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Abstract  

This 1)aper addresses the stochastic modeling for managing asset 
liability process. We start  with developing a jump-diffusion process 
for evaluating of the liabilities of the insurance company in general. 
We then tbrnmlate the ALM process into a stochastic control prob- 
lem. With this approach, we present a Bel|man-Dreyfus Fundamental  
type formula for ALM process in terms of the solution of a system of 
algebraic equations and partial differential equations. 

K e y w o r d s  
Jump-diffnsion processl optinlal portfolio selection; stochastic control; 
heat equation; inverse problem. 
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1. I n t r o d u c t i o n  

The theory and t(~(:hniques of ALM are of (:oncern of both insurance industry 
l('a(iers and a(:a(Mnician. With new products, unst.al)le financial markets, 
and the competitiv(, nature of the industry, an ALM t)rocess be(;ome (:rit i(:al 
t() the prolital)ility, and more importantly, the solvency of the insurers. For 
y(,ars, the a('tum'ies and investment professionals have been fas(:inat(¢d I)y 
t lw st ate-of-th(,-arl ALM m()(Ming. A thorough des(:ril)tion of the l)re(:is(' 
theory it, gen(,ral is beyond the sc()t)e of this proposal. However, the following 
(,×amples illustrate the history of ideas on which the metho(!s are based. 

1.(1950's) Redington's theory of i m m u n i z a t i o n  (]3edint~ton, 1952). 
The notion of equating the mean tern1 of ~tssct.s with the mean term of liabili- 
ties has been use([ since then by a mmfl)er of insurance COnlpanies worldwi(le. 

larkowitz (1959) present(!d the wlriance minimization approa(:h. 
2.(197()'s and 1980's) Generalized theory of i m m u n i z a t i o n .  Starting 

[rom early 197(}'s, the R.c(tington's theory of immunization has been ext(,n(le(| 
t() handle more (:omplicated situation. Fisher and Well (1971) relaxed Red- 
ington's assuint)tion of fiat yiel(l curves and tested their model empirically. 
Shiu (1987) ext(,nded the Fisher-Well immunization theorem to more gen- 
eral (:as~' where t h(, interest rate shocks arc fun(:tions of time. Meanwhile, 
lh(, (',>n<:(,pt of immunization within the fram(,work of a st.o('hasti(: model for 
the interest rate is examined t)y Boyle (1978), Wilkie (1987), Page (1989) 
and many others. 

3.(199(1's) S t o c h a s t i c  M o d e l i n g .  Key-I{ate (multivariate)immuniza- 
lion is t)rovi(led 1)y Reit~mo (1991) and Ho (1990) where the term stru(:tm'e is 
l)artitioned in matm'ity segments. Janssen (1993 and 1994), Anthony (1994) 
and Slnink (1994) have a(tolJted sto(:hasti(: m(!t.ho(t to model the ALM t)ro(x~ss 
from (titI'er(,nt 1)ersl)e(:tives. In actuarial practi(:e, the stochastic approa(ql for 
ALM l)rO(:(,sses has also been a l)l)li(~d, see Correnti and Sweeney (1994). 

In general, maximizing surplus retmn while minimizing risk is the most 
iml)()rtant ot)je('tiv(, ()f an ALM 1)rocess. An efl'e(:tive ALM pro(:ess is (:ontin- 
gent upon reliable (:ash flow c'slimation on the lial)ility sid(,. One is naturally 
led to the f'()llowinK question: 

Question How one t:an znak¢: optimal iw~;est'ment decision ¢~'r~, assets 
tv m~tch tiw f~t'u'r~ l'iabilitic~ and the profit goal? 
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2. Modeling ALM Process 

In this research, the death process is assumed to be independent of the pro- 
cesses ruling in the financial market. Furthermore, the insurance company 
is assumed to t)ehave as risk neutral concerning the mortality risk. Under 
above assumptions, the main source of risk is due to the instability of the 
tinaneial markets. Therefore, one could use the same type of the stodmstic 
model used in modern finance theory to model the liabilities. 

It is assumed that the stochastic volatility term structure describes the 
behavior of the short rate r(t) by a diffusion process 

dr(t) = (t(r, t)dt + a(r, t)dB, (2.1) 

where ct is the instantaneous mean of the interest rate, c~ 2 is the instanta- 
neous diffusion variance of the interest rate, and B(t) is a standard Brownian 
Inotion. 

We also assuine that, in financial markets, there are "n sources of uncer- 
tainty modeled by the components of the standard n-dimensional Wiener 
t)rocess 

Z = (Z ( t )  = ( Z ~ ( t ) , . . . , Z , , ( t ) ) , O  < t < T) .  By letting & ( t )  = B ( t )  we 
assulne that uncertainty of the short, rate is modeled by the first component 
of the Z. 

2.1 Liabi l i t ies  

Since an effective ALM model start with reliable valuation of the liability, ill 
this part of the project, we would start with modeling of the liabilities of an 
insurance company during the time period of [0, T]. 

The valuation techniques for liabilities should vary due to the nature of 
the liabilities for different line of business. For example, Albizzati and Geman 
(1994) presented a valuation formula of a European surrender option in life 
insurance l)olicies in the context of stochastic interest rates while Lee and 
D'Arcy (1989) studied the variable universal life insurance using the basic" 
economic concepts of marginal and average rates of return. 

In general, we denote the liabilities for the m business lines of the insur- 
ance company t)3," Li(t), (i = t, 2 , . . . ,  l) and suppose that Li(t) are governed 
}g the following stochastic differential equation: 
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'.2_" 
,H;,(t) =/, , . . ,( , . ,  t) z , ( t ) ,#  + )_.£ ~,.,,,~.(,., t) A( t ) , / z , :+J( , , ,  ~ ) d d A ) ,  o < ~ < T, 

k--I 
(2.2) 

where ltL,i is tile ins tan taneous  exl~ectied liabilities fbr the i th line of  Imsi- 
hess; 0 2 is the ins tan taneous  variance with which the U h source of unt'er- Lj ,k  
t a in ty  affects Li( t ) ,  condi t ional  on no ex t reme event; .l = the j u m p  magn i tude  

of the liabilit ies if the ex t reme  event occurs, the d is t r ibut ion  of ,1 is Norma l  
with mean  v and varianceT; and q = a Poisson process tha t  is indepeI~dent 
of z wi th  p a r a m e t e r  A defined as the, mean number  of the ex t reme  event  per  

unit  t ime.  
Special  hedge strategy,  fin' example ,  reinsurance all(| insurance der ivat ives  

could be used in the event of ex t reme  case, see Cox and Schwe|m.ch (1992), 
Niehaus  and Mann (1992), and Guo (1995). 

I~R~r the i l lustrat ive lmrposc,  we now consider J = 0 and t = 1. Hence 
L(I )  follows 

# I 

(2.a) 

2.2 Trading strategies 

Let us consider now ~111 asset- l iabil i ty manager  with initial assets A0, who 
invests the assets in the various securities. 

We shall deal exclusively with a financial marke t  in which n securit ies 

(risky or risk-free) can be t raded continuously. Markets  are frictionless and 
short-sales  of assets are permi t ted .  Asset l)ayofl's are r andom wtriables which 
;[ I I{ ~ d e m e n t s  of a space of contingent  claims. The  price tbr one share of the 
jo, securi ty is m(~(Med by 

k=l 
(214) 

where aj,k gives ti|le illstalltianeolls intensi ty with which the k th SOllr(:e of 
uncer ta in ty  }lfli~(: [ I s { tl~ ~ price of the .j~h security. 
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For example, if the jth security is a pure discount bond (zero-coupon 
bond) maturing for the value of 1 at time s t _< s. then (Beekman and Shiu, 
1988) 

dpj = (0P 0P 1 0 P) 
~ -  "J- (~:J~l" ~- 2 i ' l l 'F2  dt 4- (Yj,lrjdZ1 . (2.5) 

We shall de, note by A(t) the assets at time t, by x j ( t )  the prot)ortion of 
the A(t) invested in the jth security at time t (1 < j < n). 

Sin{:e short-sah~s of assets are t)ermitted, one has the foll{}wing short-sale 
cons t ra ins :  

:rj > O, j = m + 1 , ' . . , r l , ; m  >_ 0 (2.6) 

We shall now (:onsider the Sm'l)lus t}rocess S, (S = S(t) ,0 _< t _< T) 
defined a.s follows: 

S( t )  = A( t )  - L(t); S(0) = So, S ( T )  = ST. (2 .7 )  

Consider a period model with periods of length At, where all income is 
generated by capital gains, attd the assets A(t), the liability L( t )  and Pj ( t )  
are known at, the begilming of period It, t + At]. Let N j ( t )  be the number 
of shares of assets j purchased and held during period It, t + At] and u(t) bc 
the amolmt of cash/profit reserve per unit time (luring period It, t + At]. 

At the beginning of the period It, t + At], 

A ( t )  = - A t ) P j ( t ) .  (2 .8 )  
2=1 

The amount of cash reserve for the period, u( t )  dt, and the lleV~ r portflfiio, 
Nj(t), are simultaneously chosen, and if it is assumed that all trades are 
made at current prices, then we have that 

I t  

- u ( t ) A t  = ~ ( N j ( t )  - N j ( t  - At)) Pj(t). (2.9) 
j-1 

Increnwnting (2.8) and (2.9) by At wc have that 

7L 

- ' u ( t  + At)At  = ~-2(Nj( t  + At) - Nj(t)) Pj( t  + At) 
j=l  
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i-tll(t 

j=l 
rl 

~,=1 

and 

.4(t + zt) = ~ Nj(t) Pj(t + zt). 
j l 

Taking the limits as At  --+ (}, we have 

- u( t )dt  = £ d,N~(t) d l~( t )  + £ dNj ( t )  Pj( t)  
j=l j , 

7t 

A(t) = Z :vj(t) Pj(t). 
j = i  

[;sing Itd's lcmma and differontiatc tIw above equation to get 

(2.1o) 

(2.11) 

(2.12) 

(2.13) 

tL ~t 
dA ~- ,,~') (t) HPj + E tL~ Pj + E 'JJYJ d/~j 

j=l j I j=l 

= £ Nj(t) dPj - u(t)dt. (2.14) 
j 1 

Notice that  :vj(t) _= N j ( t ) P j ( t ) / A ( t )  and flom equation (2.4) and (2.7), 
we have the following equation ti)r the surplus S ( t )  

tl 
d S  = :rj ~b Sdt  - (pLL -- ~ :rj (~j) Ldt - udt 

j 1 j = l  

k- - I  j = l  
(2.1s) 

2.3 A L M  m o d e l  

Tile ALM process is now fornnflated as the problem of choosing optimal 
portfolio selection and cash reserve rules, z(t)  -- {:r j ( t ) , j  = 1 , 2 , . . . ,  n} and 
u(t) ,  for an Asset /Liabi l i ty  manager over the period of [0, T], satisS, ing 
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,,,..:q,,,~ G [  ./o"'u( ~ .,,(t), t)dt + F(  A,, T ) ]  

subject to the budget constraint (2.15), and 

(2.16) 

,,(t) >_ 0; s i t )  > 0; x(0) = G > 0. (2.17) 

In equation (2.16), U(-) is assmned to 1)e a strictly con(:aa,e utility fun(:- 
tion. F(., .) is assumed to be a strictly cone:ave an(l contimmusly differentiable 
Oil (0, :2X3) foI' all t 5 [0, T), and E0 is the conditional ext)ectation operator, 
given 5"(()) = So as known. 

3 .  M e t h o d  

\'Ve now derive a B(qlInan-Dr(~yfus type formula (see Merton 1990) for solving 
the probh,m (2 .16) -  (2.17), 

Without loss generality we let m = 1 and consider 

dL(t)  = pL(r , t )L( t )d t  + CrL(r,t) L(t)dZL, 0 < t < T, (3.1) 

,mj(t) = ,~j(,-,t)P~(t),tt + ~j(, . ,~)P,(t) ,zzj,  j-- 1 ,2 , . . . , , . ;  (3.2) 

and the  eqtlatioll (2.15) ])(!COllieS 

~lx = [ ~  :~-j ~b ( S + L )  - , , L  - , , ]  ~tt + :,:yj ( S + L ) d Z j  - ~ LdZ, .  (3.3) 
j 1 .i=1 

Define 

J (S  t) =_ 'm.ax Et[. U(u(s), .s)d,~ + F( ST, r ) ]  (3.4) 

wlmre, as before, E~ is the conditional exlmctation operator, conditional on 
,if(t) = S and 

0,7 L O J  1 ~jL. ~ 02,7 
- 0-7 + [ :':J '~j (~s' + L) - ,,LL - , ] -5~ + ~ OS'~ 

j =  I 

+~ [ ~ :c¢C/qj (S + L) '~ - :cjcr, L ( S  + L)] 0 ~ "  
i : l  j=l j=l 

(3.5) 
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Whm{~ t~ = [~,,j], ..... (o-~,j = p,,/~,a.j) is t I~{, varianc('-(:ovarialme mat r ix .  
It is a s sumed  lhal. no assets call 1}e expresse{t as a lin('ar {:ombination of 

the o ther  assets, s(} [). is nonsinguhtr .  Un{ler our mo{M assuml}ti{m, there 
exist a set {}f" {}l}tinla] Fill(kS, ;/.' and ~2 sal isI) ' i l lg 

2D(J( , , , :~:  S . t ) ) +  ~ ( ~ , ~ )  = , , , , . .:{ ..... ~ { Z ) ( J { , , , , . , : ; S , f ) ) +  ~ :~ ( , , , 0 }  = {} 
(3.G) 

sul)ject  to 

and 

J ( u ,  :~:; S, T) = F( "~T, T ) (3.7) 

~ x j ( t )  = 1 (3.8) 
j 1 

fo r t  • [o, T]. 
Equ a t i o n  (3.6) giv{,s the s tochast ic  Bellnlan equat ion  for tile ot}tinlal l)rob- 

lem (ZIG).  LeI A denote  the Lagrang ian  nmltil}lier, 2 and u satisfy' the  
[irst-{}rder op t imal  coil{litions 

al ia  

u,,(., ~) - Z~.(~., :,; s ,  T )  = {}, 

- A  + Z~'.s'[ ~ :~:ba,.,j(S + L) 'e + :~:kcrfL(S + L)] 
j=l  

= - ~ ' { ~ k ( S  + L)  k = 1 , 2 , .  - . ,  n .  

(3.9) 

(3.10) 

From equat ion  (3.8), (3.9) and (3.1{}), we n{}w solve explicit  fo rx  and // 
a,S fUIl{%iOllS {}f ~ , ' ,  ~27%B', -Q an{t t,. 

Let G denote the reverse funct.ion of U,, (G ~ (U,,)-~). Then fi'om (3.9), 

i~ = G ( J,~,, t) (3.11) 

To solve for the £:, {tefine 

a, Ild 

a L L  i ) _  1 
F = _ ( ~  + S + L  " 

'~: - ( m , " ' , r ~ , ~ ) ' r  e - (1, 1 , - . . ,  1) 'r. 

(3.12) 

( 3 . 1 3 )  
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Eliminating A from (3.10) using (3.8), tile sohltion for .~ can t)e written as 

.~- = :q(&,, s, t) - &,(s + f) r(1 1 ,~rr),~ 1 
t',TF(! c T F (  ~ 

Fe. (3.14) 

Then one can sut)stitute :~ and u in equation (3.6) which now t)ecomes 
the tbllowing fundamental tm.rt.ial differentia.1 equation (PDE) fbr ,7. 

subject to the boundary condition 

h(~,. ,  S, T) = F( ST, T). 

Where 

0 (3.15) 

f(&., s, ~) : (s + L) v(&,, .< t)% - #,L - c;(&.), 

(3.16) 

(3.17) 

1 
(~(&,, S,¢) = [ [ a l L  ~ + (S + L)~(:/(& ., S 0~'~:,j(& ,, S, 0)] 

1 
2 ~LL(S + L)/"v(&,, s, t)], 

a l l d  

(3.1s) 

h(~s,S,T) = jf(G(~s.,T),y(~s.,S,t)Ta;S,T). (3.19) 

()nee the above flmdamental PDE (3 .15)  - (3 .16)  is solved for ,7, we then 
derive the optimal rules as functions of S and t fi'om the equation (3.11) and 
(3.14). 

4 .  C o n c l u d i n g  R e m a r k s  

This study has develol)ed a stochastic model for the Asset-Liability manage- 
ment (ALM) process. The main result is presenting the solution of general 
ALM process by solving the flmdamental PDE associated with a stochastic 
control problem. 

There are still soine interesting theoretical open questions. For examtfle, 
we could derive the close-form solution fl)r the PDE. Furthermore, we are 
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also quite silent (m the ruin analysis f,)r the ALM proc(,ss. \\'e hope that 
further rt,sear(:h in this area sheds some light on t.hes(, issues. 

\V(' remark that th(! numerical sohlt, ion for the f'undanwntal PDE is more 
d(,siral)le thali t.h(, analytical solution |'ormula in order for the lll(~t.hod t,o t)e 
act.ually implenwnt.ed in act.uarial l)racti(:(,. \Ve plan to develop an explicit 
finite ditfi~renc(, algoritiun and COmlmt('r software for the theoretical model 
s()httion. 
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