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Random sum models with compound distributions are used extensively in modelling 
of insurance risks. Unfortunately, the compound distributions themselves are awkward to 
evaluate. Consequently, various numerical and analytical approximative techniques have 
been used. In this talk we derive various upper and lower bounds on the tails of compound 
distributions. Some notions in reliability theory are used. 

Consider a sequence of i.i.d, positive random variables X1, X2,  " • ", X , , , . . .  with dis- 
tribution function F ( x )  and a counting random variable N independent of Xi ,  with 

P r ( X = n ) = p ~ ,  n = 0 , 1 , 2 , . . . .  (1) 

Let 
S = X 1 + X 2 -1- . . .  + X N (2) 

We are interested in estimating the tail probability 

(~,(x) = P r ( S  > x) ,  x > O, 3) 

which has applications in many disciplines. 

E x a m p l e  1 Total Claim Amounts Distribution in Group Insurknce 
Let N be the number of claims for a particular period and .¥~ be the nth claim 

amount. Then S = -¥1 -~- -¥2 -~ ' ' "  -~- "~'N iS the total ciaim amounts. C,(z) = P r ( S  > z )  is 
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tile p robab i l i t y  of the  to ta l  c la im a m o u n t  g rea te r  t han  x. Fu r the rmore ,  f]-" ~,(.,)d~ is the  
s top-loss p r e m i u m .  

E x a m p l e  2 Inf in i te  Ruin  P robab i l i t y  
Let ~\"t be  the  n u m b e r  of c la ims  by t ime  t, whix is a s sumed  to be a Poisson process 

wi th  p a r a m e t e r  A, St = Xt  + X2 -~ . . . .  + XN, is thus  the  to ta l  c l a i m a m o u n t s  by t i m e  t. 
Deno te  u to be  the  in i t ia l  surplus  at  t ime  0 and  ut to be  the  surp lus  at  t. We have  

u~ = ~ + {1 + O ) A t E ( X ~ )  - S, 

where  0 is the  re la t ive  secur i ty  loading.  
T h e  ru in  p robab i l i t y  therefore  is 

¢ , ( u ) = P r ( u t  < 0, for some t _ > 0 )  

• It is well known t h a t  it can be expressed  as 

~,(u)  = Pr(~<' > u) 

where  ~c, }'] + }'~ + ' "  + }19, }'2~ are i.i.d, wi th  dens i ty  funct ion  ~ and  ~%'~ is a = E(X~) , 
geomet r i c  d i s t r i b u t i o n  wi th  Pr(/~" = n)  = ~ ' ~  1 + 0 "  1 + 0 ;  " 

T h e  tai l  p robab i l i t y  can be wr i t t en  as 

~-" F* (~ ) ' x '  ~.,{x) = L P~ t J, 
n = l  

where  F ' ( ' O ( x )  = P r ( X t  + X,, + - ' -  + X ,  < x) is defined to be the  d i s t r i bu t ion  funct ion  of 
the  n-fold convolu t ion ,  i t s  c o m p u t a t i o n  involves inf ini te  many  convolu t ions  of d i s t r i bu t i ons  
and  it is unwie ldy  numer i ca l ly  excep t  for a few cases. Der iva t ion  of p a r a m e t r i c  upper  and  
lower b o u n d s  for the  tai l  p robab i l i t i e s  of c o m p o u n d  d i s t r ibu t ions  would give us qua l i t a t i ve  
and  q u a n t i t a t i v e  ins ight  in to  these  d i s t r ibu t ions .  

T h e  classical  C r a m e r - L u n d b e r g  b o u n d  gives a s imple  exponen t i a l  uppe r  bound  for a 
class of c o m p o u n d  geomet r i c  d i s t r ibu t ions .  More  precisely, if P r ( N  = n) = ( 1 - p )p"  and  
t h e r e  is x such t h a t  

p - I  = fo  ~ e , ~ d F ( y ) ,  

t hen ,  
tZ,(~) < ~ - ~ .  

We now in t roduce  some def in i t ions  t h a t  will be used to der ive  our  m a i n  results .  A 
d i s t r i b u t i o n  func t ion  B(a:) is said to be new worse t han  u s e d ( N W U ) [ n e w  b e t t e r  t h a n  
u s e d ( N B U ) ]  if 

B(~,)B(y)_<[_>IB(z+u), for z > O ,  y > 0 .  
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Many common used distr ibutions are ei ther  NWU or NBU. [:or example, Exponential ,  
Gamma(c~, ,k) with cr > 1, Pareto, and Weibul l (a)  with c~ _< 1 are NWU; whilst Exponen- 
tial, G a m m a ( ( a ,  )Q with a < 1, and Weibull(cr) with a _> 1 are NBU. 

Our idea is to use the tail of a new worse than used distr ibution as upper bound and 
the tail of a new bet ter  than  used distr ibut ion as lower bound. 

We now s ta te  our main results: 

o c  Let a .  = ~m=~+l P.~. 

T h e o r e m  1 If 

(i) there  exists 0 < ~ < 1 such tha t  

a~_< ~ba,-l, n =  1 , 2 , . - - ,  (*) 

(ii) B ( x ) i s  NWU and satisfies 

f0~ {# (y  )} -1 d F (  g) : 0 - ' ,  

(iii) there is A(x)  > 0 for all x >_ 0 such that  

[A(x) ] - '  < inf f ~ [ B ( x  - z + y ) ] - ' d F ( y )  
o_<:_<.~,P(~)>o F ( z )  ' 

then 

,~,(x) _< ~-,~(~:). 
Remark:  (*) is satisfied by many distr ibutions including Geometric,  Poisson, Binomial 

and Negative Binomial.  

T h e o r e m  2 If 

(i) there exists d such tha t  

a , > 0 a n _ t ,  n =  1 , 2 , . . . ,  (*~) 

(ii) B ( x )  is NBU and satisfies 

~ { ~ (  )} ( )  !1 - l d F  ~d = d -1 

(iii) there is A(x)  > 0 for all z _> 0 such tha t  

[a(x)]-' _> sup 
f ~ [ B ( , r  - z + y ) ] - ' d F ( y )  
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then  

reversed.  Hence,  hereaf te r  we s ta te  results  on upper  bound  only. 
bound  can be der ived accordingly.  

l ~,(z) > - P°A(:r).  
o 

It is easy to see tha t  T h e o r e m  2 is s imilar  to Theo rem 1 except  the  inequal i t ies  are 
The  results  on lower 

C o r o l l a r y  1 If *¢ satisfies 

Easy to see f < 1. Hence,  

and 

then ,  

O-' = fo '~ e ~ d F ( g )  

5 -x - inf f ~  e"UdF'(Y) 

~,(z) _< 1 - po~e_~x  
O 

+(z) < 1 - poe_~z 
¢ 

1 ~,(=) _< -,po#(~). 
C o r o l l a r y  2 

C o r o l l a r y 3  I f F ( x )  is NWU,  then  

1 - P0 
g,(x) _< ~ - - { f ~ [ # ( x j o  + Y ) ] - I d F ( y ) } - "  

C o r o l l a r y  4 If [B(x)] -1 is a convex function in x, then  

~ ( z )  < 1 - p0~( . r  + inf rF(Z)) ,  
- O o<_.-<~ 

where  
rF(z) = fJ:~(Y - z )dF(y)  

~('~) 

is the  m e a n  residual  l i fet ime of F .  

Some appl ica t ions  are now given. 

1. ( ' o i n p o u n d  Geomet r i c  Dis t r ibut ions  
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P r ( N = n ) = ( 1 - p ) p n  n = 0 ,  l , 2 , . - . .  

= fo °° e~dF(x).  
p-1 

Then,  
~,(x) _< & - %  

where 
6 - '  = inf f ~  e'aF(y),'"' 

o<~ e~F(z)  

If F(x) is NWUC, 

a refinement of the Lundberg bound. 

2. Distr ibutions with a Finite Number  of Moments  

/o ~ < oo, j m. 2JdF(x) < 

/o ~ = for ,~ > 0. e"XdF(x) CX) ~ & n y  

Let 
B ( x ) = ( l + , ~ x ) - %  ,~>0,  x>_0 

be the tail of a Pareto distr ibution.  
Choose a > 0 such tha t  

/7 4)-' = (t + sx)mdF(z) .  

~;,(x) < ~ - ( t  + ,~x) -'~. 

When  m = 1, 
(1 - po)E(Xt) ~,(x) < 

CE(XL) + (1 - ¢)~" 

3. Generalized Inverse Gaussian Disribution 

Assume tha t  Xt  has the  density 

f (x)  ~ KxA-%-~":,x > O,x ---+ oo 

with /z > 0,.~ < 0. If E(e **xl) < ~-1 the best exponential  upper  bound is of the form 
C'C-, ux" 
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Choose 
/3(.r) = (1 + ~x) -~e  -**~, 

where 0 < m < - ] \  and x > 0 satisfying 

f7 ¢- t  = (1 + s x ) ~ e ' f ( x ) d x .  

d,(x) < I - Po(1 + Kx)_me_v=" 
0 

4. Ruin Probability for Compound Poisson Claims Process Perturbed by Diffusion 

ut = u + (1 + O)) , tE (X t )  - St + i4~, 

where Wt is a Wiener process with infinitesimal drift 0 and infinitesimal variance 2D. 

g , (u )=  Pr(ut < 0 ,  for some t_> 0). 

~,(~) _< {t - 5~)}e-~" + e(~le-~  
A OA 

where 

L e~dH~ • H2(x) = ( 1 ~ ) -  , 

H1 is the exponential distribution with parameter ~ = ( I + O ) ) , E ( X I ) / D ,  H2 has the density 

function ~ Ca = ¢=~ and E(Xl} ' ~ ' 

[c(x)] - t  = inf f ~ '  e'+~dHt * H2(y) 
o<_..<_,: e ~ H l  * H2(z)  

We now give a variation of Theorem 1. More applications are given based on this variation. 

T h e o r e m  3 If H~(y) = 1 - H,~(W) is a df satisfying H~(0) = 0 and 

H~(y) <_ inf F ( z  + y ) l F ( z ) ,  y >_ O, 
O < z < x  

then 

- x _ > O .  

The result comes from the relation 

/~+ {B(x + y - z ) } - i  d F ( y )  
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1 /0~ Y(y + z) -~ - B(~--5 + r ( ~ )  d{-~(y + x)}  

C o r o l l a r y  5 If F ( y )  is IFR  then  

V)(x) <_ 1 - p o  
¢ 

~¢ - 1  

I,~ mu) I 

5. Burr  Dis t r ibu t ion  

Suppose  tha t  

Y ( y )  = , z > o ,  

here # > 0, a > 0. M omen t s  exists  up to order  2a.  

C h o o s e B ( x )  = (1 + n x )  - r ,  w h e r e 0  < r <2c~ and t¢ > 0 s a t i s f i e s  

1 f(  - = 1 + , ~ y ) r d F ( y )  . ¢ 
0 

And t h e n  choose 

Then  

H , : ( y ) =  Y +  , y > O .  

~,(~) <_ 1 - po 
¢ l + n x + x y  ~ y 

6. Mix tu re  of  Weibull  Dis t r ibu t ions  

Let 

Y(y) = / o  Y(yfO)g(O)dO, 

where  Y(yl0)  = e -'\y° and 0 < Ol _< 0 _< 0~ < oc. 
Choose  

H I ( Y )  = e -~[(~+~) . . . .  "~l, 

H~(Y)={ _~01, y < t  
e - ~ ,  y > 1. ' 
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an d 
H~.(y )=min{H~(y)  H2(y)}- 
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