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Rbstra=t 

T h i s  p a p e r  e z p l o r e s  t h e  u s e  o f  l i n e a r  p r o g r a u a i n q  a s  a t o o l  t o  g u i d e  
policyholders in getting the meet value out of the/r c~nbined insurance and 
£nvee~nt programs. Concentrating on flexible pr~-ium univermal life within the 
tax environment of the United States, several linear programming e~dels are 
develo]ged t h a t  can be used (1 )  a t  t he  p o i n t  o f  s a l e .  t o  s e l e c t  t h e  moat cost  
effective policy from those available in the Barketplace, and (2) afte~ issue, 
to maximiae the present value of future cash flows on the policy of an insured 
who is in ill-health. These optimization k)dela utilize to the emxLs~m benefit 
Of the policyholder the options avail~le within the typical universal life 
contract to vary premium payments, ~ake camh value withdrawals, take loa~e, and 
reelect a level or an increaming death benefit. Considerations in developing 
similar models for traditional plans of insurance are also briefly discussed. 
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C h a p t e r  1 

l n t r o d u c t £ o n  

1 . 2  M o t L v a t £ o n ;  O ~ e r v i ~  o f  t h e  P a p e r  

P o l i c y h o l d e r s  make l e a s  t h a n  o p t i m a l  i n s u r a n c e  p u r c h a s e s .  W h i l e  

illustrations and cost coerparison methods offer some guidance to the prospective 

purchaser of insurance, drawbacks exist that limit their utility. This is 

especially true when contracts such as flexible premium universal life are 

purchased, because existing cost comparison methods give no weight to flexibility 

that may be inherent in a product°e design. 

Consider, for example, a universal life product that is among the ~ost 

c0apetitlve on the market when produc~s are compared on a basis that generously 

funds the contracts. This product might very well compare unfavorably when the 

comparison is done using lower prluniums. How, then, is the prospective 

policyholder to determine which is the better buy, the policy that is competitive 

when funded generously or the one that is competitive when treated more as term 

insurance? Given the proliferation of universal contracts offering persisting 

policyholders interest rate bonuses, the "beat" policy could well be one that is 

treated like term insurance in the early years, and then is funded more 

~nsroumly in the later years, after • higher interest rate takes effect. 

A second drawback of most existing cost comparison methods is that they take 

into account the time value of money by discounting or accumulating funds at a 

single interest rate. A more valuable approach recognizes that a Policyholder 

may place money not allocated to an insurance program into one or more of any 

number o f  in~o~nt alternatives, and accounts for the differing returns and t a x  

treatment of the insurance plan and each investment. 

Thus, in comparing contracts that offer s Policyholder a degree  of 

flexibility, a COSt comparison eethod ideally should c(:x=l:~Lre performance when 

each policy is performing optimally when used in conjunction with the universe 

of available investments, subject t o  the needs of and any constraints imposed by 

the policyholder. 



This paper develops several linear programming models that may be used to 

develop optimal Insurance end inves~nt programs. The paper concentrates on 

flexible premium universal life and alternstive invest.senti within t h e  federal 

income tax environment Of the United States; however, considerations in designing 

• model to be used for combinations of traditional insurance are also discussed 

briefly. 

This first chapter concludes with an overview of the existing literature on 

maximizing pollcyholder value. The second chapter develops the mathematics 

necessary t o  express universal life cash values as a linear function o f  prior 

policy transactions, • prerequisite to developing linear programming models to 

optimize universal life purchases. 

The third chapter presents a simple linear programming model (The "Term 

Model"} that solves for the optimal funding strategy fnr • universal life 

contract that is to be used strictly as term insurance, given a s i n g l e  after-tax 

interest rate to discount c•gh flo~m. While this model is very basic, it 

introduces some of the considerations that will need to be taken inte account in 

the more sophistic•ted models that follow, and provides some insight into linear 

programming solutions that might be l i l l e  obvious within a more complicated 

setting. 

Chapter four develops a llnear programming model (the "General Model') to 

be used to solve for the optlmal allocation of funds bet~en a universal llfe 

contract and alternative investmentg. The linear programming objective function 

in this model may take either one of two forms: Maximize the total after-tax 

accumulated value of an insurance policy and investments, or alternatively, 

maximize a future after-tax inccBe stream. This model is quite general in Is 

applicability, taking into account, for example, any intermediate need for funde 

that may exit, end allowing for loans from the universal life contract an well 

ae withdrawals. The use of this model in eelecting the bent plan of insurance 

to purchase, i.e., the use of the model el a cost comparieon method, is explored 

in chapter five. 

In chapter six, • linear progra---ing model (the "Impaired Life Model') is 



developed that solves for the optimal strategy to be used by the owner of an in 

force universal life contract on an insured who i• in ill-health. This model 

recognizes that within the typical universal life design, there i8 some 

oppor~:unity to manipulate the net-amount-at-risk, and to exploit the contract to 

the m~ximum benefit of the contract holder. 

Chapter •even covers seen miscellaneous items, and closes with several 

suggestions for fur~:her research. 

I. 2 Literature 1•view 

The most common approach to maximizing policyholder value is the use of one 

or more cost coap•ri•on indices during the insurance sales proce••. Slack and 

Skipper [3] cent•ins • very readable discus•ion of the •trengths and weaknesses 

of the most co©~Bonly used cost comparison method•. The General Model developed 

in thi• paper can be used as an extension of the equal outlay coat compari•on 

method I that permit• invm•tment in several aide fund• simultaneously and is 

generalized to allow for arbitrary future withdrawal patterns. 

Several authors have inve•tigated the •uitability of universal life a• an 

efficient combined insurance and investment vehicle. Chung and Skipper [8] have 

studied using a univer••l life contract's credited interest rate as a coat 

comparison index, but concluded that the correlation between the current rate and 

the tenth and twentieth year c••h surrender values is too weak to ju•tify its u•e 

as an index. 

Cherin and Hutchine [7 ] have studied information on univer•al life and term 

pollcie• available for sale ~n 1983, and concluded that the sales loads and 

expense charges inherent in universal life contracts decrease the internal rate 

of return sufEi¢ientl¥ to render them inferior to a "buy term and invest the 

1The e q u a l  o u t l a y  method i s  o f t • n  u s e d  t o  c c a p a ~ e  two o r  more i n s u r a n c e  
plans with different premium structures. As the name implies, an equal annual 
contribution i• allocated to each plan; any exce•s i• deposited in • •ida fund 
that earns interest. The plan with the great•at cash value plum side fund 
balance at •ome future point i• a s s u ~ d  to be the preferred purchase. 
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difference" strat•gy. 2 D'Arcy and Lee [9] have also studied universal life 

versus buy term and Invest the difference, but concluded that once • 

policyholder'• option for contribution to a deductible individual retirement 

account (IRA} or similar investment vehicle has been fully utiliEed, that the tax 

advantages of universal life outweigh the cost of expense loading• and result in 

a vehicle that is superior to other investment alternatives, assuming the holding 

period is sufficiently long. 

Lee and D'Arcy [14] have d•veloped s notion of th• Optimal level premium 

funding strategy for an increasing death benefit universal life contract. Their 

approach i• to calculate the average after-tax marginal rate of return on each 

dollar of premium paid annually to a universal life contract, and to fund the 

contract so long as this rate exceQde the marginal rate of return available on 

an annual contribution of one dollar to an alternative investment. While the 

linear progran~ingapproach in thispaperimplicitly recognizes the marginal rate 

of return on each dollar of premium, it also recognizes that the rate of return 

will vary with the timing of a Payment. Thus, linear programming r•sult• in • 

"more optimal" solution in which payments to the contract may vary Dy duration. 

Schleef has written several papers that have recognized the value of linear 

progrm-ming in constructing cost cc~rison methods. In [21], $chleef develops 

a linear programming model that solves for the optimal amount of whole life and 

term insurance to purchase or cancel each year, given an insurance need, but also 

taking into account the opportunity to self-insure through saving•. In [20], 

Schleef uses the model developed in [21[ to derive a functional relationship 

betwten the interest-adjusted cost  index arid the rate of return earned on s whole 

life policy. In [22], he uses linear progra~mlng to derlvs a version of the 

interest-adjusted m~rrender cost index, and compares this index to the 

traditional Interest-adjured surrender cost index and to Linton's yield for 

sixty-eight whole life contracts. 

One theme of Schleef's work reappears in this paper, namely, that cost 

2Since t h i s  s t u d y  w a s  donet hov~ver, the un ivermal  l i f e  mark • tp lace  h a s  
become elgnificaultly more competitive [see 26]. It i• not clear that this 
conclusion would still be valid in today's environment. 



comparison methods derived through linear progransuing techniques are of greater 

value to a prospective purchaser of insurance than are more traditional cost 

CO~l~riaon methods, because unlike traditional methods, linear programming 

methods determine the beat purchase while utilizing a given policy's flexibility 

to the maxim -m advantage of the purchaser. As mentioned earlier, this theme is 

especially valid in the case of flexible premium univnrmal life. In addition to 

this paper's eaq:haaia on universal life, there are other distinctions between 

Schlmef ° s work and the linear programm£ng models contained in this paper. 

Schletf'a models concentrate on the optimal timing of insurance purchases and 

surrenders; this paper focuses on optimal funding strategies. Schleef's 

objective functions maximize the present value of future cash flows, discounted 

at an after-tax interest rata; in contrast, the objective funrtions ~ the 

General Model developed in  this paper maximize after-tax accumulated values or 

after-tax retirmnt income streams. An advantage of the accumulation approach 

is that it i "  ~ra amenable to the treatment of invemt-~ent in several alternative 

vehicles when the rate earned by each investment is distinct, and when the tax 

in~ct of one or more of the Investments cannot be reduced to a simple after-tax 

discount or accumulation rate. 

Linear a n d  quadratic programming has long b e e n  recognized as a valuable tool 

in developing the proper asset allocation strategy of the institutional investor. 

This al~plication is so cOnCh that it is used as an example in a several 

operations research textbooks; see, for example, [4) or [5]. Generally, such 

models solve for an allocation that attains a given desired rate of return while 

minimizing the variability the of return, within the actuarial literature, 

Tillay [25] has used linear progr~ing in inveat~aent allocation decisions to 

match a s s e t s  and l i a b i l i t i e s .  $ 

3 T i l l e y ' m  pape r  a l so  c o n t a i n s  APL code t o  s o l v e  l i n e a r  p rogramming prob lems 
u s i n g  t h e  S i m p l e x  Method.  F o r  Simplex Method coda i n  C, F o r t r a n ,  and P a s c a l ,  see 
[ l S ] ,  [16) and [1~) .  

The S i m p l e x  Method operates along the boundary of a linear progra-~ing 
problem's feasible region by  ~ing successive movements from one cornerpoint to 
an a d j a c e n t  c o r n e r p o i n t  that is at l e a s t  as o p t i m a l .  In c o n t r a s t ,  r e c a n t  
a d v a n c m n t m  i n  l i n e a r  p rog ramming  t h e o r y  have i n c l u d e d  t h e  deve lopmen t  o f  
several new algorithms that operate instead largely within the interior the 
feasible region. The most promising o f  these £ntarlor point methods, Karmarkar'm 



Other branches of operations research have been used to model optimal 

insurance purchase decisions. For example, Babbel and Ohtsuka [I], combining 

decision analysis and utility theory, have developed a model that shows that, in 

contrast to studies indicating buy term and invest the difference strategies to 

be superior to purchases of whole life, that rational decision makers will often 

opt for purchasing a combination of term and whole llfe. The Babbel end Ohtsuka 

model places a value on options available in whole life that are not generally 

recognized by proponent s of term insurance. Hakansson [12] and other econ(~ist8 

have developed models to maximize the utility of insurance to the consumer. 

These models are often quits theoretical and do not find direct application to 

the insurance sales process. 

& l g o r i t ~ ,  may p r o v e  t o  be s i g n i f i c a n t l y  more e f f i c i e n t  t h a n  t h e  S i m p l e x  Method 
f o r  c e r t a i n  c lasses  o f  problems. For a comparison o f  the S implex  Method and 
Kax~a rka r ' 8  A l g o r i t h m ,  see [231. For Karmarkar 's a l g o r i t h m  code i n  APL and 
B a s i c ,  s e e  [ 24 ]  and [ 18 ] .  

th is  paper is being written, spreadsh~ softw&re has begun to sup1~or~ 
s o l u t i o n s  t o  l i n e a r  prog=aee~ng p r o b l e m .  Borland l n t e r n a t i o n a l * s  Q u a t t r o  P=o 
V e r 0 i o n  1 . 0  is  c a p a b l e  of  s o l v i n g  l i n e ~  p r o g r ~ m i n g  p r o b l m  c o n t a i n i n g  up t o  
256 v a r i a b l e s  and 90 c o ~ s t r a £ n ~ .  Fo~ Lotus 1-2-3 users ,  [ 19 ]  c o n t a i n s  a Lotus  
macro t o  s o l v e  l i n e a r  proq rmm£ng  p r o b l ~ s  using 1 -2 -3 'S  e x i ~ i n g  m a t r i x  
manipulation functions; however, the maximum suggested size (20 variables and 20 
constraints) is too mall to allow the macro to be applied to the problemJ i n  
t h i s  ]paper .  

variety of software designed upeclficslly to solve linear progrmming 
problems is also available. Such software generally will recognize when the 
format of a linear programming problem's constraints allow • coQputational 
shortcut to be used. Thus, from the standpoint of computational efficiency, one 
would expect this software to outperform the relatively simplistic codes listed 
above. Some c~,~tational issues are discussed in section 7.2. 
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r'~,-p, t o r  2 

C a s h  V a l u e  a s  a L i n e a r  F u n c t i o n  o f  P r i o r  T r a n s a c t i o n s  

E c k l e y  [ 1 1 ]  h a s  d e v e l o p e d  c o m m u t a t i o n  f u n c t i o n s  t h a t  may  be u s e d  t o  e x p r e s s  

the account value of a universal llfe policy as • linear function of the face 

amount, pramium payments, and expense charge deductions. This chapter provides 

a~ alternative derivation of the coefficlents n@ed~ to express cash values as 

lineaz funvtlons, and provides extensions for handling loan activity and 

lin@arity when a policy le within the Internal Revenue Service Section 7702 cash 

value corridor. I 

The goal of the chapter is to express the cash value at some future time as 

a linear function of the prior prmmium payments, face amounts, loan activity, 

withdrawals, and expense charge deductions. Logically, premium payments, 

withdrawals, and expense c h a z ~  deductions may be grouped: What ie of interest 

is the change in cash value at time u, due to a fixed incrlm@nt or decrmment to 

the cash value at time t, irrespective of the source. The linear coefficient for 

the change in cash value at time u due to a one dollar increase in cash value at 

time t will be denoted by .ACVC~. The impact on cash valut at time u due to one 

dollar of in force face amount and one dollar of loan outstanding at time t will 

be denoted b y  u&CVFt a n d  ~CVZ.t,  respectively. 

2.1 C~efficients for the Impact o n  Cash Value of Prior Changes ~ Cash Value 

A coupon formula (see Eckley [11]) used for accumulating • level death 

benefit universal life account value from the beginning of one month to the 

begLnning of the next month is: 

q~ ( Fc CVc) ) (l÷~¢)~/~z (2.1.1) cv,.~ - (cv~-~ (l*i,)~112 

IAII universal life contractm in this paper will be assumed to meet the 
definition of life insurance through the guideline premium/cash value corridor 
test. 

10 



where: CV t 

F t 

i c 

ig 

qt 

- Cash value at time t 

= Face amount in force from time t to time t + 1/12 

= Annual credited effective interest rate 

- Guaranteed interest rate 

= Annual cost of insurance rate per dollar 

net-amount-at-rlsk in effect at time t 

This formula assumes that there are no changes in account value other than for 

the deduction of the current month's cost-of-insurance and for the crediting of 

interest. If the cash value at the beginning of the month changes, due perhaps 

to a premium payment, a wlthdrawal, 2 or the deduction of an expense charge, the 

impact of this change on the cash value at the beginning of the next month may 

be written as: 

¥, (CVt+ACV~))) (1+ic)~/12 (2 .1 .2 )  

Subtracting (2.1.1) from (2.1.2) and rearranging terms yields: 

ACV¢.~ ( l * l "~) ( l+Jc) I /a2  
AC';'~ 

(2.1.3) 

Restricting t to integer values and continuing the process of accumulating the 

cash value through the remaining eleven months of the policy year, define: 

At'V~. 1 . (i+ ~c)Z,(l+ic)~ (2.1.4) LACVCc . ACVc 

2In the case of  m withdrawal, th is assumes that the face amount stays 
constant. In fac t ,  on a leve l  death benef i t  po l icy,  to minimize the po ten t i a l  
f o r  n e t - ~ n t - a t - r i m k  manipulation on the part of  an unhealthy insured, a 
w i t h d r a w a l  w i l l  g e n e r a l l y  r e s u l t  i n  s d o l l a r - f o r - d o l l a r  r e d u c t i o n  i n  t h e  f a c e  
amount. This aspect o f  the impact of the withdrawal on future cash values w i l l  
b e  h a n d l e d  u s i n g  t h e  f a c e  a m o u n t  c o e f f i c i e n t s  d e v e l o p e d  i n  t h e  n e x t  s e c t i o n  b y  
e x p l l c i t l ¥  r e c o g n i z i n g  t h e  r e d u c t i o n  i n  f a c e  a m o u n t  t h a t  a c c o m p a n i e s  t h e  
withdrawal. 

11 



L&~C t may be interpreted am the change in the cash value of a level death 

benefit policy one year later al l  a result o f  a one dollar change in cash value 

at time t. Similarly, continuing this process further into the future, define: $ 

L A C . V C , .  ACV,, " -*  ( 2 . 1 . 5 )  
iCY, ~-t LA CVC~ 

which may be interpreted am the change in cash value at time u as a result of a 

one dollar change in cash value at time t. 6 

SuppOSe that a total of one dollar is a d d e d  to or deducted from the cash 

value on a modal basis, with frequency m. Using (2.1.3), the impact of these m 

transactionm on the cash value at the end of the year may be written as: 5 

LACVC:I " i~" [(i÷ 1~- }  ; '  ( l + i e ) ]  ~ (2.1.6) 

and the ~ m p a c t  o n  the cash value at time u may be written a s :  

£ m) L : 'A CVCc (m) ,ACVC~ - ,ACVCt. ~ • (2.1.7) 

A common formula for the monthly accumulation of an increasing death benefit 

L ~otice that .L£CVC t for arbitrary values of t and u may be obtained by 
division from • table of the values of L.ACVC.. A transition to a commutation 
function approach may be made by letti~ j D O -"i and D; = I/~£CV~ for 
j - 1,2,3,..., where D denotes the usual ¢~utation Tunct~on. 

&The use of subscripts here is a mild departure from International Actuarial 
Notation. While the lower right subscript properly refers to an initial time 
frame (t) for the base symbol, under the International Notation, the lo~mr left 
subscript would refer not to an ultimate time fr~ (u), but to an amount of 
elapsed time (u-t). In this paper, it will be more natural to think in terms of 
"the impact on cash value at age 65 of • premium paid at age 50" than in terms 
of "the impact in fifteen years of a premium paid at age 50." Defining the lower 
left subscript in terms of an ultimate time frame will eliminate the need for 
s ~  mental addition. 

5 (12) Alternatively, under a commutation function approach, define Dj = 
D~.i. LaCVC!I~). 
• NotiCe that, al l  geometrlc progressions, the mum~mttions in sections 2.1 

through 2.3 may be reduced to fractions. 

12 



option universal l i f e  pol icy i s :  

c v , . .  - ( c v , - ~  ( r, .cv, ~ , ) )  (~ . i °~ ,~  
( 1 + i , )  : / ~  

( 2 . 1 . S )  

O e i n g  t h i s  f o r m u l a ,  t h e  f o l l o w i n g  a m a l o g o u s  f a c C o z e  may b e  d e r i v e d  f o r  t h e  

increasing d e a t h  benefit opt ion case: 

z A ~  t ° ( 1 .  1 ~ (  1 1 ) ) , 2 ( 1 . i e )  
( l * i g )  ~1"~ 

(2.1.9) 

~AC'VC~ - ~-c zACVCj ( 2 . 1 . 1 0 )  

l~.m~ 1"~ 1 ) );2 (l+ic) } ~ (2.1.11) z~CVC~'° - [ ( 1+  (1 ( l * i f ) ~ / ~ 2  

.zAC',,'C~J - ~ZAc'~zc,.: . •ACVC,~") 
( 2 . 1 . 1 2 )  

2 . 2  C o e f f i c i e = t s  f o r t  b e  I s q p a c t o a  C a s h  v a l u e  o f  P r i o r  F a t e  J m o ~ ¢ s  

F r o m  ( 2 . 1 . 1 )  f o r  t h e  l e v e l  d e a t h  b ~ n e f i t  c a s e  a n d  ( 2 . 1 . 8 )  f o r  t h e  i n c r e a s i n g  

d e a t h  b e n e f i t  c a g e ,  i t  i s  a p p a r e n t  t h a t  e a c h  d o l l a r  o f  f a c e  a m o u n t  r e s u l t s  i n  a 

m o n t h l y  d e d u c t i o n  o f :  

13 



qc 

12(1.ir)I/~ 

At the end of the month, the impact of this deduction has grown by the intereat 

lost; bringing twelve much deductions to the end of the year results in; 

which may be interpreted as the impact on caeh value at the end of the year of 

one dollar of level death benefit face amount in force at time t, 6 and: 

• ~.~. ~ ..,.L ( 2 . 2 . 2 )  q~ 1"z~)"/12~ "" [(1+ (1 1 ) )12(1 . i c )  ] la 

which is the analogous factor for the increasing death benefit case. 

For the impact at time u, define: 

LA CVI~., c L - ,£ CVC~.~ LA CVFc 42 .2 .3 )  

(2 .2 .4J  

2 , 3  C o e f f i c i e n t s  f o r  t h e  I m p a c t  o n  C a s h  V a l u e  o f  P r i o r  L o a n  A c t i v i t y  

$uppomu that a loan is taken out at the beginning of  a policy year. In 

administering a universal life policy, it i8 comaOn to split the cash value into 

two funds. The first, consisting of unloaned cash value, ie credited with 

prqmiuma, charged with mortality and expense deductions, and earns interest at 

the current interest rate. The second, initially set to the amount of the 

outstanding loan, is ee<lregated and earns interest at a different rate, typically 

6UnOler t he  caomutat lon f u n c t i o n  approach, l e t  Cj = Dj÷ I" LACVF~. 
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fixed and specified in the contract. To take into account the exiatince of the 

loan, formula (2.1.1) expressing the monthly proceasing of a level death benefit 

univirmal life contract may be modif~ed am follows: 

For t an integer and s - 0, I/IZ,..., 11/I~, let 

CV¢., - UCV~.#+LCV¢., (2.3.1) 

where: 

UCV~.,. z_ ~ - (~ ' ; ' t . , -  1 ~ ( Ft  ( UCV~.,+ LCVr.,) ) ) ( 1 , i c )  1/12 ( 2 . 3 . 2 )  

LCVt+ s 

i L 

-t (2.3.3) 
LCV,.,.~ - LCVc.,(I+i ~) 12 

m Unloaned cimh value 

= Loaned cash value 

= Loaned camh value earned interest rate. 

At the end of the year, if the loan Am repaid, the camh value il recc~bined into 

a mingle fund. If the loan £s not repaid in full, then a transfer is made 

bet~en the unloaned fund and the loaned fund So that at the commencement of the 

new policy year, the loaned fund will again equal the amount of the outstanding 

loan. 

Letting i - 0 ~n (2.3.1) and subtracting (2.1.1), the difference tn caah 

value after one ~nth between a policy with an amount LCV t in the loaned fund and 

an other~isi identical policy without a loan is: 

LCVe [ (I*I z) x/x~_ (1÷ic) x/x2] 

Were t h e  l o i n  t o  b e  r e l ~ l i d  a f t e r  o n l y  o ~  m o n t h ,  t h e  i m p a c t  o f  t h i s  d i f f e r e n t i a l  

15 



c o u l d  be b[O~Slht f o r v a x ~ i  Ante  t h e  f u t u r e  me i f  :Lt ~ r e  • s i n g l e  d e d u c t i o n  7 f r o m  

t h e  cash v a l u e .  When t h e  1eeLS remaLm; o u t e t a n d t n  9 f o r  t h e  e n t i r e  p o l i c y  yea. - ,  

h o w a r d ,  o~o mus t  a c c o u n t  f o r  t h e  d i f f e r e n t i a l  f o r  each month ,  w h i c h  i n c r e a s e s  

a8  t h e  loaned f u n d  As c ~ i t ~  w i t h  L n t m r e m t .  Thus, t h e  n e t  Lmpact  on t h e  cash 

v a l u e  a t  t h e  and o f  t h e  yea~ o f  a one 4 o l l a ~  1o4n o u t s t a n d i n g  f o r  t h e  e n t i r e  y e a r  

may be w r i t t e n  as ;  

1; 
LaCVL, - ~ [ (1 ,~L) '"-  ( ; . i . )u . ]  ( ;+t~)"" I (;*-~2 )'" (1,~) ) '~;'"/" 

( 2 . 3 . 4 )  

and  t h e  L n l ~  a t  tame u may be v ~ l t t e n  an :  

,LACVL,- ,~aCVCc. ~ ~acv~, ( 2 . 3 . 5 )  

The a n a l o g o u s  f a c t o r s  f o r  t h e  i n c r e a s i n g  d e a t h  b e n e f i t  c a s e  a ~ e :  

XACVL, " [ ( l + ~ z ) ~ / z Z - ( l + t c  )z /u ]  (l+J[ A) [ ( 1  ~ ( 1  ( 1 . / ~ ) ~ / . ) )  

~ACVL c - .ZACVCc.; :ACt~ c 

( 2 . 3 . 6 )  

( 2 ~ 3 . ? )  

3 . 6  Cash Vn2me i n  • L L w m r  tuner.Lee; P r o d u c t  Desigm C o n s i d e r a t t c m s  

The c c e f f i c A e n t s  4er i~ l l~ l  above a l l o w  t h e  cash v a l u e  o f  a u n i v e r s a l  l i f e  

p o l i c y  a t  any p o i n t  t o  be ex]?L-tasod as a l t n e a z  f u n c t i o n  o f  p r i o r  p rem ium 

l ~ y m e n t s ,  f a c e  8 m o u n t s ,  l e a  a c t i v i t y ,  v L t b d r e v e l e ,  and o x p e a H  d e d u c t i o n s ,  f a t  

G d e n o t e  wbethe£  I p o l i c y  i s  a l e v e l  d e a t h  b e n e f i t  or -- Ancraamin 9 death benefit 

7Xt As ~ t o  t b L n X  s t  2 ~ u ~ d  cash va, lue a n aarnJ.ng a r a t a  Zemm t h a n  t h e  
r a t e  e a r n e d  on u n l o e ~ e d  c a o h  v a l u t ;  c e r t a i n l y ,  t h i s  has  b e e n  t h e  e x p e r i e n c e  g i v e n  
t h e  h i g h  i n t e r e s t  e n v A r o m N n t  t h a t  h a s  e x i s t e d  s i n c e  t h e  i n t r o d u c t i o n  o f  
u n A v e r u l  l i f e .  g o v e v ~ ,  s i n c e  i t '  t h e  ~ n t e r e J t  r a t e  c r e d i t e d  on l o a n e d  cash  
v a l u e ,  As t y p i c a l l y  g r e a t e r  t h a n  1=, t h e  g u a r a n t e e d  i n t e r e s t  r a t e ,  L t  i n  p o s s i b l e  
t h a t  :in a 1or  i n t e r e s t  e a v L r o ~ t ' ,  t he  r a t e  c z ~ d i t e d  on l oaned  cash v a l u e  v o u l d  
be g r e a t e r  t h a n  t h e  r a t e  c r e d i t e d  on u n l o a n e d  cash v a l u e .  Xn such a case ,  t h ~ s  
" d e d u c t i o n "  v o u l d  LD f a c t  he 8 c r e d i t ,  
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policy. Then$: 

¢ 

(2.4.l) 

- ~acvc~.~ - w~ 

where: Cv t 

Pj 

Fj 

Lj 

Wj 

Et 

EF 

EP 

= Cash value at the end of year t 

= Premium8 paid during year j, mode mp 

= Face amount in force during year j 

= Loan outstanding during year j 

- Withdrawal taken st the beginning of year j 

= Percent Of premium charge 

= Per thousand of f a c e  charge, deducted mode ~F 

= Per policy charge, deducted mode mEp 

In using the formula above, it should be remembered that on level death benefit 

policies, each withdrawal will generally cause a reduction in the face amount of 

the policy. To handle this, F~ can be expressed as a function of the initial 

face amount and all prior withdrawals. Changes in death benefit option will also 

generally cause an adjus~nt to the face amount, with a change from a level 

8As presented, this formula effectively converts the "tAme line" approach 
used foe subscriptAag in the derivation of the various linear coefficients to the 
policy year al~rOach that is used An the models developed in chapters three 
through five. ~nder the convention adopted, premiums can occur modally 
throughout the policy year, withdrawals are taken at the beginning of the policy 
year, loans r~in outstanding throughout t h e  policy year, and cash values quoted 
a r e  end-of-year. 

Formula (2.4.1} will not be repeated in thie paper; rather, 
CVt(Pj,Fi,Lj,Wllj=l,...,t ) will be used whenever it is desired to express cash 
value eg a lihear function of prior transactions. 
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death benefit policy to an increasing death benefit policy resulting in a 

reduction of the face aIOunt by the aIount of caIh value in the policy at the 

time of the change, end conversely, a ch~Ige frol an increasing death benefit 

policy to • level dieth benefit policy resulting in the face alount being 

IZlcreaeed by the amount of the cash value at the tile of the change. In the 

event of a death benefit option changi, future face amounts can he expressed aI 

a function of the caIh value at the tail of the change. In such i case, linear 

coefficiente accounting for the impact of transactions before the death benefit 

option change on cash value after the death benefit option change will need to 

he a hybrid of annual level and increasing faCtors. The handling of a per 

thousand charge after a change in death benefit option will depend upon the 

product design. 

factorl luch aI ~CVC~ Iz) to account for the iipact on ceah value of Ueing 

Iodal per thouaand or per policy expense diductions implieI that theIe deductioni 

are made at the beginning of the IOnth. In fact, Iany product deiigns deduct 

theIe ohargeI at the end of the month. $1ing froa j-O to m-i in {2.1.6) and 

(2.1.11) will produce the factorl necIIiary for the end-of-Ionth cale. 

There are several forIi of expenie chargeI in exiitenca that preient ioIe 

difficulty when one attimpti to expreai caih value ai a linear function of prior 

tranIactionI. An ixaIple of one Iuch =problII" product deiign II the policy 

which haIa Ionthly expenie charge that ii ixpreeeed aI the "leiiir of iX.XX or 

the aIount of exceiI intereIt creditld for the month." AI a practical latter, 

thi problem of the potentially variable expenee charge can be overcome if it iI 

~oIIiblI to riitrict the calculation of cash valuei to eituationI in which the 

interIe~iate caeh values will elwayi be large enough to rI~ui~re the deduction of 

the full expenee charge. A Iimilar probll occurI in Policies with an "intereit 

corridor," in which only the guarantied interest rate iI credited to the firit 

$¥ of ceIh value (typically five hundred or ODe thouIand dollars). In thii 

Iituation, if the calculation of caIh valuee can be reItricted to iituationI in 

which interImdiati cash valuei will alwayi exceed the corridor Iunt, then caah 

valuei Iay he calculated uaing linear coefficients by crediting the entire caeh 
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value with the rate for amountm in excess of the corridor, and imputing a monthly 

expenme charge equal to thm amount of interest lost on the corridor amount. 

Among other product designs that require ~cial consideration are those 

with "competitive enhancements" or "policyholder persistency bonumea." For 

example, in s o m e  policies, the credited interest rate increases after the policy 

has been in force a specified number of years. For portfolio rate products, this 

increase may be handled simply by changing the rate used ~ the calculation of 

linear coefficients at the appropriate duration. Hew money crediting strategies, 

however, p o s e  a greater challenge. Dnder many new money methods, the rate earned 

on • policy is unique to the policy and depends upon the amount and timing of 

prior payments. Such designs may be amenable to an approach which treats 

separately different ~neration8 of cash flow. For example, the cash value 

existing up to the time of an interest rate increase may be brought forward using 

one set of ACVC factors in which the interest rate used to calculate the factors 

gradually increases to the new rate, as this cash value i8 presumed to roll over 

to the new rate. New premiums, on the other hand, may be brought forward using 

a set of factors based solely upon the new rate. The ease with which loans and 

withdrawals may be handled will depend upon the specifics of policy 

ack0inist ration. 

Under another form of persistency bonus, if a Policy stays in force a given 

number of years, the cash value will be recalculated as if a higher interest rate 

had been credited from imsue. This design requires one set of factors to 

calculate cash values up to the t~me of the retroactive interest bonus, and a 

second set of factors, derived using the higher interest rate and applied since 

issue, to calculate cash values after the crediting of the interest bonus. 

2 . 5  N o n l : l J m e a r i t  7 ~ t h e  IB4~ S e c t i o n  7 7 0 2  C e s h  V a l u e  C4~ z '~ ido r  

A universal life policy that meetm the definition of llfe insurance through 

the guideline premium/cash value corridor test requires an increase in death 

benefit when the face amount (for a level death benefit policy) or the face 

amount plus cash value (for an increasing death benefit policy} is Ie88 than the 
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cash value times the corridor percent for the appropriate attalned-age. At the 

point where I cash value richpollcyhits the corridor, cash values are no longer 

exl)resaLble as linear functions of prior transactions. The impact on future cash 

values of each additional dollar of premium is reduced as it incurs the added 

colt of purchasing the required additional death benefit. As more premium il 

received, the policy hitl the corridor in successively earlier months, thus 

resulting in successively greater penaltiel. 

In the exlmplea that illustrate the linear programming models in chapters 

three through five, cash value corridor considerations will not come into play. 

The linear programming model developed in chapter 6 will take the cash value 

corridor into account, and An fact will sometimes exploit corridor effects t o  the 

advantage of the Policyholder. Approaches to handling cash value corridor 

effects are d i l c u l l e d  in section 7.3. 

It should be noted that if • policy im in the corridor at time t, and if the 

nature of the probl ~" precludes the policy leaving the corridor, future cash 

values may be expressed as a linear function of CV t a n d  the subsequent 

transactionl. Derivation of the linear coefficients uses the formula for 

accumulating cash values within the corridor: 

C'v't'"~ . (Cy,_ 1 ~ (  CORR," CV E CV,)} ( l * i c )  1/lz (2 .S.1}  
(l+ij) ;/I~ 

where: COR~ - IRS Section 7702 corridor percent at time t 

and results in factorl such as: 

CORR~ 1) )~, (1+it) (2 .5 .2)  ~AC---VCt. (1-1- ~ ( ( 1 . i r ) , / u  

Notice that since the current death benefit for a policy in the corridor As 

determined solely by the beginning-of-~onth cash value, there iJ no need for 

meparate factors for level and increasing death benefit options, and no need for 

a face amount factor. 
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Chajpter  $ 

& SJJSlpZe I ~ d e l  

As an introduction to the use of linear programming as a means of maximizing 

policyholder value, this chapter presents a very simple model {the "Term Model') 

that answers the following question: Given an after-tax discount rate reflecting 

a policyholder's appraisal of the time value of money, what funding strategy 

minimizes the present value of future premiums? In constructing this model, it 

is assumed that the policyholder has a f~xed period insurance need and has no 

des£rs for a cash surrender value; thus, the universal life policy is effectively 

being used as term insurance. 

Two examples using this model wall be studied. In the first example, the 

change in the optimal funding strategy will be examined as the discount rate is 

varied, under t h e  assumption that the insured has an unlimited source of funds 

in any year. In the second example, the optimal funding strategy will be looked 

at when an annual limit is placed on the amount of money that Ehe insured has 

iv&ilLble to f u n d  hie contract. 

3.1  O b j e c t i v e  l ~ a n c t i o n  and C o n s t r a i n t s  

The l i n t  b e l o w  d e f i n e s  the n o t a t i o n  used i n  the  o b j e c t i v e  f u n c t i o n  and t h e  

c o n s t r a i n t s  e q u a t i o n s  f o r  t h i s  m o d e l .  [P]  t o  t h e  l e f t  o f  a v a r i a b l e  i n d i c a t e s  

a model input parameter, [D] indicates a variable that is largely descriptive and 

is used internally within the modal, and IS} indicates a variable that is of 

fundamental importance to the user as part of the linear programming solution. 

It should be noted that while many {D] items are also solved for as l~Lrt of the 

process of minJ~mizlng or maximizing the objective function, these items are not 

of prlmary interest, serving, rather, an internal accounting function. 

IS] Pt = Premiums paid at the beginning of year t 

[D] CVt(Pj I J el,.-.,t} = Cash value at the end of year t I 

lzn this chapter, it is assumed that i p o l i c y  has a fJ~e<1 face amount and 
has no withdrawal or loan activity. Thus, given an expense structure, cash 
values are a function solely of the annual premiums. 
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(P) 

(PJ 

(9 ]  

SC t = S u r r e n d e r  c h a r g e  i n  e f f e c t  d u r i n g  y e a r  t 

v w P r e s e n t  v a l u e  discount factor 

Per = Length o f  time policy iS t o  stay in force 

l h ~ n d ~ t v a i l  t = Y~tx~um c a s h  a v a i l a b l e  t o  f u n d  c o n t r a c t  in y e a r  t 

Assuming premiums are Paid annually, the objective of the model is to: 

Per 
MINIMIZE S" ~ v c'; Pr 

¢-I 

subject to the following two sets of constraints: 

(T1) The net cash value is not less than zero throughout the period the policy 

i s  t o  s t a y  £n f o r c e :  z 

Per t - I to Per: CVt(P ) J ~-1,...,t) • SC t 

{T2) For each year t, the policyholder pays no more than FundsAvail~ to fund the 

contract: 

For t = i t o  Per: P[ S l~ndIAvall t 

If in any year the insured has no restriction on the funds available, the 

constraint for that year may be eliminated. 

3 . 2  Bzmmples 

A s s u m e  t h a t  s f o r t y - f i v e  y e a r  o l d  p o l i c y h o l d e r  w i t h  a t w e n t y  y e a r  i n s u r a n c e  

2 In  t h i s  model  and  i n  t h e  General  Model d e v e l o p e d  i n  c h a p t e r  f o u r ,  i t  i s  
assumed t h a t  e n d - o f - y e l u r  t e s t i n g  f o r  cash v a l u e  s u f f i c i e n c y  i s  adequa te  t o  keep  
t h e  policy fw~ l e p e £ n g .  Most u n i v e r s a l  l i f e  a d m i n i s t r a t i v e  s y s t m  w i l l  c h e c k  
f o r  l a p s • a L e r t  o n  • m o n t h l y  h a s A s ,  W h e t h e r  e n d - o f - y e a r  t e s t i n g  As I n  f a c ~  t h e  
m o s t  e p p r o p r / A t e  c h e c k  t o  e n s u r e  t h a t  a p o l i c y  s t a y s  i n  f o r c e  q i l A  d e p e n d  o n  
s e v e r a l  t h i n g s ,  i n c l u d i n g  t h e  p a t t e r n  o f  t h e  s u r r e n d e r  c h a r g e  ( w h i c h  may  • l e o  
v a r y  R o n t h l y  ) a n d  t h e  p r i m • u r n  p a y m e n t  _._~___m. 

Some u n i T e r s a l  l £ f e  p l a n s  may £n t h e  e a r l y  y e a r s  s u b s t i t u t e  s minimum 
p r m - i u m  r e q u i r m m e n t  f o r  • s u r r e n d e r  charge t e s t .  F o r  such p l a n s ,  t h e  c o n s t r a i n t s  
r e q u i r i n g  t h a t  c a s h  v a l u e  e x c e e d  t h e  s u r r e n d e r  c h a r g e  w o u l d  b e  r e p l a c e d  b y  
c o n s t r a i n t s  r e q u i r i n g  t h a t  c u m u l a t i v e  p r e m i u m s  p a i d  e x c e e d  t h e  l o w e r  b o u n d s  
epeclfied for the years in which the minimum premium requirmnt £s in effect. 

Under some plan designs, the surrender cha~ge w£11 vary with the first year 
premium. In such • case, sct should be modelled as • funct£on of premium. 
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need purchases a el00,000 level death benefit policy from COmpany A. 3 Table 3-1 

mhows the premiums over the twenty year period that will optimize the objective 

function as the present value interest rate is varied, as well as the 

corresponding progression of cash values, under the assumption that the 

policyholder has unlimited funds available in any year. 

As one might expect, at low present value interest rates, up to I0.292S%, 

the strategy that optimize the objective function is to purchase the policy with 

a single premium. The cash value that results initially grows with time, as 

interest credits exceed cost of insurance deductions; however, in year eleven the 

cash value begins to decrease with time, so that precisely by the end of year 

twenty it is exhausted. At high present value interest rates, ~ v e  II.5174q, 

funding of t h e  contract is deferred as long as posmible: Each year'm premium 

payment is precisely enough to keep the cash value at the end of that year from 

dropping below the policy's surrender charge. 

At interest rates in between, the optimal strategy involves deferring 

funding for several yearm, and then funding the contract with the mingle premium 

requ~re<1 to bring the policy through age 64. The interest rate boundaries are 

defined by the factors LACVC&5-1, LACVC46-1,...,LAcvc~-I. (See the appendix.) 

LACVCt-I represents an "interest rats" that is the sum of two components, the 

interest rate credited to the policy, and the savings in year t cost-of-insurance 

deductions that Occur with every dollar incraame in cash value, due to a decrease 

in net-amount-at-risk. & Though the interest rate for the Co~pany A policy is 

level over time, the cost-of-insurance rates increase with t i m e ,  resulting in 

L&CVC t factors that incroamo with time. ~ the present value interest rate 

increases and crosses each LACVCt-1 boundary, the optimal mtratmgy shifts to 

3Three illustrative universal life prOducts, hareln referred to as the 
products of Company &, company B, and Company C, are used in the examples in this 
paper. Details on the rate structure of these sample products are given in the 
appendix. 

&Since the objective function does not involve llfe contingencies, the co~ 
of coverage is effectively 8inla£zed for the case  in which the insured survives 
the term period. One should recognize, though, that the =savings" that occurs 
through any prefunding has a coX, namely, the reduction in the net death benefit 
should the insured in fact dis. 
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d e f e r  p a y m e n t  o f  t h e  s i n g l e  p r e m i u m  f o r  o n e  a d d i t i o n a l  y e a r ,  i n s t e a d  p a y i n g  t h e  

mainimu~ p r e m i u m  n e c e s s a r y  t o  k e e p  t h e  p o l i c y  i n  f o r c e .  5 

W i t h i n  t h e  i n t e r e s t  r a t e  l n t e r v a l m  mbown o n  T a b l e  3 - 1 ,  t h e  o p t i m a l  s o l u t i o n  

i e  u n i q u e !  o n  t h e  b o u n d a r i e s ,  t h e  s o l u t i o n  i s  n o t  u n i q u e .  I f  = - ( P ; , . . . , P ~ O }  i s  

the opti~ml solution on the interval of present value rates [In.l,ln] and 

~{P~,...,P~0 } Is the Ol~IJnal solution on [In, i~1), then for • present value 

i n t e r e s t  r a t e  o f  ~ ,  any s o l u t i o n  o f  the  form 8= + (1-6)S (OS6sl) w i l l  be an 

~ L m a l  s o l u t i o n .  

Table 3-2 illustrates the optimal solution as a function of the present 

value interest rate when the policyholder can afford to pay no more than $I,000 

in any given year. At low prement value intereit rates, up to I0.3S90%, mince 

the policy can n o  l o n g e r  b e  p u r c h a s e d  with a single premium, it is f u n d e d  with 

the $1,000 per year aax/~m~m until enough money is pa~d to bring the policy 

through age 64. Conversely, at high present value interest rates, above 

II.0965%, the policy le funded with the minibus premium required to keep the 

policy in force each year, with the exception that in years 17 through 20, since 

this premium is in excess of the $1,000 per year maximum, only $I,000 is Paid, 

ar~ in years 12 through 16, more than the minimum required is Paid, in order to 

prefund the later deficits. 

At low interest rates, the optimal solution is t o  fund the contract through 

premiums of $I,000 in years I through 6, and $ l0 in year 7. The first change 

in the optimal funding strategy occurs at the present value interest rata at 

which the policyholder is indifferent to transferring policy funding fro~ year 

I t o  year  7, t h a t  is, a t  L-I0.3590%, when $~£CVC45-(I+i)6. 

• inca the minimum premium for year I is S 993, year I funding cannot drop 

more than $ ? from the $ 1,000 per year maximum, end any further funding deferral 

will be due to a reduction in year 2 premium. When year i premium is at $ 993, 

~ h e  s o l u t i o n  b e c 0 m e e  m o r e  c o m p l i c a t e d  when t h e  L£CVC. f a c t o r s  a r e  n o t  
mono ton i ca l l y  i n c reas i ng ,  as might be the cases fo r  example, ~or i p o l i c y  issued 
to s male in hie early twenties, or to an insured who is assigned a temporary 
flat extra. In such a case, given an insured aged x at issue and a present value 
interest rate i, the cost of insurance for policy year n will be funded wi~h 
premium at the beginning of the year m (m-~n) that maximizes ~CVCx~I(I+i)n'T. 
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year 2 premium can drop to as low as $ 168 before the policy will lapse. 

Indifference to traullferring funding from year 2 to year ? occurs at i-I0.3723%, 

when 5~ACVC~-(I+i)5, thus defining the next shift in the optimal solution and the 

second interest rate boundary. However, dropping the year 2 premium from $1,000 

to $ 404 results in funding st the full $I,000 level in year 7; any further 

funding reduction will need to be made up in year 8. This defines the third 

interest r a t e  boundary, at i-i0.3889%, when 5~cvc&6-(1+i)6. Further interest 

rate boundaries are similarly defined by the points at which the policyholder is 

indifferent to transferring funding from period m to period n (m~n), where either 

period m funding is done at the mini~n~m level required to keep the policy in 

force, or period n funding ii done st the $1,000 ~utlmum. 
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Chapter  • 

& ~ m e r e l  Node1 

T h i s  c h a p t e r  d e v e l o p s  a m o d e l  t o  b e  u s e d  by a p o l i c y h o l d e r  t o  O l ~ i m a l i y  

a l l o c a t e  f u n d s  be tween  a u n i v e r s a l  l i f e  (UL) c o n t r a c t  a n d  s e v e r a l  a l t e r n a t i v e  

Invemtmente. The alternatives considered are • money-market fund (MM), a 

deductible ~d£vidual retirtment account (IRA), and • flexible premium annuity 

(FPA). As presented here, the model i• constructed to optimally allot•t• fund• 

at the time • contract is issued, but with minor modifications it could be used 

to olYcimisa the allocation of future fund• on an insurance and Inve•tnwnt program 

that is already in effect. In the next cha~er, the use of this model as • cost 

comparison mthod will he studied. 

4.1 Notation 

A rath•r substantial amount of notation i• required for the model. 

begin, the following notation is used for insurance policy element•: 

(S) Pt 

I S ]  r t 

I s )  w t 

[ O ] Wl *xFtn 

(S] LT t 

[ s ]  x ~  

[D) L t 

( e ]  ILc 
( • ] G~Pi~d J 0 0 0  z 

- Premium paid during year t 

J Face amount in force during year t 

= Withdrawal taken at the beginning of year t 

- Portion of ~t that is taxable 

= Portion of W t that is tax-free 

- Loan taken out at the beginning of year t 

[P] GsP~lj000: 

To 

- Loan ~epaid, beginning of y•ar t 

- Loan outstanding during Fear t 

= I n t e r e s t  r a t e  c h a r g e d  o n  o u t s t a n d i n g  l o a n s  

- IRS S e c t i o n  7 7 0 2  g u i d e l i n e  a n n u a l  p r e m i u m  p e r  

thou•and of face wnount, for a new policy at the 

insur-~'• attained age in year t 

= Guideline single premium per thou•and of face amount, 

year t 
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[P] GAPolFee 1 , ,  

[P] GSPolFee  1 

[D] GAP t = 

|D ]  ZGkP t = 

[D] GSP t = 

[D] GPL t = 

[P]  C o r r  t - 

[ P ]  7Pay000 = 

[D] T a x B a s i s  t - 

[D) 7702Basis t = 

| P ]  D B I n d  = 

[ P ]  SurrPer000 t = 

Any  additional guideline annual premium at issue 

required to c o v e r  fixed policy c o s t s ,  such as policy 

fees o r  other administrative c h ~ g e s  

Any  additional guideline q t l n g l a  p r ~ i u m  a t  issue 

r e q u i r e d  t o  c o v e r  f i x e d  p o l i c y  c o s t s  

Guideline annual pr~ium, year t 

Sum o f  the guideline a n n u a l  premiums through year t 

Guideline sLngle premium, year t 

Guideline p r - ~ i u m  limit, year t 

IRS section 7702 corridor factor for the inaured'e 

attained-age during year t 

Modified endowment 7-Pay premium test premium per 

thousand for a policy at the inaured's is|us age. 

Policy's tax basis, year t 

Policy's IRS section 7702 basis, y e a r  t 

1 f o r  a n  increasing d e a t h  benefit policy 

0 for a level death benefit policy 

Surrender charge in year t, per thousand of face amount 

issued i n  y e a r  I 

[D] CVt (e j ,r j ,Lj ,W j I J-1 . . . .  t )  

= Cash value, end of year t, as a function of prior 

tr~sa~ions 

[P] ULimtuL = Upper limit on t h e  amount of money the policyholder 

desires to put into the UL contract, year t 

[P] LLI~ UL - Lower l~t on the amount of money the policyholder 

desires to put into the UL contract, Fear t 

[P] MinNA~ - Policyholder's minLqn~ desired net-~unt-at-risk, 

year t 

In the model, F t will be allowed to vary fro~ year to year, to acccam~odate the 

dollar-for-dollar reduction i n  face amount that occurs o n  level death benefit 

policies when withdrawals are made. As part Of t h e  linear programming solution, 
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the model will solve for the minimum face amount at issue, F I, 8o that the policy 

will a1~ays a m e t s  i t 8  m i n i m u m  insurance element requirement, as defined by the 

i n p u t  p a r a m e t e r s  M i n N i e ,  Lnd  a l l  o t h e r  c o n s t r a i n t s .  As d e v e l o p e d  h e r e ,  Ft ,  

though it may vary by duration, is not meant to model increases or decreases in 

face amount other than those due to withdrawals. The model a s s u m e s  that 

withdrawals of cash value can be --ads without invoking a surrender charge; I 

thus, once F I is determined, thm surrender charge in effect each duration i8 

fixed based on the rates in the input parameters SurrPerO00t. For the sake of 

convenience, surrender charges are assumed to be based on the face amount at 

issue; most other surrender charge patterns (for example, based on a percentage 

of first year premium] could Me ~odelled equally easily. 

The following notation i8 u a e d  to describe the investments, where ae{MM, 

IRA, FP&} : 

is ] D~ 
[ P ) LoadPct" 

[ p ]  i e 

[sl 

( D ] t a x ~ w ~ p a  

[ D ] TAXFREEw~PA 

[ D ) F P A B a e i s  t 

I P ] ULAm~ 

IPJ ~ :  " 

In keeping track of cash 

will be tax-deductible, 

- Deposit to investment a, beginning of year t 

- Percent-of-deposit load charged by investment o 

m Interest rate created invee~nt a 

- withdrawal from investment a, beginning of year t 

= P o r t i o n  of W~ pA that is taxable 

- Portion of W~ pA that i8 tax-free 

= Flexible premium annuity tax basis, year t 

= Investment a account balance, end of year t 

- Upper limit on the amount the policyholder desires or 

is allowed to contribute to investJment a in ~ar t 

LowQr i/mAt on the amount the policyholder desires or 

i8 allowed tO contribute to investment a in Meat t 

flows, deposits to the individual retirement account 

interest will accumulate at i ILa end wall n o t  be 

1~re c~n than • surrender char~ upon making a withdrawal im s fixed fee 
for the transaction. The f~npomition of such a charge cannot be modelled using 
linear progra---ing techniques, because making a withdrawal then results An a 
discontinuity An the account value. Such chargem can be modelled using integer 
prc~ra---ing techniques. Generically, a Bathewatical programming problem in which 
there is a fixed cost associated with one or -~re variables only when they are 
n o n - z e r o  i s  c a l l e d ,  a p p r o p r i a t e l y  enough,  as a f i x e d  charge problem. 
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currently taxed, and all withdrawals will be fully taxable. Deposits to the 

money~uket fund are ams~ ~o be ~de with after-tax funds, and accumulmte st 

an after-tax interemt rats i ~ ; thus, withdrswalm are not taxable. Flexible 

pre,nium annuity depomltm are ammuuned to be ~ds from miter-tax funds which 

accumulate tax-deferred at i FPA. In contrast to the individual rmtir~nt 

account and the money-market fund, annuity tuatlon rules necessitate keeping 

track of the taxable and non-taxable component of each withdrawal. 

Some miscellaneous notation follows: 

(P] n = Number of years the insurance and investment program 

is t o  remain in force 

[P] FitRate = Policyholder's marginal federal income tax rate 

[P] TPInd t - Tax penalty indicator for IRA or FPA withdrawals, 

equals 1 if • withdrawal at the beginning of year t 

would be deemed to be premature, O otherwine E 

[P] IRAMinW%~ - IRA minimum withdrawal percent, year t. $ 

[P] FCF t = Policyholder'8 (fixed) estimate of the after-tax fundm 

that will be available to fund {if positive) or that 

will need to be w£thdrswn from (If negative} the 

insurance and investment program at the beginn£ng of 

year t 

ZA withdrawal fro~ an IRA or annuity is generally considered premature if 
it is made before the owner reaches age 59 1/21 however, there are exceptions to 
this rule. The taxable portion of any premature withdrawal i8 hit with an extra 
ten percent penalty tax. This model can be used to help determine whether in 
situations in which funds need to be withdrawn from the invest~|nt program, it 
would be worthwhile taking a pr~ture withdrawal from an IRA or annuity, even 
with the t~x parity. 

3Current tax law requires that distributions from an IRA trance by age 70 
i/2. ZRAMInW% t is thus zero if the policyholder is leo0 than age 70 i/2 a t  the 
beginning of ~ear t; Ln years in which the policyholder is 70 I/2 or older, 
IRAMin%~_ ia the reciprocal Of t h t  Joint and last survivor life Qx]~ectancy of the 
insured and the £nsured'8 IRA beneficiary, based upon tables proa~Igated by the 
IRS. For technical compliance with IR5 regulations, some work ~id be requ~E~ 
to ensure t h a t  the TPlnd. and IRAMInW% t factors, as well as the timing of any 
required w~thdrawal|, are consistent with IRS timing conventions. IRS 
requirements are defined Ln calendar ~ar terms on an sge-last-bErthday basis, 
which probably will not coincide with the insurance policy year and the insured's 
insurance age. 
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( S ]  CAB n - combined after-tax universal life cash surrender value 

and alternative investment account balances, end of 

year n 

4 . 2  ~ j e c t £ v e  F u n = t £ o a  a n d  C o n s t r a i n t s  

The  g o a l  o f  t h i s  l i n e a r  p r o g r a m m i n g  m o d e l  i s  t o  m a x i m i z e  t h e  sum o f  t h e  e n d  

o f  y e a r  n a f t e r - t a x  u n i v e r s a l  l i f e  c a s h  s u r r e n d e r  v a l u e  a n d  a s s o c i a t e d  i n v e s t m e n t  

a c c o u n t  b a l a n c e s  : 

MAXIMIZE: $ - CAB n 

The nlneteen sets of constraint0 required for this model, labelled (G1) through 

(GI9), are described below. Constraint sets (G1) through (GI2) deal specifically 

with the univermal life policy, constraints (G13) through (G17) deal with the 

investments, and met (GI8) links the insurance and investment cash flows. CAB~ 

is defined in (G19). 

(GI) The following constraints relate the universal life loan outstanding 

each year to the amounts loaned, amounts repaid, and the interest rate charged 

o n  loanS: 6 

L I = LT I 

For t - 2 to n: L t = LT~ - L~ + (I÷iLC) Lt. I 

(C2) The following constraints ensure that the contract remalna in force, 

by requiring that the end-of-~ar cash value less the loan outstanding during the 

~ear (including the interest that will accumulate on the loan) equals or exceeds 

the ourrender charge: 

For t - 1 to n: CV t - (l÷itc) L t a .001 F I SurrPerO00¢ 

&Linear pEoqrlm~ing algorithms determine i solution that is on a cornerpoint 
of the feasible r~ion defined by the constraint equations. I n  the formulation 
of this li~ar p r o g r a m m i n g  e~del, any solution in which both LT t and L~ .are 
greater than zero for a given t will not be a cornerpoint of the feasible r~on. 
Thua, one or the other of LT t and LR t may be greater than zero, but not both. 

It is possible to formulate this linear programming Bodel without defining 
"loans taken" or "loans repaid" variables, by instead defining a n d  solving f o r  
only the loan o u t s t a n d i n g  each year. The loan ~ .aken  or repaid at the beginning 
of Fear t would then be L, - (i + iLc } L,. I. This approach is more direct, but 
oomewhat leas natural. Th~s same co~e~ent-applies as ~Ii to money e~arket account 
proceaainq: It would be ~ore direct, but leas natural, t o  me t  up the model t o  
solve only for the end-of-year account balances, and then hack into the required 
deposits and withdrawals. 
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(G3) The following constraints administer the reduction in face amount on 

level death benefit policies that occurs whenever a withdrawal is made: 

For t = I to n-l: F~÷I = F t - (i - DBInd) . Wt+ I 

(G4) The following constraints ensure that the policy face amounts through 

time are sufficient to meet the minimum insurance need, as defined by the MinNAP~ 

factors : 

For t - I to n: F t - (i - DBInd) - CV t • MinNA~ 

Should the policyholder ever d~ his insurance to be cle~ly secondary to the 

use of the policy as an investment vehicle, MinHA~ could be set to zero fr~ 

that point forward. 

Two c~nts deserve to be made regarding constraint set [G4). First, in 

the ~bsence of this set of constraints, the model could exhibit undesirable 

behavior. The objective is to maximice a c a s h  accumulation, a n d  reducing the 

~u~ount spent for insurance will, all other things being equal, increase the cash 

accumulation. Thus, if the cost of paying and immediately withdrawing a dollar 

of pruium is less than the cost of purchasing that one dollar of insurance over 

the period the policy is to be held, the optimal solutlon could involve 

overf,nding the contract and then withdraw£ng ~ney, for the sole purpose of 

reaping the fictitious "benefit" of reducing insurance costs. Clearly this is 

not desirable. 

Second, whi2e constraint set (G4) effectively places a lower limit on the 

face amount to be purchased, it does not imply an upper limit. Under some 

circumstances, the ExDdel will purchase more face amount than one might initially 

expect by simply examining the factors MinNAR t . For example, suppose the tax 

advantages co~ined with the investment return on a universal life contract make 

i t  a desirable invoetment vehicle, compared to other available options. If 

guideline pr~ium constraints (GII) or cash value corridor constraints qGl2) for 

the minimum face amount necessary to meet the insurance need get in the way of 

fully allocating available funds to the insurance contract, a larger face amount 

will be purchased if the coat of the additional protection required to make room 

for additional premium does not dilute the return to such an extent that the 
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contract is no longer the preferred investment. 

( G S )  A 8  p a r t  Of the compliance requirements for the IRS section 7702 

definition of life inmurance, the following •at of constraints defines the 

initial guideline pretnium8, adjusts them as necessary for any subsequent 

reductions in face amount when withdrawals are taken from level death benefit 

policies, and defines the sum of the guideline annual premiums: 

GAP I - .001 • F I GAPAdJOOO I + GAPolFee I 

GSP I - .001 F 1 GSPAdJOOO I + GSPoIF~ I 

ZGAP 1 ~ GAP 1 

and for t - 2 to n: 

GAPt = GAPr. I - .001 (1 - DBInd) • GAPAdjO00 t W e 

GSP t - GSPt. I - .001 " (I - DBInd) . GSPAdjOOO t • W~ 

ZGAP t - T-GAPt. 1 + GAP t 

(G6) The following constraints define the guideline premium limit each year 

as the greater of the guideline single premium and the sum of the guideline 

annual premiums: 

For t - i t o  n: 

GSPExc[GAp t - EGAPExcGSP t = GSP t - 2GAP t 

where: 

[D] GSPExc~AP t - Amount by which the guideline single premium exceeds 

the sum of the guideline annual premiumB, y e a r  t 

[D] EGAPExcOSp t . Amount b y  which the sum of the guideline annual 

premiums e x c e e d s  the quid•line single premium, y e a r  t 

and: 

GPLt " ~?~Pt ÷ G S P E x c ~ A P t  

T h i s  t e c h n i q u e  w i l l  b e  u s e d  s e v e r a l  t i m e s  i n  t h i s  p a p e r  f o r  d e f i n i n g  • v a r i a b l e  

t h a t  i s  t h e  maximum ( o r  t h e  minLmum) o f  two  o t h e r  v a r i a b l e s .  Zn t h e  l i n e a r  

programming solution, An • given year, either GSPExcP~;~P t will be greater than 

zero, or ~ C G S P  t wall be greater than zero, but not both. If GSPExcZG&P t As 

greater than zerO, then the guideline single premium dominate• the sum of the 

gu£deline annual premiums £n year t, and GSPExcEG&P t will be added to EG~ t to 
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get the guideline premium limit, GPL~. Conversely, if the sum of the guideline 

annual promiumm dominates, then GPL t will equal ~GAP~. 

(GT) Constraints are required to eplit withdrawals during the first five 

years into taxable and non-taxable coaqponentd. The rules for doing this split, 

defined in IRS Section 7702 (f)(7), are 8omewhat caaplicated. Cash distributions 

are to be recognized as income up to the amount of the gain in the contract, re 

the e~ent of the recapture ceiling, which for a withdrawal at the beginning of 

year t is the larger of: 

A. The tax basis of the contract, TaxOasi|z.1, less the guideline premium 

limitation GPL~ after the wlth~rawal 

and O. The cash value, CVz. I ,  innedlately prior to the withdrawal leas the face 

amount, Fz, after the withdrawal, divided by the corridor factor Cart z. 

The recapture ceiling can be calculated using the following set of constraints: 

For t = 2,...,5: RecapR~ - Dummy~ 8 TaxBasisz. I - GPL z 

Recaps z - DummyB z = CV~. 1 - Ft/Corr z 

RecapAExcRecapB~ - RecapBExcRecapA~ - RecapA z -RecapB z 

RecapCeiling z - Recaps t ÷ RecapAExcRecapB z 

where: 

(D) RecapX z 

[D] RecapB z 

[ D ) D,,~y^~ 

[D| Dummy6 t 

[D) 

[D) 

[D) 

The gain An 

where: 

(D) 

= Recapture ceillng due to rule (A) above, year t 

. Recapture ceiling due to rule (B) above, year t 

- "Dummy* variable, used to hold the absolute value of 

TaxBami|1. I - GPL~ if rule A defines a negative number 

= "Duchy" variable, uma~[ tO hold the abeolute value of 

CVt. I - Ft/Cor~ t, if rule B defines a negative number 

RocapEExcRecapR z - Amount by wh ic h  R e c a p / ~  e x c e e d s  R e c a p B  z 

R ocapBExc Re c a pA t = Amount by  wh ic h  IPtecapB z e x c e e d s  R e c a p A  z 

R e c a p C e i l i n g  z - R e c a p t u r e  c e i l i n g  f o r  y e a r  t 

t h e  c o n t r a c t  can  de te rm ined  by add ing  t h e  c o n s t r a i n t s :  

ULGaln~ - ~ | 8  t = CVt. 1 - TaxBasist. I 

ULGain t - Gain An the contract, beginning of year t 
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{D} ULLoas t - Loss on t h e  contract, beginning of y e a r  t 

Finally, splitting withdrawals into taxable and ~ax-free components can be 

eccoaqpliahed by adding the constraints :$ 

GalnExcRecep[ - RecepExcGlln t - ULGein t - RecepCeiling t 

W~k~LE . ULGIin t - GairLExcRecap~ 

w, - W~ "''E + W: ~uWLE 

where: 

iv] 

[v) 

Gl inExcRec lp t  - Amount by which Gain r exceeds  R e c a p C e i l i n g  t 

RecepExcGain t - Amount by which RecapCeiling t exceeds Glln t 

(Ga) A set of constraints is required to split withdrawals into taxable and 

non-taxable components in years six through fifteen. The rules are identical to 

those s t a t e d  above for withdrawals taken during t h e  first five years, e x c e p t  that 

the recapture ceiling is defined es (B) above, rather than the greeter of (A) and 

(S) .6 

(Gg) The following constraints are sufficient to split withdrawals in year 

sixteen on, which are taxed only to the extent that they exceed the tax basis, 

into their taxable and non-taxable components; 

For t - 15 to n: 

W t - w~ AX'Lf~ + w~ AxML[ 

W:AXFeE| $ T i l x B l l i a t . |  

In arriving at an optimal solution to this linear programming problem, notice 

Sons ampect of the taxation of wlthdrawalm is not addressed  by constraints 
(G6) and (GT), namely the treatment oE distributions "made in anticipation of 
death benefit reductions" referred to in 7702(f)(7)(E). 0nder thil section, the 
calculation of t a x a b l e  income upon a withdrawal that reduces benefits requires 
an exa~ninetlon o f  any other withdrawals made in the previous two years and l 
possible recalculation of taxable income. This aspect of the tax code has not 
been " ~ x l e l l e d .  

~ ¥  t a x a b l e  w i t h d r a w a l s  a l l o w e d  by t h e  ram<Ill d u r i n g  t h e  f i r s t  f i f t e e n  
pOl iCy  years will be considered to be premiums returned to the policyholder when 
determining the "sum of premiums paid" under 7702. Thus, such withdrawals offset 
pre~niunm in the definition of 7?02Basis t in (GII). 

Although not allowed by the model, the policyholder could have a 
contractual right to additional taxable withdrawals, if there is still cash value 
r~ining in the contract once tax-free withdrawals up to the full amount of the 
tax basis have been taken. For I further disclasaion of withdrawals during the 
first fifteen policy years under the guideline premium/cash value corridor test, 
see [I0], including the enlightening discussion by J. Peter Duran. 
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that withdrawals will automatically be allocated to tax-free withdrawals before 

taxable withdrawals, due to the desirabil~ty of deferring taxable inc0me. 7 

Conveniently, this parallels the allocation for tax treat~ent. 

(GIO) The following constraints define TaxBasle t for use in determining 

taxable income: 

T a x B e a i s 3  = P1 

For t = 2 to n ;  TaxDasiJt " TaxBssis~-1 + Pt - W~ ~;~E[ 

(GII) The following constraints define 7702Basis t and ensure that the 

policy meets the guideline premium limitations of the definition of life 

insurance: 

7702Basisl " PI 

For t = 2 to 15: 7702Basigt = 7702Easier-! ÷ Pt - Wt 

For t ~ 16: ?702Besist = ?702Basist-1 + Pt " W~t AxFI~E 

For t = I to n: 7702Basle t -< GPL t 

(G12) The following set of constraints ensures that the policy meets the 

cash value corridor constraints of the definition of life insurance: 

For t - I to n: CV t < (F t + DBlnd . CVt) / Corr t 

Rather than increase the death benefit when the camh value becks sufficiently 

high, these constraints itmLt the cash value mo that the policy never enterm the 

cash value corridor. Thlm approach £g necessary because of the desirab£1ity of 

keeping cash values a linear func~cion of prior transactions! linearity break| 

down as a policy enters the corridor. Defining the constraints using end-of-year 

values is 8ufficient to ensure that the policy has not entered the corridor at 

any  t~me during the year, lines on cash value rich policies such as policies near 

the corridor, the end-of-year cash value would be expected to be the largest cash 

value in effec~ during the Fear. 

(G13) Lastly, the following constraints prohiblt the policy from becoming 

7Given the time value of money, it would generally be to one's benefit to 
delay to the extent possible the ~yment of any income tax. This observation 
h o l d s  i n  t h e  c a s e  o f  a w i t h d r a w a l  w h e n  t h e  t a x  o n  t h e  w i t h d r a w a l  d o e s  n o t  v a r y  
with the timing of the withdrawal (as Is true in the General Model, since FitRats 
is fixed by duration). The proper ordering of taxable versu8 tax-free 
withdrawals would also be preserved if FitRate were allowed to monotonically 
increase by duration. 
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a modified endowment contract. In testing cumulative premiums against modified 

endo~nent limits, the smallest face amount in effect during the first seven year8 

is used. Since face reductions occur only when withdrawals are taken from level 

death benefit policies, the face amount ~notonically decreases with t~me, and 

thus F 7 uuty be used in each year's test : 

For t = I to 7: 

¢I |P : j -W~ 'u~u2}  < ¢ • ( . O 0 1 F T )  .7PayO00 

Constraints (G14) through (GI?) administer the inveat~ment alternatives: 

(G14) The following constraints define the end-of-year account balances 

for each inveot~nent: 

For a • {MM, IRA, FPA}: 

A~i - (I ÷ i •) (I - LoadPct •) D~ 

and for t = 2 to n" 

(G15) The follc~ing conmtraintm requires that each investment (including 

the insurance policy) m e e t  the minimum and maximum contribution limits defined 

by t h e  policyholder (or by t a x  law, in the case of contribution limits t o  IRA8). 

For t = I t o  n and for a • {MM, IRA, FPA}: 

Pt ~ LLim~ and W t - 0 

Pt s OL~ L 

The above constraints involving withdrawals prevent the possibility that 

withdrawals will occur |i~ultaneoualy with deposits when the input par~tar8 

LL;m~ required a deposit. Constraints involving LL~ and withdrawals should 

only be defined when LL~ is greater t h a n  zero. LL~ and UL~ factors can be 

used to force a divermification of investments. Alternativtly, constraints 

placing • minJJnum or maximum on the account balance of any particular inveat~ent 
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as a percentage of total inves~td funds could be defined. 

(GI6) The follc~ing constraints ensure that the minimum withdrawal 

requirements from an IRA are met: 

For t = 1 tO  n~ 

kBiu . IRAMinW% t W~ ~ ~ t - 1  

In years in which withdrawals from IRAs are required, no IRA deposits should be 

allowed, so ULim~ u should be set t o  zero. 

(Gl~) The following constraints keep track of the tax basis of the 

flexible prsmima annuity and split withdrawals into taxable and non-taxable 

components. For the tax basis, let 

FPABasis I = D~ PA 

For t = 2 to n: FPABaais~ = FPABaeiet. I * D~ ~ - T~F~W~P* 

To account for the tax treatment of withdrawals, which during the accumulation 

phase of an annuity are treated am taxable inc~ (with a possible penalty tax) 

to the extent of any gain in the contract, let: 

For t = 2 to n: 

FPAGain t - FPALoss t = AB FP* t-1 - FPABasist-1 

T~FEEwFPAt " FlPAGainl~xcTRt = wFPA " FPAGain t -t 

W~tPA . ' ~ " ' W ~ t  A + TAX~I~EI~t 'A 

where: 

[Dj 

[D] 

[91 

F P A G a I ~  s G a i n  ~.n t h e  I n n u i t y  c o n t r a c t ,  b e g i n n i n g  o f  y e a r  t 

FPP.LOmS t = Lores i n  t h e  ~ n n u i t y  c o n t r a c t ,  b e g i n n i n g  o f  y e a r  t 

F P ~ a i n ] b c c N  t = Amount by  w h i c h  t h e  a n n u i t y  g a i n  a t  t h e  b e g i n n i n g  o f  

yma~ t e x c e e d s  t h e  a m o u n t  o f  t h e  w i t h d r a w a l ,  i f  i t  d o e s  

(GZ8) Ttm f o l l o w i n g  c o n s t r a i n t s  s e t  t h e  a f t e r - t & x  c a s h  f l o w  i n t o  o r  o u t  

o f  t h e  i n s u r a n c e  p o l i c y  and  t h e  l n v Q s ~ n t  a l t e r n a t i v e s  e q u a l  t o  t h e  

p o l i c y h o l d e r ' e  e x p e c t e d  c a s h  f l o w  e a c h  y e a r ,  a s  s p e c i f i e d  b y  t h e  i n p u t  f a c t o r s  

FCF t .  I n  t h e  f o r m u l a  b e l o w ,  a d j u s t m e n t s  a r e  made  t o  a c c o u n t  f o r  t a x  c r e d i t s  

available on IRA deposits, and tax charges (including any penalty) on taxable 

withdrawals frca the insurance policy, the individual rstirlment account, and the 

flexible preLtum annuity: 
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FCF~ Pt + LRt + Dt m + (1 - FitRate) D~ RA + D~ PA 

- (i - FitRate) W~ A~L[ 

- (i - FitRate - .l TPXnd,) (W~ ~ + v~u~,Sw~Pa) 

- (LTK ÷ W~ AxFRE[ ÷ TAXF~E[w~PA + ~ )  

(G19) The f o l l o w i n g  c o n s t r a i n t  de f i nes  CABn, t h e  end o f  p e r i o d  n co-AbLned 

after-tax account balances which As maximized under the objective function. In 

defining CAB., it is necessary t o  s p l i t  the cash surrender value CV n of the 

universal life policy into taxable and tax-free ccaponents CVTtAXAJLE and CV~ AxF~'E, 

and to similarly split the flexible premium annuity into components TAY"AII*LEAJB~PA 

and TAXFREEA~PA. The mechan ics  o f  doing t h i s  s p l i t  have a l r e a d y  been deve loped  

within the context of the taxation of withdrawals, and will not he repeated hers. 

Any outstanding loan, with interest for the year just ended, also needs to be 

repaid. Therefore: 

CAD n " CV TN(FREE - (1 + iLC ) L n 4. ~ + TAXFUE~BF" 

+ (1 - FitRate) CVnTAX~L[ 

+ (i - ritRate - .i TPZnd) (ASl. ~ + TUJJL[ABFn pA} 

Under some circumstanoes, it may b e  more desArable to maximize an after-tax 

income stream for a period of years, rather than a single future cash 

accumulation. This may be aocampli|hed by limiting the f~xed cash flow input 

factors FCF t to m years, and for years m + I thorough n, replacing the fixed 

input factors FCF t by the variable -VCFt, while adding the constraints: 8 

vcF., - vc1,,~ z 

VCYm2 ~ VCrs+ 3 

VCF n a CAB n 

As expressed above, the n - m + I after-tax disbursements will be equal in 

amount. Ho~tver, it would be a simple matter to adjust the constraint equations 

8 C a s h  £1ows i n t o  t h e  p o l i c y  h a v e  b e e n  d e f i n e d  a s  p o s l t ~ v e ,  a n d  c a s h  f l o r a  
o u t  a s  n e q a t i v e .  To k e e p  VCF t f o r  t = m + 1 , . . . , n  g r e a t e r  t h a n  z e r o ,  FCF t i s  
r e p l a c e d  b y  -VC~ , .  I t  i s  d e a i = k b l e  t o  k e e p  t h e  s i g n  o f  e a c h  VCF t v a l u e  p o s l t i v e ,  
b ~ c h  f o r  c o n s i s t e n c y  w i t h  C k 8  n ( w h i c h  a l s o  i s  a c o m p o n e n t  o f  t h e  £nocme s t r e a m ) ,  
a n d  t o  s a t i s f y  n o n - n e g a t i v i t y  c o n s t r a i n t s  o n  l i n e a r  p r o q r a m m A n g  v a r i a b l e s .  
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above to obtain 8 varying inc~e pattern, e.g., one that increases at a fixed 

rate from year to year to take into account the effects of inflation. Additional 

work would be required if it is desired to treat peyouts from the flexible 

premium •~tnuity as coming; from annultization, rather than aa vithdrawals during 

the accumulation phase. 

In running this model, it i8 assumed that a death benefit option has been 

chosen. One might expect the policyholder to be indifferent to the death benefit 

option, ms long as the mEn;mum insurance element, MariNAS, has been met each 

year. Assuming this to be the case, it would be desirable to run the General 

Model twice, once under each death benefit option. The death benefit option 

selected would then be the one under which the model produces the higher value 

of the objective function. 

•. 3 An Exile 

Suppose a prospective foray-five year old p<~licyholdar wants to begin an 

insurance and retirement savings program. He desires • minimum net-amount-at- 

risk of $100,000 each year until age 65, and has $ 6,000 of after-tax cash flow 

that he is willing to allocate Ln any manner Imong the following invettmentI: 

(I) A universal life policy from ~:~pany A 

(2) & deductible, no-load IRA that credits interest at 9.0% per year, and 

has a max;mum contrJJ~utlon limit of $ 2,000 

(3) A flexibte prmium lulnuity that charges a 3% load, and credits interest 

at 9.St per y e a r  

(4) & no-load, tax-free money-market mutual fund that credits interest at 

6.5% pe r  y e a r .  

Table 4-1 illustrates the o1~Imal insurance purchase (a $ 100,000 increasing 

death benefit policy) and a11ocation of funds so as to muimize the age 65 

combined after-tax cash accumulation, asmuming the policyholder's marginal Inc~ 

tax rate is 28%. 

In the example, the IRA is funded with the maximum allowable contribution 

of $ 2,000 each year. This provides an annual tax credit of $ 560, which becomes 
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Table 4-1 :  Optimal A l l o c a t i o n  Among Investments and s $ 100,000 Issue Age 45 Inc rese ln  8 Death Bene f i t  P o l i c y  From Company ^ 

Net 
UL IRA IRA Tax FPA NH Cash UL IRA FPA MR 

Year Premium Deposi t  Cred i t  Premium Deposi t  Flow NCV Balance Balance Balance 

t 
2 
3 
4 
5 
6 
7 
8 
9 

lO 
II 
12 
13 
14 
15 
16 
17 
L8 
19 
20 

Aasuaptlons:  

4,560 
6.560 
4,560 
4,560 
3,224 
2,968 
4,072 
4,072 
4,072 
4,072 
4,072 
4,072 
4,072 
4,072 

0 
0 
0 
0 
0 
0 

2 000 (560) 
2 000 (560) 
2 000 (560) 
2 ooo (560) 
2 000 (560) 
2 O00 (560) 
2 000 (560). 
2 000 (560) 
2 000 (560) 
2 000 (560) 
2 000 (560) 
2 0o0 (560) 
2 0oo (560) 
2 000 (560) 
2 000 (56O) 
2 000 (560) 
2 000 (560) 
2 000 (560) 
2 000 (560) 
2,000 (560) 

0 0 6.0O0 
0 0 6,000 
0 0 6,000 
0 0 6,000 

1,336 0 6,000 
1,592 0 6,000 

488 0 6,000 
488 0 6,000 
488 0 6 ,000  
488 0 6,000 
488 0 6 ,000  
488 0 6,000 
488 o 6.000 
488 0 6,000 

4,560 0 6,000 
4.560 o 6.000 

0 4,560 6,000 
O 4.560 6.000 
0 4,560 6.000 
0 4,560 6,000 

3.686 
8.593 

13.962 
19.836 
24.882 
30.132 
37,006 
44,521 
52,734 
61.708 
71,513 
82.226 
93,934 

106,730 
116,502 
127,149 
138.696 
151,275 
164,971 
179,877 

2 

7 
9 

13 
16 
20 057 
24 042 
28 386 
33 121 
38 281 
43 907 
50.038 
56.722 
64,007 
71,947 
80,603 
90,037 

100.320 
l U , 5 2 9  

180 
556 
146 
969 
047 
401 

O 0 
0 0 
O [) 
0 o 

1,419 tJ 
3,245 0 
4,071 0 
4,976 0 
5.968 o 
7.053 () 
8,241 o 
9,542 o 

lo ,  96 ] o 
12,527 o 
18,561 0 
25,168 o 
27,559 4,856 
30,177 10,0;>8 
33,043 Lb,T)7 
36,183 21 ,t,03 

20th Year A£ te r -Tax  Balances:  145,474 80,301 30,518 21,403 

Tota l  - 277.69(, 

IRA c o n t r i b u t i o n s  a re  c a x - d e d u c t l b l e  and l i m i t e d  to $ 2,000 per  yea r .  
The IRA i s  no - load  and e a r n s  i n t e r e s t  s t  9.Or per  year .  
The f l e x i b l e  premium annui ty  has a 3t load and earns i n t e r e s t  a t  9 .5 t  per year.  
The money market fund is no - l oad  and earns i n t e r e s t  a t  a t a x - f r e e  rate o f  6 .5 t  per yeor,  
The po l i c yho lde r  has $ 6,000 o f  a f t e r - t a x  cash f low to inves t  each year. 
The p o l i c y h o l d e r ' a  margins1 f e d e r a l  income tax  ra te  is  28t.  



a v a i l a b l e  f o r  i n v e s t m e n t  i n  one o f  t h e  t h r e e  o t h e r  i n v e s t m e n t s .  D u r i n g  t h e  f i r s t  

fourteen years, the universal life contract is t h e  second most  desirable 

investment, and it is funded to the maximum extent allowed by the guideline 

premium limitations of IRS ~mct ion  7702. Any additional ~oney available i• 

allocated to the flexible premium annuity. 

In year fifteen, the universal life contract is no longer preferable to the 

annuity, because t h e  6% load charged by Company ~ on universal llfe premiums 

cannot be made up by the contract's superior 10t interest crediting rate when 

funds are to remain on deposit for six years or less; thus, the annuity becomes 

the preferred investment, after the IRA, for years  fifteen and sixteen. From 

year seventeen on, the annuity'm three percent load similarly dilute• its overall 

return to such an extent that the no-load tax-free boney market fund becomes the 

i n v e s t m e n t  of choice. 

& more typical insurance and investment program design would have been t o  

fund the $ 100,000 increasing death benefit policy with level premiums of $ 1,200 

per year, while depositing $ 2,000 per year to the IRA and $ 3,360 per year to 

the annuity. Such an e11ocation result• in • twentieth year after-tax cash 

accumulation of $ 273,315. Of the S 4,381 increase in after-tax cash 

accumulation under the optimal allocation, $ 4,099 is due to shifting money to 

or from the insurance contract and one of the alternative investments, and $ 282 

is due to the allocation of annuity premiums instead to the tax-free money market 

fund in years seventeen on. The $4,099 increase may appear rather modest when 

cc~pared to the total accumulated value of $ 277,696. It is more impressive when 

viewed as the savings that results on a $ 100,000 policy when the policy is 

utilized most approprlatel¥ within the universe of possible investments. 
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chapter S 

:~She Genera l  Model as a Cost  Cx~par ison  Method 

5 . 1  C o m p a r t n g  U n £ v e r s a l  L i f e  P l a n 8  

The G e n e r a l  M o d e l  may b e  used a s  a c o s t  cca]par ison method, t o  a i d  t h e  

p r o s p e c t i v e  p o l i c y h o l d e r  i n  p u r c h a s i n g  t h e  m o a t  c o s t  e f f e c t i v e  p o l i c T ,  by 

f o l l o w i n g  t h e s e  s t e p s =  

1 .  S e l e c t  • g Q a l  ( e . g . ,  m a x i m i z e  a n  a f t e r - t a x  c a s h  a c c u r ~ l a t i o n  a t  a g e  

8 L x t y - f i v e  o r  a n  a f t e r - t a x  i n c o m e  s t r e a m  c o = m e n c i n g  s t  a g e  6 5 )  a n d  

d e v e l o p  a n  o b j e c t i v e  func t :Lon  t o  r e f l e c t  t h a t  g o a l .  

2. Select the policies (with investment alternatives) to be compared. 

3. Define parameters for the constraints equations. 

4. Use linear programming to optimally allocate funds among the insurance 

policy a n d  the alternative i n v e s t m e n t s .  

5. Choose as the optimal Imrchase the policy and allocation that produces 

the highest value of the objective function. 

This method has several advantages over existing cost comparison ~hods when the 

traditional methods are used to compare universal life type contracts. 

First, the linear programmin~ coat comparison m e t h o d  defined above fully 

utilizes universal llfe*s premium flexibility, solving for the prlmit~n stream 

(and other policy trisections) that causes each contract to perform optimally 

when used in conjunction with 0~her available invearmmnts. In contrast, 

trad£tlonal cost comparison methods do not account adequately for the pramlum 

flexibility of uniVtrs•l life, 0ndir traditional |Methods, policies Can he 

compared a t  any d e s i r e d  premium l e ~ l ,  bu t  no r e c o g n i t i o n  i s  g i v e n  t o  t h e  f a c t  

that some policies will operate better when funded generously, while others will 

perform ~ll when funded at 8 lo~mr level. 

Second, the linear progressing cost comparison method recognizes that there 

are numerous alternative investment ~edia available to the policyholder that can 

be used advantageously in conjunction with the insurance plan. The tax a s p e c t s  

of each investment a r e  recoqnized and utilized. 
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Third, exi|tin 9 cost c~parisonmethod• either are inadequate when they are 

used to compare policies funded •t different levels due to their inability to 

account for differences in the re•ulting net death benefit, or overcome this 

dra~d~ackbyadJuet£ng for the difference in death benefit based upon an arbitrary 

scale of term charges. The linear programming co•t compari•onmethod skirts thi• 

problem byrequ£ring only that each~mar, • minimum Ansurance element (a• defined 

by the input parameters MinN,) be met. So long as the minimum is met, the 

policyholder |hould not care to what extent the policy £e funded, as long e• it 

operates optimally when used An combination w~th the other investment option•. 

Table• 5-1A and $-IB illustrate the result• of the General Model when the 

example ~llustrated in Table 4-1 is applied to purcha0ee of policies frca 

Companies B and C, respectively, rather than Campany A. The value of the 

object£ve function (the age 65 combined after-tax insurance and investment 

account balances) for each potential purchase A• summarized below= 

Company k 

C o s p ~ y  S 

Ccap~Lay c 

Thus, under the aseumpt£ons given, • 

alternltive invQstments a• ill~etr&ted 

COml~ny C and Coml=~ny B come i n  eecond 

enough, had the comparison been done 

value• under a $ 1,200 per year level 

would have been reversed= 

Company A 

Company S 

company C 

$ 2 7 7 , 6 9 6  (#1)  

$ 2 7 6 , 4 7 0  (#3) 

$ 2 7 7 , 4 2 8  (#2)  

p o l i c y  f r om  Coml~Lny A,  o t ~ c t u r e d  w i t h  

in Table 4-I, is the preferred purchase; 

and third, respectively. Intereotingly 

Bimply by ooml~Lring twentieth year ca•h 

funding scheme, the ranking of policiee 

$ 39,455 (#3) 

S 40,998 ($2) 

$ 39,790 ( / 2 )  

The • n o t e s • e •  i n  a f t e r - t a x  cash a c c u m u l a t i o n  o v e r  • more t T p i c • l  s t r a t e g y  t h a t  

a l l o c a t e •  • l e v e l  $ 1 , 2 0 0  pe r  y e a r  t o  t h e  i n s u r a n c e  c o n t r a c t ,  $ 2 , 0 0 0  p e r  y e a r  

t o  t h e  IRA, and $ 3 , 3 6 0  t o  t h e  a n n u i t y ,  a r e :  

Company A $ 277,696 - $ 273 ,31S = $ 4 , 3 1 8  

Company a $ 2?6,470 - $ 274,426 = $ 2,044 
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T a b l e  5-1A: Opt imal  A l l o c a t i o n  Among I n v e s t m e n t s  and  

UL IRA IRA Tax FPA 
Year PremiUm Deposit  C r e d i t  Premium 

a $ 100.000 I s s u e  l g e  45 I n c r e a s i n g  Death B e n e f i t  P o l i c y  From Company B 

Net 
PE~ Cash  UL IRA FPA 

D e p o s i t  Plow NCV Balance  B a l a n c e  BaIance  

1 4. 560 
2 613 
3 0 
4 0 

5 0 
6 0 
7 0 
8 0 
9 0 
I0 0 
il o 
12 0 
13 0 
14 0 
15 0 
16 0 
17 0 
i8 0 
19 0 
2O 0 

Assumpt ions :  

2 000 (560) 
2 000 (560) 
2 0 0 0  (560) 
2 000 (560) 

2 000 (560) 
2 000 (560) 
2 000 (560) 
2000  (560) 
2 000 (560) 
2 000 (560) 
2 ,000  (560) 
2,000 (560) 
2.000 (560) 
2,000 (560) 
2 ,000  (560) 
2,0OO (560) 
2 ,000  (560) 
2 ,000  (560) 
2,000 (560) 
2.000 (560) 

0 0 6 ,000  
3 ,947 0 6 ,000  
4 , 5 6 0  0 6 ,000  
4 , 5 6 0  0 6 , 0 0 0  
6,560 0 6,000 
6,560 0 6 ,000  
4 , 5 6 0  0 6 ,000  
6,560 0 6,000 
4 , 5 6 0  o 6 ,000  
4 , 5 6 0  0 6,000 
4,560 0 6,000 
4 . 5 6 0  o 6 ,000  
4 , 5 6 0  o 6,0O0 
4,560 o 6. o0o 
4 , 5 6 0  0 6 ,000  
6 , 5 6 0  0 6 ,000  

0 4 ,560  6 ,000  
0 4,560 6,000 
0 4,560 6,000 
0 6.560 6,000 

3,700 2,180 0 0 
4 .540  4 ,556 4 , 1 9 3  o 
4 ,805 7.146 9 , 6 3 4  o 
5 .070  9.969 15 ,174  O 
5.333 13,067 2 1 , 4 5 9  0 
5 ,592 16,601 2 8 , 3 4 1  0 
5 ,844 20.057 3 5 , 8 7 7  0 
6 ,083 24,042 44,128 o 
6 ,305 28,386 5 3 , 1 6 4  o 
6 ,502  33,121 6 3 , 0 5 8  o 
6 .669 38,281 7 3 . 8 9 2  0 
6.797 63,907 8 5 , 7 5 5  o 
6.882 50,038 9 8 , 7 4 5  o 
6 ,916  56,722 1 1 2 . 9 6 9  ,) 
6 ,886  64,007 128 ,545  o 
6,78l  71,947 1 4 5 . 6 0 0  O 
6 ,537 80,603 159 .632  4 .856 
6 ,186  90,037 174 ,578  10,028 
5 ,705 100,320 191 .163  15 ,53 /  
5 ,073  111.529 2 0 9 . 3 2 3  21,403 

2Oth Year  A f t e r - T a x  B a l a n c e s :  5 ,073  80.301 169 ,693  2 i . 4 0 ~  

T o t a l  - 276.4?(} 

IRA c o n t r L b u t t o n s  a r e  t a x - d e d u c t i b l e  and limLted to $ 2 ,000  p e r  y e a r .  
The  IRA i s  n o - l o a d  and  e a r n s  i n t e r e s t  a t  9 .01  p e r  y e a r .  
The  f l e x i b l e  premium a n n u i t y  h a s  a 31 load and ea rnm i n t e r e s t  a t  9 .51 pe r  y e a r .  
The  money mmrket fund  t a  n o - l o a d  and  e a r n s  i n t e r a c t  a t  a t a x - f r e e  race  o f  6 . 51  pe r  y e a r  
The p o l i c y h o l d e r  h a s  $ 6 , 0 0 0  o f  a f t e r - t a x  c a s h  f l ow  to  i n v e s t  each  yea r .  
The p o l i c y h o l d e r ' s  m a r g i n a l  f e d e r a l  income t a x  r a c e  i s  281. 



Table 5-IB: Optimal A l l o c a t i o n  Among Inves tmen t s  and 

UL IRA IRA Tax FPA 
Year Premium Depos i t  C r e d i t  Premium 

a $ 100.000 I s sue  Age 45 I n c r e a s i n g  Death B e n e f i t  Po l i cy  From Company C 

Net 
Hll Cash UL IRA FPA MH 

Depos i t  F lov  NCV Balance Balance Balance 

--d 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
16 
15 
16 
17 
18 
19 
20 

Assumptions: 

1,002 2,000 (560) 3,558 0 6,000 
207 2,000 (560) 4,353 0 6,000 

6,560 2 ,000 (560) O 0 6,000 
4,560 2 ,000 (560) 0 0 6,000 
4,560 2,000 (560) 0 0 6,000 
4,560 2,000 (560) 0 0 6,000 
4,560 2,000 (560) 0 0 6,000 
4,560 2,000 (560) 0 0 6,000 
6,560 2.000 (560) 0 0 6,000 
6,560 2.000 (560) 0 0 6.000 
6,560 2,000 (560) O O 6,000 
6.560 2,OOO (560) O 0 6,000 
6.340 2,000 (560) 220 0 6,000 
3,935 2,000 (560) 625 0 6,000 
3,935 2,000 (560) 625 0 6,000 
3,935 2,000 (560) 625 0 6,000 
3,935 2,000 (560) O 625 6.000 
3.935 2,000 (560) 0 625 6.000 

0 2,000 (560) 0 6 ,560 6,000 
0 2 ,000 (560) 0 4,560 6,000 

0 2,180 3,779 |) 
0 4,556 8.762 0 

6.625 7.146 9,596 I) 
9,641 9,969 I0,505 o 

15,084 13,047 II,503 0 
20,986 16,401 12,596 0 
27,390 20,057 13,793 o 
3~,330 24,0~2 15,103 t) 
41,851 28,386 16,538 0 
49,994 33,121 18,109 o 
59,348 38,281 19,829 0 
69,568 43.907 21,713 o 
80,501 50,038 24.O10 O 
92,014 56,722 26,955 o 

106,587 66,007 30.180 0 
118,315 71,947 33.712 o 
133,247 80,603 36,916 666 
149.542 90,037 40.421 1.1/6 
163,076 100,320 46,261 6,321 
177,793 111,529 48,466 l l ,589  

20rh Year A f t e r - T a x  Balances: 1~7 .84 l  80.301 37,698 11,5~9 

T o t a l  - 277,628 

IRA c o n t r i b u t i o n s  are t a x - d e d u c t i b l e  and l i m i t e d  to ~ 2 ,000 per year .  
The 1RA l s  no - l oad  and earns i n t e r e s t  s t  9.01 per y e a r .  
The £ 1 e x l b l e  premium a n n u i t y  has a 31 load and earns I n t e r e s t  a t  9.51 per yea r .  
The money market fund i s  n o - l o a d  and earns i n t e r e s t  s t  a t a x - f r e e  ra te  o f  6.5~ per  yea r .  
The p o l i c y h o l d e r  has $ 6,000 o f  a f t e r - t a x  cash f l ow  to  i n v e s t  each year.  
The p o l l c y h o l d e r ' s  marg ina l  f e d e r a l  income tax  ra te  Is 281. 



Company C $ 277,428 - $ 273,556 = $ 3,872 

In thls example, the least desirable policy under its most optJ~al strategy 

performs better than any of the three policies under the typical strategy. 

Examining Tables 4-i, S-IA and 5-2B, it becomes apparent that the optimal 

strategy for each policy is quite different. In Table 4-1, once the IRA has been 

fully f u n d e d ,  POllcy A becomes the preferred investment during the first fou~een 

yeaure. Tn contrast, in Table S-IA, Policy B, with both • higher percent-of- 

premium load (6t} and a lower interest crediting rate (gq) them the flexible 

premium annuity, is funded only during the first two years. In Table 5-IB, 

Policy C, with a relatively small percent-of-prlium load (2t) and an interest 

rate that increases from 9t to IOt in year eleven, is the preferred investment, 

after the IRA, in years three through eighteen. Actually, premiums paid into 

Policy C during years one and two would accumulate to more than if paid into the 

annuity or the money-market fund, but guideline premium limitations restrict the 

cumulative amount that can bt t~id into the policy. Given a choice between using 

this "limited resource" (i.e, prlmiums up to the guldeline premium limit) in the 

first two years or in later years, the linear proqramm£ng solution chooses to 

defer investment in the universal life contract to those periods in which the 

difference between the after-tax accumulation on a dollar paid into the universal 

life policy end a dollar paid into the annuity is greatest. 

5 . 2  P u r c h a s e s  o f  M n l t i p l e  U n i v e r s a l  L i f e  P l - - s  

S u p p o s e  a p r o m t ~ c t i v e  f o ~ y ° f i v e  y e a r  o l d  p o l i c y h o l d e r  i s  i n t e r e s t e d  i n  

p u r c h a s i n g  • $ 100 ,000  u n i v e r s a l  l i f e  c o n t r a c t  and f u n d i n g  i t  w i t h  an annua l  

premium o f  $ 1 , 2 0 0 .  I f  he i n t e n d s  t o  s u r r e n d e r  t h e  p o l i c y  a t  age 65 ,  wh ich  

c o n t r a c t  w o u l d  he p r e f e r  t o  p u r c h a s e ,  t h e  p o l i c y  f rom Company &, Company E, o r  

Company  C? 

T a b l e  5 . 2  i l l u s t r a t e s  t h e  b u i l d u p  o f  cash s u r r e n d e r  unde r  each o f  t hese  

p o l i c y  d e s i g n s  o v e r  a t w e n t y  y e a r  p e r i o d .  S i n c e  t h e  c o n t r a c t s  h a v e  i d e n t i c a l  

t~ntleth yeJL~ cash values, ignoring the differences in cash values through year 

nineteen, the prospective purchaser presumably would find each of these three 
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POliCy A: • 100,000 L4Met Oee1:~ Derlef~T pol. icy 
Net 

Expeflse Cost of In terest  Cash Surrerd:ler Cash 
Ye|r Prernl um Charges  Ins~r|r~ce Cre~i ted VaLue Charge V~Lue 
i i l l l i l ~  l l l ~  • : ~ 1  I I : :  I !  i i I I  I w I : l l : : I ~ l ~ l l l  I~ l l l ~ l l l i l l l l i l l l l l l i l  I i i l i  ~ I I l i i  I I I I  l l : ~ i~  

1 $1,200 s72 sz62 S99 s965 s;'~o s2"$ 
2 1. ;~00 ?2 280 194 2.007 700 1.307 
3 1,200 ?2 300 297 3/132 650 2,482 
6 1,200 72 320 409 6,350 600 3,750 
5 1,200 72 3/.~ 530 5, kdr'5 SSO 5,115 
6 1,ZOO ?2 365 660 7,0e8 500 6,588 
?' 1,200 ?2 391 801 8,626 450 8,176 
8 1,200 72 421 933 10,286 400 9,886 
9 1,200 72 &S3 1,117 12,079 350 11 ,T~ 

10 1.200 ?2 &89 1 ,LW5 14,013 300 13,713 
11 1.200 ?2 526 1,486 16,100 ;50 15.850 
12 1.200 ?2 566 1,693 18,355 200 13,155 
13 1.ZOO ?2 603 1,016 ZO,7~ 130 20,644 
14 1,200 72 6/.3 2,138 ~,&.~S 10D ;~,336 
15 1.ZOO 72 683 2.420 26,302 SD 26.252 
16 1,200 ?2 722 2,704 Z�,61Z 0 29,612 
17 1.200 ?2 761 3,013 32,792 0 32,792 
18 1,200 ?2 798 3.3&9 ]6,471 0 36,471 
19 1,200 ?2 833 3.?15 6D.4.81 0 4D,481 
20 1,200 72 863 4,114 &~., 861 0 44, •61 

PoLicy B: • 100,000 Level Death D~e f i t  Pottcy 
•s t  

Express Cost of in terest  £ash S u r e r  Cash 
"feet PremfuR Cherses  l n S u r m  Credited value Clarke Virus 
. ~ . . 4 n  . . . .  J m m ~ z s ~ z ~ = z z z m =  . . . .  s - r - - ~ m u L m m l m m S m  . . . . . . .  n 

1 Sl ,20(I S72 S21D $91 Sl, D10 S750 S260 
2 I ,  200 7"2 223 182 2,09? 790 1.397 
3 1,200 ?2 237 Z/~P 3,266 65D 2,616 
4 1,200 ?2 251 383 4,5?.6 600 3,926 
5 1,200 72 267 496 5,883 550 5,333 
6 1,200 ?2 283 617 7,345 SO0 6,845 
7 1,200 ?2 302 74.8 0,919 4SD 8,469 
• 1,200 72 323 889 10,613 400 10,213 
9 1,200 72 346 1,040 12,436 350 12,086 

ID 1,200 72 371 1,293 14,396 300 14,096 
11 1.200 72 397 1,3}'8 16,504 ~O 16,ZS& 
12 1,200 ?2 &2S 1,566 18,774 200 18,574 
13 1,200 72 &51 %?69 21,221 150 21,071 
14 1,200 72 477 1,988 :"t,aXl 100 23,761 
15 1,200 72 503 2,Z23 26,710 $0 26,660 
16 1.200 72 329 2.&80 ?9,789 0 29.789 
17 1.200 72 S54 2.756 ~1,118 0 33.118 
19 1.200 72 57~ 3.056 36.722 0 36.722 
19 1.200 72 601 3,377 40.626 0 40,626 
Z9 1,200 ?2 620 3,/'28 &4,861 0 4/.,861 

PotiCy C: • 100.000 Level Death lerd~f~t PoLity 
Net 

EXpMlS@ Cost of I ht erlltlt Ces~ S~r rmqder 
Yeer Prmt~l l  Charges I n s u r e  ¢reclt ted Vatue Charge Yatue 

1 •1,200 S54 IR?2 191 9965 •730 3213 
2 1.200 54 ~17 177 2,007 700 1,307 
3 1,200 54 303 Z?O 3,132 650 2,&a2 
4 1,200 54 318 31~ 4,350 600 3,?50 
5 1,200 54 332 676 5,665 550 5,115 
6 1,200 54 350 S92 ?,OM 500 6 ,5M 
7 1,200 54 ] M  716 8,626 &50 8,176 
8 1,20G 54 392 849 I0,Z86 400 9 ,M6 
9 %200 54 417 9q2 IZ,079 3S0 11,729 

ID I , ~  54 &51 1,145 14,D13 300 13,713 
11 %200 54 491 1,&54 16,100 250 IS,eSD 
lZ IoZ1~ 54 328 1,663 18,355 200 18,1S5 
13 1.20(. 54 $64 1.fl�O 20.794 IS0 29,6U. 
14 %Z00 54 600 :), 133 23,L36 100 23.336 
15 1 ,ZOO 54 640 2,&01 Z6,302 $0 26.252 
16 1,200 54 680 2.689 29,612 0 29,412 
I? 1,200 54 724 3,002 32,792 0 32,792 
18 1,20(I 54 767 3,342 36,471 0 36,&71 
19 1.200 54 809 3,712 &O,tdll 0 &O,&81 
29 1,200 54 8&S &,115 &&, il61 D ~ , iM1 

TabLe $-2: Camperiscm of VeLues Under Pottc~es from ComDm~ A. • ~ C 
I~ (e  ABe 6S, Files Amount = S 100,000, JUmul! Prlmi~ll = • 1,20Q 
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PoLicy M: S t~,855 LevlL 01amch l t n e f i [  PoLicy 

Expe ls  Cost of In terest  Cash S~r r~,~der Cash 
Year ~ ramu ~lm Char�as I nsurarce C r~lc~i ~:lKi VaLue Ch l r~  V&L~ 
i I ¢i=1111 I I I l l  I I I i ~ i ~ = z  i¢1~: l l = l l l  ~ l ~ l l l  i ~ l l n l l ¢ l M = l l  I i :X=I I I~  I ~ = l l l l l l l l l l i l l l l l =  

1 S716 $43 S128 $60 $606 $366 S~J9 
2 1,1~0 6,8 135 161 1,703 342 1,361 
3 1,1;~ 68 142 269 2,891 318 2.573 

1,117 67 150 386 ¢,11B 293 3,MS 
1,10S 66 157 513 5.572 269 5.303 

6 1,091 65 165 651 7,08& 2~.4 6,839 
t' 1,0?6 63 173 800 8,722 220 8,502 
6 1,058 63 101 962 10,497 195 10,302 
9 1.038 6R 1~9 1,137 12,421 171 12,250 

10 1,016 61 1M 1,327 14,506 147 14,359 
11 0 0 211 1,&39 15,T54 I22 15,612 
12 0 0 224 1,561 17,012 ~ 16,975 
13 ~ &0 230 1,737 19,226 73 19,153 
14 IIS8 51 Z33 1,991 21,191 &9 21, ?42 
15 8541 51 2:211 2,2&? 24,613 24 24,$M 
16 1158 51 2;5 2,5"30 27.?24 0 27.7'24 
17 303 18 218 2,789 30.S19 0 ]0,5?9 
18 0 0 208 3,041 ~L3,&ll 0 Ta,418 
19 0 0 19~ 3,331 ]6,559 O ]6,559 
20 0 0 161 3,(A7 40,045 0 40,01~$ 

Policy | :  S 51,14S LevtL Death I le~fJ t  Pol icy 
IJe[ 

[xi~m~e Cost of |n t , rsmt Cash Surrender CaS~ 
YiNI f" P r'.lll| i.il CIta r'~lsrs | r l s 4 ~ K s  Crl~i r i d  VaLLII Cheryl VSt~ 

I IK414 $29 S107 136 S3~ $384 SO 
2 60 ~. 116 3& 35~ 358 0 
3 ]'I ~ 124 32 332 33~ 0 

13 S 134 3O ~01 3O? 0 
~S 6 144 29 281 281 0 

6 109 7 155 27 2'54. 2S6 0 
7 125 7 tM  Z.5 23O Z ~  0 
0 142 9 183 24 20S 20S 0 
9 162 10 20~ 22 I19 11!> 0 

10 I lK  11 219 21 153 155 0 
11 1,Z00 7'2 236 104 1.149 128 I ,  0~,I 
12 1,200 7"2 2S4 193 2,216 10~ 2,11& 
13 534 32 275 ~11 Z,674 77 2 , 5 ~  
1~, 342 21 298 ~55 2,953 51 2 ,~2  
15 342 21 3]5 2Y9 3,229 26 3.203 
16 342 21 354 302 3.t.SR 0 3,499 
I? 891 ~ 382 372 4,333 0 4,~13 
le 1,200 TZ ~,~ 4TZ 5,5;5 0 5,5;~ 
19 1,20O 72 439 ST/ 6,789 0 6,719 
~1 1,290 ?2 ~71 690 8° 1 ~u~ 0 8.136 

Pol.~cy' A i r t l  I r.ambinech S 100,000 Total Lave| O ~  l e n e f i t  
Net 

C06t Of | r l t t rm l t  CsNkib Sur ~--~--- ~ CSiddk 
YeQr Prlmitall Chlrlles l r m u r m  Crlidi tmcl re|us ~ r B e  Ve|ue 

1 $1.2~0 $?'Z 1235 ISle ~ SYS0 S2~ 
1 1,200 ?2 251 195 2,061 ?10 1 ,]61 
3 1,Z00 ?2 267 301 3,Z23 650 2,S~J 
4 1,Z0O 72 283 417 &, t~Ji 600 3,M5 
5 1 . ~  7"2 301 St,2 5,853 SS0 S,303 
6 1,290 72 320 678 ?,339 S0Q 6,839 
? 1,Z00 72 ~K1 1126 8.952 450 8,502 
8 1,2W ?'2 ~ W 10.?C~ 400 t 0 , ~ .  
9 1,200 72 ~ 1,1 An 12,609 350 12,ZS0 

10 1,200 72 417 1 ,]&8 1&,6S9 300 14,359 
11 1.200 TZ 64;' 1.543 1 6 , ~  ;50 16,6.~Q 
12 1,200 72 &?? 1,7~4 19,289 Z0CI 19,0il9 
13 1.200 72 505 1,ge9 21,900 150 21,730 
14 l,ZO0 ?2 531 2,Z66 24,743 100 24,643 
15 1 , ~  72 556 2,$26 27,841 SO 27,191 
16 1.29G 7"Z 579 2,832 31,222 0 31,222 
lY 1 , ~ 0  ;'2 600 3,161 34,912 0 34,91Z 
18 1,200 72 617 3,518 38,K1 0 38,941 
19 1,ZQ0 72 630 3 , 9 ~  43,344 0 /.,.3, ~K4 
20 1,200 72 633 4,337 4J1,181 0 48,181 

TabLe S-3M: qDttaeL Combination of I~Ltc~es f r m  r.semn~n & and 9 
NILe Ale 45, 5o:aL face amDJnt • S 100,000, Total /JTsmt P r ~ i v e  • $ I,Z0Q 
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Po((cy I.: S 2S.QQG Lt'.'lt gtath lion.fit p(~Licy 
Net 

ExPense CoSt of Interest Cash Sur rl~ier CaSh 
Year" arl~t~N ~hIr $t'S Insurance CrIK~J ta¢J VaLue Charge VO(~ 

1 s~3  s27 s65 s38 s390 sl M s~o2 
2 ~,039 62 68 133 1,432 I ~  1,257 
3 I.G22 61 70 23S 2.558 163 ~,39S 
,r, 1.004 60 71 3&6 3.776 150 3.626 
5 987 59 ?3 467 5.098 138 4,96C 
6 601. 36 7"5 563 6.153 I ~  6,028 
7 0 0 ";'9 611 6,68S 113 6,5?3 
8 0 O 84 664 7,265 100 7,165 
9 0 0 89 ?22 7,897 M 7,809 

10 0 0 95 785 8.$87 ?3 8,512 
11 0 0 100 8S3 9,340 43 %2?? 
12 0 0 105 92:8 10,163 SO 10,113 
13 0 0 109 1,010 11,065 M 11,027 
l& 0 0 112 1.100 12,053 25 12,CR8 
15 0 0 11& 1,199 13,139 13 13,126 
16 0 0 11& 1,3~ 1&,33~ 0 14,333 
I t  0 O 1'.2 1,A27 15,6A~ 0 15,648 
10 0 0 106 1,559 17.101 0 17.101 
19 0 0 97 1,705 18,798 O 18,708 
20 0 0 82 1,866 20,t.92 0 29,492 

Pot(cy C: S 75,000 Lever Death kne fR  Poticy 
lie( 

| ~  C~t of I nterlst Camh $4~" rl~ler C.4mh 
Year Premi~lB Charges Ir4~rlrca Credited Ve|ue Cherle VaLue 

1 5;757 $45 S205 S55 1;563 $563 SO 
Z 161 33 218 53 52S 52S 0 
3 179 34 233 50 t M  &88 0 

196 34 244 ~8 45O 4~ 0 
5 213 3& 262 45 ;,12 613 0 
6 596 42 Z~ ?~ 76Z 375 387 
7 1,~OD ~ 293 159 1,T/4 338 1,A37 
8 1,200 5:. 313 Z49 2,656 300 2,556 
9 1,200 54 335 365 4,012 263 $, 749 

10 1,200 54 363 ,NI 5,243 225 5,010 
11 1,200 S& 397 619 6,611 188 6,423 
12 1,200 5~ ~9  ?q~ 8,081 1SO 7,931 
13 1,200 54 462 899 9,665 113 9,553 
1& 1,2~0 54 4W~ 1.056 11.373 75 11,298 
15 1,200 5~ $32 I,~25 13,213 38 13,175 
16 1 . ~  54; 5~ 1,&G7 15 , I~  0 15,19~ 
17 1,200 ~0 615 1,603 17,328 O 17,328 
10 1 , ~  S& 661 1,013 19,627 0 19,627 
19 1,200 S4 710 2,0(.I 22,103 0 ;[2,103 
20 1,200 5~ 739 2,286 2&, Y76 0 2&,776 

PoLicy A md C ' : ¢¢mblrlld I 100,000 Tote( LM(  h l ~  h f i t  
Utt 

F~mme Cast of ]merest Cash Surrerder 
veer PremluD (3t4rile~ I nsurwlce Cr~lJtesl VaLue Charle Va(ue 
i | i i it ii e i ~ J  

1 Sl ,~0 S72 R~0 I ;~ S~S2 S?30 
2 1.Z00 96 ZN 186 1,957 790 %257 
3 1,200 9S ~ 286 3.065 650 2,39S 
4 1,200 g4 319 394 4,226 60G 3.6~6 
5 1,200 93 33& 512 5,510 550 4,910 
6 1,290 78 35& 63? 6,916 500 6,&16 
7 1,200 54 373 77g 8°659 450 8,009 
8 1,200 5~ 3~ 913 10,120 ~ 0  9,7Z0 
9 1.200 54 424 1,D67 11.909 330 11,5eA 

10 I ,~0  5& &58 1,233 13,830 300 13,530 
11 1,200 54. &97 1,47"4 15,951 250 15,T01 
12 1,200 54 535 !.682 18.Z6S 200 18.0&S 
13 %200 5A 573 1,910 29.75J¢ 150 Z0,~I0 
1& 1,200 5~ 606 2,157 7 q ~  100 23,326 
15 I,ZO0 54 (AS 2,~6 26,351 50 5~.]01 
16 I.~DD S& 68S 2,TI& 29,52? G 29,$Z7 
17 1 , ~  $4 726 3,030 3Z,976 0 3Z,976 
18 1,200 54 ?68 3,37~ 36,727' O 36,1~7 
19 I,ZOO 54 007 3,745 &0,812 0 &0,012 
20 1,200 S& $&1 ~.. 1SZ &5,268 0 & 5 , ~  

Tab(e 5-38: Optima( cambinmti~ of PoLicies from C.,~mpenJlm A ~d  ¢ 
NeLe Age 65, Total Fese Amunt • $ 100,000, Total A~*~t premJun o i l , Z 0 0  
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POLiCy I :  I 40,?00 I.r*~t 0¢~11[h t 4 r 4 f i t  PoLicy 
l i l t  

I[ Jq=~nso Cost of ] hi:creSt CaSh S~Jr r e r ~ r  CalSh Met Year Prom(um ChIPIOI [ ~Jiuro~:t Cre~itm v l  t ~,le (P~lrie Vitae :arsh 
f i l l - -  - -  I i l  : : l : l l  E l  I I I I  I f i l l  I I  I I - - - -  l . I I i l  I I I I I I I  . I 1 = 1 1  + 1 = :  I I I l l l l l l l l =  

z , .  s ~ .  z,, z .  + ,z  o 
s . s 101 , *  z~,  z~1 o ' °  
, +7 , 1 0  m zso +so o o 
s ~ s 1~7 z+ z ~  ~ o o 
6 89 S 127 22 2O9 209 0 0 0 
7 102 6 137 21 188 188 0 0 
8 116 7 1&9 2Q 167 167 0 0 
9 132 8 163 18 146 1/.6 0 0 

10 ISO 9 17~ 17 1 ~  125 0 0 
11 169 10 196 16 104 104 0 0 
12 57~, 3~ :'13 48 ~71S 83 39~ 
13 z+8~. Z9 Z3~ t'3 7?2 63 ?09 0 
1~ 119 11 ;53 73 770 42 728 )9~ ?O9 
15 189 11 277 T~ 7/.3 21 722 7"~ 
16 109 11 ~ 60 685 0 68S 
17 109 11 3341 Ik?. 590 0 5~0 
18 189 11 3&8 51 &§l 0 &51 590 
19 189 11 &O~ 37 2S8 0 ;~8 t.S1 
20 189 11 (*.~ 17 0 0 0 

0 

Polic~ C: S ~,~00 L i n t  b a t h  lenef+t  PoLicy 
Mot 

EXlp~l~e COlt of Int t r t .st  ~ Suf rer~ler C~lh 
Y N r  PremJuB C:h~rles I rlUlrOlIEe CredJ ted V I i i  C:h l r le  VOLUal H t  eSh 

1 S805 ~ S159 S62 S642 5r.&37 $225 L~' 
Z 1.151 53 166 1S2 1.7'47 4m 1.339 ~S 
3 1,142 53 173 Zt,,8 2,911 379 2,532 139 
4 I ,  113 53 180 3S2 &, 163 350 3 ,813  i32 
$ 1,122 52 186 463 5,510 321 5,119 113 
6 1.111 52 194 I 6,9S8 29Z 60i~6 189 
7 1,098 52 Z01 ?lZ 8,516  262 8,253 
8 1 , 0 ~  52 211 ~1~ 10,1M ;[33 9,95S ~S3 
9 1,068 51 Z2O 999 11,9~ ZO~ 11,779 ~5 

10 1,050 51 ~r3 1,1S8 13,908 175 13,7"53 ~l) 
11 1,031 51 ;~8 I,&77 16,116 146 15,971 r53 
12 626 &3 Z62 1,657 18,096 117 17,9'/9 ~/'1 
13 7"18 ~ .  273 1,1~ 20,36O 87 20,2"/2 
14 1,011 50 Z?9 2,118 23,160 $8 23,101 .*'/2 
15 1,011 50 214 2,398 Z6, Z35 Z9 26,206 101 
16 1,011 SO Z84 2,71~ 29,617 0 Z9,617 
17 1,011 SO 2?9 3,04+ 33,3&3 0 ]13,343 .17 
16 1,011 50 ~ 3,&17 37.&~ 0 3T',&S6 ;&3 
19 1,011 SO 240 3,830 &2,006 0 42,~(M 36 
ZO 1,011 SO 199 ~,287 ;,7, 0S5 0 &7,0S5 +06 

55 

P o t i c y  I i nd  ¢ C.~mio+nld S IIX),000 T o t l l  Le~lt  DNth  14mef+t 
Iklt 

Co l t  of I n t e r e s t  Cash SuP r + . - . ~  ~ I t  
Tear Premiun C~rges [ n s u r m  prod+ t ~ l  VoLta Charlle V i L l i  4111 

++++++t +++ m I I ~  

I I1 .  ZOO S?9 S244 N1 197'5 S?SO S22S 
Z 1,ZOO 56 ~ 119 2.039 700 1.339 2S 
3 1 ,~0  S6 275 ~& 3,182 6SO 2,532 39 
& 1,ZOO 57 289 377 4.413 G $o113 32 
$ 1,Zgo ST' ~ k87 S,739 SS(I $o189 13 
6 1,200 58 320 tOS 7,166 500 6,d l~ 119 
7 1,ZOO 58 331 733 8,703 450 8,253 66 
8 1,200 59 ~ 170 10.355 400 9,955 53 
9 1,ZgO 59 ]13 1.017 12,1Z9 350 11,7'79 55 

10 1,ZOO 60 41Z 1,176 14.033 300 13,733 ?9 
11 1,2~1 61 &A& 1,493 16,;21 ZSO 15,971 33 
12 1,200 ?7 &?S 1.7~5 18,573 200 18,373 ?'1 
13 1,Zgo 73 S05 1,936 21,132 150 20,912 ?3 
14 1.ZOO 62 532 2,192 ]3,930 100 23,1130 82 
15 1 ,ZOO 62 $61 2,470 Z6, 97'B SO :~., 9Z8 3,0 
16 1.Zgo 62 I 2,776, ]0.30Z 0 30.302 Z8 
17 1,~0 6Z 613 3,106 33,93+, 0 33,93.; 02 
18 I,ZO~ 62 IL~ 3,kl~ 37,907 0 37,907 3& 
19 1,~OQ 62 ~ 3,M7 &2,Zd4 0 &Z,2&& 07 

1,ZOO 42 65=+ 4.304 &7,055 0 &7,0SS I~ 
55 Tobto 5 - ~ :  O ~ J i i  ~ + M t t ~  Of POII¢ iU (~m C i J ~  i ~ C 

Pll|ll A l l  45, ?er ie Fl~*e I t  • $ I00,000,  Total AnrluII. PrelIJtll • $ 1,200 
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pol£cies equally palatable. 

A more optimal purchase than buying any s£ngle contract would be to 

purchase two contracts which have a combined face amount of $ lO0,000, and s 

combined annual p=maium payment of $ 1,200. Letting =,S • {Company A, Company 

S, Company C}, a linear programming problem say be net up w~th the goal to: 

HAXIKIZZ: S- C~,o * C~,o 

sub~ect to the constraints t h a t  the total policy face amount equals $ 100,000, 

the total annual premlumsequal $ 1,200, and the face amount of each policymeets 

the minimum f a c e  amount requirement of each Issuing company: 

+ F | ~ i 0 0 , 0 0 0  

For t - 1 to 20: 1~t + P~ - 1,200 

1 ~ a 25 ,000  

F s z 25 ,000  

Finally, each contract is required to have a non-negative camh murrender value 

at the end of each year, must meet guideline premium constraints, and is 

prohibited from entering the cash value corridor. 

Tables 5.3A through Table 5 .3C illustrate the optJ~al face amoun t s  and 

premium payment  patterns fur each combLnatlon of policies from two  companies. 

The twentieth year cash surrender values of these combinations are summarized 

be low:  

Company & and ~ y  ! 

Company ~ and Company c 

company s and Company c 

$ 48,181 

$ 45,268 

$ 47,055 

~ c s u s e  t h e  l i n e a r  pro~cam~'Lng s o l u t i o n  p l a y |  t h e  moz~ca l i t y ,  ~ n a a  and i n t e r e s t  

e l e m e n t s  o f  e a c h  p o l i c y  o f f  a g a i n s t  e a c h  o t h e r ,  t h e  r e s u l t i n g  c a s h  s u r r e n d e r  

v a l u e  o f  each  cc~Lb ina t ion  o f  p o l i c i e s  ;-e g r e a t e r  t h a n  t h e  $ 4 4 , 8 6 1  e v a i l a J 3 l e  on 

any e i n q l e  p o l i c y .  For  example ,  t h e  p o l i c i e s  from Company A and  Company B have  

identical 6t percent of premium expense charges; however, they have different 

cost-of-insurance scales and different interact crediting rates. Since the 
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t w e n t i e t h  y e a r  camh  v a l u e s  o f  t h e  two  p l a n !  a r e  i d e n t i c a l ,  t h e  t o t a l  a x p e n e e  

r e c o v e r y  f rom t h e  t w o  p l a n l  i a  m ~ £ I ~ ,  b u t  COml~Iny A, w i t h  an £ n t e r e a t  c r e d i t i n g  

r a t e  o f  10% c a m l ~ o d  w i t h  t h e  9~ r a t e  f o r  COmlNmy B, r e c o v e r l  more  m o n e y  f r o m  a n y  

expenee margln in the comt-of-lnsurance fatal than does Company B, and Seal ~ney 

from the interest spread. In the ol~Lmal l~rchaoo of plans from Ccapanios A and 

B l lhown in Table 5-3A, roughly equal face amounts are purchased from Company A 

($ 48,455} ~nd Company a ($51,145), bur the policy from ~pany A is generously 

funded, thus taking advantage of £ts high interest crediting rate, while the 

p o l i c y  from Coaq~1~y B is marginally funded, thus taking advantage of its lower 

coat -of-insurance rates. 

In fact, for the first ten yea.fro, the policy from Company B is funded only 

to the extent necessary to cover the surrender charge. Conversely, the policy 

from Company & is funded am generously as allowed= The sum of the premiums paid 

through the first ten yearm, $ 10,486, matches the guideline premium limit for 

a $ 48,855 face &mount purchame, determined at thAI point by the g~ideline single 

prlmium. Funding of Policy B in years eleven and twelve, at $ 1,200 per year, 

is done only because no further funding of policy A i. allo~d: It is not until 

year thirteen that the guideline premium l~nit for Policy A £ I  determined by the 

sum of the guideline annual prmiuma. In year thirteen, Policy A is funded with 

$ 666, the amount by which thirteen guideline annual prlmiumm exceeds the 

guideline single premium. In years fourteen through mixteen it iN funded with 

$ 858, which is the amount of the annual increment to the guideline pr~ium 

limit. 

Funding for Policy A ceases in year seventmn. This iN becaun any further 

funding ~ l d  bring the policy into the cash value corridor. Am it s t a n d s ,  t h e  

t w e n t i e t h  y e a r  oaeh  v a l u e  f o r  P o l i c y  A o f  $ 40 ,045  e x a c t l y  equa l s  t h e  f a c e  amount 

of $ 48,85S divided by the corridor factor of 122t for an attained age forty-flve 

insured. 

Furchane involving contracts from Company C result in a mmaller gain in 

cash surrender value ($ 45,258 when combined with Company A; $ 47,055 when 

combined with Company C) than the $ 48,181 available when contracts from Company 

54 



A and Company B are purchased together. One reason for this is the per policy 

charge on contract• purchased frc~ Company C. Unlike other contract charge•, 

this "overhead" is not reduced proportionally when I reseller policy size i• 

purchased. Many universal life contracts available on the market have per policy 

charge•. At the $ 100,0OO total face amount level, it is pommlble that the 

overhead associated with the purchame of two policies, each with a per policy 

charge, would exceed the gain that could be obtained through linear proqrR-~tng 

by playing the various cost el~nte off agalnet each other. On the other hand, 

at larger face amount• the effect of a per policy charge would be diluted, and 

• linear prograanlng strategy could be expected to provide a more significant 

gain. 

One might exi~ct that the greater the di~rgenca of coma structures on two 

policies, the larger the gain t h a t  could be e x p e c t e d  from an optimal two  policy 

purchase. As an example, one might expect • linear programming solution to 

favorably exploit • combination of • plan with a select-and-ultimate cost-of- 

insurance structure with a plan with a reverse select-and-ultimate cost-of- 

insurance structure. 

There may be other advantages to purchasing multiple policies from 

different companies. First, such • purchase provides a limited hedge against one 

company adjusting the nonguaranteed cost elements of its contract, since future 

premium payments c o u l d  be feb•lanced to o f f e e t  t h e  effect of any adverse change 

(or, for the optimist, to take further advantage of any favorable change). 

Second, in cases in which an Insured intends to heavily utilize the investment 

features of a contract, but also anticipates a reduced insurance need at some 

future point in t~, purchamlog two c o n t r a c t ; e ,  one of which is for an amount 

equal t o  the future reduction in inmuren~ need and Is to be surrendered, can be 

superior to purchasing a single contract with the intention of electing a future 

face decrease. Guideline premium limits allow for more generous funding of the 

contract that r~tne in force under the former option than is allowed for the 

single contract that undergoes • face reduction, which has its quldelinee 

adjusted downward under the an attained-age decrement approach specified in the 
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"D01e-Bentsen colloquy" (i0]. 

Of C~DUEse, these advantages mzy be offset not only by the egfects of any 

per policy chaE~s, as discussed above, kt also by any effect splitting a single 

policy purchase in two has on the pollcyholder'e ability to Purchase lower cost 

insurance due to the availability of banded product s . 

5 .3  C o a l ~ r i a g  ~ v e r s e l  L ~ f o  and T r a d i t i o n a l  P l u s  

The l i n e a r  prc<Jremming c o s t  c c m p / r i s o n  method can be uaed  t o  ccml:~ze 

universal lifo policies to traditional plans of insurance. In making the 

cmaparison, a face ~unt needs to he selected for each traditional plan. Then, 

prlmiuaw less dividends for that plan are subtracted from the total runes 

available each ~ax, ~ the rlmaining funds are allocated optimally among the 

£nvea~aent alternatives, so as to maximize the after-tax account accumulations. 

The etrateg~ above can be used matlsfactoril¥ in comparing universal life with 

either PermaJlent, cash value plans, or term insurance. 

In ccmpazinq universal life and ordinary life policies, the premium 

flexibility of universal life will often cause it to he the favored contract. 

For the sake of illustration, suppose that one can purchase a $ I00,000 current 

assu~l~ion whole llfe policy on a life aged 45 from Company A for $ 1,200 per 

year. Suppose further that the as|uml~tiona underlying the pricing of the whole 

life policy arm identical to those used to price its universal life counterpart, 

so that the cash values that develop under the two policies are identical. If 

the prospective purchaser cannot afford the $ 1,200, the universal life contract 

i s  t h e  p r e f e r r e d  p o l i c y  by  d e f a u l t ,  s i n e s  £ t  may be  p u r c h a s e d  a t  a prmnium l e v e l  

l o ~ e r  t h a n  $ 1,200 p e r  y e a r .  I f  t h e  p r o s p e c t i v e  p u r c h a s e r  c an  a f f o r d  more t h a n  

$1,200 Per ye4u: and the universal life contract is a better £nvee~aent vehicle 

t h a n  any of  t h e  a l t e r n a t i v e  i n v e s t m e n t s ,  a d d i t i o n a l  funds  w i l l  be  a l l o c a t e d  t o  

the universal life policy, thus enhancing its total account accumulation relative 

to the accumulation of the current assuml~tlon policy plus its side funds. 

Conversely, if the universal llfe contract is • leas attractive investment 

vehicle than one of the in~es~aenta, it will be funded with lees than $ 1,200 per 
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year, with the balance going to one of the better investments, thum again 

enhancing its accumulated value relative to that of the current assumption whole 

life policy. 

In comparing universal life to "buy term and invest the difference" 

strategies, universal life enjoys advantageous tax treatment, because premium 

required to cover cost-of-insurance ch~ges are added to the policy cost basis 

and thus can be used to offset the taxability of an equal portion of the policy's 

investment income. This is illustrated in Tables 5.4A and 5.4B. Table $.4& 

shows the optimal allocation of $ 1,500 1~er Fear I between a $ I00,000 increasing 

death benefit universal life policy and a no-load flexible premium deferred 

annuity that also credits IO% interest. Generally, one would expect t h e  annuity 

to be preferred over the universal life policy as an invest~mnt vehicle, slnce 

the credited interest ratee are Identical, but no load is deducted from 

contributions to the annuity. In spite of this, howtver, the universal llfe 

Policy is funded with premiums larger than the minimum necessary t o  keep the 

policy in-force, so that the twentieth year calh surrender value will equal the 

sum of the promiums paid, thus taking full advantage of the basis offset to 

investment income. 2 Table S-4B illustrates an allocation het~n a $ i00,000 

yearly renewable term contract and the flexible prlmium annuity that results in 

a total after-tax account balance that is identical to that of the universal life 

and flexible prmlum annulty ¢omblnatlon. 3 In order to achieve equality, the 

term rates were set at approximately 88% of the universal life cost-of-insurance 

rates. Factoring in the universal life contract's percent-of-pref-ium load, in 

this instance the investment Incomm offset effect of the universal life's 

1S 1 , S 0 0  p e r  y e a z  w a s  c h o m e n  a s  a n  a m o u n t  t h a t  w o u l d  b e  s u f f i c i e n t  t o  f u n d  
a n  a t t a i n e d - a g e  y e a r l y  r e n e w a b l e  t e r m  c o n t r a c t ,  w i t h o u t  makLng  w i t h d r a w a l s  o f  
p r ~ i o u s l y  a c c u m u l a t t d  e x c e s s  f u n d s .  

2 T h i s  e f f e c t  c a n  a l s o  b e  s e e n  i n  o p t i m a l  p u r c h a s e  o f  a p o l i c y  f r o m  Company 
B i l l u s t r a t e d  i n  T a b l e  S - I A .  

3 J ~ s w n i n g  a 28% m u r g i n a l  t a x  r a t e ,  t h e  a f t e r - t a x  ba lance  f o r  t h e  u n i v e r s a l  
l i f e  p o l i c y  c o m b i n e d  w i t h  t h e  annu£ty i s  $ 7 ,369.30 ÷ $ 22 ,630.70  + 
(1 - .28)  X ($ 53025.15 - $ 22,630.70)  - $ 51,884o01.  For  t h e  te rm p o l i c y  
combined w i t h  the  a n n u i t y ,  i t  i s  $ 17,605.05 + (1 - .28)  X ($ 65214.72 - 
$ 1 7 , 6 0 5 . 0 5 )  - S 51 ,884 .01 .  
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Table 5.4A: Universal Life Policy Combined With a No~load Tax-Deferred Annuity 

$ I00,000 Issue Age &5 Increasing Death Benefit 
Universal Life Policy from Company A 

No-Load Annuity 
@ io~ 

Tax Tax Account 
Year Prlumium Basis NCV Premium Basis Balance 

l 1500.00 1500.00 1272.12 0.00 0,00 0.00 
2 1500.00 3000.00 2648.68 0.O0 0,00 0,00 
3 1500.00 4500.00 4138.62 0.00 0.00 0.00 
4 1500.00 6000.00 5751.47 0.00 0.00 0.00 
5 1369.30 7369.30 7361.06 130.70 130.70 143.77 
6 0.00 7369.30 7684.29 1500.00 1630,70 1808.15 
7 O.OO 7369.30 8003.29 15OO.OO 3130.70 3638.96 
8 0.00 7369.30 8311.27 1500.00 4630.70 5652.86 
9 0.00 7369.30 8602.18 1500.00 6130.70 7868.14 

I0 0.00 7369.30 8866.68 1500,00 7630.70 10304.96 
ii 0.00 7369.30 9096.26 1500.00 9130.70 12985.45 
12 0.00 7369.30 9280.68 1500.OO 10630.70 15934.00 
13 0.00 7369.30 9411.21 1500.00 12130.70 19177.40 
14 0.00 7369.30 9476.59 1500.00 13630.70 22745.14 
15 0.00 7369.30 9460.25 1500.00 15130.70 26669,65 
16 0.00 7369.3D 9343.84 1500.00 16630.70 30986,62 
17 0 .00 7369.30 9106.34 1500.00 18130.70 35735,28 
18 0 .00 7369.30 8720.43 1500.00 19630.70 40958.81 
19 0.00 7369.30 8153.64 1500.O0 21130.70 46704,69 
20 0.00 7369.30 7369.30 1500.00 22630.70 53025.16 

Table 5.48: Yearly Renewable Term Policy Combined With a No-load Tax-Deferred Annuity 
YET Premiums are approxisately 88% of ~he Company A UL cost-of-lnsuzance ra~ 

$ 100,O00 Issue Age 45 No-Load Annuity 
YI~T Policy @ I0| 

Tax Accot~nt 
Y e a r  PremiUm P r e m i u m  B a s i s  B a l a r ~ e  

t tt 

1 234.79 1265.21 1265.21 1391.73 
2 253.97 1246.03 2511.24 2901,54 
3 274.41 1225.59 3736.83 4539.84 
4 296.40 1203.60 4940.43 6317.79 
5 321.17 1178.83 6119.26 8246.28 
6 347.66 1152.34 7271.60 10338.47 
7 378.45 1121.55 8393.15 12606,03 
8 414.60 1085.40 9478.55 15060,57 
9 454.90 1045.10 10523.65 17716,23 

I0 501.65 998.35 11521.99 20586,04 
II 553.34 946.66 12468.66 23685.97 
12 610.69 889.31 13357.96 27032,81 
13 671.62 828.38 14186.35 30647,31 
14 7 3 7 . 4 7  762.53 14948.88 34550.83 
15 811.79 688.21 15637.08 38762.94 
16 894.70 605.30 162&2.39 43305.06 
17 986.85 513.15 16755.54 48200.04 
18 1091.81 408.19 17163.72 53469.05 
19 1211.62 288.38 17452.10 59133.16 
20 1347.05 152.95 17605.05 65214.72 
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contract's tax basis will support feedings within the universal life contract of 

up to 21t of the term rates before buying term becomes the preferred atrategy. 

Recently, several companies have introduced versions of traditional 

products that provide the policyholder ecee degree of premium flexibility through 

combining a base policy with term and pald-up additions riders. To make a fair 

comparison batsmen a universal llfe contract and these traditional combinations, 

a cost comparlson method ideally should take into account any flexibility 

available in designing the traditional plan of Insurance. Section 7.4 discusses 

how linear programming can be applied as a tool to construct optimal ca=blnations 

of traditional insurance. 

S.4 Cancer-as  o f  t h e  S e l l i n g  t e a p a r t y  

Pres ' . :~al : , ly ,  a n y t h i n g  tha~  i s  g a i n e r  by t h e  p ~ r c h a s e r  of  lnsu~:ance  t h r o u g h  

the use o f  l i n e a r  p r o g r ~ i n g  cos t  c ~ i s o n  techniques i s  lomt by one o f  the  

other parties to the transaction. Whether insurance companies would embrace 

linear progra-~ing methods would depend upon the extent to which the gain of the 

policyholder cuts into the profit of the Insurer. 

Universal llfe policies are priced tO recover expenses and generate 

profits through the margim between the earned inters0t rate and credited interest 

rate, the margin between the cost-of-lnsurance rate charged to the policyholder 

and the cocap4uly'e actual ~ortallty experience, and a co-~)ination Of explicit 

expense ch~ges. The choice of where expenses are recovered is determined in 

part by the intended market for the product -- for example, plans intended to 

attract single premlum buyers typically will recover only a small portion of 

total expenJes through the interest margin, since a high credited rate is 

instrumental in encouraging single prmmium sales. Policies intended for a broad 

market require balancing expense recovery between the various ol~nta, and 

gwnera~ly • company's p r o f i t  objective w i l l  be exce l l ed  under some p o s s i b l e  uses 

of the policy and fall short under others. Even product0 priced for the same 

market which have elmilar underlying assumptions may differ markedly as to where 

expenses a re  r e c o v e r e d  and profits generated. 
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L~naar progr#umming techniques e x p l o i t  l'lbmlancem in  the expense recovery  

structure to the maximum benefit of the pollcyholder. 4 All other thing• being 

equal, most likely the policy selected from a set of alternatives a• the best 

choice for a pro~otlve policyholder will be one in which the imbalance in 

~n•e r e c o v e E y  ia most aCUte. Whether an insurer would be at risk for losing 

money on a block of universal llfe issues would be a funCt£on both of the extent 

to which a P o l i c y  c a n  b e  utilized in • manner that favors the Policyholder to the 

detrlment of the insurer, and of the market efficiency of the purchaser• of 

insurance. In the two Policy purchase example of Section 5.2, the 7.4% increase 

in t w e n t i e t h  year cash value obtained by combining policies from Companies & and 

c rather than purchasing a single policy frc~ either company is of magnitude 

mufflcient to entirely eliminate the profit m a r g i n  priced into many universal 

llfe c o n t r a c t • .  

U n d e r  c e r t a i n  c £ r c u m s t a n c a • ,  t h e  u s e  o f  t h e  G e n e r a l  M o d e l  m a y  a c t u a l l y  

enhance the c~epany'm profitability am well &• that of the Policyholder. For 

example, in situations in which the tax advantages grmnt~ llfe insurance cause 

a universal l£fe contract to he the ~nvemtDent vehicle of choice, the General 

Model s~y result in the purchase of a larger face amount than would have been 

c o n t e m p l a t e d  h a d  o n l y  • • t r i c e  n e e d  f o r  i n s u r a n c e  b e e n  c o n s i d e r e d .  I n  s u c h  a 

&To a l e a r n e r  e x t e n t ,  t h i s  i s t r u e  a s  w e l l  when  t r a d i t i o n a l  c o a t  c o m p a r i s o n  
method• ace app l i ed  t o  f l ex l J~ l •  premium p o l i c i e • .  For example, the  f i g u r e •  below 
g i v e  the i n t e r e s t - a d j u s t e d - n e t - c o a t  at 8t  f o r  po l ic iem from COml:4Uliem A, II a n d  
C, fo r  a $100,000 l m l  death bene f i t  p o l i c y  porch•sad on • f o r t y - f i v e  year  o l d  
u n d e r  s e v e r a l  l e v e l  p r e m i u m  • c e n a r i o m x  

I n t  • r e s t  -Ad ) u | ted -N• t - comt  
Premium Company A Company B Company C 
$ 1,000 ( ' l ~ ' )  3.60 .3.23 3.mS 
$ 1,200 2.92 2,92 2 .92  
$ l,SO0 ( ' h i g h ' )  1.90 2.47 1.92 

U n d e r  t h e  l o w  p r e m i u m  scenar io ,  the p o l i c y  f rom Company B l •  p r e f e r r e d ,  a s  might  
~ct~ •in~ tel•alva to the other ~llcie•, ~ y  B rec~rm a larger 

p o r t i n n  o f  l e a  e x p e n s e s  f r o m  p e r c e n t - o f - p r e m i u m  c h a r g e s  a n d  t h e  i n t e r e s t  m a r g i n .  
Convereely,  under t h e  h igh premium scen~cto, C~mp4ny A i •  p r e f e r r e d ,  which i s  t o  
be expected s ince Company A has the s : a l l e s C  l n t eces t  margin. 

O n f o z ~ u n a t e l y ,  i nd ices  s u c h  a •  t h e  i n t e r e s t - a d j u s t e d - n e t - c o s t  a z e  o f t e n  
p r e s e n t e d  a t  i n t e r e s t  r a t e •  t h a t  d o  n o t  r e f l e c t  t h e  c u r r e n t  e n v i r o n m e n t ,  t h u s  
l e a d i n g  t o  d i s t o r t i o n s  i n  the r a t i n g • .  For example, n u m e r o u s  s t a t e •  ~ • t e  t h a t  
t he  i n t e r e s t - a d j u s t e d - n e t - c o m a ,  ca l cu la ted  a t  St, be prov ided t o  p ro •pec t£ve  
Purchaser• o f  £nmuranca. 
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c a s e ,  a p o r ' c i o n  o f  t h e  p o l i c y h o l d e r ' |  g a i n  i s  f u n d e d  w i t h  l o s t  t a x  r e v e n u e 0  

r a t h e r  t h a n  a t  t h e  e x p o n a e  o f  t h e  campany .  As & n e t h e r  e x ~ p l e e  t h e  ~ n e r & l  Model  

will not allocate dlecretionary funds to the universal life contract in the fe~ 

years before surrender if the percent-of-prem£um load charged would r ~ u e e  the 

overall return on those prelniums to below what would be available had the money 

been deposited into one of the alternative investments. This will enhance the 

profitability of the pro(luct if, as Is often the case, the percent-of-premium 

load on the contract is insufficient to cover the sum of premium taxes, 

commissions, and any percent-of-prmium based home office exl~nses. Such 

circumstances, however, are the exception rather than the rule. 
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C h a p t e r  6 

M a x i m / s i n g  t h e  R e t u r n  on an  I n  f o r c e  P l a n  on  a n  I w p a i r o d  L i f e  

This chapter develop• • model (the "Impaired Life Model') to be u s e d  by the 

owner of a universal life policy on an insured who Is in ill-health. The model 

recognize• that several options available within the typical universal life 

contract allow ••me manipulation of the net-amount-at-risk, and •elves for the 

met of transactions that optimizes the owner's return, in the •enmo of maximizing 

the actuarial present value of future cash flows. 

• .I The Model 

The approach taken to developing cemh value• in the Impaired Life Model 

differ• from the approach taken in the models that h•vo preceded it, in that c a s h  

value• are explicitly calculated on • mOnthly basis, by using the relation•hip• 

in (2.1.I), (2.1.8], or (2.5.2) within the constraint equations. This month-b F- 

month approach i •  taken for oeveral reasons. First, the insured will be assumed 

to be very ill; the roaultin 9 short expected future lifetime invite• a more 

frequent approach t o  transaction proceo01ng, and , u k o s  the number of constraint• 

defined by monthi¥ c••h value accumulation equation• manageable. Second, a 

month-by-sonth approach allow• precise recognition of the cash value corridor 

requirement• of IRS Section 7702. As • result of this monthly processing, 

subscripts referring to time will be in months since the commencement of the 

model, rather t han  in years. 

To simplify the presentation, it is mmm~ that the contract has b e e n  i n  

f o r c e  f o r  f i f t e e n  y e a r s .  U n d e r  C u r r e n t  t a x  l a w ,  s u c h  a n  a s s u m p t i o n  • i g n i f i c a n t l y  

r e d u c e s  t h e  m o u n t  o f  o v e r h e a d  r e q u i r e d  t o  a c c o u n t  f o r  t h e  t a x  t r e a ~ - ~ n t  o f  t h e  

p o l i c y .  F i r • t ,  w i t h d r a w a l •  c a n  u n a m b i g u o u s l y  be  t r e a t e d  ao t a x - f r o •  u n t i l  t h e  

accumulated withdraw•is exceed the tax basis. Second, am•using that the contract 

is not a modified endowment contract, one does not need to guard •g•inot the 

poomLbillty that the policy could became one. Third, in keeping track of the 

guideline prmi-~ limits of section 7702, it is fairly safe to assume that the 
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limiting factor ia the sum of the guideline annual premiums; thus, developing the 

mechanics required to allow premiums up to the maximum of the guideline single 

and  the 8um Of the guideline annual premiums is unnecessary. Techniques for 

handling the taxation of withdrawals within the first fifteen years of a policy 

h a v e  already been developed within the context of the General Modal, as have the 

mechanics of fully accounting for guidelinepremiumlimitations; rheas techniques 

could be adopted for use An the Impaired Life Model if necessary. 

The following notation is used to d e s c r i b e  the aaSUml~iOn regarding the 

future lifetime of the insured in ill-health: I 

[P] n = Maximum number of months the insured could live 

[P] tP = Probability the insured will llve through month t 

= Probabillty that the ~nsured will die in month t+l 

The following notation is uaedto describe characteristic| of the insurance 

policy and the policyowner'8 status at the time the model ccn~encea (i.e., 

aometlme after issue, when the insured has fallen into 111 health): 

[P} cv o 

[P] F o 

[P]  ~GAP o 

[P] GAP o 

|P] TaxBaei80 

[P] TaxDBlnd 

[P]  Fi~Rate 

[P]  7702Basis 0 

[P]  Dalnd 

[P] e t  

[P]  X~ 

= I n i t i a l  e n d - o f - m o n t h  cash  v a l u e  

- I n i t i a l  face  amount 

= Initial 7702 gum of guideline annual premiums 

= Inltlal guideline annual premium 

- Policy'8 tax baaio 

- I if the death benefit will be subject 

to income tax, 0 otherwise 

= Policyowner'8 federal income tax rate 

= Initial sum of premiums paid, 7702 basis 

- I for an increasing death benefit policy 

0 for a level death benefit policy 

= Percent of pr~ium expense charge 

= Amount per thousand of face Amount deducted at 

t i n  t h i m  c h a f e r ,  " q "  w i l l  be used t o  d e n o t e  a r a t e  o f  d e a t h .  ?o a v o i d  
c o n f u m i o n  between t h i s  " q "  and a c o s t - o f - i n s u r a n c e  r a t e ,  i n  t h i 8  c h a p t e r  t h e  cos t  
o f  i n a u r a n c e  r a t e  w i l l  b e  d e n o t e d  COIt .  
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[ p ]  ,rp 

[ P ) P l a l ~ r a ~  t 

[P)  P o l A n n l n d  t 

[P]  v 

the beginning of each monthly cycle 

- Per policy charge deducted at the beginning of 

each m o n t h l y  c y c l e  

- Planned or billed-for premium for Donth t (This 

should reflect the premium payment mode.) 

- i if the fir|t day of the month is a policy 

anniversary, 0 otherwise 

= Present value discount factor, reflecting an 

after-tax interest rate available on investments 

This development is intended to be sufficiently flexible to allow for federal 

incoa~ taxation of death proceeds. 2 For the sake Of mi~llClty, it iS aS•~ 

that the policyownsr pay| the premium and is someone other than the insured, so 

that gift and estate tax trea~nt is not an issue. 3 

The following notation is used t o  describe policy elements through time: 

[S] Pt 

[S] W t 

[D] Wl ~u~Le 

[D] w~ ~Feu 

- Premium p a i d ,  beginning of mOnth t 

- Withdrawal taken, beginning of month t 

- Portlon of W~ that is t a x a b l e  

- Portion of W~ that is tax-free 

~ tqh i l e  d e a t h  p r o c e e d s  g e n e r a l l y  e s c a p e  f e d e r a l  i n c o m e  t a x ,  t h e r e  a r e  
e x c e p t i o n s ,  n o t a b l y  t h e  = t r a n s f e r - f o r - v a l u e  r u l e "  u n d e r  w h i c h  d e a t h  p r o c e e d s  l o s e  
their federal income tax sxu~ion if transferred for a consideration. 

Recently, some firms have offered to purchase, at • significant discount 
fro~ the expected death benefit, the life insurance contracts of people who are 
diagnosed as terminally ill. Though ostensibly providing a service by offering 
a (poooinly taxable) "living death benefit," these firms h a v e  also come under 
some crlticEm for what many consider to be their l e s s  than altruistic motlves 
[2]. Such a purchase will come under the transfer for value rule. This ~x>del 
provides a uthod f o r  mix,zing the return on such a purcha~. 

~odelltng estate tax treatment would require some care. If the insured 
maintains incidents of ownership in the policy, as that the death benefit is 
includable in the gross estate, taxation of death proceeds may be modelled if the 
marginal estate tax rate can be estimated. 

In addition, t h e  impa~'~ of cash t h a t  may op~ionally be h e l d  either within 
or out•Ida of the insurance contract should be modelled. For example, presumably 
money paid as premium no longer will be includable tn the estate and thus escapes 
estate taxe• (except to the extent it may have an impact on the universal life 
contrac~'• death benefit, in the case of increasing death benefit contracts or 
contracts in the cash value corridor). Conversely, some or all of the money 
withdrawn from the contract could end up being subject to Income tax, and then 
be includable in the estate as ~ll. 
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[D] CV~ 

[P ]  Sc t 

(s] r t 

[D] DB t 

[ P ] Corr t 

(P] O0I t 

[ D ] ZGAIP t 

[ D ) +AP t 

[ P J GAPAd j O00t 

[ D ] TaxOasis t 

[D ) 7702Basis t 

= Cash value, end of month t 

= Surrender charge, end of month t 

= Month t face amount 

= Month 1: death benefit 

= Month t IRS Section 7702 corridor factor 

= Month t annual coat-of-insurance rate, per dollar 

net-aMount -at -risk 

= Sum of guideline annual premiume, month t 

= Guideline annual premium, month t 

= Time t guideline annual premium adjustment 

required for each thousand dollar change in face 

(Needed for level death benefit policies only) 

n Policy's tax basis at time t 

= SUm Of p r e m i u m s  ~id, 7702 ~sie 

As an objective, it is desired to maximize the actuarial present value of 

future cash flows: 4 

MAXIMIZE: 

t c-lP v "" (W~* {l-Fi~Ra~e) N - P  c) 
¢-i 

t * + e.~'q v~lDBc-FieRate'TaxDBInd{DB¢-TaxBasisc )1 

This maximization is done subject t o  t h e  following constraints: 

( l l )  I t  i s  n e c e s s a r y  t o  d e f i n e  t h e  p o l i c y ' s  dea th  b e n e f i t ,  i n c l u d i n g  IRS s e c t i o n  

7702 c o r r i d o r  c o n s i d e r a t i o n s .  The f o l l o w i n g  c o n s t r a i n t  e q u a t i o n s  w i l l  a c c o u n t  

for the mechan i cs  o f  the corridor: 

For t - i to n: 

CorrExcPol t - PolExcCorr z 

(CORR t - DBlnd) (CVt. I ÷ (I-Et)P~ - EP - EF . Ft/lO00 - Wt) - F t 

~ I t  i s  t , a p l i c i t l y  a s s u ~ e d  t h a t  s i n c e  t h e  i n s u r e d  i s  i n  i l l - h e a l t h ,  i t  i s  
d e s i r a b l e  t o  k e e p  t h e  c o v e r a g e  i n  f o r c e  a t  a l l  c o s t .  
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and 

DB¢ - Ft + DBlnd (CVt. I + (I-Et)P t - EP -- E F  " F~/1000 -- Wt) + COrrExcPoI t 

where: 

C o r r E x c P o i  t 

P o l E x c C o r r  t 

- A m o u n t  b y  w h i c h  t h e  d e a t h  b e n e f i t  d e f i n e d  b y  t h e  c o r r i d o r  

exceeds the "normal" policy death benefit, month  t 

l i~Bountbywhich t h e  "normal" policy death benefit e x c e e d s  the 

d e a t h  b e n e f i t  d e f i n e d  b y  t h e  c o r r i d o r ,  m o n t h  t 

The effect of these constraints is t o  define s variable, CorrExcPolt, that i8 the 

increase in death benefit required under IRS section 7702 when the policy ks in 

the corridor, and to add it to the death benefit that would be An effect in the 

absence of cash value corridor requirements. 

(I2) The following constraints relate each month's cash value to the cash value 

of the previous ~nth, per (2.1.1), (2.1.8) and (2.5.1): 

For t - 1 to n: 

COI c DBe ) (l÷ic) 11,2 cv,- ~ (i. _') (cv~_:. (l-n) P~-g~-ZF -W,) 
iz 12 

(13) The following set of constraints ensures that the policy has sufficient 

cash value t o  avoid lapsing: 

For t s i tO n: CV t ~ $C t 

(I4) The following constraints, required only for level death benefit policies, 

reduces the policy face amount each time there is • withdrawal at the h~egi~ing 

of the ~nth: $ 

For t = i to n: F t = Ft. I - W t 

( 1 5 )  The following constraints, required only for level death benefit policies, 

adjust the guideline annual premium for the reduction An face ~nt due to a 

e W i t h d r a w a l a  o f  c a s h  v a l u e  when t h e  p o l i c y  i s  i n  t h e  c o r r i d o r  w o u l d  n o t  
reduce the face wmount of the policy if the policy were still in the corridor 
after the withdrawal. No attem~ has bedn ~de to distinguish in this set of 
constraints between withdrawals that occur outside the corridor and withdrawals 
t h a t  o c c u r  when t h e  p o l i c y  i s  i n  t h e  c o r r i d o r .  I t  w o u l d  a p p e a r  u n l i k e l y  t h a t  a n  
o p ~ l m a l  s o l u t i o n  m a x i m i z i n g  t h e  r e t u r n  o n  t h e  p o l i c y  on  a n  i m p a i r e d  l i f e  ~ u l d  
In~ive withdrawing ~ney when the policy was in the corridor, since this l,~uld 
result in a more than dollar-for-dollar reduction in the death benefit. 
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cash value withdrawal: 

For t = 1 to n: GAP t = GAPe. I - GAPAdj000 t • We/1000 

(I6) The following constraints define the sum of the guideline annual premiums. 

Each anniversary, the sum of the guideline annual premiums is £ncromented by the 

current guideline annual premium, adjusted as necessary for level death benefit 

policies for the effects any withdrawals for the current month have on the face 

amount. On monthiversaries that are not policy anniversaries, withdrawals on 

level death benefit policies cause the sum of the guideline annual premiums for 

the current year to be adjusted downward to account for the reduction in face. 

As developed here, mid-year downward adjustments to the guideline annual premiums 

ere treated effectively as if they occurred on the prior policy anniversary: 

For t = i to n: 

I f  P o l A n n l n d  t ,m 1,  ~ A P  t = lhg,~:~T. 1 + GAP t 

If PolAnnlnd t = 0, ~G~P t ~ ~GAPt. I - GkPAdj000 t We/SO00 

(I7) The following constraints relate W t, W~ AXFIEE, and w~LE: 

For t = 1 to n: 

W t - W: AxFREIE + WI AXABLE 

Wt TAxFpJ~ S TaxBaslSto I 

As noted in developing the General Modal, the optimal solution to a linear 

programming problem An which withdrawals up to 1;he tax basks may be taken tax- 

free is to take any such withdrawals before taking taxable withdrawals. Thus, 

no additional constraints are required to ensure the proper treatment of the 

order of withdrawals. 

(I7) The following constraints adjust the tax basis for the effects of any 

premium ~ l m m n t s  o r  withdrawals: 

For t = I to n: TuBaslst = TaxBesimt-1 + Pt - wTAXF~r 

(I8) The following constraints adjust the 7702 basis for the effects of any 

premium payments or withdrawals and ensure that the 7702 basis does not exceed 

guideline p r e m i u m  limltatlons: 

For I; = i to n= 7?02easier " 7702Beslat-1 ÷ Pt - W: ~xFIEE 

7702Basis t S ZG;~P t 
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(I9) Constraints are required to account for a tommy's rules regarding planned 

premium changes and the payment of unscheduled premiums. The following contract 

language is typical: 

Planned annual prenim~ are shown on the first page of this contract. 
Payments can be annual, sa,-i-annual or quarterly, or can be st any 
frequency agreed to by the Company. You may incEease or decrease the 
amount of subsequent pay1~ente, subject to the Limits on Premiums b e l o w ,  
Unscheduled paymlnts may be ~de at any time prior to the maturity date, 
subject t o  the Limits on Premiums below. 

L~,mits on Premiums: 

* Total planned and unscheduled payments will be limited to the Company's 
published maximums. 

* Proof that the Insured is insurable will be required if an unscheduled 
payment increases the Doeth Benefit by more than it increases the cash 
value. 

Many companies allow the planned premium to be adjusted to any "reasonable" level 

without evidence of insurability; unscheduled payments, however, are a11owed 

without underwriting on1¥ when the payment does not bring the policy into the 

corridor to such an extent that the net-amount-at-risk increases. Interestingly 

enough, underwriting is generally not required if a person pays the largest 

prgmium such that the policy enters the corridor hut the net-amount-at-risk 

remains the same. 6 Following such an unscheduled pr~ium payment, the 

policyholder could resume his scheduled premium payments, and drive up the net- 

~unt-at-risk with each payment. Under  mome circumstances, the Policyholder 

will benefit by this mtratiKjy. 

The limitations on premium payments contained in the contract language 

a b o v e  may be modelled using the following constraint equstions: 

6Any p r ~ - m  p a y m e n t  o n  a l e v e l  d e a t h  b e n e f i t  p o l i c y  n o t  i n  t h e  c a s h  v a l u e  
corridor will reduce the policy's net-amount-at-risk until the policy reaches the 
corridor. When the policy reaches the corridor, any further payment will result 
/~ an increase i n  the net-amount-at-rlsk. Thus, for a level death benefit po l i c y  
not in the corridor, one may solve for the premiu~ payment that brings the policy 
into the corridor and results in the net-amOunt-at-rlsk being equal to the net- 
amount-et-r~sk before the payment was made. 

On an increasing death benefit policy, a premium payment will h a v e  no 
effect on the net-mnount-at-risk until the policy reaches the corridor. Thus, 
for an increasing death benefit Policy one may solve for the ILrgest premium 
payment that kee N the net-amount-at-risk from increasing. 
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For t = 1 tO n: 

PlanPrem t 

{F t 

and 

where: 

+ CPExcPP t - ppExcCPt - 

+ ( E F  F t / l O 0 0  ÷ E P  - CVt.1) ( t o r t  t - DBInd) } / { ( C o r r  t - 1 ) ( 1  - Eq ) }  

Pt < PlanPrem~ + CPExcPP t 

CPExcPP t - Amount by  which  t h e  premium n e c e s s a r y  t o  b r i n g  t h e  p o l i c y  

i n t o  t h e  c o r r i d o r ,  k e e p i n g  t he  n e t - a m o u n t - a t - r i s k  l e v e l ,  

e x c e e d s  t h e  month t p l a n n e d  premium 

PPExcCP~ s Amount by which the month t planned premium exceeds the 

premium necessary to bring the policy into the corridor, 

keeping the nat-amount-at-risk level. 

Assuming the policy is not already in the corridor, the right hand side of the 

first equation expresses the premium required to bring the policy into the 

c o r r i d o r  w i t h o u t  chang ing  the  n e t - a m o u n t - a t - r i s k .  ? I f  t h i s  amount e x c e e d s  t h e  

planned premium, the second equation adds the amount by which it exceeds the 

planned premium to the planned pr~nium to get the total premium allowed for the 

month. 

Several co~nents should be made regarding this model. First, in running 

the model, it is desirable to have the planned pranium as high as possible, so 

that the option is there to pay generous premiums, should ouch a strategy be 

optimal. This suggests that at the t i m e  the model c~nces, a policyholder 

s h o u l d  r e q u e s t  t h a t  t h e  p l a n n e d  premium he i n c r e a s e d  t o  t h e  maxLwam a company 

would allo~ for the contract under consideration. These maxi.lmJuRs would then he 

reflected in the input factors PlanPr~. Second, under the premime that the 

insured is v e r y  i~l when the model c~ncea, it is unlikely that either 

withdrawals or premium needed to bring a policy not already into the corridor 

? I f  t h e  c a s h  v a l u e  of  t h e  p o l i c y  i s  a l r e a d y  s u f f i c i e n t l y  l a r g e  t h a t  t h e  
d e a t h  b e n e f i t  i s  de te rm ined  by t h e  p r o d u c t  o f  t h e  cash v a l u e  and t h e  c o r r i d o r  
f a c t o r ,  t h e  e x p r e s s i o n  on t h e  r i g h t  hand s i d e  i s  n e g a t i v e .  I n  t h i s  came, 
CPExcPP~ w i l l  be  z e r o ,  PPExcCP w i l l  a m e a n i n g l e s s  p o s £ t i v e  number ,  and t h e  
premium f o r  t h e  month w i l l  be  c o n s t r a i n e d  t o  be not  l a r g e r  t h a n  t h e  p l a n n e d  
premium. 
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i n t o  t h e  c o r r i d o r  w i l l  occur a f t e r  t h e  f i r s t  month. 8 Assuming t h a t  bo th  

withdrawals and payments necessary to b r i n g  a policy not  in the corridor into the 

corridor occur only in the first month significantly reduces the progran~ing 

required for the model. 

6 . 2  F~amples  

T a b l e s  6 .1  t h r o u g h  6.3 sho~ t h e  o p t i m a l  s t r a t e g y  of  a p o l i c y h o l d e r  who owns 

a S i00,000 level death benefit policy fr~ Company A on an insured who wan age 

45 at Issue and who, having just reached age 65, has fallen into ill health. It 

is assumed that the insured'| death will occur within the next thirty-six months, 

with death being equally likely to occur in any of those months. The policyowner 

wiZl recover the death benefit tax-free; present values of future cash flown are 

taken at 8%. The tables differ in that the pr~iums paid during t h e  first twenty 

years are not identical; thul, the model conlencea with different starting cash 

values and different tax bases. 

In Table 6.1, the pollcyholder paid $ 1,200 each year for five years, and 

then stopped paying premium. As a result, the policy has almost no cash value. 

Not aurprlaingly, the optimal strategy is to pay nothing until premium is 

required to keep the policy from lapsing, and then to pay only the minimum 

required each month to keep the policy in force. The resulting actuarial present 

value of future cash flows of $ 87,720 compares with an actuarial present value 

of $ 34,5369 had the pollcyownar not reacted optimally, but rather had continued 

with his prior behavior of not paying prmium. This comparison, of course, is 

misleading since a rational policyholder would not fail to react to a lapse 

OAf will be mean, withdrawals are sometimes desirable if by getting money 
out of a policy, the policyowner can cause future net-amounts-at-risk to be 
greater th~ what they would have been had the withdrawal not been taken. In 
these caeca, it Am desirable to take the withdrawal am early as possible, so that 
the impact on future net-amounts-at-risk can commence as early as possible. 

Paying premium to put a policy into the corridor can bt desirable if, by 
doing so, the policyowner can cause an increase in future net-amounts-at-risk, 
due to the operation of the corridor factor. Again, when this ie desirable, it 
shou ld  be d o n e  as e a r l y  as p o s s i b l e .  

9This figu~ assumes a two month grace period, but ignores certain 
a d j u a t m e n t a  t o  t h e  d e a t h  b e n e f i t  t h a t  would be made by t h e  i n s u r e r  upon dea th .  
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Table 6 

Month 

I: Optimal Transactions for an ABe 65 Level Death Benefit PoLicyholder 

Withdrawals Cash Death Tax and 
Face Premium Tax-free Taxable Value Benefi= 7702 

Amount (BOM) (BOM) (BOM) (EOM) (EOM) Basis 

Maximum 
Guideline 

Premium 

Start 
1 
2 
3 
4 
5 
6 
7 
8 
9 

i0 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

100,000 1,547 
i00,000 1,420 I00,000 
I00,000 1,291 IO0,O00 
100,000 1,162 100,O00 
100,000 1,031 100,000 
100,000 899 100,000 
100,000 766 100,000 
100,000 631 IO0,O00 
100,000 495 100,000 
100,000 358 100,000 
100.000 220 i00,000 
100,000 80 I00,000 
100,000 64 0 100,000 
100,000 165 0 100,000 
100,000 165 0 i00,000 
100,000 165 0 100.000 
100,000 165 0 100,000 
100,000 165 0 i00,000 
100,000 165 0 100,000 
100,000 165 0 100,000 
I00,O00 165 0 100,000 
i00,000 165 0 I00.000 
100,000 165 0 100,OOO 
100,000 165 0 i00,000 
100,000 165 0 iOO,O00 
100.000 183 0 1OO,000 
100,000 183 0 100.000 
I00,000 183 0 100,000 
100.000 183 0 100,000 
i00,000 183 0 I00.000 
100,000 183 0 100,000 
I00,000 183 0 I00,000 
100,000 183 0 lO0,O00 
100,000 183 0 I00,000 
i00,000 183 0 100,000 
I00,000 183 0 i00,000 
lO0,O00 183 0 i00,000 

6 000 
6 000 
6 000 
6 000 
6 000 
6 000 
6 000 
6 000 
6 000 
6 000 
6,000 
6,000 
6 064 
6 230 
6 395 
6 561 
6 726 
6 892 
7 057 
7 223 
7 388 
7 554 
7 719 
7 885 
8 050 
8 233 
8 416 
8 599 
8 782 
8 965 
9 148 
9 330 
9 513 
9 696 
9 879 

10,062 
10,245 

36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
38,632 
38,632 
38,632 
38.632 
38,632 
38,632 
38.632 
38,632 
38.632 
38.632 
38,632 
38.632 
40,388 
40,388 
40.388 
40,388 
40,388 
40,388 
40,388 
40,388 
40,388 
40,388 
40.388 
40,388 

Assumptions: Po l i cy  was issued at age 45; po l i cyho lde r  pa id  $1,200 per year fo r  f i ve  
y e a r s ,  and  t h e n  s t o p p e d  p a y i n  s premium.  

Death  i s  assumed to  occur  d u r i n g  t h e  n e x t  36 months ,  and  i s  e q u a l l y  
l i k e l y  f n  any  month. P r e s e n t  v a l u e s  assume d e a t h  o c c u r s  a n d - o f - m o n t h .  

- B e g f r m i n g - o f - m o n t h ,  EOM - End-o f -mon th  

A c ~ a r i a l  p r e s e n t  v a l u e  o f  f u t u r e  c a s h  f l o w s  @ 8% - $ 8 7 , 7 2 0 .  
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Table 6.2: Optimal Transactions for an Age 65 Level Death Benefit Policyholder 

~ l t h d r a w a l s  Cash Death 
Face Premium T a x - f r e e  Taxable Value B e n e f i t  

Month Amount (BOM) (BOM) (BOM) (EOM) (EOM) 

5~art 

I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

100.000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76 000 
76,000 
76,000 
76.000 
76,000 
76,000 
76,000 
76,000 
76,000 
76.000 
76,0Q0 
76,000 
76,000 
76,000 
76,000 
76,000 
76,OO0 
76,000 

24,000 
44,861 
20,950 
21,039 
21,129 
21.219 
21,311 
21.403 
21,497 
21.591 
21,686 
21,782 
21,879 
21,977 
22 068 
22 159 
22 251 
22 344 
22 438 
22 533 
22 629 
22 726 
22 824 
22 922 
23 022 
23 122 
23 215 
23 309 
23,403 
23,499 
23,595 
23,692 
23,791 
23,890 
23,990 
24,091 
24.193 
24.296 

76,000 
76,000 
76,000 
76,000 
76,000 
76,000 
76,000 
76,000 
76,000 
76,000 
76,000 
76.000 
76.000 
76.000 
76,000 
76,000 
76,000 
76,000 
76,000 
76.000 
76.000 
76.000 
76.000 
76.000 
76,000 
76.000 
76,000 
76.000 
76.000 
76.000 
76.000 
76.000 
76.000 
76,000 
76.000 
76.000 

Tax and 
7702 

Basis  
J 

24.000 
0 
0 
0 
0 
0 
o 
0 
0 
o 
0 
0 
0 
o 
0 
0 
0 
0 
0 
0 
0 
0 
0 
o 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
o 
o 
0 

Maximum 
Guidelin~ 

Premium 

36 876 
35 629 
35 629 
35 629 
35 629 
35 629 
35 629 
35 629 
35,629 
35 629 
35.629 
35.629 
35,629 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,139 
36,6&8 
36,648 
36,648 
36,648 
36,648 
36,648 
36,648 
36,648 
36,648 
36,648 
36,6&8 
36,648 

Assumpt ions :  P o l i c y  was  i s s u e d  a t  age 45; p o l i c y h o l d e r  pa id  $1,200 pe r  year  f o r  
~ e n ~  y e a r s .  

Death i s  assumed to  occur dur£n& t h e  n e x t  36 mon~%s, and i s  e q u a l l y  
l i k e l y  i n  any month.  P r e sen t  v a l u e s  assume dea th  o c c u r s  e n d - o f - m o n t h .  

BO~-  Beginni:~g*of-mon~h,  EOM - End-o f -mon th  

A c t u a r i a l  p r e s e n t  va lue  of f u t u r e  c a s h  f lows @ 8% - $ 91,647. 
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Table 6.3: Optimal Transactions for an Age 65 Level Death Benefit Policyholder 

Withdrawals Cash Death Tax and 
Face Premium Tax-free Taxable Value Benefit 7702 

Month Amount (BOM) (BOM) (BOM) (EOM) (EOM) Basis 

Maximum 
Guideline 

Premium 

Start 
1 
2 
3 
4 
5 
6 
7 
8 
9 

I0 
Ii 
12 
13 
14 
15 
16 
17 
18 
19 
2O 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

I00,000 
I00.000 10,186 
I00,000 146 
i00,000 146 
100,000 146 
100,000 146 
100,000 146 
I00,000 146 
100,000 146 
100,000 146 
100,000 146 
100,000 146 
100,000 146 
i00,000 146 
100,000 146 
100,000 146 
100,000 146 
i0o,0oo 146 
100,000 i~6 
i00,000 146 
I00,000 146 
I00,000 146 
I00,000 146 
I00.000 146 
i00,000 146 
I00,000 146 
i00,000 146 
I00,000 146 
i00,0o0 146 
i00,000 146 
I00,000 146 
100,000 146 
100,000 1~6 
100,000 146 
I0O,O00 146 
i00,000 146 
i00,000 146 

81,738 
92,015 
92,862 
93,715 
94.575 
95,441 
96 314 
97 194 
98 080 
98 974 
99 874 

ZOO 781 
101 695 
102,615 
I03,542 
104 476 
105 417 
106365 
107 321 
108 284 
109 254 
110 232 
ii1,217 
112,210 
113 210 
114 217 
115 231 
116 253 
117 283 
118 321 
119 367 
120 421 
121 483 
122 553 
123 631 
124 718 
125 813 

i09,575 
Ii0,583 
111,599 
112,623 
113,655 
114,694 
I15,742 
116,798 
117,862 
118,934 
120,014 
121,102 
121,181 
122,276 
123,378 
124,490 
125,610 
126,738 
127,875 
129,021 
130,176 
131,339 
132,512 
133,693 
133,751 
134,938 
136,135 
137,341 
138,557 
139,781 
141,015 
142,259 
143,512 
144,775 
146,047 
147,329 

16,000 
26,186 
26,332 
26,479 
26.625 
26.771 
26,918 
27,064 
27,210 
27,357 
27,503 
27,649 
27,796 
27,942 
28,088 
28,235 
28,381 
28,527 
28,674 
28,820 
28,966 
29,113 
29,259 
29,405 
29,552 
29,698 
29,844 
29,991 
30,137 
30,283 
30,430 
30.576 
30,722 
30,869 
31,015 
31,161 
31,308 

36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
36,876 
38,632 
38,632 
38.632 
38,632 
38.652 
38,632 
38,632 
38,632 
38,632 
38,632 
38,632 
38,632 
40,388 
40,388 
40,388 
40,388 
40.388 
40,388 
40,388 
40,388 
40,388 
40,388 
40,388 
40.388 

Ass~u~ptlor~: Po l l cy  was i s s u e d  a t  abe 45; p o l i c y h o l d e r  pa id  a s i n g l e  p r e m i ~  of  
$16,000 a t  i s s u e .  

Death i s  assumed to  occur dur ing  the  n e x t  36 months ,  and i s  e q u a l l y  
likely in any month. Present values assume dearth occurs end-of-month. 

BOM - Beginnlng-of-month, E0M - End-of-month 

Actuarial present value of future cash flows @ 8% - $ 100,451. 
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notice sent by Ccapany A if the insured was ill-health. Rather, the Zmpaired 

Life Model confirms the behavior that one would expect of • Eational policyholder 

in this situation, perhaps improving it slightly by guiding the policyholder tO 

pay only the bare minimu~ required t o  ksep  t h e  c o v e r a g e  in f o r c e .  

I n  T a b l e  6 . 2 ,  t h e  p o l i c y h o l d e r  has  p a i d  $ 1 ,200  p e r  y e a r  f o r  t w e n t y  y e a r s  

and has a cash value of $ 44,861. The optimal strategy ie to withdraw an amount 

t~t precisely equals the tax basis of $ 24,000, and then Pay no more premium. 

By halting premium payments and taking the maximum tax-free withdrawal, the 

policyholder slows the g~-owth of cash value and thus slows the erosion of the 

insurance elmnt in the policy. I0 The actuarial present value of future cash 

flows of $ 91,647 cat,pares with a present value of $ 86,726 had the policyholder 

continued his behavior of paying • $ 1,200 annual premium each year, and a 

present value of $ 89,009 had the policyholder ceased pr~ium payments but not 

taken the withdrawal. 

In Table 6.3, the p31icyholder paid • single prlmium of S 16,000 at i s s u e ,  

and has paid no premium s~.nc@. The resulting $ 81,738 cash value a~st puts the 

policy into the corrido~r. Under the assumption that company A would allow 

prlmium of $ 1,756 per y e a r  11 even if the policy is in the corridor, the optLIal 

strategy i e  to pay $ 10 186 in month one, thus bringing the policy into the 

corridor with neither an Lncreame nor s decrease i n  net-amount-at-risk, and then 

to Pay each succeeding month one-twelfth of the maximum allowable planned premium 

of $ 1,756. The resulting actuarial present value of future cash flows of $ 

100,451 compares with a present value of $ 98,846 had the policyholder continued 

his prior behavior and paid no future premium. 

S e v e r a l  v a r i a b l e s  p l a y  J key r o l e  in  d e t e r m i n i n g  w h e t h e r  t h e  o p t i m a l  

s t r a t e g y  f o r  s p a r t i c u l a r  p o l i c y  i n v o l v e s  f u n d i n g  t h e  p o l i c y  t o  t h e  maximum 

10Rad the policyholder taken a sufficiently larger withdrawal, the interest 
on the remaining cash value would be insufficient to cover the monthly 
deductions, and the net-amount-at-risk would, in fact, increase with time. In 
the Current situation, however, this is lees than optimal, due to taxation of any 
withdrawals above  the tax basis: It i s  better to leave the money in the policy, 
and receive it tax-fr~ am a death benefit upon the inmured'8 death. 

11This figure ~s the guideline annual premium for the policy at ~ssue • . o 
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extent allowed, so as to take advantage of net-amount-at-risk manipulation due 

to the imL~ct of the corridor on the death benefit. Among the~ are: 

(1) The Inmured'e attained-age. The corridor factor of 1.20 at attained- 

age 65 yields an Increase of t ~ n t ¥  cents in net-amount-at-r£ak for each dollar 

of corridor cash value. By co|mparlaon, at attained-age 40, the corridor factor 

of 2.50 yields an increase of one dollar and fifty cents for each dollar of 

corridor cash value. Thus, all other things being equal, the lower the attained- 

age, the greater the return on • dollar of corridor cash value, and the greater 

the potential for net-amount-at-risk manipulation. 

(2) The policy's percent-of-premium load factor. Paying the premium 

required to get the policy into the corridor involves a cost. The lower the 

percent-of-premium load factor, the more likely this cost can be recouped. 

(3) Limitations on premium payments, either due to guideline premium 

limitations or a co--l~iny's maximum allowable planned premiums. The more 

generously a contract can be funded, the greater the opportunity to take 

advantage of the operation of the corridor. 

(4) The policy's credited interest rate. A substantial portion of the 

growth in net-amount-at-risk due to the operation of the corridor comes fr~ 

interest credits on these high cash value policies. The greater the interest 

rate, the more rapid the growth in c a s h  value due to interest credits, a~d hence 

the greater the growth in net-amount-at-risk. 

(5) The assumed future lifetime random variable of the insured. Very short 

expected future lifetimes allow only very limited funding in excess of the amount 

required to bring the policy into the corridor, and thus limit the opportunity 

to manipulate the net-amount-et-ri0k. Conversely, very long expected future 

lifetimes may result in significant insurance charges being incurred before death 

occurs  and may being the insured'0 attained-age at death up to a point at which 

the =orrlclor factor acids little t o  the death benef i~ . . . .  

~6) The pollcy°o ~tarting cash value, compared with the cash value required 

to put the policy in the corridor. On low and moderate cash value policies, 

expenses involved in paying premium sufficient to bring the policy into the 
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Table 6.4: Optimal Transactions for an Age 65 Increasing Death Benefit Policyholder 

Withdrawals Cash Death Tax and Maximum 
Face Premium Tax-free Taxable Value Benefit 7702 Guideline 

Monr.h Amount (BOM) (BOM) (BOM) (EOM) (EOM) Basis Premium 

Start 
I 
2 
3 
4 
5 
6 
7 
B 

9 
I0 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

55,139 44,861 
55,139 45,299 I00.438 
55,139 45,647 100.786 
55.139 45,998 I01.137 
55,139 46,352 101.491 
55,139 46,708 101,847 
55,139 47,068 102,207 
55,139 47,430 102,569 
55,139 47,795 102.934 
55,139 48,163 103,302 
55,139 48,533 103,672 
55,139 48.907 104,046 
55,139 49,283 104,422 
55,139 49,662 104,801 
55.139 50,043 105.182 
55,139 50.428 105.567 
55,139 50,815 105,954 
55,139 51,205 106.344 
55,139 51,599 I06,738 
55,139 51.995 i07,134 
55,139 52,394 i07.533 
55,139 52.797 107.936 
55,139 53.202 108,341 
55,139 53.611 108.750 
55,139 54.023 109,162 
55,139 54,437 I09,576 
55,139 54,854 109,993 
55,139 55,275 110,414 
55,139 55,699 Ii0.838 
55,139 56,126 111.265 
55,139 56,556 111,695 
55,139 56,990 i12.129 
55,139 57,427 i12.566 
55,139 57,867 113,006 
55,139 58,311 113,450 
55,139 58,758 i13.897 
55,139 59.208 i14,347 

24,000 37,400 
24,100 37,400 
24,100 37.400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 39.680 
24,100 39.680 
24,100 39.680 
24,100 39.680 
24,100 39.680 
24,100 39.680 
24,100 39,680 
24,100 39.680 
24.100 39,680 
24,100 39,680 
24.100 39.680 
24.100 39,680 
24.100 41,960 
24,100 41,960 
24,100 41,960 
24,100 41,960 
24,100 41,960 
24,100 41.960 
24,100 41,960 
24,100 41.960 
24,100 41.960 
24.100 41,960 
24.100 41,960 
24.100 41,960 

Assumptions : Pollcy was issued at age 45 as a level death benefit policy; 
pollcyhold~r paid $ 1.200 per year for twenty years. Death benefit 
option change was elected before the model was run. 

Death is assumed to occur during the next 36 months, and is equally 
likely in any month. Present values assume death occurs end-of-month. 

BOM - Beginning-of-month. EOM - End-of-month 

Actuarial present value of future cash flows @ 8% - $ 95,081. 
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corridor may be too large to be able to be recouped. Also, guideline premium 

limits may not allow sufficient funding to bring the policy into the corridor. 

Tables 6.1 through 6.3 illustrate the optimal strategy for a level death 

benefit policy. Most universal life contract8 allow the policyholder to change 

the death benefit option without evidence of insurability. Although upon 

electing a change in death benefit option the face amount of the policy As 

adjusted to equate the net-amount-at-rlsk before and after the change, electing 

the option can have an impact on future net-amounts-at-risk. Thus, this option 

can  s o m e t i m e s  be used  t o  a p o l i c y h o l d e r ' 8  a d v a n t a g e .  

Table 6.4 illustrates the optimal strategy on the polic¥ illustrated in 

Table 6.2, after a change An death benefit option has been elected. The 

actuarial present value of future cash flows of $ %5,081 exceeds the present 

value of $ 91,647 that wag obtained under the optimal level death benefit 

strategy. The increase is made up of two oc~ponents. First, under the level 

death benefit solution, the $ 24,000 withdrawal slowed but did not halt the 

erosion in net-amount-at-risk due to interest credits; conversely, when an 

increasing death benefit option ks elected, the net-amount-at-risk in the future 

remains constant. Second, under the level death benefit case, the $ 24,000 

withdrawal contributes exactly $ 24,000 to the present value. Under the 

increasing death benefit option, that $ 24,000, which e t a y a  An the policy, 

contributes more than $ 24,000, because it accumulates at 10% aS cash value, ks 

received tax-free upon the death of the insured, and then 18 discounted at 8%. 

This example illustrates that in solving for an optimal solution, At would be 

advantageous to run the Impaired Life Model once under the policy' s current death 

benefit option, and once assuming a death benefit option change has been 

elected. 12 

While the examples above illustrate common optimal strategies, other 

1 2 E x ~ p l e 8  can  be  d e v e l o p e d  in  which  i t  i g  o p t i m a l  t o  c h a n g e  from an  
increasing death h~nefit policy to a level death benefit policy, 

ChangeJ in death benefit option can have an impact on the maximum funding 
allowed for • policy. Due to an anomaly in the attained-age-decrement method 
s p e c i f i e d  f o r  a d j u s t i n g  g u i d e l i n e  p r e m i u a s  when an a d j u s t m e n t  An b e n e f i t s  i s  
elected, a change from a level death benefit to an increasing death benefit 
policy does not necessarily cause an increase An guideline preaium8. 
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T a b l e  6.4: Optimal Transactions for an ABe 65 Increasing Death B e n e f i t  Policyholder 

Withdrawals Cash Death Tax and Maximum 
Face Premi~.= Tax-free Taxable Value Benefit 7702 Guideline 

Mon:h Amount (BOM) (BOM) (BOM) (EOM) (EOM) Basis Premium 

S~art 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
lg 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

55,139 
55,139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55 139 
55.139 
55.139 
55.139 
55.139 
55.139 
55.139 

44,861 
45,299 
45.647 
45,998 
46,352 
46.708 
47,068 
47,430 
47,795 
48,163 
48.533 
48,907 
49,283 
49,662 
50,043 
50.428 
50.815 
51.205 
51.599 
51.995 
52.394 
52,797 
53.202 
53.611 
54.023 
54,437 
54854 
55.275 
55 699 
56 126 
56 556 
56 990 
57 427 
57 867 
58 311 
58 758 
59 208 

100,438 
I00,786 
i01,137 
i01,491 
I01,847 
102,207 
102,569 
I02,934 
103. 302 
103.672 
104,046 
104,422 
104,801 
105.182 
105.567 
105,954 
106,344 
106,738 
107,134 
107,533 
107,936 
108,341 
108,750 
109.162 
109.576 
109,993 
110,414 
110.838 
111.265 
111.695 
112.129 
112.566 
113.006 
113,450 
I13.897 
114. 347 

24,000 37,400 
24,100 37,&00 
24,100 37,400 
2&,lO0 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37,400 
24,100 37.400 
24.100 37.400 
24,100 37.400 
24.100 37.400 
24,100 39,680 
24,100 39,680 
24,100 39,680 
24.100 39.680 
24.100 39.680 
24,100 39.680 
24,100 39.680 
24.100 39.680 
24.100 39.680 
24.100 39.680 
24.I00 39.680 
24.100 39.680 
24.100 41.960 
24.100 41.960 
24.100 41.960 
24.100 41.960 
24.100 41.960 
24.100 41.960 
24.100 41.960 
24,100 41,960 
24.100 41,960 
24.100 41,960 
24,100 41,960 
24,100 41,960 

A s s u ~ C i o n s :  P o l i c y  w a s  i s s u e d  aC age 45 a s  m l e v e l  d e a t h  b e n e f i t  p o l i c y ;  
pollcyholder paid $ 1.200 per year for t~ent~j years. Death benefit 
opclon chm,ge was elected before nhe model was run. 

D e a = h  i s  a : s sumed  =o o c c u r  d u r i n g  =he  n e x t  36 m o n = h s ,  a n d  i s  e q u a l l y  
l i k e l y  i n  a n y  m o n t h .  P r e s e n t  v a l u e s  a s s u m e  d e a t h  o c c u r s  e n d - o f - m o n t h .  

BOH - B e g i ~ m i n g - o f - m o n ~ h .  EOM - E n d - o f - m o n t h  
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patternl are possible. For example, even when the cash value corridor cannot be 

reached, the optimal strategy on an increasing death benefit policy may be to 

fund the contract to the saximum extent a11c~ed for several months. This would 

be true if the credited interest rate exceeds the present value interest rate, 

the percent-of-premium load is Ima11, and the expected future llfetime is long 

enough so that premlum deposited into the contract in the early months can be 

expected to be recovered tax-free upon death, having accumulated to a greater 

amount than it would have had it b men kept outlide the contract. In such • case, 

the policy's tax-free death benefit status allows it to be used as a proxy for 

a tax-free investment, with the funds earning a higher rate than would typically 

be available on a tax-free investment. As a second example, on level death 

benefit policies in ~hich the tail end of the future lifetime random variable is 

long, the optimal strategy could involve withdrawing~ney at the time the model 

commences, in order to draw down the cash value to such an extent that the net- 

amount-at-risk increases with time. Several years in the future, if the insured 

is still living, premium would then have to be repaid in order to keep the Policy 

in force. 

6.3 Other Options with Potential for Net-J~m~t-at-RiskNaa£puleti~ 

As noted in the previous section, the ability to change death benefit 

options contributes to the potential for net-amount-at-risk manipulation within 

the typical universal life contract. Several other options exist that can also 

be used to manipulate the net-amount-at-risk. 

First, c(xapanlee will routinely ellow apolicyholder to change him planned 

prmium billin~ mode. The table below illustrates the present value of future 

cash flows under tbe optlmal solution to the Impaired Life Model for the examples 

in Tables 6.1 and 6.3, as the billing mode is varied: 

Monthly Quarterly seal-Annual Annual 

Table 6.1 $ 87,720 $ 87,621 $ 87,476 $ 87,192 

Table 6.3 $ 100,451 $ 100,431 $ 100,402 $ 100,348 
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Au can be m~n, the billing mode has some impact on the present values. For 

@xmplo, if a level death benefit policy has virtually no camh value and is to 

be funded so as to ~uat barely keep the policy in force, the billing mode should 

be switched to monthly, so that premiums can be paid as slowly as possible, in 

order to avoiding payi~ any unnecessary pr~lu~. I$ If the opti~al strategy 

involves funding a pollcy so am to take advantage of cash value corridor 

considerations, the bill£n 9 mode should be switched to the mode that will allow 

cash values tO b u i l d  most rapidly. ~4 

Second, on corrido= policies in which it el~peere desirable to ell~ the 

cash value to gr~ am la~.ge as possible and am quickly as possible, any riders 

on the Policy that appear unlikely to provide • benefit payout could be r~oved. 

By reducing the gu~ount of each monthly deduction, this would increase each 

month'e cash value, thus increasing the death benefit by ~re than a dollar-for- 

dollar basis due to the operation of the corridor. 

Finally, holders of cash value rich policies who are unable to tak~ 

advantage of corridor manipulation due to • lack of available funds ~y be able 

to take advantage of the policy loan option. Taking a policy loan and Paying 

130n an  i n c r e a s i n g  d e a t h  b e n e f i t  o p t i o n  p o l i c y ,  t h e  d e a t h  b e n e f i t  w i l l  
i n c r e a s e  a s  p r ~ i m n e  a r e  p a i d ,  b u t  p a y i n q  f o r  t h e  p o l i c y  am s l o w l y  a s  p o s s i b l e  
i s  s t i l l  t h e  m o s t  o f f £ c i e n t  a p p r o a c h  s i n c e  t h e  l ~ r c o n t  o f  prm~Lum l o a d  w o u l d  b e  
l o s t  f r ~  a n y  u n n e c e s s a r y  p r l m i u l .  

I t  i s  i n t m r e e t l n g  t o  n o t e  t h a t  b i l l L n g  ~ d e  I s  g e n e r a l l y  i r r e l e v a n t  t o  t h e  
h o l d e r  o f  a t r a d i t i o n a l  ~ontrac~c,  due t o  p r o v i s i o n s  f o r  t h e  r e t u r n  o f  u n e a r n o d  
f r a c t i o n a l  p r m i u m  upon  d e a t h .  The u n i v e r s a l  l i f e  C o u n t e r p a r t ,  the return o f  t h e  
u n e a r n e d  p o r t i o n  o f  t h e  ~ o n t h  o f  d e a t h ' s  c o s t - o f - i n s u r a n c e  d e d u c t i o n ,  d o e s  n o t  
have  t h e  e f f e c t  o f  p u t t i n g  p o l i c y h o l d e r s  w i t h  d i f f e r e n t  b i l l i n g  modes i n  a n  e q u a l  
p o s i t i o n .  

14The ~ s e l e c t e d  w i l l  d e p e n d  upon t h e  m o n t h  o f  t h e  P o l i c y  y e a r  t h a t  t h e  
model c~nce8. For uR-ple, if the ~odel ~ncee at the start of a Policy 
year, and prlm/---- in excess of the planned praaiul are p a i d ,  no furl:her funding 
that year would be allowed if the billlnq mode ~ro a~-nual. Hc~evor, ll/12th of 
the planned premium would be allowed if the payment e~d@ had been changed to 
monthly. If the model c~ncoe at the mtart of the sixth month and the billtnq 
mode is monthly, 6/12th of the planned prs-iu~ can be paid in |ubeequent months. 
If the billing uo<hm is changed t o  ms-i-annual, 6/12th of the pr~ium can still 
be Paid, but mince it will be Paid earlier in the yeu, the funds (plus interest 
earnings) well impact the death benefit earlier. 

&c~ually, in the former @xanq~le, the beet etrategT would be tO c~nce 
with monthly mode, |n~itch to quarterly mode at the beginning of month four, to 
m~i-annual mode at the beginning of ~onth seven, and to annual mode at the 
beginning of month thirt~n. 
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premium with those funds ~£11 reduce future cash surrender valuem due to the 

deduction of the percent-of-premium load on the money loaned and redeposited and 

due to the gene=alIy lower interest rate cred£ted on cash value held as 

collateral for the loan. The interest due on the loan will also add to the 

holding cost of the policy. Rowe~llr, the cash value of the policy will increase, 

resulting £n a greater thin dollar-for-doll&r increase ~n the death benefit when 

the policy reaches the corridor that could exceed the cost of loaning and 

redepositing funds. Subject t O  1Lmititions 0n the payment of pr4uniume, th£s 

borrowing and redepositing could be repeated. 
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Chapter 7 

~ome Additional C o n s i d a z ' a t i o n l  

7 . 1  ~ a i t • t l ~ l  o f  L i n e a r  P ~ F U ~ b ~  Cos t  ~ r i m o n  ICet~xlm 

Wh i l e  l i n e a r  programming methods a r e  o f  q r e • t e r  v a l u e  t h a n  t r a d i t i o n a l  c o a t  

c~pazison ~thod8 when c~ing pollciel with flexibility, linear prograsming 

cost cow~arison methods nonetheless mhara several of the significant dra~acka 

of the tradltion•l methods. 

First, traditional colt coleparison methods have beth criticized ~causa the 

interest rata used t o  dilcount or accumulate cash flow• is often chosen 

arbitrarily, yet a ranking of policies can be affected by the rats chosen. 

Similarly, both the allocation of fund• among investment alternative8 under the 

General Model, and the ranking of policies when the General Nodal is used as a 

coat comparison method, are affected by the interelt fetal alsumed to be 

available on the invemru~nt8. 

A related islue il t hat policies are usually coa%~ared using interelt rates 

representing the "current" environment. This is a pala~abie aalumption, and may 

be a necamsax~ assumption when comparing contracts with non-~uaranteed el~nt8 

in which an interest ase=~ption underlie| the current rlte scale, but in • period 

of volatile interest rates, it is probably not • "good" assumption. For 

unlversal life products, one could theoretically confront thls l~roblm by basing 

purchase decisions on that relative performance of policies under several future 

Interest rate scenarios. Ho~evar, there are practical difficulties with thll 

approach. On portfolio ~:ate products, it would be difficult to modal the ratea 

crQ~llted to • policy a8 t~e inter•at enviro~nt cb4kngoa in the ab~nce of rather 

mpecific ~ n f o ~ t l o n  ~ u t  a company' 8 ~nwmatment and i n t e r e s t  creditin~ 

stret~lee. On new ~ , n e y  prod~ctJ, the mechanics of follow~ng different 

generation~ of cash flo~ nu~y b~ difficult to modal using linear progra~ning 

tec~i~ea. In either came, it would be n e c e s l ~  t o  w&k~ a n  assu~q~tion 

re~ard£n~ how the rel•t~onlhip k~et~n the rates on the vmrioul productm and 

investment •iternativea changes as m a r k e t  rate8 vary. Would mpre&ds r~in 
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constant? The multiple scenario approach could add significantly to the work 

without adding much to the final product. 

Another drawback of all cost c~.parieon methods is that on contracts with 

non-guaranteed elements, they are necessarily based upon the coat structure at 

issue. Faith i• thus placed not only in the stability of underlying assumptions, 

but also in the Integrity of  the i s s u i n g  c o m p a n y ' s  illustrations. If the non- 

quaranteed elements are changed, 4 retrospective study may show that In fact a 

different contract would have been  a better purchase. 

While linear pro~rae~ing cannot undo a prior purchase decision that turns 

out, with the benefit of hindsight, tO have been less than the optimal purchase, 

with only minor modification the General Model can be used to optLmize the 

allocation of funds between an existing universal llfe contract and investment 

alternatives. Thus, the beet can be made of the situation at hand. Since 

interest rates and policy cost structures will change over time, as will tax laws 

and other slants affecting investment decisions, it seeml clear that any 

purchase decision based on linear prograum~ing should be followed up from time to 

time with an exercise to reoptimlze the allocation of funds under then current 

condit ions. 

7 .2  ~ p u t a t  £ o n a l  I s s u e s  

L i n e a r  p r o q r = i n g  p r o v i d e a  • c o n v e n i e n t  l anguage  t o  p ~ a l e  p o L l ~ h o l d e r  

o I ~ i m i z a t i o n  p r o b l e m s .  L t n e a r  p r o g r a s m i n g  r o u t i n e s  such as  t h e  S ~ l e x  A l g o ~ t ~  

t h e o r e t i c a l l y  s h o u l d  s o l v e  t h e s e  p r o b l e m s  f a i r l y  d i r e c t l y ,  and  t h e  • i z e  of  t h e  

probl~s i n T o l v e d  a r e  manageab le  within a mainframe c o m p u t e r  env i ronmRnt .  

However ,  t h e  c l e a r  t r e n d  i n  i n s u r a n c e  s a l e s  and f i n a n c i a l  p l a n n i n g  i l l u s t r a t i o n s  

i s  t o w a r d s  t h e  u l e  o f  p e r s o n a l  c o m p u t e r s ,  e s p e c i a l l y  l a l ~ O l ~ .  I m p l e m e n t i n g  a 

linear programmlng based illustration system for use on • personal ¢~.~uter may 

require the d e v e l o p m e n t  of  computational and memory management s h o ~ c u t s .  

S e v e r a l  s t r e a m l i n e d  v e r s i o n s  o f  t h e  S implex  A l g o r i t h m  e x i s t  f o r  s o l v i n g  

l i n e a r  p r ~ r a m ~ i n g  p r o b l e m s  i n  which  t h e  c o n s t r a i n t s  ~ e t  s p e c i f i e d  c o n d i t i o n s .  

For example, the Danzig-Wolfe decomposition algorithm [26, page 448) can be used 
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to io~vs some linear proqr=mming problems in which the conltraints can be grouped 

i n t o  k÷l subsets Cj, such that i~ A and B arc diltinct elements of {C 1, . .. ,Ok}, 

then there is no overlap in the variables used to express the constraints in A 

and a. (The constraints in ~÷I, called the central con•ira/nil, may involve any 

of the variables. ) The constraints in the General Model may be decomposed in 

this manner by letting k be the number of investment alternatives (including the 

inmurance 1:oZ/cy} and letting Cj for j-l,...,k contain those constraints 

inTolv£ng only investment j. ~.I is left for the constraints that link the 

investment s. 

S/milarly, some of the constraints in the models in this paper are upper 

bound constraints, that im, they are of the form 

x i ~ u i 

whets x i is • variable ~d u i is • constant. (For example, any annual limit on 

the amount of money contributed to any single investment is an upper bound 

constraint. ) Techniques exist that significantly enhance  the efficiency of the 

Simplex Algorithm when solving linear programming problems with upper bound 

constraints. {See, for example, [27, page 467], or [13, page 273].) 

Using standard computer implegentations of the SLmplex Algorithm, the time 

required to solve linear progr-mming problems typically increases somewhat less 

than linearly with the number of variables, and roughly with the cube of the 

number of constraints. This suggests that in setting up the linear programming 

models presented in t~is paper, it w o u l d  b e  worthwhile checking for and 

eliminating any redundancies in the constraints, before commencing with the 

solution. For example, in the General Model there were constraints for the 

annual limlt on amounts allocable to each Investment. If these limits are 

sufficlentl]r sEzin~nt to prevent the policy's guideline pr~ium limitations 

being exceeded, the guideline constraints could be eliminated. 

Investigating t h e  utility Of various streamlining techniques would be a 

reasonable avenue of further research. Alternatively, one night explore the 

feasibility of developiog solution routines that a r e  independent of standard 

linear programming methods such as the Simplex Algorithm. For example, consider 
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the optimal aolutlon under the rather simple Term Model. Under this model, money 

was applied to the insurance policy to tho fullest extont posaiTe~le, as soon as 

the mean rate of return over the period those funds were to rain in the 

contract exceeded the rate used in the discounting process. Logic would have 

yielded a eolutlon, in the absence of formally setting up a linear programming 

problem. The appllcabillty of this idea beuomem significantly more clouded under 

the full version of the General Model, when several alternative inveat~aents are 

available, arbitrary patterns of future withdrawals are allowed, tax 

considerations are brought in, and so forth; however, even within thla more 

complicated setting, an approach more direct than linear programming to the 

solution of optimal allocation of funds might be found. Even if this approach 

did not yield an algorlt~ independent of standard techniques for deriving an 

optimal solution, it might yield rules that could be used to set up an initial 

basic feasible solution that is fairly close to the optimal solution, thus 

reducing the number of iterations required to coma up with the optimal solution. 

Thls author has not attempted to program a full implementation of the 

General Model, as described in section 4.2. Such an undertaking would in Itself 

constitute a rather substantial software development project. In prograusning 

subsets of the model while developing the examp~ea presented in this paper, the 

author ran into several instances i~ which cumulative roundoff error materially 

impacted results derived by S(mplex i%Igorithm techniques (using the code in 

(2S]). In some instances, the algorithm derived an optimal solution that was, 

in fact, suboptimal; in others, the algorithm concluded that no feasible solution 

existed when in fact • feasible solutlon could be developed by inspection. 

Performing • trmnefor~at£on of variables so that tho all the coefficients of the 

initial Simplex tableaux were of the same relative magnitude eliminated the 

cumulative roundoff error in many, but not all, cases. Any implantation of the 

modelm in this paper should be done keeping the potential for roundoff error in 

mind. 
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? .3  M o d e l l i n g  l l a  h c t i o n  7702 a n d  7702A 

I n  t h e  G e n e r a l  M o d e l .  c o m p l i a n c e  w i t h  t h e  c a s h  v a l u e  c o r r i d o r  p r o v i l i o n  o f  

t h a  definition of llfe insurance was ensured by including constraints (GI2) t h a t  

prohibited the policy frol entering the corridor. 

When a policy is in the corridor, additional death protection is purchased. 

From the standpoint of an insurance and investment program in which the policy 

face amount fully ~t8 the policyowner'8 need for insurance, the cost of the 

additional protection su~racts from the policy's investment element, and is 

therefore undesirable. However, if the insurance policy is s competitive 

investment vehicle relative to the other available options and if the cost of 

purchasing the additional death benefit is relatively small, it is possible that 

the optimal strategy would be t o  allow a policy t o  enter the corridor, in spite 

of the penalty. I C~RaCVC t from (2.$.2) can be used to calculate the "diluted" 

annual return on a dollar of corridor cash value; for ex~plo# the retuEn on s 

corridor dollar at attained age 65 for 4 universal life policy from Company A is 

reduced from I0.00% to 9 64%. 

S e v e r a l  methods  c ~  be u s e d  tO d e v e l o p  f o r m s  o f  t h s  G e n e r a l  M o d e l  t h a t  

perait policies to enter -.he corridor. First, a month-by-month approach in which 

cash values SEe explicitly calculated through iterative equations, in • ma~er 

s~ilar to that used in the Impaired Life Model, could be used. While this 

approach would have the advantage of accounting exactly for the impact of the 

corridor, it has the disadvantage o f  greatly increasing both the number of 

variables and the number of constraints, thus increasing substantially the 

c~ter resources required for a solution. 

Alternatively, one could avoid increasing the number of varifies and 

constraints by approx~ting the buildup of cash value by an annual account 

mechanism. Under thl8 approach, deductions for the year could be based upon an 

annual death benefit v~iabla that L| sLlbJect to two constraints: First, the 

death benefit m u s t  b e  greater than the face amount (in the case of a level death 

1 A d d i t i o n a l l y ,  t h o u g h  n o t  "needed , "  t h e  e x t r a  d e a t h  b e n e f i t  p u r c h a s e d  
p r e s u m a b l y  h a s  o ~  e c o n o m i c  v a l u e .  
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benefit policy), or the face amount plus the c a s h  value (in the case of an 

increasing death benefit policy), and second, the death benefit m u s t  be  greater 

than the prior end-of-year cash value times the corridor factor for the currant 

year. Since the objective is to maximize cash accumulation, auulual deductions 

will be based upon the smallest death benefit each year that meets these two 

constraints. 2 Of course, the savings in computation time i8 at a cost of lack 

of precision in the cash value calculation, and the resulting solution would only 

be approximately optimal. 

The General Model includes constraints (G13} to ensure that the contract 

does not become a modified endowment. $ In many circumstances, the tu 

c o n e e q u e n c e 8  o f  h e c o o i n g  a m o d i f i e d  endowment  ~ e  n o t  s o  o n e r o u s  as t o  w a z r a n t  

e~cluding • contrac~ fr~ b e c o m i n g  one. 7or sxa'mpls, a policyholder who does not 

intend to take any pro-retirement withdrawals and whose objective is to maximize 

an age 65 after-tax cash surrender value will not he adversely mZfected by a 

policy heco~ing a modified endowment and thus should not be constrained to the 

premium limits required to avoid becoming one. From a linear prograumning 

standpoint, however, handling contracts that could become modified sndo~aents in 

a single model that aZlows for intermediate withdrawals cannot be done, because 

the abrupt change in taxation that occurs when a policy crosses the modified 

endowment limits results in an objective function that is discontinuous. 

One approach to handling this problem would be to build a second model (the 

ZThi8 same technique can be u s e d  if a monthly accumulation mechanism is used 
in developing S General Model, and i 8  more efficient than t h e  technique used in 
the Impaired Lifo Model, in which the death benefit was spilt into t~ 
components, the face amount (Zevsl) or face mount plus cash value (increaming), 
plus any excess of the c u h  value t~mes the corridor factor over the face amount 
or face amount plus cash value. This technique could not have been used in the 
Impaired Life Model, because s "solution" to the objective function in that model 
(of maximizinq the actuarial present value of future cash flows) would then have 
involved attempting to maximize an unbounded death benefit. 

3h policy becomes a modified ondc~mlnt contract if during any o f  the first 
seven policy years, the cumulative premiuRs paid exceed those that would he p a i d  
on a seven-pay Iife plan, calcul&t~ on a basis proacribe~ in the regulation. 
The tax rules for modified endowments are very similar to the rules foe premature 
withdzawals from annuities, i.e., withdrawals a r e  treated first as taxable income 
and then as non-taxable return of investment, and taxable withdrawals before age 
sg 1/2 are subject to a ten percent penalty tax. 
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"MZC General Model') in ahich the constraint• causing avoidance of modified 

endowment etatum are r~ved, and all withdrawal0 are taxed under the lea• 

f a v o r a b l e  e ~ l i f £ e d  endowment r u l e s .  Then t a k e  am t h e  o p t i m a l  o v e r a l l  s o l u t i o n  

the better of the optimal solutions from the General Model and the MZC General 

Model. 

The ~C General Model will allow solutions under which the contract does 

not, in fact, become • modified endowment. However, since the taxation of 

modified endowmente ~m lee• favorable than the tuation of policies that avoid 

becoming modified endcammnte, the value of the objectlve function under the 

General Model will be at lamer am great a• the value of the objective function 

under the MEC General Modkl for any point that is in the feasible region of both 

model•. Thus, if the optimal solution under the ~ C  General Model in fact does 

not cauee the contract tc, become a modlfied endowment, the solution under the 

General Modal will be the ~ore optimal of the two, and the solution under the MEC 

General Model would not be chosen. & 

7.4 Modelling Tr•ditioul Plans 

Partly in response t3 the development of un£vmr•al life, recently forms of 

tradltion•l participating insurance have been introduced that exhibit • 

• i~ific4Lnt degree of fleKibility. These plan• typically combine a base policy 

with the purchase of paid-up addition• (both through dividend• and through 

premiums paid o n  • paid-up addition• rider) and • flexible death benefit yearly 

renewable term rider. This •4~tion outline• an approach to developing the 

insure•ca portion of the ~kenerel Model in which such • flexible traditional plan 

6A contract becomes a modified endowment if it •lets a n y  one of the 
following 1~ven conditions: 

Pl :.' 7PayPrm 
P| ÷ PZ ~ 2 " 7Payp~'~n 

PI ÷ P2 ÷ "'" ÷ P7 ~ ~ ?payprm 

It would not be possible to modify the General Modol to meet th£m sot of "or" 
condition•, thu• keeping the solution within a region in which the modified 
e ~ l o ~ m e n t  t~ r u l e s  a c t u a l l y  a p p l y .  L i n e a r  p r o g r a l m i n g  t h e o r y  r e q u i r e s  that t~ 
f e a s i b l e  r e g i o n  be  convex~ " o r "  c o n d i t i o n s  d e f i n e  a n o n - c o n v e x  f e a s i b l e  r e g i o n .  
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is substituted for a universal life plan. 

This development le not intended to be complete; rather, it is meant to give 

the flavor of one possible approach, highlighting along the way similarities and 

differencen between building a model for universal life plane and building one 

for trad£tional plans. For the sake of simplicity, the policy loan option is 

ignored, and thn mechanics of policyholder taxation are not explored. In "rnal 

llfe" uses, it would be desirable to account for taxation; with sufficient 

effort, ~thods similar to those used in the General Model could be developed. 

The key difference between modelling traditional contractn and universal 

life contracts is that in traditional contracts, the cash flow elo~ents are 

£nextrAcably tied to the amounts of each type of coverage (bane policy, term, or 

paid-up additions) that are purchased. Any pr~-ium flexibility is obtained by 

varying the max of these three types of coverage, subject to Posting the total 

covernge needs of the insured and any administrative ruloe imposed by the 

insurer. Since gnnerally the base policy is not divisible, i.e., it cannot be 

surrnndered in part, $ any intermediate need for funds must be provided through 

the investment alternatlvns or through cash value on surrendered paid-up 

additions. 

Define the following notation: 

[P] FMin~ - Minimum total coverage required by insuzed, year t 

[S ]  1 wJ~N t Bash policy face amount, as,used fixed by duration 

[S] F:  ERM ,' Term face mOunt, y e a r  t, assumed variable 

IS| FBu ty ~ ~ Paid-up additions face purchased, beginning of year t 

[S} FSur tr ~ - Paid-up ndditAons face surrendered, end of y e a r  t 

[D] ~ 1 ~  - Paid-up additions face amount in force during year t 

[P] Preml~rO00~ - Premium per thousand, for -G(BASB,TERM} 

[P] PremPer000t pus - Paid-up additions purchase rate, beginning of year t 

SSome conl~nies will process a "partial surrender" of a traditional plan by 
effectively splitting thn policy An two and surrendering one piece. Th~s gives 
the policyholder the ability to reduce the face amount or to gain access to a 
portion of the cash value, without replacing the policy. When this is done, 
however, it £s usually done oxtracontractuall¥. It is doubtful that • c ~ p a n y  
w o u l d  b e  willing to process a series of annual policy surrenders in order t o  
provide an income s t r e a m .  
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[P] P o l F ~  

(P) ~ivperO00~ 

[P] cv~erO00~ 

|D]  l n s u r a n c e C F  t 

[P]  Per 

• P o l i c y  fee ,  assumed f i x e d  by d u r a t i o n  

• D i v i d e n d  per  thousand,  end o f  year  t ,  -~(BASE,TERM,PUA} 

• C a s h  value, e nd  o f  year t ,  mG{BASE,PU&} 

8 Insurance policy c a s h  flow, beginning Of year t 

• Period of time in years the policy is to stay in force 

k n o b j ~ i w e  f u n c t i o n  i n ~ ) l v i n g m a x l - i z L n g  a f u t u r e  sum o f  i n s u r a n c e  c a s h  v a l u e s  

and invoetm~ent fund balances would be developed, subject to t he  following se ts  

o f  c o n s t r a i n t s :  

(111) The totml coverage in force each year at least Beets the insured's need for 

insurance: 

rot t = i to Per: ~ + r{ E~ + ~r~ ~ rM~n t 

(TR2) The total paid-up a~ditions face amount in force each year is not less than 

sere: 

For t = I to Per 

t ¢-i 

I n  t h e  a b s e n c e  o f  c o n s t r a i n t s  s e t  {TR2),  t h e  o p t i m a l  s o l u t i o n  c o u l d  i n v o l v e  

surrendering noneximtent paid-up additions and "replacing" the~ with cheap term 

insurance. 

{TR3) Each year's insurLnce plan cash flow, combined with the cash flow fr~ 

investments, matches the pollcyholder'o desired net (positive or n~atlve) cash 

flow. In conetruc~ these constraints, the cash flow into the insurance 

contract would be the sub of the promlu~s paid on the bass poli~, the yearly 

rentable tez~n, and the current year purchase of paid-up additions, lesg any 

dividends payable on coverage in force through the previous year, less any cash 

value made ava£1abls thr.3ugh the surrender of paid-up additions: 

For t - 1 to Per: 

I000 - Xnsuran~2F C - ~ - Pr~rO00~ 

÷ r ~  . Prier0001E~ 
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+ P o l F ~  

- ~ • n i v P e r O 0 0 ~  

- . 

- •  iv . ooo  

-  .rO00  

Constreints imposed by the issuing company's administrative rules, of 

Course, will vary from company to company, but (TR4) through (TRS) give examples 

that would be typical of th£1 type of plan: 

( T R 4 )  The d e s i r e d  m£n imum total death benefit is level, o r  increases annually 

under some fixed schedule. Rather the-n defining constraints, these conditions 

could be met through appropriately entering the parameters FMin t. In a solution 

maximizing an accumulation of cash v a l u e s  plus investment fund balances, term 

insurance would never be 1~urchased if it would put the total death benefit above 

FMint, since such term insurance c0mes at a cost but is unnecessary. Paid-up 

additions might be purchased, however, if a company's administrative r u l e a  allow 

much s purchase (see (TRT)) and if the rate credited to additions dividends make 

them more attractivt than other investments, in spite of the cost of the 

additional death benefit. This is analogous tO  the situation in the General 

Model for universal life in which it would be desirable to allow premium payments 

that would put the policy into the corridor, when the added cost of protection 

does not diminish the return on the universal life policy to a point that makes 

it less desirable than other investments. 

(TRS) The base plan coverage is no less than a fixed percentage k' of the total 

p l a n  coverage  at issue: 

;" k" ' F M i n  1 

(TR6} The total t e r m  coverage in any year cannot exceed a fixed percentage k" 

of the total plan coverage at issue: 

• ort-lto~r: ,~,msk. C~.,~+ ,~) 

(TRT) A given year's purchase of pald-up additions is limited to the amount 

required to fill in the gap betwmm the minimum planned or desired coverage, 
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FMint, and the existing base policy face plus paid-up additions face: 6 

The i n t e n t  of t h i s  s e t  of constraints 18 t o  limit lump sum l~archasss of paid-up 

additions when such a t~trchase would result in total coverage that exceeded the 

amount for which t h e  insured was originally underwritten. ? A particular 

company's rules for the pa~rchase of paid-up additions are likely to be more 

liberal than the rule stated above. For @xample, the prior year's dividend may 

be allowed to be applied to purchase paid-up additions, e v e n  if this raises the 

total death benefit abo~e the anticipated total plan coverage; similarly, the 

insured may have the right to such purchases up to 8see pre-defined annual 

pr~lum limit. Constrairtts (TRT) may be modified to account for one or both of 

these possibilities. 

(TRS) The surrender of paid-up additions is allowed only to the extent that the 

total coverage in force for the previous year  exceeds the desired minimum 

coverage for the coming ~esu~. The amount by which t h e  previous year's cover~ 

exce41d8 the coming year't! minimum coverage may be obtained by adding the Set of 

conmtraintgz 

FOr t = i to Per - l: Pr.xc~ t - ~cPre, S ~ + IPtT~_ ? ÷ ~ - ~In t 

where PreExcC~m~ - Amount by which previous y e a r ' s  coverage in force 

exceeds the minimum coverage for the coming year. 

ComExcPre z - Amount by which the minimum coverage for the coming year 

exceeds the previous yoar'm coverage in force. 

For each value of t, one or both of PreExc~ and ComExcPre t will be zero. Then 

the desired rsstrictioll on the amount of paid-up additions that n~my be 

surrendered in any ~ar Is obtained by adding the set of constraints: 

For t • 1 t o  Per - i z FSurrtM~.1 ~ PreExcC~ 

The intent o f  the above 3onetralnt8 i8 to guard against Paid-up additions being 

6A term for the reduction in face amount due to surrenders of paid-up 
additions i s  not necessary, since it ~Id be sub-optimal to both surrender and 
purchase paid-up additions wimultanoously. 

7A company would likely a11~ such a purchase only with evidencw of 
insurability. 
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surrendered and raplacod with term insurance, which a company may wish to avoid 

since such a transaction will result in an increase in the nst-amount-mt-ri0k. 

Policyholder taxation considerations also will need to be modelled. 

Generally, there will be no probl~ with meeting the definition of life insurance 

(each component part would be expected to meet the Net Single Premium test of IRS 

So,'elan 7702); however, a0 with the General Model for universal life plans, there 

is t he  possibility that surrenders of pald-up additions within the first flftemn 

P o l i c y  y e a r s  w i l l  trigger a t u a b l e  event. &ddltlonally, constraints to prohibit 

the contract from becoming a modified endowment contract, which results in an 

abrupt, non-linear change in tax status, would need to be developed. 

7 . 6  Some F i n a l  Though t s  and 8 u ~ a ~ i o n s  f o r  F u r t h e r  R e m o e ~ h  

Making i n s u r a n c e  p u r c h a s e  d e c i s i o n s  b a r d  upon l i n e a r  p rogramming  models 

u l t l m a t e l y  w i l l  be wo r thwh i l e  only  i f  t he  r e s u l t i n g  sav ings J u s t i f y  the e f f o r t  

r e q u i r e d  t o  o b t a i n  t h o s e  s a v i n g s .  Th is  p a p e r  has  i l l u s t r a t e d  o e v e r a l  i n s t a n c e s  

in which linear programming models enhance policyholder value; hc~ewnr, a 

policyholder must hive both the desire and the sophistication necessary to 

utilize these techniquoe for thai to be worthwhile. Some further study of the 

potential of linear proqraeming techniques in enhancing policyholder value, using 

policies actually available in the insurance marketplace, would be useful. For 

example, in chapter five of this paper, an example was given in which purchasing 

two universal life policies was shown to be superior to purchasing a single 

policy, when both tho death benefit8 of the two policloa and the presnium streams 

were carefully constructed. It would be interesting to teat the giving,, 

potential o f  this ~ t h o d  by using combinations of  policies t h a t  are actually 

available. It seems unlikoly that the Purchaser of a modest face amount would 

find i t  worth the inconvenience of keeping track of the varying pr~micu, payments 

required on two policies Ln order to obtain a small increase in cash 

accumulation. On the other hand.  on l a r g e  sales within s o p h i s t i c a t e d  markets, 

the use of such tachlliqueo lay not be outside the realm of possibility. The 

broker offering linear progra-~ing based insurance sales along with transparent 
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administritlon of uhe ~tltiple contracts (including re-optimization of the 

a l l o c a t i o n  o f  p r m i u n  b e t w e e n  c o n t r a c t s  a s  c o l o n i e s  a d j u s t  c o s t  s t r u c t u r e s )  

c o u l d  o f f e r  a b e t t o r  " p r o d u c t "  t h a n  a n y  s i n g l e  p r o d u c t  o n  t h e  m a r k e t .  

The Impaired Life Model £11ustrated the potential for net-amount-at-risk 

mant~lation that o x i S t s  in flexible prmium universal life contracts. Again, 

it sue F be bard to visuallzs the average policyholder utilizing linear prngramming 

tachtllqums to e~ I f# extra c~6olls, r s  on the policy of an insured who is near 

death, flo~evtr, even st an unsophisticated levsl, it is likely that a material 

percentage of policyholders will recognize that pr~ium payments can be skipped 

when it is clear that the cash value is sufficient to fund the policy until 

death, or that prlmiu~m c a n  b e  resumed on low cash value policies that had, in 

affect, lnpmed for extended term and were about to go out of force. $ 

Furthermore, given the long term nature of insurance contracts, the 

sophistication of const~De=s and their access t o  inforRation when currently issued 

contracts approach clai£s time could be substantial. The development o f  s 

secondary markmt for insurance contracts by fie willing to purchase centrals 

on impaired lives could aLSo give rise to sophisticated techniques being used to 

utilize options i n  t hese  contracts t o  their fullest. 

The fact that the seemingly innocuous flexibility of the uni~rsal life 

contract may result in ad~rse mortality experience s u ~ s s t s  sacral rslated 

areas for further research. First, although mortality studies generally use i 

contract's face amount as the measure of exposure, the considerations above 

suggest that both industry-wide R c~a/~y ~ortility studios should be dor~ 

separately for universal llfe products, u s i n g  the net-/~ount-at-risk rather than 

t h e  f a c e  a m o u n t .  S e c o n d ,  u n t i l  o u c h  a c t u a l  d a t a  i s  a v a i l a b l e ,  ~ m o d e l l i n g  t o  

estimate futu~ universal llfe ~ortallt¥ experience, as compared with experience 

a T h e  o p t i o n  w i t h i n  - .he  u n i v e r s a l  l i f e  c o n t r a c t  t o  l a p s e  f o r  e x t s n d e d  t e r m  
a n d  t h e n  t o  r o £ ~ s t s t e  h a |  ~MIn r ~ i ~  ~ w a s  a n  s l a n t  o f  c o n c e r n  d u r i n g  
t h e  d Q v e l o p m o n t  o f  u n i v e r s a l  l i f e  v a l u a t i o n  a n d  n o n f o r f e i t u r e  r e g u l a t i o n s .  See  
[SJw ~ n ¢ l u d i n g  t h e  d i s c u s s i o n s .  

S ~  a n t i - s e l e c t i o n  may a l s o  b e  p r e s e n t  s t  i s s u e ,  w h e n  t h e  p l a n  i s  s i t  u p .  
F o r  e x a m p l e ,  t h o s e  £n l e s s  g o o d  h e a l t h  may b e  m o r e  l i k e l y  t o  s a t  t h e  p l a n n e d  
p r e m i u m  l o w ,  t r e a t i n g  t h e  c o n t r a c t  o u r s  am t e r n  i n s u r a n c e ;  t h o s e  i n  g o o d  h e a l t h  
may  b e  m o r e  l i k e l y  t o  f u n d  t h e  c o n t r a c t  with s i n g l e  p r e m i u m s  o r  generous a n n u a l  
p r ~ m i ~ .  
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on m t a n d a r d  o r d i n a r y  l i v e s ,  would be of  v a l u e ,  a l o n g  w i t h  t h e  d e v e l o p m e n t  of  

a p p r o p r i a t e  m e t h o d o l o g y  t o  r e c o g n i z e  any d i f f e r e n c e  i n  p r i c i n g .  F i n a l l y ,  i f  i t  

appears universal life mortallty experience can be e x p e c t e d  to t)e significantly 

less favorable than traditional experience, valuation and nonforfeiture mortality 

tables distinct for universal life type contracts should be developed, as well 

as the regulatory apparatus necessary to Permit their adoption. 

It has been noted that "flexible pr~ium universal life may be even more 

'consumer-oriented' than companies realize. -9 This author agrees with that 

assessment of the universal life product. The linear progr~ing models 

presented in this paper--the Term Model, t h e  General Model and  its associated 

cost comparison method, and the Impaired Life Model--provide • viable means to 

utilize this very consumer-oriented product t o  the consumer's best advantage. 

9See Thomas C. K a b e l e ' s  d i n c u s m i o n  of  [ 6 ] .  
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&ppend£x 

This a p p e n d i x  describes the cost structure o f  each of the three sample universal 
el&if• plans um~ in the examples i n  t h~s  p.a. per. The ~ine•r coefficients LACVC , 

CVC~ El, kaCVF., t&CVL~, '&CVC., IACVC{. u) I&CVF., and "ACVLtdeveloped £n chapter 
two to @XpEOOO cash vilues as • l~near function of prior transactions are ales 
li~ed. 

The Company A plan charges a 6% load on premiums, credits interest at 10%, and 
has no monthlyperpolicy fee. The Company D plan charges • 6% load on premiums, 
credits interest at 9%, has no monthly per policy fee, and charges cost-of- 
insurance rates that arm 2swat than those of Company A. The Company C plan 
ch&rges • 2q load on premiums, credits interest at 9% durir~ years I-I0 and I0% 
from years 11 on, and charges a monthly fee of $2.S0; eel comt-of-~nmuran~ 
charges fall somewhere between tho|e of Company A a n d  Company B. The plans were 
desigr~d so ~hat $ 100,00C level death benefit policies issued to • person aged 
45 wiZ1 develop identical 2Oth year cash values if $ 1,200 of annuaZ premium is 
paid. 

ZRS sect:£on 7 7 0 2 / 7 7 0 2 A  co tnp l iance  f a c t o r s  a re  a l s o  l i s t e d .  
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Appendix 1: Sampte Pr0du¢t Bats 

product Speclficetionl I~J L|neer Coefflc|ent$ for Compe~y A 

Port fot lo Rate, yemrl 1 - 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Portfot |o Rite, y l i r8  11 - 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Lmms Chereedet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Loened Fund EI r r l  I t  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Guar~mtecd I n t o r n t  Rite . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Perce~t of Prmftal Loed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Per Nonth Cheroe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Surrender Chlro I Per S1,000 FIK:I (I I IUO Age 43)* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

R I n l u  l u u t  iFoce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Atteln4~ 
Age 

10.0X 
10.OX 
O.0X 
6.0~ 
4.0X 

6.0~ 
SO.O0 
0~'.50 

$25,000 

* Stx're~der cheroe 8houn Is for year 1. Surrender charge or~del dmdn t lneorty in annual Incranentl over 15 yeert. 

Current 
Annum( 

COl Rite 
Per S1,000 tiCVC~ tACVCC~I) 100o t&CVP~ 10o0 *4C'VL~ ~ICVC, eACVC~**I~ 1000 *4cvr t ~ooo '6cv1~ 

45 
46 
47 
40 
49 
50 
51 
52 
53 
54 
55 
56 
57 
50 
59 
6O 
61 
62 
63 
64 
65 
66 
67 
M 

71 
72 

2.6563 1.10292~490 
Z .8Y33 1.10314&~ 
3.1946 I . 10341q924 
3.3533 I . 103694304 
3.6336 1.10~00~623 
3.9333 1.104334438 
4.2816 1.104719013 
6.6906 I .  I0~170767 
S. 1466 1.10567/AL~3 
5.6735 I ,  106239315 
6,~602 1.1~106013 
6 . ~ 1  I .  107626123 
7,5q~4 1 , 1 ~ 7 4 1 0  
0.3434 1.109212918 
9.1W,3 1.110143166 

10.1222 I ,  111106222 
11.1640 1.112344321 
12.3523 I , 113664720 
13.~78 I .  1131~676 
15.2400 1.116881394 
16.9334 1.118T/'1967 
16.7"~.65 I .  120810446 
20.7331 1,123024385 
22.8547 I .  1254~194 
25.1299 1,127963510 
27.7843 1.130954950 
31.2288 1.134847653 
]4.1693 1.118180~M 
M .  1024 1 . 142652368 
42.5232 1.1476M020 

1.05491~00g -2.7Q2414264 -40.04gQ60636 1.10000953& 
1,055042841 -3.020639471 -&0.053071953 1.100010313 
l.OSSl?6g~ .3.264368463 -40.0~7347931 1.100011144 
1.1055321261 -3.326275993 -&0.061946193 1.100012036 
1.055qL~853 -3.021534470 -&0.067129478 1.100013042 
1.05565TrJl -4.13731]$96 -40.0T)6T~402 1.100014118 
1 . 0 ~ . r ~ J ~  -6.304410994 -40,0~P115341 1.10~10368 
1.056097309 -4,9356364,73 -40. ___OJJ_~JA_2____722 1.100016836 
1.056362964 -3,41660M30 -40.095121?38 1.100018473 
1.0~669~80 -5,974F31T3& -40.10491~74 1.100020372 
1.057909004 -6.59~JM62 -40.115739722 1.100~,2470 
1.057386172 -F.Z~J58137 -40.12T/39Ek?,2 1.100~4800 
1.0~77869M -8.006192341 -40.140333047 1,100027274 
t,0SS~Z01AM -8.7'94231426 -40.154343954 1.1000~JP~8 
1.0~17OM08 -9.6843WIl15 -40.169939S59 1.100032966 
1.059255989 -10.678007386 -40.187342?83 1.100016333 
1.039e63311 -11,783__S~___~J~____ -40.206699433 t.100040075 
1.0G0353943 -13,044131043 -40.2~11760012 1.100044338 
1.061346q~6 -14.4847'1237.7 -40.253959413 1.100049203 
1.06~41~W0 -16.115275632 -40 .~4666~  1.100054703 
1.0632319~,2 - 1 7 . 9 ~ 9 0 9  -40.314001~.~BS 1.100060782 
t .06429e991 - 19.066333262 -&O. 34791~911 1.10~6T~26 
1.065457240 -21.980173374 -40.3848M670 1.100074421 
1.066702028 -24.253412209 -40.&2450340q 1,100~R037 
1.0680387~7 -26.696221302 -40.46)~9P~6 1.100090204 
1.069600627 -29.55270Y~0 -40.516Tr~q)q9 1.100099~2 
1.0Z1631228 -33,269974819 -40.51114~k'~)22 1.100112097 
1.0Y33M120 -36.452)'63792 -40.636670960 1.100122652 
1,075696271 -40,?23562476 -40.710737155 1.100136771 
1.07831~4 "45.$42603070 -40.70~1015~ 1.1001526~1 

I .  053383069 -2.788969065 -40. 000159970 
1.0~3383479 -3.016808139 -40.0G0173039 
1,0'J3383915 -3.259661659 -40,000186968 
1.003384383 -3.520784506 -40.000201946 
1.05338~915 -3.8IRON6045 -40.00021M26 
1.053385481 -4. I29PJ6931 -40.00022M417~ 
1.0333~6139 -4.49045.T4ml -40.000~F031 
1.053386911 -4.924M~64 -40.000211?.48?. 
1,033NITt73 -$.60366Tr22 -40.000309944 
1,0$33MF/2 - 5 . 9 3 6 ~ 6 3  -40.000341796 
1.0~3MM?6 -6.572g~107 -40.0~3Tt009 
1.053391102 -7.~4222353 -40.0004160M 
1.053392404 -7.97796~G32 -&0.000457600 
1.033393811 -8.?6018?412 -40.000502467 
1.0~3395400 -9.643106180 -40.000553109 
1.053397171 -lO.62t87t605 -60.000609393 
1.0$3399141 -11.7223~352 -&O.OOO6T~382 
t .053401384 -12.969421'M0 -40.0007t,3899 
1.053403945 -14.392678883 -40.00M~532 
1.03360M~9 -16.~166~Jl -40.0009178M 
!.033410038 *17.T/'95Z5830 -40.001019/'93 
1.033k13~ -19,693776894 -60.001129~M 
1.053417Z10 -ZI.769214594 -40.001248629 
1,0'J3421Z23 -23.q96916747 -40.001376403 
1.0'J3425521 -26.MS916484 -40.001513428 
1,053430535 -29.1?3103T/~ -40.0016TJ291 
1.053437042 -32.789949586 -/,0.001MOTJ9 
1 • 05~,42597 - 33.8TMO?TM - 40.002057835 
1.053450027 -40.00~04018 -40,002294713 
1.0534583Y8 -44.649TilT35 -60.002560965 



Appendix t :  Simple Prc~luct Dets (Co(ltlnued) 

Product ~ = e c l f l c e t l ~  end L l n n r  Coefficients for Coq~ny 8 

O0 

PortfoLio Rite, yeevs 1 - 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Portfot lo la~e, yeer~ 11 - ~1~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Loens Chorled ot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Loened Fund E~'ne I t  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
~/erenteed |ntereJt Rete . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Pe¢¢¢mt of Premium Loed 
Per Nonlh L'hllr~l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Surrender Cherlle Per 11,900 Face (lieu4 Age 45)* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Mlniu ios~t ; e . e  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Attained 
ASm 

9.0~ 
9.0Z 
8.OZ 
6.0X 
4.0X 

6.0X 
SO.O0 
17.50 

S25,000 

* lurMmder cherlle ih~m Is for year 1. Surrender charge ~recl~ dotm I lnesr ly In ~ u e t  Incrmmt8 over 15 ~ r 8 .  

Current 
~nu~t 

COl h i e  ~IC"~C~ tICVC~+~ 1000 ~/lCVlr~ I000 tlCVL~ ~lCVC~m Per Sl,O00 ~Scvc. 1ooo ~lcvr. lO00 ~6~'YL~ 

45 
46 

~8 
69 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
6O 
61 
62 
63 
64 
65 
66 
67" 
68 
69 
7O 
71 
72 
73 
74 

2.1248 1.092318269 
2 • 2863 1. 09249~80 
Z.&ST3 1.092681476 
2.64,01 1. 09288119~ 
2.8455 1.09310S643 
3.O636 1.0933~017 
3.317'0 1.09~62103;~ 
$.6141 1.095965901 
3.9439 1.094306630 
4.3253 1 . 0 9 ~  
4.7446 1.09~ l l m ~  
5.2O?4 ! .O95689633 
5.6950 1 . 0 ~ T / V  
6.2164 1.096191~ 
6.8O65 1.097/~22~ 
7.4591 1 .O96158273 
8.1005 1. OgegSO~$ 
8.9947 1.09g~9159 
9.9287 I .  10~T16641 

10.9?44 1 . 1 ~  
12.1920 1.103363/93 
13.5047 1. I0&811578 
16.9278 I ,  10~M3~9~ 
16.4534 1 . 1080T~ZS~ 
18.0955 1, I 0 9 ~ 9 1  
20.0047 1. !129~6165 
22.6847 1,114762477 
24.6019 !.117120~2 
27.4337 1,12028160] 
$0.6167 t .  I ~"J8~509 

1.049331219 -2.221950166 -30.029380601 1.099007357 1.048112224 -Z.219160648 -30.000095814 
1.0~9624240 -Z.39101&043 -30.031615159 1.0990~132 1.948112521 -2.388&78922 -30.900103097 
1.0495227&3 -2.5~0S0555 -30.033981M1 1.0900Q67&O 1.0&8112848 -='.567121891 -30.O00110eoe 
1.0496Z8055 -2,?614T$146 -30.0~6511131 1.090009590 1.0&8113191 -2.?51~92312 -30.000119051 
1.0&9?/~&00 -2,9Z1~006~9 -30.039~153956 1.09~10121 1.048113576 -;~.9~6T5116 -30.000128513 
1.0~98TZ080 -].Z~014589 *30.0423T~P06 1.090010e96 1.068113986 -$.200521657 -30.000138148 
1,050018122 -3,&?0585848 -30.9451W0941 1.09001179~i 1.0411114461 -$.46S248212 -30.09014957'& 
1.0~01893~P -3.?81961502 -]0.0~99~51~ 1.0900121F~ 1.0~8115019 *3.T/~6ZS~$ -]0.~016ZgT~ 
1.0~0119~22 -4,12Tr17613 -30.0~561~81 1.09Q014~.7 1.06811S638 "4.1201106l~ -50.0001T/1~$ 
1.0~0~99~63 -4,52T69e031 -50.0~9e6/~!4 1.09001531~ 1.048116354 -~.511)619~9 -~.~019~0~Z 
1.0~0~I$19 - & . 9 ~ M  -30.065653695 1.0~01M}~ 1.0~81171&1 -4.9S666334S -30.~0~139~0 
1.051108358 -5.453316614 - 3 0 . 0 ~ 0 1 0  1.~90018~Zl 1.048118010 -S.~d)ISZ~I -]0.0~Z]4819 
1.0~1~9Z&9 -5,961Zg$&g? -30.0~8~/1~ ! . ~ 9 0 0 ~  ! .~81189~ "5.9~9~50~2 -30.000Z~807 
1.0~1~91915 -6,515124991 - ~ 0 . ~ 1 1 3 5  1.091~2117 1.~119907 - 6 . & 9 6 3 ~ 9  -~0.0~280~9 
1.0~315~0 -Z,I$3~41(N1 - ] 0 . 0 9 ~ 9 0  1.09~2&~9 1.0/d1121011 -~'.110743~ .~.0003~69~ 
1.0S2AO~79 -7,819545195 -30.10329MS5 1.090026530 1.04812;~.36 -7 .79~2~.3  -30.000336356 
1 . 0 ~ 5 3 1  -11,5/11~?~61 -30.11131M~3 I . ~  1.0~81Z~599 -6.~1T/991 -~0.00B___~__? 
1.013298617 -9,/~0311111 -$0.12~6T/'6T 1.09~0]L~0~ 1.1~81~!Z6 -9.40~1~I~q~ -30.~0~d~183 
1.0~M36T~l - ~ 0 , 4 ~ T ~ 1  - ~ 0 . 1 1 ~ F I ~  1.09~5314 1.0~d~1~TI *!O.3T~SZ133 -~.o00/~Tr~ 

1.0SS90~]9 -1&,19?220291 *50.18T528951 1.0900~0~ 1.0~8133583 -14.104&90Q95 -]0.0~4~9T~ 
1.056734307 -tS.7037094Z7 -30.Z07~51516 1.0900S3095 1.048136~54 -15.595ZSOG74 -30.000673~50 
1.057621519 -17,52)041454 -30.22~447170 1.090058529 1.048139121 -17.191191855 -30.000742037 
~.ONISTJ;837 -t9.062045161 -]0.Z5130]1401 f.~0064355 ~.04814Zl96 -t8.9025853~ -34.00~IS906 
1.059686139 -Z1,09~]k1~183 -]O.ZTrP965~ 1.89~)71153 1.048145763 -20.1199]0e996 -30.000902091 

1.0~Q56~6Z "~,991'6~33Z - 3 0 . 3 4 ~ T ~ 6  1.09~e?~6 t . ~ 8 1 ~ 1 2  -25.702274971 -~.001109401 
1 . ~ 0 ~ 0  -~9. t~K~i ]~  - ]10 . ]18~31  1.1M~gP3~I 1.0~8~$9~'28 - Z ~ . ~ I ~ I ~ 8  -]0,001Z37102 
1.06M86124 -3Z.44~31Z -30.426729146 1.090100990 1.048165702 -31.91M39~58 -30.~01]~641 



Appendix 1: S~q~te ProrkJct Oete (Continued) 

ProdUCt Speclflcetlor4 imd LIr~lmr CcmfficJents for Compeny C 

Port fol io Rate, yeor8 I - t0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  9.0X 
Portfol io Itoto, ye~r= 11 * 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  10.0'4 
toerm Ch,rlmd ~t . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8.0X 
Loened Fund |orr~ ~t . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  6 , 0 ~  

Gu~rmtt~l i ~ t e r ~ t  Itst~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.OX 

Percent of P rMl | l l  Loacl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 . 0 ~  
Per Nm~th ¢herile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  $2.50 
St~rMIder CherlIQ Per $1,000 Face (llsue Age 45)* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  SF.~O 

MInlNm 1~sue Face . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  323,000 

* Surrender chlrge ehovn 18 for yellr 1. Surrender cherge or~des doun (tneJriy in imn~( I n c r ~ t 8  over 15 y~| r i .  

Current 

Attained COl I~ste 
Age Per SI~OQO tACVC~ ~tLCV~ ~) 1000 tACVL'~ 1000 tACVI~ ~&CVC~ ~41CVC~ e~l 1000 eicvr~ 1000 eAC'VI~ 

45 2.7626 1.093015050 1.049698634 -2.889F69641 -30.038206547 1.090009~6 1.048113421 
46 2.9451 t .09321&496 1,049e03792 -3.M0932365 -30.01~0?32578 1.090010475 1.048113763 
4F 3.1356 f.093422720 1.049913573 -3.280S09463 -30,04336961& 1.090011153 1.048114121 
48 3.3365 1.093642352 1,050029362 -3.491020446 -30.046130917' 1.090011867' 1 .0481144~ 
49 3.5246 1.093848026 1.050137785 -3.688154761 -30.048735296 1.090012536 1.048114851 
30 3.TT60 1.0W,122971 1,050282716 -3.951683220 -30.032236535 1.090013430 1.048115323 
51 4.024? 1.094393024 1,tY~0426112 -&.212442092 -30.05168M66 1.090014315 1.048115790 
52 4.3623 1.09~7'6~425 1,05062M02 -6.56650a091 -30.060357166 1.090013516 1.048116423 
53 4.Y349 1.0951"~Z56 1.05~55T'~3 -6,957410316 -30.0655t9294 1.09~116841 1.048qi7123 
54 5.2215 1.095705073 1.051116475 -5.468116378 -30.072262429 1.090018572 1.048118036 
55 5,8185 t.106417&46 1.056752355 -6.125679T1~ -40.10F560242 1.100020885 1.053309042 
56 6.4255 1.107008903 1.057'105069 -6.766641281 -40.11M01295 1.100023~64 1.0533901M 
57 F.0665 1.10FTg~?3 1.05T47768Z -?'.&&3896778 -40.130676125 1.100025365 1.053391399 
38 'r,7394 t.1~563761 1.05711~631 -8. IF6~?07'4 -40.143517200 1.100027852 1.05339270~ 
59 8.58?3 1.10Wd1329F 1.058162314 -9.03Z3~0552 -40.1 __5J~_50 1.100030623 1.053394272 
60 9.514;9 1.1110312155 1,03M02~ -10.034516353 -~0.176072976 1.10003&153 1.0'J3Yl~O2e, 
61 10.6~66 1.111T26146 1,059538200 -11.191535299 -40.196334642 1.100038072 1.05339eM6 
62 11.85~ 1.1131151~d5 1.060z6TrJ'I -~lZ.Slgd,69"r69 -40.219579~1M 1.100042564 1.053400&51 
63 13.2966 1.11&FI5726 1.06110692T -16.0~75101~1 -40.2463129~4 1.100047727 1.053403168 
64 14.9352 t.116541647 1.062963116 -15.79072~.3 -49.2T6793807 ~.100053609 1.053406~63 
65 16.59~7 1.118393651 1.06303M35 *lT.S58M28~ -40.30F6917M 1.100059566 1.053d~9396 
66 18.M1~ 1.1~0390759 1.064079350 *19./d~d~101? -40.340990056 1.1~0659~q~ 1.053412T~3 
67 20,3184 1.122559558 1.065214117 -21.536357338 -40.377126914 1.100072932 1.053416432 
M 22,3976 1,12~Jq185F 1.066433~0 -~J.76326215& -40.&15960118 1.100~0396 1.053420360 
69 24.6273 1.12T597911 1.06T~&3300 -26.136150~5 -A0.&SF654238 1.100088400 1.0534245TZ 
70 27.2286 1.130328009 1.069273435 -28.954116996 -40.506162636 1.100097737 1.053~29~86 
FI 30,60~2 1.13~140069 1,0FI~J~[~3 -32.595029205 -40.5696749~3 1.1001091555 1.053435862 
?2 33.~859 1.137405106 !,0~P6~173 "35.71227?306 -60.6238180~3 1.100120199 1.053461306 
73 3?.3404 1.141T1~745 1.0~2~1r74 -39.89~916979 -40.696]741M0 !.100134036 
74 /,I.6727 1.1~6T~T~8 1.0T/814557 -~.6139~90~5 -40.TP8112059 1.100149588 

- 2 .M6067727 -30.000124575 
-3.0F6734976 -30.000132804 
-3.273?39915 -30.000141394 
-3.683619L~8 -30.00015045& 
-3.682127735 -30.0G0158936 
-3.944765261 -30.0001702T~ 
-6.204582294 -30. 000181&87 
-&.557'2?3522 -30.000196711 
-4.946529?23 -30.CO021351Z 
- 5.65~J82M8 -30.000235455 
-6.109134725 -60.000350408 
-6.?46460673 -40.000386964 
-7.419486552 -40. 000425167 
-8.147006953 - 40. 000467296 
-9.016274573 -&0.000517155 
-9.99~26497 -40.000573019 

- 11.136~1973 -40. 000638765 
-32.&c~632614 -40.00071&142 
-13.9609254,82 -&0. 000a0768 
*15.M14323W -40.000699452 
- 17.423892763 -40.000999394 
- 19.~9921842 -A0.001106gM 
-21. 333776944 -40. 001221654 
-23.516955759 -40.00134M74 
- ~J , 65817'6283 -40.001483158 
- 28. ~9602801 -&0.001639823 
-32.134094860 -40.001iH3122 
-35.1600~327 -&0.002016676 

1.053440587 -39.297437287 -40.CO224M20 
1.053456772 -43.756642684 -40.002509742 



IRS S e c t i o n  7702/7701A C ompl i ance  F a c t o r s  

Companies A and B Company C 

Guideline Premiums Per Thousand: 

Issue Age 45 Single $214.64 $205.88 
Annua l  Level 17.56 16.84 
Annual Increasing 40.72 39.05 

G u i d e l i n e  Premiums Per P c l i c y :  

Issue Age 45 Single $0.00 $419.87 
Annual Level 0.00 29.02 
Ann~l Increasing 0.00 29.62 

Seven  Pay L i m i t  Per  Thou~;and: 

I s s u e  Age 45 $46 .86  $46 .86  

Cash Value Corridor Factors: 

Age Fac Age Fsc  Age Fac Age Fec Age Fac Age Fac 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

S 45 215 t  I 50 1 8 5 1  J 55 150t  [ 60  130% [ 65 120t  I 70 115% I 
] 46 209t I 51 1781 I 56 146t I 61 1281 I 66 I19% I 71 113t i 
] 47 2031 ] 52 171% i 57 142% i 62 126% ~ 67 118% I 72 111% i 
I 48 197% I 53 164% I 58 138% I 63 124% ~ 68 117% I 75 109% i 
49 191% ~ 54 157% [ 59 134t I 64 122t I 69 i16% [ 74 i07% I 

.................................................................. 

100 
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