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Martingales and Ruin Probability 
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A b s t r a c t  

The classical Lundherg's inequality of insurance risk theory is proved by using 
a martingale inequality. The method is extended to more general case. A similar 
result to Willmot [5] is obtained. 
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1 I n t r o d u c t i o n  

In a series pal,ers by Will,not and Lin ( see [3], [4] and [5]), both exi)onential and 
nonexponentiM bounds /br the t~dl probability of various compound distributions have 
been derived. In Wilhnot [5], it was suggested that nonexponential bounds for the ruin 
probat)ility were difficult to obt~fin using martingale arguments. In this note, we show 
how to use ,uarting~fle inequalities to obtain some upper bounds for the ruin probability. 

In this section we first state the martingale inequality, and then use it to give a short 
proof of Lundb(ng s inequality. 

T h e o r e m  1.1. Let X = (X,,)n~r be a sub-martingale. Then for ew:ry A > 0 and 
N ~  T, 

,uax X ,  > ~) < E ( X ~  +) < E(iXN]). (1) A.P( ,nax X,, > A) < E(XN : u<,<N 
o _ < , , < N  -- -- _ _ -- -- -- 

and 

)~/~(0~[li<I~X,, ( - A )  ( - E ( X o )  J- E(XN: lUill X,, ) -,~) (E(IXol) ~ E(tXNI). (2) 

P r o o f :  See Dellacherie C. and Meyer [l]. 

T h e o r e m  1.2. Let X = (X,,),,~T be a supcr-inartingale. Then for every A > 0 and 
N< T 

lliax X ,  < )t) <~ E[X0] ~- E(X~) (3) ~p( ma× X. > ~) < ~[Xo] - E(X~ : o<.<u 
- o 5 ~ _ <  N -- _ _ _ -- _ 

and 

AP(o~<,~h~X,~ < -A) < -E(XN : min X ,  < -A)  < E(X~). (4) 
_ - - o < _ ~ < N  - - 

P r o o f :  See Dcllacherie, C. and Meyer [1]. 

An example of aI)I)lication of above inequMity is proof of the Lundberg inequality of 
risk theory. 

T h e o r e m  1.3. Suppose that {XI, X: ,  ...} is a sequence ofi.i.d, non-negative random 
wu'iabh:s, and {Y1, Y:, ...} is "also a sequence of i.i.d, non-negative random variables and 
independent of X. Let S,  = ~ i = 1 ( i - X i ) ,  and tim ruin probability 

¢(~:) = P(U,,%,{& > x}), • > 0 (5) 
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A s s u m e  t h a t  n > 0 sat isf ies 

T h e n  

E ( e " Y ) E ( e  - ' :x)  = 1 (6) 

¢(=) _< c---  (r) 

P r o o f :  Since 

~(J )E(~  -~x) = i (s) 

T h e n  Z,, = [Ii'~l c~(Y'-xl) is a mar t i nga l e ,  therefore  it is a s u b - m a r t i n g a l e ,  and  fi 'om 
theorenl  1.1, we have  

p ~ fi '~ ,~ +(,:) : ( u . = , { s .  > ~}) = P(&mU~:x{S, > ~}) = n2~ p(u,=,{S, > ~}) 

= h_'m P ( m a x  {Sk > z})  = l im P ( m a x  e "s '  > e '¢') 
- ~  l<k_<n n-~oo l<~_<n 

k 

: l i II l P (  i nax  ] 1  e I¢(Y'-XI) > C t~'~) = ~llloa P(lm~<n Zk > e ~'~) 
, ~  ";<k_<.i=~. ~ _ _ 

< Um ~-"E(Z,,) = ~--- (9) 
n - - + o a  

which  is the  L u n d b e r g  inequa l i ty  in risk theory.  In t he  above  proof,  wc have  u sed  t he  

fact t ha t  E(Z, , )  = E 1]i~=1 e'~(<-x') = Ill"-_1 E(c'~(Y~-X') = 1. 

2 M a i n  r e s u l t s  

In this  sect ion,  we will t ry  to e x t e n d  the  m e t h o d  to give s o m e  genera l  resu l t s .  T h e  m a i n  
resu l t  is g iven as: 

T h e o r e m  2.1 Suppose  t h a t  Bx(x)  is a N W U  d.f., and  B2(x)  is a N B U  d.f. 

E{ B~y)/?=(X)} < 1 (10) 

and  

/)I(Y - =) >_ /]l(Y){/~=(z)} -1 for y > x (11) 
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Then 

l/,(x) < ¢(x)/3a(z) (12) 

/ 1] ~ i )  dP < 1. (13) 
~)(~) = £ ~ ' ~ t ~ l ~ t  - -  N--+ooJ{ . . . . . .  <o_<N ~-l;'=l /~a(X')"  ' / ~ - ' ~ *  i=1 

P r o o f :  
Let Z .  = I~_~{&(L2~ From (10) we know that Z,~ is a super-martingale. The ruin 

B,IYO J '  
p r o b a b i l i t y  

r~ n 
oa oo ~. - -  p{u, ,<(s, ,  > ~)} = p { u . , : , ( ~  , ~ x ,  > ~)} 

i=1 i : 1  
n n 

/ , , L  r { u £ , ( E  r, - E x ,  > ~)} (14) 
i : l  i=1 

¢ ( . )  = 

Since x > 0 we haw~ that 

¢(,:) 
n n 

lira N . ~  r { u , , = , ( ( E  r, - E x , )  + > ~.)} 
i = t  i=1 

1 1 

p u ( & ( ( E ? ,  B,(~.))} 
< lira {U,,=I > 
- N - + ~  Y i  - E ? - _ l  X l )  + )  - 

1 
= l i n l  P I  m a x  ( - 1 > )} 

- v "  x , ) + )  - 

. . . . .  &(E?=,  x,) ] 
< l l l l l  1" Ina.x ~ -  > ~ ) }  
- N - ~  l ~ < , , _ < N t  B ~ ( E ' ; ' _ I  Y O  - 

. . . .  n r ~ " / 3 :  ( X / )  1 
< n m  t" t 1 a x  , , t  - > 

< ¢ ( ~ : ) & ( . )  ( 1 5 )  

A spcciM casc of the th('.orcm is th('. fbllowing case: 

C o r o l l a r y  3.1. Suppose that B(x) is a NWU d.f. and satisfies: 

i).  D( , j  - ~) > [~(y)e = for y > 

E{=~7, }E(e. -''x) < 1 ii). zqr) 

(16) 

(17) 
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Th e  condi t ion  i) is t rue  if the  fidlure ra te  o f / 3  satisfies tLs(t) > t*. 

' F h e l l  

V,(~:) _< ¢(=)b{~,) ( is)  

whf2r(~ 

¢(x) E {  e - " x } -  lint [ -,,x,< , . H  -1 e_.X,d P < 1. (19) 
N~-,:,J{ ....... <,,_<:v 1-[:2, ~ _  17}~T~I)/= 1 B(Y/) 

Proof:  Let D2(x) = c -''~, then /)2(x) is a NBU d.f. By Theorem 2.1, the resnlt 
follows. 

Next  wc will discusse the  proI)(atics of ¢(x) .  We have notie(;d t h a t  ¢ (x )  < 1, also 
fron, t im exI)rcssion of 4'(x), we can easily see tha t  ~b(x) is a d{'{;rcasing func t ion  of *. T h e  
following corollary says tha t  in sore( z special cases, we t, ave t ha t  4~(x) -+ 0 as a; -+ oo, 

C o r o l l a r y  2 .2 .  
1). In T h e o r e m  2.1, if E-r B~(~ll  < 1 is rc'l)lacc(t by Eg_~_(x_); = 1 

t B j { y )  J - -  i B m ( Y )  J 

Th,,,, ~/,(~) < ¢(=}D(.;) :,,,d ¢{=) -~ o 
2) h, Corollary 2.1, if ii) is rct)lae{.'d l}y 

ii') E {  #- -~z)}E{e-"x ) = I (20) 

The,, ¢(~:) < ¢{~,)8(~,) a,,{l ¢(~:) -+ o 

P r o o f :  T h e  1)roof of 1) is same as the  proof  of 2), so wc only prow~ 2). 
Let Z,, -- [Ip_:{~-~('yUc .x,}. From ii') we know t h a t  Z,, is a mar t inga le .  By t h e o r e m  

1.1, and  using the  s;m~e a rgum(mt  as in the  proof  of theoren l  2.1, we have  

N 1 
~/,(x} < lira I f  I I (~e-"x ' )dr ]O(x)  

- u - ~ u {  ...... < <NFI'.' ( ~ - " ~ , >  , ' ~ , } : - ,  B(K) J 
_ , i _  ' =  ~ (  ; i !  - -  , J l x )  1 - - ~  

= ¢ (~ , ) / ) (x )  (21) 

Since Z,, is nonnega t ive ,  so 

sup E[Z~,[ = sup EZ,, = 1 (22) 
TI TI 

Front  T lmorem 2.7 of Lil}tser and Shiryayev [2], we have t ha t  

1 
liin Z,-, = H { ~ e  -''X'} (23) 

. . . .  ~=: B ( ~ )  
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exist almost surely, and ~dso Z,  is a closed ,mu'tingMe, tl,erefore Z,, is uniibrm int(:grable. 
71 1 Let AN {lnaX~9,<N [ l i = , ( ~ e  - ' 'x ' )  _> ~--~}, by Theorem 1.1 w(: haw~' that P ( A N )  < 

4,( , : )0(~,)  < / ? ( , , )  ~ 0 ~s ~ + co,  s,, 

, b ( x ) _ < s u p f  Z a d p  ~ O as x -4. oo (24) 
N A N 

The following result ,s a sI,(.'ci~d case of our mai,t result. A version of the following 
result has been given by Wilhnot [5]. 

C o r o l l a r y  2.3 .  Sul)i)ose that B(.~:) is a D F R  d.f. 
a In l)(x), let t* = lira . . . . .  tLB(:~:) > 0 and satisfies: a7 

Then 

with failure' rat,: # u ( x )  = 

E{F(~}E(~;- , 'x)  ~ 1 (25) 

~¢,(..) < +(,,)z;'(=) (26) 

wh(:rc ,/,(x) is given in Corollary 2.1. 

P r o o f :  Since 0 ( z )  is a D F R  d.f., so / ) (x)  is a N W U  d.f., so we only n(.'c'd to check 
the condition i) of Corollm'y 2.1. 

D(y  J:) = c J: - 'm, ( t ) ,u  = e- j :~,, , , ( ,)~l t+f(_m,(t) ,u 

= ,:-.C,,,,,)%.fL.,,,,I')~' > ~ . .C, ' , , , ) ' JL . , " "  
= [3(y )c  ''~ (27) 

this is condition i) of  CoroU~u'y 2.1. Therefore the result follows. 

E x a m p l e  2.1:  Suppose tha~ /)(x) = (1 + k ' * ) - " e  -~= here k > 0, front 

(1 + ~.( , , . / -  ~.))-~',:-"~.~-~) > (1 + k , ; ) - ° , : - , ' " ~  ' "  r,,r v >- ~ (28) 

and by choosing (t and k su(:h that 

(1 ~ ~,:,,)"~:''A-(.~J),~u- ~,(_,,~) (29) 

w(: kt, ow that tim condition of Corollm'y 2.2 hold, so 

~tJ(a:) < qS(a:)(1 + k x ) - " e  -''= (30) 
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a., l  ,~(~:) -+ 0 

For the illVCl'S¢.' Oaussian case f y ( y )  = My'~- te -"~ ' -} ,  the (~ and k can be chosen by 

f0 a'z t~ (1 + kz)~'c~'UMy'~-lc-~'Y-~dy = 1 E(_,,x) (31) 
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