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Abstract

Starting with the 3-d array

[X,9,,N,] .

X' X X=55,...,100

where X=age, ®,=number of deaths and Nx=exposed lives, a 3-d empirical

X
distribution of

[X.NX’ log(ﬂx/Nx) 'NX]x=ss, ...,100

Is formed, by assigning equal probabllity 41—6 = 1_0_6&%3 to each triplet.

Forty-six copies of this distribution are convoluted together using 3-d

numerical convolutions. The resulting 3-d distribution, call it f of

Y,2, T’
[¥,2,T] is transforned into a 2-d distribution of [R,S] where R = X and S =

-1 N

For each relevant integral value of X, we choose E{ S | R ¢ [X-.5,X+.5) ] as

the graduated log value which can be used as an exponent of 10 to obtain the

9
graduated mortality rate corresponding to the original raw mortality rate N—X—
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Section 1. Introduction

The topic is graduation of raw mortality rates. The approach is to use
operational bootstrapping, which produces results which could only be obtalned
by regular bootstrapping if an infinite number of random numbers were

generated.

The term "operational bootstrapping" was first introduced in Baliley (1992a).
Univariate operational bootstrapping was described in Bailey {(1992b), the

Appendix of which contained a Unnugeco (Univariate Numerical Generalized

Convolution) Algorithm. A Blnugeco (Bivariate Numerical Generalized
Convolution) Algorithm was described in an Appendix of Balley (1993). We

shall wuse a Irinugeco (Irivariate Numerical Generalized Convolution)

Algorithm, which is a straightforward extension of this Binugeco Algorithm.

Section 2. The Procedure To Graduate By Operational Bootstrapping

Let [X,® ]

X'NX Xess. ... 100 be 46 vectors of raw mortality data, where

X=age,

9x=number of deaths and
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Nx=exposed lives.

Original Mortality Data In The Form Of An Empirical Distribution
Taken from TABLE 1 on page 313 of Ramsay (1991)

three d dist,lines=46

X mean and var= 77.500000 176. 250000
X mean abs dev = 11.500000
X min and max= 55.000000 100.000000

Y mean and var= 214.108696 37389.836011
Y mean abs dev = 175.823251
Y min and max= 1.000000 581.000000

2 mean and var= 7922.326087 84934881.132798
Z mean abs dev = 7643,541588
Z min and max= 8.000000 29174.000000

cov xy = -491.945652
cov xz = -57176.445652
cov yz = 1329887.225425

cum prob = 1.0000000000000

index xamount yamount zamount prob cum
0000) S5 1 84 2.173913e-02 0.021739
0001} 56 2 418 2.173913e-02 0.043478
0002) 57 10 1066 2.173913e~-02 0.065217
0003) 58 21 2483 2.173913e-02 0.086957
0004} 59 35 3721 2.173913e-02 0.108696
0005) 60 62 5460 2.173913e-02 0.130435
0006) 61 50 6231 2.173913e~02 0.152174
0007) 62 55 8061 2.173913e-02 0.173913
0008) 63 88 9487 2.173913e-02 0.195652
0009) 64 132 10770 2.173913e-02 0.217391
0010) 65 267 24267 2.173913e-02 0.239130
0011) 66 300 26791 2.173913e-02 0.260870
0012) 67 432 29174 2.173913e-02 0.282609
0013) 68 491 28476 2.173913e-02 0.304348
0014) 69 422 25840 2.173913e-02 0.326087
0015) 70 475 23916 2.173913e-02 0, 347826
0016) 71 413 21412 2.173913e-02 0.369565
0017) 72 480 20116 2.173913e-02 0.391304
0018) 73 537 18876 2.173913e-02 0.413043
0019) 74 566 17461 2.173913e-02 0.434783
0020) 75 581 15012 2.173913e-02 0. 456522
0021) 76 464 11871 2.173913e-02 0.478261
0022) 77 461 10002 2.173913e-02 0.500000
0023) 78 433 8949 2.173913e~02 0.521739
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0024)
0025)
0026)
0027)
0028)
0029)
0030)
0031)
0032)
0033)
0034)
0035)
0036)
0037)
0038)
0039)
0040)
0041)
0042)
0043)
0044)
0045)

79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100

515
374
348
304
249
167
192
171
126

86

97

75
84
31
75
29
25
20

7751
6140
4718
3791
2806
2240
1715
1388
898
578
510
430
362
291
232
196
147
100
161
11
10

.173913e-02
.173913e-02
.173913e-02
.173913e~-02
. 173913e-02
.173913e-02
.173913e-02
. 173913e-02
.173913e-02
.173913e-02
. 173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-D2
.173913e-02
. 173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02

NRNNNNNNNNNNDNNDNDNNDDDNDNDNDN

Form a 3-dimensional empirical distribution

by assigning equal probability fé =

f

U, vV,W

f

X:N

X’

log (9 /Ny )Ny, N

M OO0OO0ODO0OO0D0DO0OO0OOCOODODOO0OO0O0ODO0O0

X

.543478
.565217
. 586957
. 608696
.630435
.652174
.673913
. 695652
. 717391
.739130
. 760870
. 782609
. 804348
. 826087
. 847826
. 869565
.891304
. 913043
. 934783
. 956522
.978261
. 000000

of the 3-dimensional random variable

(U,v,W) = (X-Nx,log(ﬂx/Nx)»NX,NX)

where X takes on the values 55,56,...,100,
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u,v,u

three d dist, lines=46

X
X
X

Y
Y
Y
Z

Z
z

cov xy = -10273983068. 349628

mean and var= 556803,826087 401103046179.621928
mean abs dev = 533140.432892

min and max= 800.000000 19546S58.000000

mean and var= -13308.770658 275373573.115291

mean abs dev =

13498.683376
min and max= -53374.189851

~3.766649

mean and var= 7922.326087 84934881.132798

mean abs dev =
min and max=

7643.541588
8.000000 29174.000000

cov xz = §5821023501.143667

cov yz

~151440966 . 338228

cum prob = 1.0000000000000

index xamount yamount zamount prob
0000) 4620 -162 84 2,173913e-02
0001) 23408 -970 418 2.173913e-02
0002) 60762 -2162 1066 2.173913e-02
0003) 144014 -5147 2483 2.173913e-02
0004) 219539 -7541 3721 2.173913e-02
0005) 327600 -10619 5460 2.173913e-02
0006) 380091 -13058 6231 2.173913e-02
0007) 499782 ~17460 8061 2.173913e-02
0008) 597681 ~19284 9487 2.173913e-02
0009) 689280 -20588 10770 2.173913e-02
0010) 1577355 -47527 24267 2.173913e-02
0011) 1768206 -52266 26791 2.173913e-02
0012) 1954658 -53374 29174 2.173%913e-02
0013) 1936368 -50215 28476 2.173913e-02
0014) 1782960 -46176 25840 2.173913e-02
0015) 1674120 ~40705 23916 2.173913e-02
0016) 1520252 -36715 21412 2.173913e-02
0017) 1448352 -32634 20116 2.173913e-02
0018) 1377948 ~29181 18876 2.173913e-02
0019) 1292114 -26004 17461 2.173913e-02
0020) 1125900 -21201 15012 2.173913e-02
0021) 902196 -16714 11871 2.173913e-02
0022} 770154 -13367 10002 2.173913e-02
0023) 698022 -11770 8949 2.173913e-02
0024) 612329 -9127 7751 2.173913e-02
0025) 491200 -7462 6140 2,173913e-02
0026) 382158 -5342 4118 2.173913e-02
0027) 310862 -4154 3791 2.173913e-02
0028) 232898 -2952 2806 2.173913e-02
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cum

.021739
.043478
. 065217
. 086957
. 108696
.130435
.152174
.173913

195652

.217391
.239130
.260870
282609
.304348
. 326087
. 347826
. 369565
.391304
.413043
.434783
.456522
.478261
. 500000
.521739
.543478
.565217
.S86957
. 608696
.630435



0029) 188160 -2526 2240 2.173913e-02 0.652174
0030) 145775 -1631 1715 2.173913e-02 0.673913
0031) 119368 -1262 1388 2.173913e-02 0.695652
0032) 78126 -766 898 2.173913e-02 0.717391
0033) 50864 -478 578 2.173913e-02 0.739130
0034) 45390 -368 510 2.173913e-02 (.760870
0035) 38700 -286 430 2.173913e-02 0.782609
0036) 32942 -247 362 2.173913e-02 0.804348
0037) 26772 -157 291 2.173913e-02 0.826087
0038) 21576 -203 232 2.173913e-02 0.847826
0039) 18424 -82 196 2.173913e-02 0.869565
0040) 13965 -104 147 2.173913e-02 0.891304
0041) 9600 -60 100 2.173913e-02 0.913043
0042} 15617 -146 161 2.173913e-02 0.934783
0043} 1078 -4 11 2.173%13e-02 0.956522
0044) 990 -5 10 2.173913e-02 0.978261
0045) 800 -5 8 2.173913e-02 1.000000

Regular bootstrapping for the mean vector E[U,V,W) would involve using random
numbers to sample (called resampling) with replacement from the 3~d

distribution

f =f

U,v,w X Nx,log(ﬂx/Nx) NX’NX
to obtain various resample means for resamples of size 46. In order to
aveid having to use random numbers and in order to obtain more accurate

estimates in the tails of the distributions, we choose to use operational

bootstrapping.

In order to graduate the raw mortality data by operational bootstrapping we

need to perform the following sequence of convolutions to obtain

+46

fu,v,w; namely,
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.2 £ + f

fu,viw = fuvw U, v,

where the "+" between two distributions is used to denote "convolute for

sums

+4 _ et2 +*2
foovow = fu vt fuv
f+3 = f“ + f“

U,V, W u,v, W U, v, W

v = fovw * v, v
STV RV RTLE vy
fﬂf3,u = fﬁ?i,w * fa?v,w
f*'lﬂ = f§40 . f§4

U,vV,¥W u,v,¥W U, v, v

+46 f”‘ + +2

fovou = fuvw t fu v w

These trivariate numerical convolutions can be performed according to the
Trinugeco Algorithm, which is a straightforward generalization of the Binugeco

Algorithm in Baliley (1993).

We can then transform the 3-d distribution £ *° call it f of (Y,2,T)

u, v, W’ Y,2, T’

into the 2-d distribution
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For each relevant integral value of X, we choose

E[ S i R e (X-.5,X+.5} ]

as the graduated log value which can be used as an exponent of 10 to obtain

the graduated mortality rate corresponding to the original raw mortality rate

g P

The accuracy of the multivariate convolutions for sums can be considerably
improved by using a technique described in the next section and described in

Anderson (1984).

Section 3. A Numerical Technique From Anderson’s Description of

the Principal Component Method

We are Interested in the numerical method described on pages 462-465 and
exemplified on pages 465-468 in Anderson (1984), because it generates a llinear

transformation which can be applied to the n-dimensional vectors in an n-

.
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dimensional distribution to transform that distribution into one for which

each of the 2-way covariances is zero.

The reason we are interested in having the 2-way covariances equal to zero is
that the 2-way covariances in the distributions resulting from using the
multivariate numerical convolution algorithms gradually tend to decrease
toward zero as a significant number of convolutions are performed. By
transforming the initial distribution (which we are interested in convoluting
a number of times) so that the 2-way covariances are zero, the tendency for
the 2-way covariances of the distributions to deteriorate is considerably

reduced.

The "C"-language computer program called COCONUT {(Command-and Convolute),
mentioned above, includes among other commands two commands (anderfl and

anderf2) which accomplish the following:

(1) take an input distribution in what we refer to as space #1, generate the
appropriate linear transformation, and apply the transformation to the input
distribution in space #1 to obtaln a distribution in what we shall refer to as
spéce #2 with the same dimension as the input distribution but with each of

the 2-way covariances equal to zero;
(2) take an input distribution in space #2 (i.e. the result of convoluting a

series of iid distributions initially generated in (1)), obtain the inverse of

the linear transformation originally obtained in (1), and apply that inverse
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linear transformation to the input distribution Iin space #2 to obtain a

distribution in space #1.

If we applied (1) to an infitial distribution and then immediately applied (2)
to the resulting distribution, we would reproduce the initial distribution.
The only purpose of doing this would be to confirm that the tranformation and

its inverse are operating properly.

Section 4. The Numerical Results

T, the orthonormal linear transformation from Space #1 into Space #2

. 9995669 .02787606 ~.009430334
T = ~. 02560409 . 9817861 . 1882565
.01450642 -.1879335 .9820746

U,vV,W

three d dist, lines=46

X mean and var= 557018.359786 401450694971.590824
X mean abs dev = 533354.849069
X min and max= 799.892896 1955601.252115

Y mean and var= 966.259190 12651055. 109059
mean abs dev = 2736.671417
min and max= -7251.526803 7749.663110

< <

mean and var= 24.007084 8607.170170
mean abs dev = 63.349557

min and max= -220.197222 273.727329
cov Xy

cov XZ
cov yz 0. 000000

cum prob = 1.0000000000000

NNN
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index
Q0000)
0001)
0002)
0003)
0004)
0005)
0006)
0007)
Q008)
0009)
0010)
0011)
0012)
0013)
0014)
0015)
0016)
0017)
0018)
0019)
0020)
0021)
0022)
0023)
0024)
0025)
0026)
0027)
0028)
0029)
0030)
0031)
0032)
0033)
0034)
0035)
0036)
0037)
0038)
0039)
0040)
0041)
0042)
0043)
0044)
0045)

xamount
4623
23429
60806
144119
219691
327809
380351
500130
598054
689665
1578241
1769167
1955601
1937228
1783745
1674784
1520844
1448852
1378372
1292473
1126173
902405
770308
698151
612410
491267
382198
310889
232913
188176
145779
119369
78125
50863
45387
38697
32939
26769
21575
18421
13964
9599
15616
1078
990

800

yamount
-46
-378
-629
-1505
~1983
-2319
-3395
-4725
-4054
~-3023
-7252
-7058
-3397
-673
-489
2210
2308
4554
6215
7207
7750
6509
6466
6220
6652
5213
4522
3874
3067
2345
2140
1827
1257
840
809
717
607
537
359
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zamount
8

7
67
111
164
274
77
-84
SO
201
10
-203
170
252
-130
37
-220
-47
50
68
134
4
44
-10
119
-7
24

9

4
-50
3

-0

1

-2

]
—
=N

t
fa
\

prob

.173913e-02
.173913e-02

173913e-02
173913e-02

.173913e-02
.173913e-02

173913e-02
173913e-02
173913e-02
173913e-02
173913e-02
173913e~-02
173913e-02
173913e-02

.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173%913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e~-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02
.173913e-02

e E>R-ReRojcaRojoNoRosRuRoRoNaloRaleoNeNoRolaNaRaNoNalaleRe o NallaBoNoNo oo NoNoNo oo Na e Rl

cum

.021739
. 043478
.065217
. 086957
. 108696

130435

. 152174
. 173913
. 195652
.217391
.239130
. 260870
. 282609
.304348
. 326087
.347826
. 369565
.391304
-413043

434783

. 456522
.478261
. 500000
.521739
.543478
.565217
. 586957
. 608696
.630435
.652174
.673913
. 695652
.717391
.739130
. 760870
. 782609
. 804348
. 826087
. 847826
.869565
.891304
.913043
.934783
. 956522
. 978261
. 000000



We notice that the 2-way covariances are indeed very close

to

zZero,

considering the size of the 2-way covariances of fU v above in Section 2.

+46
(fU,V,N'T)

three d dist,lines=4524

X mean and var= 25622844.550168 18466731968693.582550
X mean abs dev = 3432480. 483357
X min and max= 36795.073198 89957657.597305

Y mean and var= 44447.922744 581948535.016732
Y mean abs dev = 23178.848586
Y min and max= -333570.232946 356484.503058

Z mean and var= 1104.325883 395929.827797
Z mean abs dev = 571.979816

2 min and max= -10129.072195 12591.457133
cov Xy 1156779159. 382145

cov XZ ~25537357.683619
cov yz = ~323465.733458
cum prob = 1.0000000000000

T
. . 9995669 -.02560409  .01450642
T = . 02787606 . 9817861 -.1879335
-.009430334 . 1882565 . 9820746

We note that T-‘, the inverse of T, is simply the transpose of T here.
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+46 -1
[fU,V.W T)

three d dist, lines=4524

> X

<

z
z
z

mean and var= 25612976.000000 18450805070829.184520
mean abs dev = 3430998.182074
min and max= 36800.000000 89914268. 000000

mean and var= -612203. 450268 12609153346. 155333
mean abs dev = 90108.004949
min and max= -2455212.733131 -221.558077

mean and var= 364426.999998 3900088983.088916
mean abs dev = 49808.896875
min and max= 368.000000 1342003.999993

cov Xy = -471473639326.225590

cov Xz
cov yz

267525170784, 773822
-6943971141.832311

ou

cum prcb = 1,0000000000000
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The results of the graduation are shown in the following table.

OO N — W

566
581
464
461
433
515
374
348
304
249
167
192
171
126

97

idev!
cummax

.221928
.031968
.021142
.542918
. 222862
.220174

2487
10770
24267
26791
29174
28476
25840
23916
21412
20116
18876
17461
15012
11871
10002

8949

7751

6140

4718

3791

2806

2240

1715

1388

898
578
510

CO0O00O000000O00VDOODOOOOOOOODOOO

ungrad

t‘)x/Nx

.009276
.012256
.011003
.011198
.014808
.017243
.016331
.019861
.019288
. 023862

028449

.032415
.038702
. 039087
.046091
.04838S
. 066443
.060912

07376
08019

.088738
.074554
.111953

123199

. 140312
. 148789
. 190196

op.boot.
grad.
value

.011296
.011602
.012284
.014078
. 014949
.017103
.018436
.020121
.02268

. 025601
.027007
.031918
.037102
.041001
.046621
.05331

.055023
06778

071606
.084126
. 08688

.099215
. 115262
. 119198
. 134533
. 146335
. 159781

D000V OOOCOOCDOOODOOOLODOOODOOOO
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op. boot.
std.err.

OOOOOOOO_O_O_O'0.0_OO_C)OOOOOOOOOOO

of
grad.
value

. 000627
.000634
. 000489
.000242
. 000206

000497

.000903
.000816

000949
001646
000944
000528

. 000986

001799
001092
00191
00223
002675
001968

. 002315
.001838
.005372
.002018
. 004245
. 005349
.005197
.000073

cummax
of
std.err.

. 000627
.000634
. 000634
.000634
.000634
000634
.000903
.000903
000949
001646
001646
001646
.001646
001799
001799
00191

00223

002675
002675
.002675
002675
.005372
.005372
.005372
.005372
.005372
.005372

COO0C0O00QO00000DODOLOOOO0OODOO0OOOO0OO

dev.

grad.

ungrad.

[=NeoNoNeRoNaol

Lo
COO0OQ0O0OO0OQOO0OO

| R I | 1 ] |
COO0OO0OOCCOOOCC

. 00202
. 00065
.001281
. 00288
.000141
.00014
.002105
.00026
.003392
.001739
.00144
. 0005
.0016
.001914
.00053
.004925
.01142
.006868
.00215
.003936
.00186
.024661
.003309
.004
.00578
.00245
.03042



.33082 69
.287729 70
.574026 71
056742 72
.875956 73
.302003 74
.972279 75
.064008 76
.294729 77
57838 78
121094 79
.867457 80
805259 81
.47143 82
.694736 83
.590735 84
.615906 85
.744759 B6
.075727 87
. 4568 88
.661779 89

NO 0O PO~ ONUNINOROOO~,WON

We have used cummax (the maximum so far as we move down the standard error

column) as the denominator in the fraction EEE%&;, so as to avoid understating
the standard error in this fraction. The parameters used in performing the

numerical convolutions were nax=30, nay=30, naz=30, meshx=3 (log intervals),
meshy=meshz=1 (equal intervals}) and e=1.e-299. The operational bootstrap
standard error for age 89 looks low and would probably turn out higher if we

increase nax, nay and naz significantly.
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Section 5. Conclusion

The resuits from graduation by operational bootstrapping might for some
purposes be used as is, or perhaps as a more reliable base (cf the raw data)
upon which to perform a further graduation by one of the more usual methods.

If smoothness 1is a priority item, then further graduation of the results may
be indicated, since by itself graduation by operational! bootstrapping imposes

no requirements for smoothness (or fit}.

This paper should be considered as an initial safari in the direction of
graduation by operational bootstrapping. Further research is needed. For
example, it might focus on such aspects as the desirablility and possible

implications of using initial transformations which

(1) use a base other than a=10 in loga(qx); or

(2) are according to some operators other than logs.

Or 1t might focus on how appropriate operational bootstrapping 1is for

graduation of mortality rates in the first place.

Upon request the author will furnish (at cost of a diskette and mailing) the
"C"-language subroutine which for a discrete finite multivariate distribution
finds and applies to that distribution the linear transformation which will

cause the 2-way covariances to be zero.
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