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ABSTRACT

Suppose we have a rtandom sample from a continuous distribution function with
support on the positive reals. This paper will investigate nonparametric estimators of the
distribution function that are based on mixtures of gamma distributions. First we give
several asymptotic results for a kernel-type estimator including order results and a central
limit theorem. Next, we consider a moment-type estimator that is constructed by using
empirical moment matrices. This estimator will have the property that many of its’

moments are equal to the moments of the empirical distribution function.

1. INTRODUCTION

Suppose we observe X; for #=l,...n where n is the number of observations and
X;,X;,... are independent and identically distributed random variables with a common
distribution function F(z). We will assume throughout the discussion that F(z) is
continuous with F(0)=0 and that F(z) is uniquely determined by its moments mk=E(Xf)

for k=1,2,... This paper investigates a kernel-type and a moment-type estimator of F(z)



that is based on the random sample X;,...,X,,. These nonparametric estimnators are based

on mixtures of gamma distributions and they will have the form

P
Ha)= 3 =, Ga/B;) (1.1)
where . =1
G(t):J v*~lexp(3) / T(a) dy. (12)
0

In section 2 we will show how the parameters p, o, Tpea®, and ﬂl,...,ﬂp are calculated
for the kernel-type estimator while in section 3 we will show how of these parameters are
calculated for the moment-type estimator. We will also investigate the order of
convergence of the kernel-type estimator and we will give a central limit theorem for this
estimator along with other asymptotic results. We will also demonstrate that the
moment-type estimator converges uniformly to the true distribution. This moment-type
estimator will be constructed by using empirical moment matrices and it will have the

property that its first 2p—1 moments are equal to the empirical moments

(o]
wy, = J zdF(z) , k=1,...,2p-1 (1.3)
0
where
n
Fz)=n"' Y 1(X<3) (L.4)
1=1

is the empirical distribution function.

2. A KERNEL-TYPE ESTIMATOR

Nadaraya (1964), Azzalini (1981), Reiss (1981), Swanepoel (1988) and Jones (1990)

presented theory for kernel-type estimators of F(z) that have the form

n~1 i K(z=X)/h) (.1)
=1

where K(1) is a distribution function and 4 is a smoothing parameter. Swanepoel (1988)
and Jones (1990) showed that the uniform kernel minimizes the integrated mean-squared
error (IMSE) and so it is an optimal kernel for estimating a distribution function.
However, Jones (1990) demonstrated that the effect on the IMSE is negligible when other

kernels are used. Reiss (1981) proved that the relative deficiency of the empirical



estimator relative to a kernel-type estimator tends to infinity. Nadaraya (1964) proved
that (2.1) was asymptotically unbiased and consistent and Azzalini (1981) showed that
an optimal smoothing parameter £ should be proportional to n~1/3, Nobody has
investigated kernel-type estimators where the kernel has the form G(az/X;). Our
estimator is

n

H) =071y Glaz/X) (2.2)

=1

where o > 0 is a smoothing parameter. Note that this estimator is equal to (1.1) with
p=n, 1r,=n"1 and f;=X;/a. For the immediate discussion we will assume that o is a
function of » and that a™¥oo as n—oo. Later we will discuss how a should be

constructed. We will now give some asymptotic results for our estimator F(z).

]
Theorem 1. a) Let ﬁk=J *dF(z) for k=1,2,..,
0
then m,=(1+1/a) - (14+(k-1)/a) i, and i, > my as n—oco.
b) Let g(z) be a bounded and continuous function for all z > 0,

then J oz) dF(z) %t j o(z) dF(z) a5 n—co,
0 0

¢) If n—oo, then sup | F(z)—~F(z)| * 0.
x>0

d) Let r >0, then E| F(z)—F(z) | "—0 and E(F(2))"—(F(z))" as n—oco.

Proof: a) Using our definitions we find that

n_ oo n ©
= n-lz j FdG(az/X,)= n‘lz()(;/a)kj *dG(z)=
g x o~k ;<=;(a(-)i-l)- . -(a+k—1)=(1+1}:)- . -(1+(k-f)/a) iy,
and so by Kolmogorov's strong law of large numbers 7, L3 my as n—oo.
b) This result follows immediately after applying a theorem by Frechet and Shohat
that is given in Serfling (1980), p. 17. »

c) This result follows after applyving Polya’s theorem in Serfling (1980). p. 13.

d) This result follows from standard theorems in Serfling (1980), pp. 11-15. |



Suppose n is fixed, then we will show that « is a smoothing parameter. First, note
that the moments of G(az/X;) are equal to (1+1/a)~--(1+(k—1)/a)Xf-° for k=1,2,... and
50 these moments converge to X{-‘ as a—oo. Next, applying a theorem by Frechet and
Shohat that is given in Serfling (1980), p. 17 we find that if a—oo then
G(az/X'-)—dvI(X.- < ) where 2, denotes convergence in distribution. This means that the
estimator F(z) looks more and more like a step function when o increases and so

decreasing « yields smoother estimates. We summarize the result as follows.

Lemma 2. Suppose 7 is fixed, then F(z) 2 F(z) as a—oo. | |
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Figure 1: A plot of a kernel-type estimator and the true underlying distribution.

Note that E(my)=m, and E(m;)=(1+1/a) -(1+(k—1)/a)m; > m; for Ak=2,3,...
Therefore, if a is too small then the moments 17 of the distribution function F(r) will be
too large and so we must find a balance between fit and smoothness. An upper

100(1—-v)% confidence interval for the second moment has an upper bound



n'12+z7((1ﬁ4—7f13)/n)1/2 where z, is a 1—v quantile of a standard normal distribution. We
suggest that a reasonable value for o is that value that makes i, equal to this upper

bound. This yields the formula
o= z;‘n1/2(n’14/n’1§ - 1)-1/2. (2.3)

Figure 1 gives an example of a kernel-type estimator with a calculated according to
(2.3) with z,=1. This estimate is based on a sample of size, n=500, from a gamma
distribution with a mean of 25/3 and a variance of 625/27. Note the closeness of this
estimate to the true distribution and also note the smoothness of this estimate. This
graph and all the necessary calculations were made with the statistical computing
language called GAUSS.

In the ensuing discussion we will present order results and a central limit theorem
under the assumption that F(z) satisfies a Lipschitz condition. That is, we assume that

there exists B > 0 such that for any z,y
| F(z) - F(y)| < Blz-y]. (2.9)

Note that this Lipschitz condition will hold whenever F(z) has a bounded density. The
following result characterizes the expected mean-squared error and bias associated with

our kernel-type estimator. This result will be useful in the proof of the central limit

theorem presented later.

Lemma 3. Suppose F(z) satisfies a Lipschitz condition and z > 0, then
E(F :r)) F(z) + Ola"'/?) and

b) H{F(z) - F(:))’ = O(n-1) + O(a-1).

Proof: E(H(2))-Alai=H{Cla r/x,))-F(I):J G Flt)= F(z)=

oo 0

(az/1)d
me/z) F(z)dG(at)SI Blz/t—t| dG(at) < r(z-l—l)? dc(at)}”?:
a—

/1

o
Bz( a=1)""(a=2)"~20(a=1)" +1)" 2= B (a+2)( (;) (0—2)*)‘/2 < 8Bza~\?
if a > 3. Next, we find that E(F(z)—F(r))?: Var(F(z))+(E(F(r))—F(J:))Z:

n=1 Var( Glaz/ X, ))+(0(a-1/2))2= O(n=1)+ O(a-1). =
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The following is a central limit theorem for our kernel-type estimator.

Theorem 4. Suppose 0 < F(z) < 1 satisfies a Lipschitz condition. If n—oo,
a) then (F(a)-E(K(z))) / ( Var(F(@))}'/* 4 M(0,1) and
b) if a=O(n'*%) a.c. and § > 0, then n1/2(}'7'(z)—F(z)) 4, 1»(0, F(r)(l—F(z))).

Proof:  Define u,=HG(az/X,)) and o,=(Var(Glaz/X,))}/%. Using Lebesque’s
Dominated Convergence Theorem we find that if n—oo then u —F(z) and
02— F(z)(1-F(z))  because Glaz/ X, 31X, <z). Note that Z,=
(F-‘(z)—E(f’(z)))/(Var(f‘(z)))”z:nlﬁ(ﬁ(z)—pn)/a,,. Using Taylor’s theorem on the
cumulant  generating  function hn(t)zloge(E(exp(th))) we find that A (f)=
5 x(t/a’n)2xh"n(f(ﬂ,ta’;ln'llz)) where E(O,ta;ln'ln) is between 0 and ta;ln"/z. If
n—oco then hn(i)—dz/? because h"n(f((),ta;ln'l/z))/a?‘—ol. Therefore the moment
generating function of Z,, converges to exp(#*/2) and ZniN(O,l). Part b) is true because
o2 is asymptotically equivalent to F(z)(1—F(z)) and n1/2(E(F(z))—F(z))=O(n'6/2)

converges to 0. L

3. AMOMENT-TYPE ESTIMATOR

In this section we will investigate a moment-type estimator F(z) with the property that
its moments 1y for k=1,...,2p—1 will be equal to the empirical moments ;. This
estimator will have the form given in (1.1) and the parameters a, ﬂl,...,ﬁp and my,...,7,
will be calculated with a method that is similar to one presented in Titterington, Smith
and Makov (1985). The moment estimates of the parameters 8; and =, that are given in
Titterington. Smith and Makov (19835) do not necessarily satisfy parameter constraints
such as §; >0, 7, >0 and 7 +---+7,=1. We will show how to estimate these parameters
so that all parameter constraints hold. Afterwards, we will show that the moment-type
estimator converges uniformly to the true distribution.

Let us suppose that we want to construct a moment-type estunator that reproduces the
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first 2p—1 empirical moments. As we will see later we must have p < n. Define

= 1y, [ (alat1) - (a+k=1)) (3.1)

for k=1,2,... Next, define Ry={1}, Rg={ry} and for k=1,2,... define a moment matrix as

1 ™ L%
T, T v Tk

R=| ' + (3.2)
T Teqr 0 T2k

and a shifted moment matrix as

T T2 Tk
r. r. e
2 3 k42

R = 2 (3.3)

Tet1 Thy2 " Tokg

Using R, and R}, for k=0,1,... we define ¢(a) as follows

#(a) = 1 + sup{k: det(R}) > 0 and det(R3) > 0 V=0, A} (3.4)
We can now define o > 0 as any value that satisfies the inequality
#la) 2 p. (3.5)
Let us calculate the parameters Q:(ﬁl,...,ﬁp)T. Consider the polynomial
1 ry Tp1 1
r T, r {
P(t) = det| : 4 . (3.6)
Tp r‘,_H T2p-1 i



Then the parameters 8;>0 for j=1,...,p are equal to the distinct real roots of P(t).
Finally, let us calculate the parameters 1r=(1r,,...,7rp)T. Let _r=(1,r1,...,rp_1)T. Then

7=""r where

1 1 1
r=| & ﬁ? P (3.7)
ﬁf.—l ﬁg.-l . ﬁ:’;—l

Let us show that an estimator with the parameters constructed in this manner has the
properties claimed earlier. The following lemma states a necessary condition for what

follows.

Lemma 5. There exists ay > 0 such that ¢{a) > p for all @ > a.

- . - k
Proof: Consider the moment matrices My=My={1} and Mk={r_n,-+]-}i_j__'0,

Mk={’i‘i+j}:j=o for k=1,2,... Also consider the shifted moment matrices Mj={m,},
Ma:{n’zl} and Mi={mi+j+l}:j=0’ Mi:{ﬁl‘+j+]}:j=o for k=1,2,... where ﬁtkzakrk
and r is defined in (3.1). According to Shohat and Tamarkin (1943), det(#4,) >0 and
det(d;l,:) >0 Vk=0,...,p—1. Note that @, — 1, as a—oco. Therefore there exists o, such
that det(M)) >0 and det(Mg) >0 Vk=0,...,p—1 for all a > ag- This also means that if
& 2> ag then det(R;) > 0 and det(R}) > 0 Vk=0,...,p~1 and #(a) > p. This last statement

is true because according to Lindsay (1989) there exists a discrete distribution with p
distinct atoms of mass yx; at ¢, > 0 for i=l,...,p whose moments are equal to 7, for
k=l1,...,2p—1. Now, consider the discrete distribution with p atoms of mass x; at a;/a for
i=l,...,p. The moments of this discrete distribution are equal to r,. According to Shohat
and Tamarkin (1943), this means that Yk=0,...,p—1 det(R,) > 0 and det(R}) > 0. ]

Using our notation we will restate some results given in Lindsay (1989). Note that a
version of the first result in the following lemma was used to prove the above lemma. For

the ensuing discussion we will assume that n > oy,



Lemma 6. a) If det(R;) > 0 and det(R}) > 0 V&=0,...,p—1, then there exists a

distribution with p distinct atoms of mass 7, > 0 at 3; >0 for i=1,...,p whose moments
are equal to r for k=1,...,2p—1.

b) Let P(1) be equal to the polynomial given in (3.6), then P(8,)=0 for i=1,...,p.

¢) Let T be equal to the matrix given in (3.7) and let F(l,rl,...,rp_,)Tand

1_r=(1r1,...,7rp)T, then 7=_T"1 1. [ ]

For the ensuing discussion we will assume that p < nis a function of n and that p—oo as
n—o0. We will now give some asymptotic results for the moment-type estimator F{z).
This result states that the asymptotic consistency results given in Theorem 1 also hold for

the moment-type estimator.

oo
Theorem 7. Let n"1k=j x"df‘(z) for £=1,2,..., then M =, for k=1,....2p—1
0
and for any k=1,2,... we must have i, A3 m; as n—oco. Moreover, the asymptotic

results in Theorem 1 b), ¢), and d) are true for the moment-type estimator.

? ©0 P ©0
Proof: Let é&=1,...,2p—1. Then m= E‘II"»J z"dG(r/ﬁJ:Z‘rriﬂff zde(z)z
P i=1 0 =1 (i}
E 7,85 a(e+1) - (a+k-1)=ra(a+1)- (a+k—1) =1,. Since p—0o as n—00
=1
we find that for any k=1,2,... there exists n, such that for all n > n, i =m,.
Therefore, by Kolmogorov’s strong law of large numbers i g my as n—oo. The

consistency of the moments implies that Theorem 1 b), ¢), and d) holds for the moment-

type estimator. n

Figure 2 gives an example of a moment-type estimator with p=5 and a=25. This
estimate is based on a sample of size, n=500, from a gamma distribution with a mean of
25/3 and a variance of 625/27. Note that this estimate is not as smooth as the one in

Figure 1 but the first 9 moments coincide with the empirical distribution.
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Figure 2: A plot of a moment-type estimator and the true underlying distribution.
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