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ABSTRACT 

Thi s  is the  f o u r t h  p a p e r  on n - y e a r  rol l  f o r w a r d  r e s e r v e  f i n a n c i n g  of  

publ ic  b e n e f i t  s y s t e m s ,  e s p e c i a l l y  Old-Age ,  S u r v i v o r s  and  d i s a b i l i t y  

I n s u r a n c e  (OASDI), p r e p a r e d  by U n i v e r s i t y  of  Michigan  f a c u l t y  and s t u d e n t s .  

As t he  p a p e r s  h a v e  deve loped ,  some  ideas  h a v e  been s i m p l i f i e d ,  wh i l e  o t h e r s  

h a v e  b e c o m e  m o r e  complex .  

The  concep t  of  n - y e a r  roll  f o r w a r d  r e s e r v e  f i n a n c i n g  is r e v i e w e d .  

C o m p a r i s o n s  of  d a t a  b e t w e e n  the  1993 and 1994 a n n u a l  T r u s t e e s  R e p o r t s  of  t h e  

Oft ' ice  of  the  A c t u a r y ,  S o c i a l  S e c u r i t y  A d m i n i s t r a t i o n  a r e  p r e s e n t e d .  

The  c o n t r i b u t i o n  of" th i s  p a p e r  is the  d i s cus s ion  of  v a r i o u s  m e a n s  of  

r e p l a c i n g  the  r e q u i r e d  annua l  incomes  on a new mone y  b a s i s  w i t h  an  a c t u a r i a [  

e q u i v a l e n t  s e r i e s  f o r  use  in n - y e a r  rol l  f o r w a r d  r e s e r v e  f i n a n c i n g .  T h e  

f i r s t  m e t h o d  app l i ed  a level  p e r c e n t a g e  r a t e  to  the  p r o j e c t e d  i n c r e a s i n g  

t a x a b l e  p a y r o l l s  o v e r  a f i xe d  t e r m  of  m - y e a r s .  I l l u s t r a t i o n s  f o r  m = 4, 8, 

12, and 16 wi th  n = 1 and  2 a r e  p rov ided .  The  second  m e t h o d  uses  a m o v i n g  

t e r m  of m - y e a r s  t h a t  a d v a n c e s  one y e a r  a t  t he  end of  e a c h  y e a r .  T h i s  s econd  

m e t h o d  r e c e i v e s  s o m e  me nt ion  in the  T r u s t e e s  R e p o r t s .  A d v a n t a g e s  and  

d i s a d v a n t a g e s  of  the  f i x e d  t e r m  and the  mov ing  t e r m  a p p r o a c h e s  a r e  d i s c u s s e d .  

I 'h~ t w o  m e t h o d s  have  been a n a l y z e d  wi th  the  use of  a t h e o r e t i c a l  mode l  

a s s u m i n g  a c o n s t a n t  f o r c e  of  i n t e r e s t  and a c o n s t a n t  r a t e  of  g r o w t h  of  t h e  

p a y r o l l  base ,  as  wel l  as  a m o r e  r e a l i s t i c  model  based  on the  y e a r - b y - y e a r  

r e q u i r e m e n t s  of  OASDI. 

It is conc l uded  t h a t  the  t h e o r e t i c a l  model  r e q u i r e s  f u r t h e r  a t t e n t i o n .  Th is  

r e s e a r c h  can  be e x t e n d e d  to e x p a n d  our  k n o w l e d g e  of  OASDI f i n a n c i n g  and t h e  

a p p l i c a b i l i t y  of n - y e a r  rol l  I ' o r w a r d  r e s e r v e  f i n a n c i n g .  

Keywords: Social Security financing, n-year rol l- forward, reserve financing, 
pension funding 
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SOME FINANCING OPTIONS FOR SOCIAL SECURITY 

by 

Cec i l  N e s b i t t ,  M ar j or i e  R osen berg ,  Lee Berger ,  Marc L e v i n s k y ,  

Alexa  N e r d r u m ,  S u z y  O'Donne l l ,  David S a m a n i e g o ,  Amy T r e n d e l  

As in p r e v i o u s  p a p e r s ,  a m a i n  c o n c e p t  is t h a t  o f  n - y e a r  r o l l - f o r w a r d  

r e s e r v e  f i n a n c i n g .  T h e  c o n c e p t  a p p l i e s  r e a d i l y  to  t h e  f i n a n c i n g  o f  Soc i a l  

S e c u r i t y  p r o g r a m s .  The  p a p e r  w a s  p r e p a r e d  u n d e r  t h e  N a t i o n a l  S c i e n c e  F o u n d a -  

t i o n  p r o g r a m  o f  R e s e a r c h  E x p e r i e n c e  f o r  U n d e r / ~ r a d u a t e s ,  in c o - o r d i n a t i o n  w i t h  

t h e  A c t u a r i a l  P r o g r a m  a t  t h e  U n i v e r s i t y  o f  M i c h i g a n .  

R e p u r t ~  ,)f t he  b o a r d s  of  T r u s t e e s  o f  O l d - A g e ,  S u r v i v o r s  a n d  D i s a b i l i t y  

I n s u r a n c e  (OASDIJ, of" I t o s p i t a l  I n s u r a n c e ,  (HI), a n d  o f  S u p p l e m e n t a r y  Med ica l  

I n s u r a n c e  (SMI), a n d  e x t e n s i v e  d a t a ,  p r o v i d e d  by R i c h a r d  F o s t e r ,  D e p u t y  C h i e f  

A c t u a r y ,  Soc i a l  S e c u r i t y  A d m i n i s t r a t i o n ,  w e r e  m o s t  h e l p f u l  to  us. In r e t u r n ,  

we  h o p e  t h e  i n f o r m a t i o n  d e v e l o p e d  h e r e ,  f r o m  t h e s e  R e p o r t s  a n d  d a t a ,  w i l l  be  

of  a s s i s t a n c e  in t im f i n a n c i a l  mar~age lnen t  of  Soc i a l  S e c u r i t y .  While our" 

s t u d i e s  i e l a t e  t~ p r o g l ' a m s  in t he  U n i t e d  S t a t e s  o f  A m e r i c a ,  t i le i d e a s  m a y  be 

of" u se  in other" c o u n t r i e s ,  w i t h  m a t u l ' e  o r  d e v e l o p i n g  ere[loll ' l ies. 
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1. THE CONCEPT OF N - Y E A R  ROLL FORWARD RES ERVE F I N A N C I N G  

1.1 I n t r o d u c t i o n .  T h i s  c o n c e p t  is  no t  new.  It h a s  been  d e v e l o p i n g  

o v e r  m a n y  y e a r s  in r e g a r d  to  OASDI, a n d  m a y  f i n d  a p p l i c a t i o n  in o t h e r  l a r g e  

p u b l i c  b e n e f i t  s y s t e m s .  | n  r e c e n t  y e a r s ,  f a c u l t y  a n d  s t u d e n t s  a t  t h e  U n i v e r -  

s i t y  o f  M i c h i g a n  have  e x p l o r e d  t h e  c o n c e p t  ( see  151, [12], [I31, [t41). 

The  l a s t  r e f e r e n c e ,  in p a r t i c u l a r ,  p r o v i d e s  a n  overview" o f  t h e  c o n c e p t  a n d  

w h a t  i t  w o u l d  m e a n  in t h e  f i n a n c i n g  o f  S o c i a l  S e c u r i t y .  

In t h i s  p a r a g r a p h ,  we  wi l l  e x p l o r e  t h e  c o n c e p t  in g e n e r a l  t e r m s ,  a n d  in 

t h e  s u b s e q u e n t  p a r a g r a p h  wi l l  p r o v i d e  a m o r e  p r e c i s e ,  m a t h e m a t i c a l  d e s e r i p t i -  

on. P r e r e q u i s i t e s  f o r  s u c h  a f i n a n c i n g  m e t h o d  a r e  a y e a r - b y - y e a r  p r o j e c t i o n  

o f  t h e  o u t g o  f o r  b e n e f i t s  a n d  a d m i n i s t r a t i o n ,  a y e a r - b y - y e a r  p r o j e c t i o n  o f  t h e  

i n c o m e  s o u r c e  upon  w h i c h  t a x e s  o r  c o n t r i b u t i o n s  a r e  l ev ied ,  a n d  a p r o j e c t i o n  

o f  i n t e r e s t  r a t e s  to  be  e a r n e d  by r e s e r v e  f u n d s .  Also,  i t  is  a s s u m e d  t h a t  

t h e r e  is on  h a n d  a r e s e r v e  e q u i v a l e n t  t o  t h e  o u t g o e s  f o r  t h e  n e x t  n y e a r s .  

T h i s  r e s e r v e  wi l l  be u s e d  to  p r o v i d e  s u c h  o u t g o e s ,  a n d  in e a c h  y e a r  t h e  

r e s e r v e  wi l l  be  r e p l e n i s h e d  by a n  a m o u n t  o f  n e w  m o n e y  e q u i v a l e n t  to  t h e  

p r o j e c t e d  o u t g o  f o r  t h e  y e a r  t h a t  is n y e a r s  a h e a d .  Such  a m o u n t  f o r  

c a l e n d a r  y e a r  k is d e n o t e d  by nlk a n d ,  in t h e o r y ,  a s s u r e s  t h a t ,  a t  t h e  end  

o f  t h e  c u r r e n t  y e a r ,  t h e r e  wi l l  be a r e s e r v e  e q u i v a l e n t  to t h e  o u t g o e s  f o r  

t h e  s u b s e q u e n t  n y e a r s .  In e s s e n c e ,  n - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  

is p a y - a s - y o u - g o  f i n a n c i n g  {or a s s e s s m e n t  f i n a n c i n g ) ,  p r o j e c t e d  n y e a r s  

To be  m o r e  p r e c i s e ,  a n d  t o  r e l a t e  to  f o r m u l a  (3.1.11 o f  [14], we  

a s s u m e  t h a t  i n t e r e s t  is  a t  t he  c o n s t a n t  F o r c e  6 , t h a t  d u r i n g  t h e  c a i e n d a r  

y e a r  k , t h e  o u t g o  is 0 , a n d  t h e  r e q u i r e d  a n n u a l  n e w  m o n e y  i n c o m e  t o  
k 

r e p l e n i s h  t h e  r e s e r v e  is  1 F o r  s i m p l i c i t y ,  e a c h  of  0 , a n d  I is  
nk k nk 

a s s u m e d  t o  o c c u r  a t  m i d - y e a r .  Then  a t  1 2 / 3 1 / k ,  t h e r e  is  on  h a n d  a r e s e r v e ,  

A12/31/k, e q u a l  to  t h e  p r e s e n t  v a l u e  o f  t he  o u t g o e s  o f  t h e  n e x t  n y e a r s ,  t h u s  
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A = 0 e -c3/2 [2n-~)c~12 
* 0 e + -.- + 0 e ( I . I . I )  

n I Z / 3 1 / k  k + l  k+2 k*n 

The g r o w t h  o f  the reserve over the year  k + t is given by 

[nlk.~ / e a / 2  = A e + - Ok.l) nA {i.1.2} 
n I Z t 3 1 / k  1 2 / 3 1 / k * |  

where 

-n6 
I = 0 e ( 1 . 1 . 3 1  

n k * l  k * l + n  

At the end o f  year  k + ~ , the theore t ica l  amount on hand is 

-(3/2 -(Zn-ll 61Z 
A = 0 e + . . .  + 0 e [1.l.4) 

n 12/31/k*1 k*2 k*l+n 

that  is, the reserve has r o l l e d  f o r w a r d  to the present value o f  outgoes f o r  

the n -years  subsequent to I2 /31/k+ l  . This process continues in each year  

k + j , in accordance wi th  ( l . l .2 ) ,  w i th  k + I replaced by 

k + j ,  j = 2, 3, " ' ' .  

We have assumed a constant fo rce  of" in terest ,  but one can see that  the 

r o l I - f o r w a r d  reserve process w i l l  also occur i f  speci f ied vary ing  fo rces  of  

in terest  are ut i l ized.  That process is s imply m o r e  compl icated to express. 

The ca lcu la t ions  in th is  paper have used the vary ing  fo rces  of  in terest  

obtained through data supplied by the Of f i ce  of  the Actuary.  

1.2 C o m p a r i s o n  o f  n - Y e a r  R o l l - F o r w a r d  R e s e r v e  F i n a n c i n g  and C l a s s i c a l  

P e n s i o n  Funding.  "This has been done a l ready in Section 1.1 o f  [14J but some 

d i f f e r e n t  emphases w i l l  be used here. As an a l t e rna t i ve  to c lass ica l  pension 

funding,  n -yea r  r o l l - f o r w a r d  reserve funding can be employed f o r  large publ ic 

pension systems. We have seen that  th is  would requi re  pro jec t ion ,  f o r  a 

considerable term o f  years, o f  the annual outgoes o f  the pension system, the 

requ i red ~nnual incomes and the requ i red year -end reserves su f f i c i en t  to pay 

the outgoes f o r  the subsequent n-years.  This provides a modern, ac tua r ia l  
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disc ip l ine  for  f inanc ing  l a rge  public pension sys t ems  on a qui te  d i f f e r e n t  

bas i s  than  t h a t  of c l a s s i ca l  pension funding.  What are  the e s s e n t i a l  

d i f f e r e n c e s ?  

One bas ic  d i f f e r e n c e  is t h a t  in making a c t u a r i a l  va lua t ions  for  a 

pension fund, the theory  cons iders  the closed group  of p a r t i c i p a n t s  on the 

va lua t ion  date ,  and t r a c e s  t he i r  surv iva l  to the  end of t h e i r  l ives. Under 

n - y e a r  r o l l - f o r w a r d  r e se rve  f inancing,  the theory  cons iders  the oper~ group of 

p resen t  and f u t u r e  p a r t i c i p a n t s ,  and seeks to ma in ta in  y e a r - e n d  r e s e r v e s  

equ iva len t  to the outgoes for  the subsequent  n -yea r s .  For c l a s s i ca l  pension 

funding,  one cons ide r s  the p a r t i c i p a t i o n  of members  on the va lua t ion  da te  

dur ing  t h e i r  r ema in ing  surv iva l  which may ex tend  over many years .  For n - y e a r  

r o l l - f o r w a r d  r e se rve  funding,  one cons ide r s  the open group of p re sen t  and 

f u t u r e  p a r t i c i p a n t s  only through a l imi ted number of n - y e a r  te rms .  Both 

methods  of f inanc ing  a re  t h e o r e t i c a l  models, and may be ad jus t ed  r e g u l a r l y  

for  ga in s  and losses  e x p e r i e n c e d .  

Under c l a s s i c a l  pension funding,  t he re  may be the semblance  of more 

equi ty  for  individuals ,  or g roups  of individuals ,  s ince c o n t r i b u t i o n s  on 

the i r  beha l f  may be accumula ted  fo r  many yea r s  before  being paid out in 

benef i t s .  With n - y e a r  r o l l - f o r w a r d  r e s e r v e  f inancing,  if n is r e l a t i v e l y  

smal l ,  c o n t r i b u t i o n s  to the sys t em may be paid out in bene f i t s  soon a f t e r  

rece ip t .  In such cases ,  equi ty  depends on the l aws  and r e g u l a t i o n s  cover ing  

the pension sys tem,  and on the  se rv ice  records  and co l l ec t ive  b a r g a i n i n g  

ag reemen t s ,  r a t h e r  than  on the accumula t ion  of individual  amounts  in the 

pension fund. 

Note the phrase ,  "semblance of more equi ty ,"  as a c h a r a c t e r i s t i c  of 

c l a s s i c a l  pension funding.  By sp read ing  accrued  l i a b i l i t i e s  over a f i x e d  

or moving te rm of years ,  and a d j u s t i n g  bene f i t s  pe r iod ica l ly  to keep up wi th  
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i n f l a t i o n ,  t he  i n d i v i d u a l  e q u i l y  o f  c l a s s i c a l  p e n s i o n  f u n d i n g  m a y  be m o r e  

a p p a r e n t  t h a n  r e a l .  On t h e  o t h e r  h a n d ,  s i n c e  the  r e q u i r e d  a n n u a l  i n c o m e s  

ande[" n - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  m a y  i n c r e a s e  {as p e r c e n t s  o f  

p a y r o l l ) ,  f r o m  y e a r  to  y e a r ,  a s m o o t h i n g  t o  a leve l  p e r c e n t  o f  i n c r e a s i n g  

p a y r o l l s  m a y  be r e q u i r e d .  T h i s  c a n  be  a c c o m p l i s h e d  by  l i n k i n g  a n u m b e r  of  

t~-yeap t e r m s  t o g e t h e r  to  f o r m  a l o n g e r  t e r m  o f  m y e a r s ,  w h e r e  m is a 

m u l t i p l e  o f  n Such  a p r o c e s s  wi l l  be  d i s c u s s e d  in P a r t  Ill o f  t h i s  p a p e r .  

U n d e r  c l a s s i c a l  pension f u n d i n g ,  t h e r e  is  a r e g u l a r  ( o f t e n  y e a r l y )  

a d a p t a t i o n  to  e x p e r i e n c e ,  a n d  t h e  i n i t i a l  c l o s e d  g r o u p  is a d j u s t e d  t o  t h e  

p a r t i c i p a n t s  on  t h e  n e w  v a l u a t i o n  d a t e .  F o r  n - y e a r  r o l l - f o r w a r d  r e s e r v e  

f i n a n c i n g ,  t h e r e  m a y  be y e a r l y  a d j u s t m e n t s  to  exper ience ,  a n d  p o s s i b l y  t h e  

m - y e a r s  o f  level  p e r c e n t  f u n d i n g  m a y  be a d j u s t e d  a s  t h e  e x p e r i e n c e  d e v e l o p s .  

T h u s ,  c l a s s i c a l  p e n s i o n  f u n d i n g ,  a n d  n - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g ,  

h a v e  a n u m b e r  o f  common i d e a s ,  bu t  general ly  classical p e n s i o n  f u n d i n g  wi l l  

r e s u l t  in a m u c h  l a r g e r  f u n d  t h a n  w o u l d  n - y e a r  r o l l - f o r w a r d  r e s e r v e  f u n d i n g  

(see [31). 

The  f u n d  a c c u m u l a t e d  u n d e r  c l a s s i c a l  p e n s i o n  f u n d i n g  m a y  be n e e d e d  to  

p e r m i t  s e t t l e m e n t  o f  a c c r u e d  b e n e f i t s  in c a s e  t h e  p e n s i o n  s y s t e m  is to  be  

t e r m i n a t e d  A l t h o u g h  a c o n s i d e r a b l e  f u n d  ( a n d ,  in c a s e  o f  OASDI, a m a s s i v e  

fund}  d e v e l o p s  u n d e r  n - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g ,  never the less  it  

m a y  f a l l  f a r  s h o r t  o f  p r o v i d i n g  a d e q u a t e  s e t t l e m e n t s  in c a s e  o f  s y s t e m  

t e r m i n a t i o n .  T h u s ,  n - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  n e e d s  s o m e  

a s s u r a n c e  o f  i nde f in i t e  c o n t i n u a t i o n  o f  t h e  p e n s i o n  s y s t e m .  T h i s  m a y  be 

f o r t h c o m i n g  in l a r g e  p u b l i c  s y s t e m s  w i t h  b e n e f i t s  t h a t  do no t  e x c e e d  

f i n a n c i a l  c a p a c i t ~  

O u r  l a s t  p a r a g r a p h  h a s  t o u c h e d  on the  s c o p e  o f  a p p l i c a t i o n  o f  n - y e a r  

r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g .  T h e  i n f e r e n c e  is t h a t  s u c h  f i n a n c i n g  is 
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i n a p p r o p r i a t e  u n l e s s  t h e  b e n e f i t  s y s t e m  is a s s u r e d  o f  i n d e f i n i t e  

c o n t i n u a t i o n .  H o w e v e r ,  a v e r y  l a r g e  n a t i o n a l  s y s t e m ,  s u c h  a s  OASDI is  no t  

wel l  s e r v e d  by  c l a s s i c a l  p e n s i o n  f u n d i n g  b e c a u s e  o f  t h e  h u g e  f u n d s  t h a t  w o u l d  

d e v e l o p  f r o m  l o n g - t e r m  a c c u m u l a t i o n s ,  [3J. A s e m i - p r i v a t e  s y s t e m ,  s u c h  a s  

T e a c h e r s  I n s u r a n c e  a n d  A n n u i t y  S y s t e m  - C o l l e g e  R e t i r e m e n t  E q u i t i e s  F u n d ,  

d e v o t e d  to  b e n e f i t s  f o r  h i g h e r  e d u c a t i o n  s t a f f ,  m a y  a p p r o a c h  t h e  b o r d e r l i n e  

b e t w e e n  n - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g ,  a n d  c l a s s i c a l  p e n s i o n  f u n d i n g .  

At p r e s e n t ,  i t  is m a i n l y  u n d e r  t h e  l a t t e r .  

One d i f f i c u l t y  w i t h  a l i t e r a l  a p p l i c a t i o n  o f  n-year  r o l l - f o r w a r d  r e s e r v e  

f i n a n c i n g ,  is t h a t  t h e  r e q u i r e d  a n n u a l  i n c o m e s ,  nlk , m a y  i n c r e a s e  f r o m  y e a r  

to  y e a r  a s  percents  of  t h e  i n c r e a s i n g  p a y r o I l s .  To m e e t  t h i s  p r o b l e m ,  we  

h a v e  d e v e l o p e d  in P a r t  Ill ,  e q u i v a l e n t  s e t s  o f  p a y m e n t s  by m e a n s  o f  a level  

p e r c e n t  o f  t h e  p a y r o l l s  W k, Wk÷l,'° °, Wk÷m_l f o r  a f i x e d  t e r m  o f  m y e a r s .  

T h i s  h a s  b e e n  d o n e  f o r  m = 4, 8, 12, 16; f o r  n = i, 2; a n d  f o r  v a r i o u s  

s t a r t i n g  y e a r s  k . T h u s ,  a n u m b e r  o f  f i n a n c i n g  o p t i o n s  f o r  f i x e d  t e r m s  a r e  

p r e s e n t e d .  

We a l s o  c o n s i d e r e d  s p r e a d i n g  t h e  p r e s e n t  v a l u e  r e q u i r e m e n t  o v e r  m o v i n g  

t e r m s  o f  m y e a r s .  We t h e n  f o u n d  o u r  g u i d i n g  t h e o r e t i c a l  m o d e l  to  be  

i n a d e q u a t e  a s  it d o e s  no t  c o n s i d e r  t h e  g r o w t h  o f  t h e  p r e s e n t  v a l u e  

r e q u i r e m e n t  in f u t u r e  y e a r s .  A n e x t  m a j o r  s t e p  wi l l  be  to  u t i l i z e  a m o r e  

d y n a m i c  m o d e l  i n v o l v i n g  g r o w t h  o f  t h e  r e q u i r e d  i n c o m e s ,  t a x a b l e  p a y r o l l s  a n d  

i n t e r e s t  e a r n i n g s .  T h i s  s h o u l d  s h e d  n e w  i n f o r m a t i o n  on  t h e  " s u m m a r i z e d  c o s t  

r a t e s "  a p p e a r i n g  in t h e  R e p o r t s  o f  t h e  0ASDI T r u s t e e s .  
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II. DATA FROM 1993 AND 1994 PROJECTIONS SOLUTIONS FOR "ROLLER-COASTER" 

FINANCING 

2.1 Basic Data Derived from 1993 and 1994 Projections. In Section I.I we 

have introduced the notations; k , for calendar year; W k , for effective 

taxable payroll in year k ; O k , for outgo in year k ; nXk , for the 

required new money income in year k ; and A , for the required 
n I Z / 3 1 / k  

rese rve  at the end of year  k . The la t te r  two symbols are  in regard  to 

n -yea r  r o l l - f o r w a r d  reserve  financing. Especially when we consider the 

f inancing of OASDI we shall  need the concept of effect ive taxable  payroll ,  

Wk, in calendar  year  k (See Taxable Payroll in [2], Glossary).  

Through the very helpful co-opera t ion  of the Office of the Actuary,  we 

r e c e i v e d  in 1993 and 1994, y e a r - b y - y e a r  projected values of W and 0 
k k 

Also, we were  fu rn i shed  values of the projected annual in te res t  r a tes ,  which 

we in te rpre ted  as  effect ive annual ra tes ,  f rom which we calculated the 

cor responding  fo rces  of in teres t ,  ~k These data are  summarized in TABLE 

2.1.1. 

From the da ta  furn ished  by the Office of the Actuary, we computed values 

of nIk ' lO0{nlk/~ ]k , and nA,z/3Vk ' for n=l and n=2. The 

computations were based on formulas (I.I.I) and (1.1.3), modified when 

necessary to take account of varying forces of interest. The results are 

summarized in TABLE 2.1.2. 

It is to be noted from TABLE 2.1.1, that the 1993 projected effective 

taxable payroll rises from 2,817 billions in 1994 to 36,369 billions in 2042. 

In the 1994 project ions ,  the r i se  is f rom 2,790 billions in 1994 to 33,963 

billions in 2142. The 1994 projected taxable  payrol ls  are  lower than  those  

projec ted  in 1993, and this  has considerable impact on the inferences  d rawn 

f rom the pro jec t ions  (See [2] and [17]). 
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Table 2.1. l 

Year 
k 

1994 
1998 
2002 
2006 
2010 
2014 
2018 
2022 
2026 
2030 
2034 
2038 
2042 

Summary Comparison of ilk, Wl,, Ok for 1993, 1994 Projections, Alternative II 
(Dollar Figures iu Billions) 

Force of Interest Effective Taxable Payroll 
Wk. 

1993 1994 1993 

Outgo 
Ok 

7.60% 7.6048% 2,817 2,790 326 
6.62% 6.7006% 3,488 3,418 404 
6.37% 6.3810% 4,375 4,247 508 
6.23% 6.2580% 5,519 5,336 639 
6.20% 6.1960% 6,914 6,667 815 
6.20% 6.1960% 8,585 8,251 1,069 
6.20% 6.1960% 10,581 1 O, 121 1,425 
6.20% 6.1960% 12,978 12,356 1,893 
6.20% 6.1960% 15,897 15,072 2,478 
6.20% 6.1960% 19,535 18,446 3,174 
6.20% 6.1960% 24,066 22,644 3,569 
6.20% 6.1960% 29,614 27,768 4,924 
6.20% 6.1960% 36,369 33,963 6,036 

1994 

325 
401 
503 
635 
818 

1,084 
1,452 
1,922 
2,500 
3,177 
3,963 
4,850 
5,911 
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Table 2. 1.2 

Yf, ar 
k 

Summary Comparlsom of all,, 100(alt/WIt), =AlzrJl/k for n=l,2 sad for 1993, 1994 Projections 
Alternative II 

(Dollar Figures in Billions) 

Required Annual Incomes Percent of Taxable Payroll Required Reserve at 12/31/1: 
100(lIk/Wk) IAl2/3t/k 

ilk 1994 
1993 1994 1993 1994 1993 

1994 319 318 11.31 11.39 331 330 
1998 400 396 11.46 11.60 413 410 
2002 505 500 11.56 11.77 522 516 
2006 636 633 11.52 11.86 656 653 
2010 818 823 11.83 12.34 843 849 
2014 1,079 1,096 12.57 13.28 1,113 1,130 
2018 1,440 1,466 13.61 14.49 1,486 1,512 
2022 1,906 1,933 14.69 15.64 1,966 1,994 
2026 2,484 2,501 15.62 16.59 2,562 2,580 
2030 3,165 3,162 16.20 17.14 3,265 3,261 
2034 3,960 3,922 16.46 17.32 4,085 4,045 
2038 4,871 4,789 16.45 17.25 5,024 4,940 
2042 5,971 5,841 16.42 17.20 6,159 6,025 

Yeal 
k 

Required Annual Incomes Percent of Taxable Payroll Required Reserve at t2/3 l/k 
IO0(2I=,'W~ 2Atz~l~ 

2 Ik 1994 
1993 1994 1993 1994 1993 

1994 313 312 11.11 11.18 657 654 
1998 397 392 11.38 11.48 824 816 
2002 502 498 11.48 11.73 1,040 1,030 
2006 634 633 11.49 11.86 1,310 1,306 
2010 822 830 11.89 12.44 1,691 1,705 
2014 1,089 1,108 12.69 13.43 2,237 2,273 
2018 1,454 1,479 13.74 14.61 2,985 3,038 
2022 1,917 1,941 14.77 15.71 3,944 3,996 
2026 2,485 2,497 15.63 16.57 5,125 5,156 
2030 3,153 3,143 16.14 17.04 6,517 6,503 
2034 3,924 3,877 16.30 17.12 8,133 8,045 
2038 4,816 4,728 16.26 17.03 9,991 9,817 
2042 5,909 5,773 16.25 17.00 12,253 11,979 
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The outgo values in TABLE 2.1,1 are closely tracked by the required 

annual incomes, lIk and ZkI shown in TABLE 2.1.2. These incomes in ter twine  

in a r a t h e r  complicated way. More insight on th is  in ter twining may be gained 

f rom ([14], Figure 2.1.5). 

The required percents  of taxable payroll clearly indicate the impact of 

r e t i r e m e n t s  f rom the "baby-boom" generation; such re t i r ements  beginning about  

year  2010. This shows the need for  fu ture  increases  of OASD1 income to 

provide an appropr ia te  balance between OASDI outgo and income. 

Another comment is tha t  the cur ren t  OASDI Trus t  Funds (combined) now 

exceed the required year -end  reserve,  Alz/31/x994 , of 1-year r o l l - f o r w a r d  

r e se rve  financing. It will not be until the year  2001 tha t  the same will 

hold approximate ly  fo r  A The values of A are  
2 1 2 / 3 1 / 2 0 0 1  2 1 2 / 3 1 / k  

approximate ly  double the values fo r  A This is to be expected 
L I Z / 3 1 / k  

since A is equivalent to the outgoes fo r  two years ,  r a t h e r  than the  
2 17. /31/k  

one year  goal of A 
l 1 2 / 3 1 / k  

2.2 So lu t ions  f o r  "Ro l l e r=Coas te r "  F inanc ing .  Section S.I of [14] 

d iscusses  how r o l l - f o r w a r d  reserve financing would solve the problem in 

cu r r en t  OASDI f inancing that ,  in 1993 est imates ,  a massive fund of almost  

five t r i l l ion dollars  would develop in OASDI by year  2024, but  then be 

exhaus ted  rapidly by year  2036. The solution of th is  problem by n -yea r  ro l l -  

f o r w a r d  reserve  f inancing with n = I, 2, 3 and 4 was  considered. Since the 

combined OASDI Trus t  Funds now exceed, A l -yea r  r o l l - f o r w a r d  
1 1 2 / 3 1 / 1 9 9 3  ) 

r e se rve  f inancing could begin immediately. (See Figure 5.1 in [14]). 

It  was  es t imated tha t  i t  could be continued possibly to year  2031 under 

p r e sen t  legislation. Then to maintain l -year  r o l l - f o r w a r d  rese rve  

f inancing,  the required (new money) contribution ra te  was  es t imated  to be 

16.30 percent  of taxable  payroll,  while cu r ren t  legislation provides fo r  
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12.40 pe rcen t .  An i nc rease  in the con t r ibu t ion  r a t e  would then  be r equ i r ed ,  

or o the r  a d j u s t m e n t s  made. 

Las t  y e a r ' s  Resea rch  Exper ience  fo r  U n d e r g r a d u a t e  s t u d e n t s  f avo red  a 

so lu t ion  which a ims  a t  p rovid ing  2 - y e a r  r o l l - f o r w a r d  r e s e r v e  f inanc ing .  One 

p r a c t i c a l  method  to  r each  th i s  goal  would be to  w a i t  un t i l  December  31, 2001, 

a t  which  t i m e  A was  e s t i m a t e d  to be fu l ly  a v a i l a b l e  f rom the  fund 
2 12/31/2001 

deve lop ing  under  c u r r e n t  l eg i s la t ion .  This s i t u a t i o n  would hold un t i l  abou t  

yea r  2025, by which t ime  l would r e qu i r e  more  t h a n  the  c u r r e n t  12.4 pe r cen t  
2 k  

of e f f e c t i v e  t a x a b l e  payrol l .  I t  was  thought  t h a t  a 2 - y e a r  r o l l - f o r w a r d  

r e s e r v e  would  i n s t i l l  more  conf idence in OASDI's con t inued  a b i l i t y  to  pay  

b e n e f i t s  t han  would a l - y e a r  r o l l - f o r w a r d  re se rve ,  and would prov ide  Congress  

more  t i m e  to  make  any a d j u s t m e n t s  agreed  to  be neces sa ry .  

What s i t u a t i o n s  a r e  e s t i m a t e d  f rom 1994 d a t a ?  In F igure  2.1, t he re  

a p p e a r s  a compar i son  of A wi th  the  fund a r i s i n g  f r o m  c u r r e n t  
1 1 2 / 3 1 / k  

l eg i s l a t i on .  As of 12/31/1994, the  OASDI combined T r u s t  Funds a r e  e s t i m a t e d  

to  r each  431 b i l l ions ,  which is wel l  in excess  of A This  
1 12/3t/1994 

f a v o r a b l e  s i t u a t i o n  is  e s t i m a t e d  to cont inue unt i l  y e a r  2024 (7 y e a r s  e a r l i e r  

t han  e s t i m a t e d  by the  1993 data) .  By 2024, the  r e q u i r e d  pe r cen t  of  e f f e c t i v e  

t a x a b l e  pay ro l l  to  m a i n t a i n  1-year  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  is 

e s t i m a t e d  a t  16.2 percent .  Congress iona l  ac t ion  would  then  be neces sa ry .  

F igu re  2.2 compares  A wi th  the fund a r i s i n g  f r o m  c u r r e n t  
Z IZ/31/k 

l e g i s l a t i o n  fo r  OASDI. The e s t i m a t e s  a r e  based on 1994 da ta .  I t  is  now 

e s t i m a t e d  t h a t  A wi l l  be 19.4 b i l l ions  in e x c e s s  of  the  f und  
2 1 2 / 3 1 / 2 0 0 1  

provided  by c u r r e n t  law. Some addi t iona l  f i nanc ing  wil l  be needed to  c lose  

t h i s  gap,  but t h i s  a ppe a r s  f e a s i b l e  (see P a r t  Ill). Then 2 - y e a r  r o l l - f o r w a r d  

r e s e r v e  f i n a n c i n g  could be cont inued f r o m  2002 un t i l  2017. A p p r o p r i a t e  

a d j u s t m e n t s  would then  be necessary .  
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Figure 2 .1  
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Figure 2.2 
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I I l .  APPLICATION OF n-YEAR ROLL-FORWARD RESERVE FINANCING TO OASDI 

3.1 I n t r o d u c t i o n .  Near the end of  Section t.2, it was  indicated tha t  a 

l i teral  application of n -yea r  r o l l - f o r w a r d  reserve  f inancing to OASDI would 

yield required contr ibut ion ra tes ,  lO0 (nIk]~Nk}, which would change f rom year  

to year.  This could be unacceptable fo r  the adminis t ra t ion of OASDI, 

par t icu la r ly  in regard  to handling the payroll  taxes.  To eliminate this  

diff iculty,  we have sought level percent  (of taxable  payrolls} r a t e s  fo r  

var ious m-year  terms.  An immediate question is whether  the computat ion of  

such r a t e s  shall be for  fixed t e rms  of m-years ,  or  should be recalculated a t  

the beginning of each year,  tha t  is fo r  moving t e rms  which advance one year  

a t  the end of  each year. 

For  the initial year,  the computat ions,  on a f ixed t e rm or  moving t e rm 

basis ,  a re  the same. But fo r  large m, the level percent  contr ibut ion 

applied to the f i r s t  yea r ' s  payroll,  may provide fo r  less than  in teres t  on the 

obligation. That  obligation we have taken to be the p resen t  value at  the 

beginning of the m-year  te rm of the required annual incomes, nIk, during 

the term.  As a consequence of less  than in teres t  being paid on the 

obligation, tha t  obligation (in cu r r en t  year  dollars) may increase.  This 

would be manageable perhaps,  on a f ixed t e rm basis,  with la rger  incomes in 

the l a te r  years  o f f se t t ing  the in te res t  defici ts  in the early years .  On a 

moving t e rm basis,  with m large, an in te res t  deficit  is repeated  each year ,  

and the obligation (in cur ren t  year  dollars) increases indefinitely. For 

tha t  reason,  we have chosen to do most  of our  computat ions  on a f ixed t e r m  

basis,  and will r e t u r n  to the implications of a moving te rm later .  

W e  t h e n  e n c o u n t e r  a n e w  p r o b l e m .  I f  l e v e l  c o n t r i b u t i o n  r a t e s  a r e  

determined f o r  successive m-yea r  te rms,  then at  the junct ion point between 

such t e rms  there  may be a considerable di f ference in the required ra tes .  
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T o  c o n s i d e r  t h i s  p r o b l e m ,  w e  h a v e  c o m p u t e d  t h e  leve l  p e r c e n t  r a t e s  r e q u i r e d  

f o r  f i x e d  t e r m s  o f  4,  8,  12 a n d  16 y e a r s ,  a n d  h a v e  c o m p u t e d  w h a t  d i f f e r e n c e s  

o c c u r  a t  t h e  j u n c t i o n  p o i n t s .  T h i s  h a s  b e e n  d o n e  f o r  1993 a n d  1994 d a t a ,  a n d  

f o r  n = I a n d  2 . 

3 . 2  L e v e l  P e r c e n t  C o n t r i b u t i o n  R a t e s  f o r  t h e  n = I C a s e .  

t h e  p r e s e n t  v a l u e s  a t  t h e  b e g i n n i n g  o f  e a c h  b l o c k  o f  m - y e a r s .  

v a l u e s  a r e  d e n o t e d  b y  

[I(k,  k + m - l )  = P r e s e n t  v a l u e  a t  I / 1 / k  o f  t h e  r e q u i r e d  a n n u a l  i n c o m e s  

I , j = 0 ,  i . . . . .  m - I f o r  t h e  m - y e a r  t e r m  
I k*J 

c o n s i s t i n g  o f  c a l e n d a r  y e a r s  k,  k + I . . . .  , k + m - I . 

W(k,  k + m - 1 )  = P r e s e n t  v a l u e  a t  I / I / k  o f  t h e  e f f e c t i v e  t a x a b l e  

p a y r o l l s  Wk. j,  j = O, i . . . . .  m - 1 f o r  t h e  m - y e a r  

t e r m  c o n s i s t i n g  o f  t h e  c a l e n d a r  y e a r s  

k, k + I, . . . ,  k + m - I . 

F r o m  t h e s e ,  w e  c a l c u l a t e  t h e  leve l  p e r c e n t  c o n t r i b u t i o n  r a t e s ,  n a m e l y  

I t ( k ,  k + m - i) = i 0 0  i l l (k ,  k + m - I ) / W  (k,  k ÷ in - l ) l  ( 3 .2 .1 )  

R e s u l t s  a r e  t a b u l a t e d  in TABLE 3 .2 .1  f o r  1994 d a t a .  

I t  s h o u l d  b e  n o t e d  t h a t  a s  o f  I / 1 / 9 4 ,  t h e  c o m b i n e d  OASDI T r u s t  F u n d s  

s t o o d  a t  3 7 8  b i l l i o n s ,  w h i c h  i s  c o n s i d e r a b l y  in e x c e s s  o f  A = 314 
I I / I / 1 9 9 4  

b i l l i o n s ,  a s  c o m p u t e d  in  ([14],  TABLE O A S D | - D - I ) .  T h u s  l - y e a r  r o l l - f o r w a r d  

r e s e r v e  f i n a n c i n g  c o u l d  b e g i n  i m m e d i a t e l y .  In t h e  e a r l y  y e a r s  o f  a n  m - y e a r  

l eve l  c o n t r i b u t i o n  r a t e  t e r m ,  t h e  i n c o m e  p r o v i d e d  t h e r e b y  w i l l  e x c e e d  t h e  

r e q u i r e d  a n n u a l  i n c o m e  I , a n d  in t h e  l a t e r  y e a r s ,  w i l l  be  l e s s .  T h e  
I k+J 

r e s e r v e  a t  I / 1 / k  + m a i m s  t o  b e  s u f f i c i e n t  t o  p r o v i d e  0 
k+ttl" 

N o t e  a l s o  t h e  d i f f e r e n c e s  in r a t e s  a t  t h e  j u n c t i o n  p o i n t s .  T h e s e  

d i f f e r e n c e s  w i l l  b e  a n  i m p o r t a n t  c o n s i d e r a t i o n  in s e l e c t i n g  w h a t  f i x e d  t e r m  

o f  m - y e a r s  s h o u l d  b e  u t i l i z e d .  

We s ta r t  w i th  

These present 
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Table 3.2.1 

Computation of m-Year Level Contribution Rates 
To Provide the Required Annual Incomes for 1-Year Roll Forward Reserve Financing of OASDI 

Based on the Alternative II Projections for the 1994 Report of the OASDI Trustees 
(In Billions) 

Valuation Date m=4 m=4 Level Percent Differeneein rates at 
l /1/k l I (k ,  k+3) W(k ,  k+3) 100 ~UW) Junction Points 
1994 1,193 10,392 11.48 
1998 1,514 12,984 11.66 0.19 
2002 1,924 16,291 11.81 0.15 
2006 2,461 20,497 12.01 0.19 
2010 3,234 25,544 12.66 0.65 
2014 4,321 31,506 13.72 1.05 
2018 5,755 38,557 14.92 1.21 
2022 7,537 47,042 16.02 1.10 
2026 9,664 57,440 16.83 0.80 
2030 12,136 70,428 17.23 0.41 
2034 14,946 86,370 17.31 0.07 
2038 18,227 105,874 17.22 -0.09 

Valuation Date m=8 m=8 Level Percent Differencein rates at 
l/1/k l l (k ,  k+7) W(k,  k+7) 100 (IUW) Junction Points 
1994 2.328 20,128 11.57 
2002 3,835 32,201 11.91 0.34 
2010 6,607 50,134 13.18 1.27 
2018 11,637 75,272 15.46 2.28 
2026 19,136 112,407 17.02 1.56 
2034 29,172 169,002 17.26 0.24 

Valuation Date m=12 m=12 Level Percent Difference in rates at 
1/l/k tl (k, k+ l l )  W (k, k+ l l )  100 (1I/W) Junction Points 
1994 3,439 29,528 11.64 
2006 7,613 59,589 12.78 1.13 
2018 17.524 110,262 15.89 3.12 
2030 34,904 202,331 17.25 1.36 

Valuation Date m=16 m=16 Level Percent Difference in rates at 
l / l /k  xl (k, k+lS) W (k, k+l$) 100 (II/W) Junction Points 
1994 4,541 38,709 11.73 
2010 13,696 95,986 14.27 2.54 
2026 36.906 215,356 17.14 2.87 
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T a b l e  3 .2 .2  

Level m-Year  Contribution Rates 
To Provide the Required Annual  Incomes for l -Year  Roll Forward Reserves Financing of OASDI 

Based on Alternative  I1 Projections for the 1993 and 1994 Reports of the OASDI  Trustees 

m=4 m=8 m=12 m=16 
Calendar 1993 1994 1993 1994 1993 1994 1993 1994 

Year  Data Data Data Data Data Data Data Data 

1994 11 35 11.48 

1995 I I 

1996 l [ 
1997 ~ 
1998 1152 11.66 
1999 ] t 

2000 I I 
2OOl ~ 
2002 11.54 11.81 

2003 i I 
~oo4 t t 
2005 . 
2006 1160 12.01 
2007 ', [ 

2008 I I 
2009 $ $ 

2010 12 07 1266 

2Oll I I 
2o12 I i 
2013 ~ 
2014 12.94 13.72 

2015 I I 
2o16 i I 
2017 $ 

1143 1164 11.50 1173 

1157 

12.50 

11.57 11.47 

I 
I 
J 
t 
I 

11 91 
L 
q 
J 
] 11.88 

1 
I 
J, 

13.18 

¢ 
1278 

I 
1 

I 13~47 14.27 

I L 1 
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In TABLE 3 . 2 . 2 ,  a c o m p a r i s o n  is  g i v e n  f o r  24  y e a r s  o f  t h e  leve l  

c o n t r i b u t i o n  ra tes  f o r  m = 4, g ,  12 a n d  16, e n d  n = i ,  based o n  1993  d a t a  

end 1994 data. This  TABLE 3.2.2 may provide f u r t h e r  ins ight  in to  how to 

select the f i x e d  te rm m . 

3 .3  L e v e l  P e r c e n t  C o n t r i b u t i o n  R a t e s  f o r  t h e  n = 2 C a s e .  A g a i n ,  w e  s t a r t  

w i t h  t h e  p r e s e n t  v a l u e s  a t  t h e  b e g i n n i n g  o f  e a c h  b l o c k  o f  m - y e a r s .  T h e s e  

p r e s e n t  v a l u e s  a r e  d e n o t e d  b y  

2I(k,  k + m - 1) = P r e s e n t  v a l u e  a t  1 / l / k  o f  t h e  r e q u i r e d  a n n u a l  

i n c o m e s  I , j = O, 1 . . . . .  m - 1 f o r  t h e  
2 k÷l  

m - y e a r  t e r m  c o n s i s t i n g  o f  t h e  c a l e n d a r  y e a r s  

k, k + 1 . . . . .  k + m - 1 . 

W(k,  k + m - 1) h a s  b e e n  d e f i n e d  a l r e a d y  in S e c t i o n  3 . 2  a n d  is  u n c h a n g e d  a s  

w e  g o  f r o m  n = 1 t o  n = 2 . 

F r o m  t h e s e  p r e s e n t  v a l u e s ,  w e  c a l c u l a t e  t h e  leve l  p e r c e n t  c o n t r i b u t i o n  

r a t e ,  n a m e l y  

2 r (k ,  k + m - 1) = 100  [21(k, k + m - 1 ) /W(k ,  k + m - 1)] . ( 3 . 3 . 1 )  

R e s u l t s  a r e  t a b u l a t e d  in TABLE 3 .3 .1 .  

N o t e  t h a t  i t  i s  n o t  u n t i l  1 / 1 / 2 0 0 2  t h a t  t h e  a s s e t s  u n d e r  c u r r e n t  l a w  

a p p r o x i m a t e  t h e  r e q u i r e d  r e s e r v e  A In f a c t ,  t h e  f u n d  p r o j e c t e d  t o  b e  
2 l / 1 / k  

o n  h a n d ,  9 5 1 , 8 0 6  ( m i l l i o n s ) ,  i s  1 9 , 3 9 0  ( m i l l i o n s )  l e s s  t h a n  

A = 971,196 ( m i l l i o n s . )  To c o v e r  t h i s  g a p  b e t w e e n  t h e  r e s e r v e  
2 1 / 1 / 2 0 0 2  

r e q u i r e d  t o  be  on  h a n d  a n d  t h e  a c t u a l  e s t i m a t e d  f u n d ,  w e  a d d  t h e  1 9 , 3 9 0  

m i l l i o n  t o  t h e  p r e s e n t  v a l u e  I ( 2 0 0 2 ,  2 0 0 2  + m - 1) t o  b e  s p r e a d  o v e r  t h e  
2 

p a y r o l l s  o f  t h e  f i r s t  m - y e a r s .  T h e  a d j u s t m e n t ,  19 ,390 ,  i s  r e l a t i v e l y  s m a l l  in  

c o m p a r i s o n  t o  2 I (Z002 ,  2 0 0 2  + m - 1) . The  q u e s t i o n  a r i s e s  w h y  n o t  s t a r t  

2 - y e a r  r o l l  f o r w a r d  f i n a n c i n g  e a r l i e r  t h a n  y e a r  2002{ T h e  a n s w e r  is  y o u  

c o u l d ,  b y  a d d i n g  t h e  a p p r o p r i a t e  a d j u s t m e n t  t o  t h e  i n i t i a l  r e q u i r e d  p r e s e n t  
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Table 3.3.1 

Computation of m-Year  Level Contribution Rates  
To Provide the Required Annual  lncomes for 2-Year Roll Fonvard  Reser~,e Financing of OASDI 

With a One-Time Adjustment  to 21 (k, k+(m-1)) in 2002 
Based on the Alternat ive I I  Projections for the 1994 Report  of the OASDI Trustees 

(In Billions) 

Valuation Date m=4 m--4 Level Percent  Differencein  rates at 
I / l / k  2[ (k, k+3} W ( k ,  k+3) 100 ~I/W) Junc t iooPoin ts  
2002 1,936 16.291 11.88 

2006 2,470 20.497 12.05 0.17 
2010 3.266 25,544 1278 073  
2014 4.369 31.506 13.87 1.08 
2018 5,796 38.557 15.03 1AT 
2022 7.556 47,042 16.06 1.03 
2026 9.632 57,440 16.77 071 
2030 12,038 70,428 17.09 0.32 
2034 14,768 86,370 17.10 001 
2038 18,003 105.874 17.00 -009 

2042 22,024 [29409 17.02 001 
2045 27.102 157,808 17.17 016  

Valuation Date m=8 m=8 Level Percent  Difference in rates at 
l / l / k  2I(k,  k+7) W ( k ,  k+7) 100 (2IfW) Junction Points 

2002 3.853 32,201 11.96 
2010 6.675 50,134 13.31 1.35 
2018 11,693 75.272 15.53 2.22 
2026 t9.027 112,407 16.93 139 
2034 28.820 169,002 1705 0 13 
2(142 43.176 252.575 17.09 0 04 

Valuation Date m=i2  m=12 Level Percent  Differeocein  rates at 
I/1/k z l (k ,  k + l l )  W ( k ,  k + l l )  100 GI/W) Junction Points 
2002 5,829 47,663 12.23 
2014 13.495 90,255 14.95 Z72 

2026 28,023 165,020 16.98 2.03 
2038 51.702 303,005 t7.06 008  

Valuathm Date m=16 m=16 Level Percent Difference in rates at 

I / l / k  21 (k, k+lS) W (k, k+15) 100 (2UW) Junction Points 
2002 7.893 62,547 12.62 
2018 23.283 143.746 16.20 3 58 
2034 55.121 322.860 17.07 0.88 
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T a b l e  3 . 3 . 2  

Level m-Year  Contribution Rates 
To Provide the Required Annual Incomes for 2-Year Roll Forv,'ard Reserves Financing of OASDI 

Based on Alternative H Projections for the 1993 and 1994 Reports of the OASDI Trustees 

m=4 m=8 m=12 m=16 
Calendar  1993 1994 1993 1994 1993 1994 1993 1994 

Year Data Data Data Data Data Data Data Data 

2002 11.47 1188 11.54 
2003 I I ] 
2004 I i I 
2005 4, $ I 
2006 11.61 12.05 I 
2007 I I l 
20o8 I I I 
2009 $ 4, 4, 
2010 12.16 127g 12,61 
2Oll I I I 
2o12 I i I 
2013 ~ a 1 
2(}14 t307  1387 I 
2ors I I 1 
2016 I [ [ 
2017 $ 4, $ 
2018 14.13 15.03 14.61 
2019 ] I I 
2020 ] [ [ 
2021 $ 4, I 
2022 1512 16 o6 I 
2023 I ] I 
2024 I [ [ 
2025 $ $ 

11.96 12.06 12.62 

4  ̀
13.31 

r 

I 
i 

I 
J, 

15.53 
r 
r 
l 
i 
i 
i 

4, 

11.74 12,23 
r 
I 
r 
l 
I 
F 
f 

r 

$ 4` 
14.08 14,95 

15.29 

$ 
16.20 

r 
J 

i 

,L 
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va lue ,  b u t  t h e  i m p a c t  on zr (k ,  k + 3) , f o r  example, w o u l d  be  considerable 

i f  k i s  m u c h  l e s s  t h a n  2002.  

The  d i f f e r e n c e s  in t he  r a t e s  a t  t he  junction p o i n t s ,  a s  t a b u l a t e d  in  

TABLE 3.3.1,  s h o u l d  be c o n s i d e r e d  in t he  s e l e c t i o n  of  t h e  t e r m  m , i f  2 - y e a r  

r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  of  0ASDI i s  u n d e r t a k e n .  

In TABLE 3 .3 .2 ,  a c o m p a r i s o n  is  g i v e n  f o r  24 y e a r s  of  t h e  l eve l  

c o n t r i b u t i o n  r a t e s  f o r  t e r m s  of  4, 8, 12 and  16 y e a r s ,  b a s e d  on 1993 d a t a  and  

1994 d a t a ,  f o r  t h e  2 - y e a r  r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  of  OASDI. 

3 . 4  O p e r a t i o n  o f  a L e v e l  P e r c e n t  C o n t r i b u t i o n  R a t e .  In S e c t i o n  3 .2 ,  we  s e t  

up a p r o c e s s  by (3.2.1) t o  p rov ide ,  by a l eve l  p e r c e n t  c o n t r i b u t i o n  r a t e ,  

r ( k ,  k ÷ m - 1) a p p l i e d  t o  t h e  p a y r o l l s  W j = O, 1, 2 . . . . .  m - 1, 
I k+J, 

f o r  t h e  r e q u i r e d  a n n u a l  i ncomes ,  lIk+j , in t h o s e  m y e a r s  i f  1 - y e a r  

r o l l - f o r w a r d  r e s e r v e  f i n a n c i n g  i s  to  o p e r a t e .  We i l l u s t r a t e  t h i s  p r o c e s s  f o r  

t h e  y e a r s  2010, 2011 . . . . .  2025,  u s i n g  1994 d a t a ,  by  t h e  c o m p u t a t i o n s  in  TABLE 

3.4.1.  F r o m  TABLE 3.2.1 we  have  r (2010 ,  2025)  = 14.277, . S ince  
1 

y e a r - b y - y e a r  r e q u i r e d  c o n t r i b u t i o n  r a t e s  f o r  t h e  y e a r s  2010,  2011 . . . . .  2 0 2 5  

a r e  a n  i n c r e a s i n g  s e r i e s ,  a l eve l  p e r c e n t  c o n t r i b u t i o n  r a t e  f o r  t h e  m y e a r s ,  

w i l l  p r o d u c e  m o r e  t h a n  t he  r e q u i r e d  a n n u a l  i n c o m e s ,  I in t h e  e a r l y  
2 2010+J ' 

years, and less than the required annual incomes in the later years. The 

accumulated excess funds in the early years are gathered into a supplementary 

fund which will be depleted by the deficits in the later years. I f  F 
k 

denotes the supplementary fund at the end of year k , we have 

= e6  + [ 2025)  W - ] e ~ /2  (3.4.1)  Fk Fk-I I r (2010 ,  k t lk " 

T h i s  c a n  be  checked ,  e x c e p t  f o r  r o u n d i n g  d i f f e r e n c e s ,  in  TABLE 3.4.1 . 

One n o t e s ,  a s  i t  shou ld ,  t h a t  F d e p l e t e s  t o  0 by t h e  end  of  year 2025 .  
k 

H o w e v e r ,  t h e  T o t a l  R e s e r v e  i s  a i m e d  to  e q u a l  A , and  i s  p l a n n e d  t o  
1 12/31/2025 
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Table 3.4.1 

Illustration of Operation of Level Percent Contribution Rate 
n=l, m=16, 8=.0619602, tr czt:e,~om=14.27% with 1994 data 

O ¢u.J 

(1) (2) (3) (4) (s) (6) (7) 
Calendar Supplementary Required 

Year Fund Reserve 
k W k lr~olt 2,~*Wk llk [(3) - (4)]*e ~a Fk= F~l*eS + (5) iAl~l~ 

2010 6,667 951 823 132 132 849 
2011 7,042 1,005 883 126 267 910 
2012 7,427 1,060 948 115 399 978 
2013 7,829 1,117 1,019 101 526 1,051 
2014 8,251 1.177 1.096 84 644 1,130 
2015 8,689 1,240 1,179 63 748 1,216 
2016 9,153 1,306 1.269 39 834 1,309 
2017 9,626 1,373 1,364 9 897 1,407 
2018 10.121 1,444 1,466 -23 931 1,512 
2019 10,642 1,518 1,573 -57 934 1,623 
2020 11,188 1,596 1,687 -94 900 1,740 
2021 11,757 1,678 1,807 -133 825 1,864 
2022 12,356 1.763 1,933 -175 702 1,994 
2023 12,984 1.853 2,066 -220 528 2,131 
2024 13,644 1,947 2,205 -267 295 2,275 
2025 14,340 2,046 2,350 -314 0 2,424 

(s) 
Total 

Reserve 
(6) + (7) 

981 
1,177 
1,377 
1,577 
1,774 
1,964 
2,143 
2,304 
2,444 
2,557 
2,641 
2,688 
2,696 
2,658 
2,569 
2,424 



provide  a smooth  s t a r t  f o r  l - y e a r  r o l l - f o r w a r d  r e s e rve  f i n a n c i n g  f o r  the  

f o l l o w i n g  t e r m  of 16 yea r s ,  namely (2026, 2041). 

3 .S  L e v e l  P e r c e n t  C o n t r i b u t i o n  R a t e s  C o m p u t e d  o n  a M o v i n g  T e r m  B a s i s .  

some y e a r s ,  we have been concerned about the impl ica t ion  of d i s c h a r g i n g  

p r e s e n t  va lue  ob l iga t ions  by a level pe rcen t  con t r ibu t ion  r a t e  levied a g a i n s t  

i n c r e a s i n g  payro l l s .  One immedia t e  ques t ion  is w he t he r  the  level  p e r c e n t  

r a t e  is  levied fo r  a f i x e d  t e r m  of m years ,  or fo r  a moving t e r m  of  m 

y e a r s  which  advances  one yea r  a t  the end of each year .  Another  is  w h e t h e r  

i n t e r e s t  is  c o n s i d e r e d  in t e r m s  of the c u r r e n t  y e a r ' s  do l l a r s ,  or  in t e r m s  of  

a b s t r a c t  "real  do l l a r s "  which ad ju s t  to i n f l a t i on  in s o m e  way. We a r e  

indeb ted  to  Alan Sonnanst ine ,  A.S.A., fo r  s ha r i ng  i l l u s t r a t i o n s  w i t h  us  of 

the  moving t e r m  case.  These have a s s i s t e d  in c l a r i f y i n g  our  t h i n k i n g  on the  

problem,  and wi l l  cont inue  to  do so. 

The i s sues  a r e  qu i te  ma thema t i ca l ,  and wi l l  be pursued  in more  dep th  in 

the  Appendix.  Here we wi l l  say  t h a t  if  m is much beyond 15, a level  

p e r c e n t  c o n t r i b u t i o n  r a t e  on i nc r ea s ing  p a y r o l l s  may produce  l ess  than  

r e q u i r e d  i n t e r e s t  (in c u r r e n t  y e a r ' s  dol lars ) .  If a moving t e r m  is used,  

the  ob l i ga t i on  (in c u r r e n t  y e a r ' s  do l la rs )  may inc rease  inde f in i t e ly .  On 

the  o t h e r  hand, i f  the  p rocess  y ie lds  a t  l e a s t  i n t e r e s t  in c o n s t a n t  d o l l a r s  

on the  ob l iga t ion ,  t h e r e  may be some dec rease  in the  ob l iga t ion  in t e r m s  of 

such do l l a r s .  

A d i s a d v a n t a g e  of  us ing  a f ixed  t e rm is t h a t  a t  j unc t ion  po in t s  of  

succes s ive  t e r m s  t h e r e  may be a cons ide rab le  d i f f e r e n c e  in the  c o n t r i b u t i o n  

r a t e s .  An advan t age  is t h a t  i t  may be more eas i ly  unders tood.  A 

d i s a d v a n t a g e  of moving t e r m s  fo r  OASDI is t h a t  i t  p roduces  a y e a r - b y - y e a r  

s e r i e s  of va ry ing  r a t e s  to  which the  benef i t  sys t em must  a c c o m m o d a t e .  

For 
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Table 3.5.1 

Moving Term Contribution Rates 
To Provide 1-Year Roll Forward Financing of OASDI 

For a 16-Year Term 
Based on Alternative II Projections for the 1994 Report of the OASDI Trustees 

(In Billions) 

Calendar Year (k) l l (k ,  k+15) W ( k ,  k+lS) lr (k ,  k+lS) 
2010 13,696 95,986 14.27 
2011 14,680 101,014 14.53 
2012 15,725 106,272 14.80 
2013 16,831 111,782 15.06 
2014 17,999 117,563 15.31 
2015 19,229 123,628 15.55 
2016 20,522 130,002 15.79 
2017 21,877 136,699 16.00 
2018 23,294 143,746 16.20 
2019 24,772 151,162 16.39 
2020 26,311 158,963 16.55 
2021 27,913 167,180 16.70 
2022 29,578 175,837 16.82 
2023 31,308 184,959 16.93 
2024 33,105 194,576 17.01 
2025 34,969 204,698 17.08 
2026 36,906 215,356 17.14 
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This  l a t t e r  point  can be t e s t e d  for  OASDI f inanc ing  by compu ta t i on  of  the 

moving t e rm,  m - y e a r  level percen tages .  An example  is d i sp layed  in TABLE 

3.S.1. 

There,  va lues  of  ll(k, k + 15), W(k, k + 15) and i t (k ,  k + 15) a r e  

shown fo r  moving 16-year  t e rms ,  beginning wi th  the yea r  2010. Thus, fo r  

example ,  f o r  the  16-year  t e r m  (2015, 2030), the con t r ibu t ion  r a t e  is 15.55%; 

fo r  the  t e r m  (2016, 2031), i t  is  15.79% ; and fo r  the  t e r m  (2017, 2032), i t  

i s  16.00% . 

The case  i l l u s t r a t e d  in TABLE 3.5.1 is a r e l a t i v e l y  f a v o r a b l e  one, w i t h  

m = 16 , so t h a t  i n t e r e s t  (in c u r r e n t  year  do l l a r s )  is paid on the  

ob l iga t ion ,  l l(k,  k + 15) . The process  does no_~t provide level  p e r c e n t  

c o n t r i b u t i o n  r a t e s  f r o m  year  to year.  
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IV. FURTHER STUDIES TO BE MADE 

The financing of Social Security and public employee retirement systems 

is an inexhaust ible  subject  that  should have much f u r t h e r  study. We hope 

tha t  the University of Michigan faculty and ac tuar ia l  s tudents  will undertake 

such studies on a long- te rm basis. Six pro jec t s  come immediately to mind: 

L A theoret ical  model, tha t  we and o the rs  have been using as  a guide 

considers  a single p resen t  value liability to be discharged by level percent  

cont r ibu t ions  of increasing payrolls over an extended term. The model 

incorpora tes  a cons tant  ra te  of in teres t  and a cons tan t  r a t e  of g rowth  of 

payrolls .  Somewhat predictably, if the level percent  cont r ibut ions  a re  

determined fo r  m-years  at the beginning of each year ,  on the basis  of the 

outs tanding original liability, the contr ibut ion r a t e s  will tend to decrease ,  

even when m is large. The model is inadequate as it does not allow fo r  the 

g rowth  of the liability but considers only the initial single liability. 

A r a t e  of g rowth  of the liabilit ies s t r eam should be included in the  model, 

in addition to the assumed constant  r a t e s  of  in te res t  and of payroll  g rowth .  

Thereby, the theoret ical  model becomes more complicated and will permi t  much 

explora t ion,  including tha t  of conditions leading to s tabi l iza t ion of  the  

whole system. Fortunately,  0ASDI pro jec t s  s t r e a m s  of  outgo and of  taxable  

payrol l  which can be studied readily alongside such a theore t ica l  model fo r  

OASDI. 

2. In 1994, our studies concentrated on the in termedia te  Alternat ive II 

se t  of assumptions.  There may be reason to pursue  such s tudies  on the 

opt imis t ic  Alternative I assumptions,  and on the pess imis t ic  Alternat ive Ill 

assumpt ions .  At some time in the fu ture ,  the possible variance f rom 

Alternat ive II assumpt ions  may be examined by more sophis t ica ted means.  
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3. The t ime is r ipening for  widespread application of n - ye a r  ro l l -  

f o r w a r d  rese rve  f inancing of large public benefi t  sys tems  in well-developed 

economies. In par t icu la r ,  such financing may find a role in heal th insurance 

p rograms .  We believe it may also have a role fo r  pension benefi ts .  However, 

t he re  are  deeply entrenched concepts of classical pension funding which will 

take a t  leas t  a genera t ion- leng th  of education, r esearch  and sell ing e f f o r t s  

to overcome. There  is much simplicity, flexibility, and power  in the concept 

of n -yea r  r o l l - f o r w a r d  financing, and tha t  concept may eventually prevail  fo r  

large public systems, 

4. The role to be played by n-year roll-forward reserve financing in 

developing and immature economies, can be another fertile field for actuarial 

study. 

5. The adaptation of n-year roll-forward reserve financing to assist the 

stabilization of disability insurance systems is a challenge for actuaries 

interested in such an application of the concept. 

6. Finally, we hope that the University of Michigan faculty and 

students, and others, will consider thoroughly the key role played by the 

"summarized cost rate" in Reports of the Board of Trustees of OASDI. 

What are suitable limits for the concept, and what can n-year roll-forward 

reserve financing ideas do to assist in defining such limits? 

A future study, not yet called for, would indicate what could happen to 

pension funding and Social Security during and after a hyper-inflation. A 

1977 paper by J. R. Trowbridge [16] on Assessmentism, (a funding method then 

used in France), should be consulted for insights on these matters. 

Some background for these projects is given in the Appendix. 
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APPENDIX 

In t h i s  A p p e n d i x ,  w h i c h  is  a d d r e s s e d  t o  a c t u a r i e s ,  w e  s h a l l  u s e  t h e  t e r m  

" a m o r t i z a t i o n " .  T h e  u s u a l  a c t u a r i a l  s e n s e  o f  t h e  t e r m  is  t h a t  a s e r i e s  o f  

p a y m e n t s  a r e  i n v o l v e d ,  w h i c h  in s o m e  s e n s e  a r e  l eve l ,  a n d  s u c h  t h a t  e a c h  

p a y m e n t  is  u s e d  i n i t i a l l y  t o  p r o v i d e  i n t e r e s t  o n  t h e  o u t s t a n d i n g  p r i n c i p a l ,  

w i t h  t h e  b a l a n c e  o f  t h e  p a y m e n t  p r o v i d i n g  f o r  s o m e  r e p a y m e n t  o f  p r i n c i p a l .  

I f  t h e  p a y m e n t  d o e s  n o t  s u f f i c e  t o  p a y  a l l  r e q u i r e d  i n t e r e s t ,  i t  i s  a s s u m e d  

t h a t  t h e  b a l a n c e  c a n  be  b o r r o w e d  a t  t h e  v a l u a t i o n  r a t e ,  a n d  t h e  o u t s t a n d i n g  

p r i n c i p a l  i s  i n c r e a s e d  b y  t h e  a m o u n t  b o r r o w e d ,  

A . l  A m o r t i z a t i o n  O v e r  a F i x e d  T e r m .  We c o n s i d e r  t h a t  t h e r e  is  a p r e s e n t  

v a l u e ,  A , a t  t i m e  I / l / k ,  t o  b e  d i s c h a r g e d  by  a l eve l  p e r c e n t  o f  p a y r o l l s  
k 

Wk, Wk÷ l . . . .  Wk÷m_ 1 o v e r  t h e  f i x e d  t e r m  o f  c a l e n d a r  y e a r s  

k, k + 1, . . . ,  k + m - 1 . T h e  r e q u i r e d  p a y m e n t s  a r e  a s s u m e d  t o  b e  m a d e  a t  

t h e  m i d d l e  o f  t h e  y e a r  ( b o t h  f o r  i n c o m e  a n d  f o r  o u t g o ) .  I t  i s  f u r t h e r  

a s s u m e d  t h a t  i n t e r e s t  is  c o n s t a n t  a t  f o r c e  ~ , a n d  p a y r o l l s  a r e  g r o w i n g  a t  

r a t e  T , so  t h a t  W = W e TI . O u r  i n i t i a l  e q u a t i o n  i s  
~÷.I k 

A k=nr (k ,  k + m - 11 e-~/zWkgm--~ ~-'C' (AI) 

w h e r e  r ( k ,  k + m - 1) d e n o t e s  t h e  level  p e r c e n t  r a t e ,  a n d  t h e  p a y m e n t  in  

c a l e n d a r  y e a r  k + j i s  

n r ( k ,  k + m - 1) Wk+ J, 

a n d  h a s  v a l u e  a t  t i m e  i / l / k  e q u a l  t o  

_ e -~/2 e-lS- ' t ' lJ  
n r (k ,  k + m 1) W k 

By s u m m i n g  t h i s  r e l a t i o n  o v e r  t h e  y e a r s  k + j ,  j = O, 1, 2 . . . . .  m - 1 ; o n e  

o b t a i n s  t h e  a m o r t i z a t i o n  e q u a t i o n  (A1). 

T h e  a m o r t i z a t i o n  p a y m e n t  a t  t h e  m i d d l e  o f  y e a r  k 

A e  
k 

nr{k,  k + m - 1) W k a~----] ~ - ' c  

( w h e n  j = O) i s  t h e n  

(A2) 
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or  e q u i v a l e n t l y  

A e  
k ( A 3 )  

a~ 1 ~ - T  

a t  t h e  end  of  y e a r  k . 

F r o m  now  on, w e  s ha l l  a s s u m e  t h a t  a n n u i t y - v a l u e s  a r e  c a l c u l a t e d  a t  f o r c e  

of  i n t e r e s t  5 - T , and  sha l l  o m i t  6 - T f r o m  t h e  a n n u i t y - s y m b o l .  

T he  o u t s t a n d i n g  p r i n c i p a l ,  A , a t  t i m e  I / I / ( k  + i) is g i v e n  
k~1 

r e t r o s p e c t i v e l y  by 

Ak, I = A k e ~ - nr (k ,  k + m - 1) W k e ~ /z  

= nr (k ,  k + m - I) e - 6 / z  W k ~m- 7 e~ n r (k '  k + m - i) Wk e$ /2  

= nr(k,  k + m -I} e 6zz W k [~[m--] -11. (A4) 

T h e n  f r o m  (AI) a nd  (A4) 
A 

k + l -  e6 [I - -~m~]. (AS} 
A k 

T h i s  is  a key  f o r m u l a  f o r  f i x e d  t e r m  a m o r t i z a t i o n .  I t  m a y  be  s h o w n  t h a t  

e I - ~ 1 (A6) 

a c c o r d i n g  a s  

d = (I - e -6) 
_< I 
> 

T h i s  r e l a t i o n  (A7) r e q u i r e s  t h a t  t h e  a m o r t i z a t i o n  f a c t o r  I/tim-- ~ ( w h i c h  is 

c a l c u l a t e d  a t  f o r c e  6 - T) a t  l e a s t  e q u a l s  t he  i n t e r e s t - i n - a d v a n c e  r a t e  

- 6  
d = i - e i f  A is  t o  be l ess  t h a n  A T h i s  m a y  l im i t  t h e  s i z e  of  

k+l  k 

I 
m . U n d e r  c u r r e n t  a s s u m p t i o n s ,  m m u s t  be less  t h a n  20  i f  .. is  t o  

e q u a l  o r  e x c e e d  d . Keep  in m i n d  t h a t  am---] is b a s e d  on t h e  f o r c e  8 - "r , 

n o t  6 . 

(A7) 
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The foregoing is in the context  of a theoret ical  model with cons tan t  

fo rce  of in te res t ,  ¢~ ; and payrolls,  W = W e Tj, increasing at  cons tan t  
k*J ]c 

ra te ,  T. When applied to 0ASDI, we seek to provide the required annual  

incomes, nlk , f o r  a term of m -yea r s  by means of a level percent  applied to 

the increasing payrolls,  Wk. j , j = 0, I, 2 . . . . .  m - I . The initial 

p resen t  value is then nl(k, k + m - I) to be amortized by the level percen t  

nr(k, k + m - I) = I00 [nI(k, k + m - l)/W(k, k + m - I)] , 

applied to the payrol ls  in the m-yea r  term. A question a r i ses  as  to how to 

define and compute the outs tanding principal  in th is  complex amor t iza t ion ,  

and what  value would be obtained f rom such a computation. The 

analys is  i l lus t ra ted  in Section 3.4 and TABLE 3.4.1 is informative,  but does 

not direct ly involve the outs tanding principal of the amort izat ion.  At any 

ra te ,  we do not need, and do not express  formulas  fo r  the outs tanding  

principal  in our  f ixed m-year  t e rm  amort izat ion,  fo r  calendar years  k + j 

wi th  j > I . 

A.2 A m o r t i z a t i o n  Over Moving Terms .  A moving t e rm amor t iza t ion  would 

involve a recomputat ion of the requirement  at  time i / I / ( k  + I). Such 

requ i rement  will be denoted by A The next s tep  would be sp read ing  of  
k ÷ l  

Ak÷I by a level percent  of the payrol ls  Wk÷ l Wk. 2 Wk÷m l 

We here  meet  a l imitation of our general theoret ical  model - -  i t  

provides li t t le informat ion on how A re la tes  to A where  the  l a t t e r  is 
k+l  k÷l  

the  outs tanding principal at I / i / ( k  + I) under the original amor t i za t ion  of  

A 
k 

As a f i r s t  a t t empt  to es t imate  the new amort izat ion ra te  required,  we 

subs t i t u t e  Ak+ I fo r  the unknown Ak÷l ' and study 

Ak+ 1 nr{k Wk+ 1 + 1, k + m) e -6/2 ~---t (AS) 
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C o m p a r i n g  (AS) w i t h  (AI). we  have  
A r ( k  + I ,  k + m) W 

k + l  n k + l  

A k nr(k, k + m - 1) W k 

a n d  f r o m  t h i s  and  (AS) o b t a i n  
r ( k  + i ,  k + m)  A W 

n k + l  k 

r ( k ,  k ÷ m - I )  A W 
n k k + l  

But  e l -  . - - : - r - - - -  a~ 

_ _  / 

a~ 

-- m - l [  

a~ 

I I 
= e f l  - . .  ) - -  

a~--- 7 e T 

(A9) 

(At0)  

w h e n  we r e m e m b e r  a l l  a n n u i t y - v a l u e s  a r e  b a s e d  on f o r c e  3-T.  

Thus ,  f o r  t h e  a m o r t i z a t i o n ,  w i t h  Ak+ 1 in  p l a c e  of  ]~k+t' we  h a v e  

r ( k  + I k + m) 
n ' ~ m - 1  I 

n r ( k ,  k + m - I )  am---~ 
(Ai2) 

so  t h a t  n r (k  + I, k + m) < nr(k,  k + m - I) f o r  f i n i t e  v a l u e s  o f  m. 

W h a t  h a p p e n s  in m o v i n g  a m o r t i z a t i o n  o p e r a t i o n s  b a s e d  on c u r r e n t  y e a r  

d o l l a r s ?  Here ,  we  d e f i n e  t he  o u t s t a n d i n g  p r i n c i p a l ,  Ak. j, a t  t h e  b e g i n n i n g  
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of c a l e n d a r  y e a r  k+j, by the recurs ion  r e l a t i on  
8 

A e 
6 k*J  

A = A  e 
k+J*l k+J ~m---~ 

= Ak.je6{1-T~---~/- (A12) 

In (AI2), we a r e  th ink ing  of the  equ iva len t  a m o r t i z a t i o n  paymen t  - -  

a t  t he  end of  yea r  k÷j [see (A3)]. However, we have s t a t e d  t h a t  

e ~ i - l ~ i accord ing  as  d = I - e ~ . Hence, f r o m  (AI2) 

6 
A e k÷J 

A > A if  the  i n t e r e s t  r a t e  in advance,  d, exceeds  the  a m o r t i z a t i o n  k+J+l k+J 

i 
f a c t o r  .. . Under t h i s  assumpt ion ,  the ou t s t and ing  p r inc ipa l s ,  

a N 
Ak÷ 1, j -- 0,1,2,3 .... fo rm an inc reas ing  se r i e s  in c u r r e n t  do l l a r s .  

Our s t r a t e g y  here  is to  def ine  f i r s t  the o u t s t a n d i n g  p r inc ipa l  (in 

c u r r e n t  yea r  dollaws) f o r  t h i s  moving t e r m  a m o r t i z a t i o n  by means  of  t he  

r e c u r r e n c e  r e l a t i o n  (A12). This  provides  a f a m i l i a r  foundat ion ,  fo r  

p roceed ing  to  c o n s t a n t  do l l a r s .  

What happens  in ope ra t ions  based on cons t an t  d o l l a r s ?  Here, the  r a t e  of  

i n t e r e s t - i n - a d v a n c e ,  equ iva l en t  to  the  fo rce  6-•, is  l - e  -(~-T), and Ak,j, 

m e a s u r e d  in c o n s t a n t  do l l a r s ,  becomes A / e  Tj. We now have f r o m  (AI2) 
k*J 

Ak÷j+ l /e T(J+I) -- (Ak+j/e TJ) e ¢~-T (l - ..i )am_~ (A13) 

hrn.. - z [ , by (AI0). = (Ak.l/eTl) am-- ~ 

The equation (At3) indicates that the outstanding principal at 

1/1/(k+j+1), in constant dollars, equals the outstanding principal at 
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Thus ,  he re  the  A / e  Tj f o rm  a dec reas ing  ser ies .  An i n t e r e s t i n g  r e s u l t  is 
k÷j 

ob ta ined  by mul t ip ly ing  t h rough  (A13) by [1 - e-(~-T)l, i f  ~;,T. This  y ie lds  

[l e-l¢~-T)l(A / e  1~(j+l) ) (Ak+ l / e~ ' l  ) - - .. [I - e -(¢~-'t)(m=l)] 
k+)*l am---= ~ 

(A / e  ~J) 
( k... ,I (A14) 

a N 
This  shows  t h a t  i n t e r e s t - i n - a d v a n c e  on the  ou t s t and ing  p r inc ipa l  (in c o n s t a n t  

do l la r s )  a t  t he  beg inn ing  of year  k+j+l (end of year  k+j) is l e s s  t h a n  t he  

a m o r t i z a t i o n  paymen t  in year  k÷j. Thus ,  some r e p a y m e n t  o f  o u t s t a n d i n g  

p r inc ipa l  in t e r m s  of  c o n s t a n t  dol lars  ac tua l ly  occurs ,  even fo r  l a rge  va lues  

of  t he  a m o r t i z a t i o n  t e r m  of m years .  In c u r r e n t  yea r  do l la r s ,  however ,  if 

m>20 the  o u t s t a n d i n g  pr inc ipa l  may inc rease  indef in i te ly ,  which  is a 

ques t i onab le  s i t ua t i on .  

The fo r ego i ng  is  on the  a s sumpt ion  t h a t  ~>T. If ~<T, t h e n  

~m--~=[l-e-(~-'~)ml/ll-e-l~-'t)l=[ell:-~)m-ll/ie'C-¢3-1l='sm-~.r_8 (AIS) 

so t ha t ,  by (A13), Ako/eTJ, j=0, I ,2 ,3 . . ,  is a dec reas ing  se r i e s .  We have  

not  pu r sued  t h i s  m a t t e r  f u r t h e r  because  of the  l imi ted  n a t u r e  of  t h i s  spec ia l  

a m o r t i z a t i o n  p roces s .  

This  r e l a t e s  to  a problem wi th  moving a m o r t i z a t i o n s  of  the  type  

descr ibed .  The fo rego ing  re l a t ions  have cons idered  moving a m o r t i z a t i o n  of  a 

s.in~le p r e s e n t  value,  eva lua ted  a t  the  beginning of  t he  in i t ia l  c a l e n d a r  

year .  All s u b s e q u e n t  p r e s e n t  values  depend on th i s  in i t ia l  one, and as  one 

keeps  sp r ead ing  t h i s  obl igat ion by the  moving amor t i za t i on ,  t he  o u t s t a n d i n g  

pr inc ipa l  in c o n s t a n t  dol la rs  will decrease .  This  p roces s  does not  cons ide r  

the  chang ing  s t r e a m  of  obl iga t ions  t ha t  emerge  in a dynamic  s y s t e m  over  a 
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t e rm  of years .  To tes t  what  may happen, we r e tu rn  to OASDI financing.  

A.3 Moving T e r m  A m o r t i z a t i o n  Applied to OASDI F inanc ing .  The mechanics of 

applying moving t e rm amort iza t ion  to OASDI has been presented in Section 3.5, 

and an i l lus t ra t ion the reof  is given in TABLE 3.5.1. We shall not r epea t  the 

mater ia l  of  Section 3.5, but will add some comments on TABLE 3.5.1. 

It is to be noted that  the moving amort iza t ion  r a t e s  increase f rom 

yea r - t o -yea r ,  f rom 14.27 percent  of taxable  payroll  in 2010 to 17.16 percent  

in year 2026. These are  substant ia l ly  in excess of the 12.40 percent  now 

allotted to OASDI financing,  and adjus tments  would be required.  The percen t s  

fo rm an increasing ser ies ,  unlike what  we have seen in (All}. This conf i rms  

the need fo r  a more dynamic model than what  we have been using fo r  s tudying 

OASDI f inancing (see Par t  IV, project  1.) 
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