(4) B~ > 0 and B~+I > 0. 

Suppose condition (1) holds, then for all 0 < t < 1, l)'+, is positive. If condition 

h' (2) holds, then for t sufficiently close to zero, l ,+,  is positive. Similarly, if condition 
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(3) holds then for t 

only s i tuat ion where 

U 

h ~ sufficiently close to one, l~+, is positive. Condi t ion  (4) is the 

h '  l~+ t is negative for all 0 < t < 1, which proves the lemma. 

L e m m a  2. If the s t a tement  in lemma 1 holds then the survivorship function h 1~+ r 
in eq(9) is always posi t ive in x and t. 

P r o o f :  It can be shown easily that  B ~ + i + B x + l + i  = 2d=+i for all z > 0. Taking the 

sum on both  sides of the  equat ion B~+i+B=+l+ i  = 2d=+, over i, i = 0, 1 , 2 , . . . ,  w -  

z - l ,  it may be shown tha t  

w - - z - - I  

t = l  

Therefore from eq(9) we have 

t2 t 2 ] 
l~+~= l~ -  ( t -  ~ )B~+ ~B~+~ 

B~ . . . .  ' [ t ~ t ~ ] 
= T + Z B,+,  - (t - 7)B, + ~B,+~ 

i=1 

1 t 2 t2 w - z - 1  

= (~ - t + y ) B ~  + (1 - -~ )B ,+ ,  + ~ B~+, 
1=2 

> O, if lemma l holds. 

U 
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3. P e r f o r m a n c e  m e a s u r e s  

The following results are easily obtainable from the assumptions of the new 

model. 

t2 t 2 ] 
tp~ = 1 -  ( t - ~ ) Q ~  +-~p~Q~+, , 

t 2 t 2 
tq~ = (t - ~ )Q~  + ~p~Q~+l ,  (11) 

h 
l-sqz+t 

1 - s (1 + s - 2t)Q~ + (1 - s + 2t)p~ Q~+~ 

[ ] 2 1 -  ( t -  t' t~ ~-)Q~ + ~-p,Q~+~ 

and 

( 1  - t)B. + B,+~ 

(1 - t)Qz -t- tpxQx+l  

2 ] 

h a = ( 1 - t ) Q , + t . p , Q , + l ,  

w--y-1 

where Qy= ~B-~, =2 E ( - 1 ) ' d ~ + '  O < t < l  
i=0 ly 

and 0 < t < s < l .  
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4. A p p l i c a t i o n  of the  m o d e l  

Consider the set of da ta  given in table 1. It is a ficticious set of data made to 

satisfy the result of lemma 1. This data set will be used to compare the shapes of 

survivorship functions, l,+t, and force of mortality, #=+t, under different assump- 

tions. 

Table 1 
x l z  d z  

100 11 
89 17 
72 23 
49 20 
29 17 
12 12 

The  table 2 shows the survivorship functions, /~.+,'s, for x=0, 1, 2, 3, 4, 5 and 

0 < t < 1 under  the four assumptions.  The survivorship functions are obtained by 

using eqs (1), (3), (5) and (9), and the data set of table 1. 

X 

0 

1 

3 

4 

5 

Table 2 

100 - 4t - 7t 2 

89 - 1 8 t  + t 2 

72 - 16t - 7t 2 

49 - 30t + 10t 2 

29 - 10t - 7t 2 

1 2 -  24t + 12t 2 

100- l i t  

8 9 -  17t 

72 - 23t 

49 - 20t 

29 - 17t 

12 - 12t 

8900 
89.+11 t 

6408 
72+17= 

3528 
49.+23t 

1421 
29+20t 

348 
1 2 + 1 7 t  

0 

loo( )' 
72 t 8 9 ( ~ )  

72( 40 ~t ~ J  
29 f 4 9 ( ~ )  
12 t 2 9 ( ~ )  

0 
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The graphs of the gurvivorship funetion~ for each unit interval under different as- 

sumptions are shown in figure 1. 

z~ 
O I I  

100 

60 

40 

20 

I I I I I 

Figure 1. 

l 2 3 4 5 

Age x 

Survlvorship function under different assumptions. 

It clearly shows that l h is very flexible with respect to its shape. In each unit x + t  

241 



interval the curve is a non-increasing function with no particular pattern from in- 

terval to interval. The other survivorship functions show a definite pattern in each 

unit interval all through. 

Table 3 shows the forces of mortality obtained under different assumptions using 

eqs (2), (4), (6) and (12). 

h 

0 4+14t 
I00-4t--712 

18-21  
1 8 9 - 1 8 t ~  

2 16~-14t 
7 2 - 1 6 t - - 7 t  2 

3 3o-2ot 
49--30t+lOt ~ 

2 9 - - 1 0 t - - 7 t  2 

5 24--241 
12- -24 t+]2~  ~ 

Table 
u 

~tt 
|I 

100--1]t 

]7 
89--17t 

23 
7 2 - 2 3 !  

20 
4 g - 2 0 t  

17 
29--17t  

12 
12--12t 

I I  
89+Iil 

17 
72+171 

23 
49+23~ 

20 
29+201 

17 
12+17t 

l 
I 

#~- ,  

- log( ~ ) 
72 - log(  ~ ) 
49 

- log(~ ) 
29 - log( ~ ) 

- Iog(~ ) 

The graph of the forces of mortality under different assumptions for the data set of 

table 1 is given in figure 2. 
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1.6 -- 

1.4 

1,2 

I 

p~, - -  0.8 

P~ " ' "  0 . 6  

04 

0,2 

I f 

• x\ / '  / /  \ \x  

I I I I 2 4 
Age x 

F igu re  2. Force of  mor ta l i ty  u n d e r  different a s s u m p t i o n s .  

The figure 2 shows that all but in the new model the forces of mortality is 

continous through out. Also unlike the other models already discussed the new 

model does not show any pattern from interval to interval. 
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5. C o n c l u s i o n  

A new model for the distribution of deaths over unit interval is described. A 

necessary and sufficient condition for the existence of such a model is derived. The 

model is found to be very flexible with respect to its shape and unlike other  models 

dicussed in this paper  it does not have any pat tern in the survivorship function or 

in the force of mortality.  Also the force of mortal i ty is a continuous function, which 

was our main concern, for all x _> 0 and 0 < t < 1. This makes the model 

practical and more meaningful in its applications. The only major problem with 

this model is, it exists under certain constrains. However, the model can be used 

in a realistic and effective manner whenever exists. 
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