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A b s t r a c t  

We present a method which first converges a two dimensional data 
to a univariate one and then uses the interval censoring technique to 
estimate the probability of failure of a Joint-life status from a heavily 
censored data. Our study shows that the life annuities of joint-life 
status calculated assuming independence overestimates the ones eval- 
uated from an actual sample of population. 
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1. I n t r o d u c t i o n  

T h e  t rad i t iona l  t.(~xt.books assume tha t  the indivi<tual lifi'tiine variabh~s of 
,]oint-life s t a tus  such as a marr ied  couple or twins are independent ,  for sim- 
plicity of calculat ion.  However, one may  ask if this a s sumpt ion  is valid or 
not.  Recent  s tudy  on twins has shown the s t rong correlat ion hetween twins, 
see Philip,  Bent and Niels [6]. In (lUl study, we also found some s ta t is t ical  
evidence for the del~end(mc('s in the liti,t.itne of marr ied  couph,s (see [7] ). 

In the (:as(, of <tepen<ten<:ies, research has shown tha t  the expe(:ted val- 
ues of annui ty  c a n  <tifl'er by large alUOllnts from values calcula ted assuming  
indel~end('nce in ,]oint.-lifl, s ta tus  [4]. Therefore  mo(Min~, the joint  surviwfl 
d i s t r ibu t ion  fur the cah 'u la t ion of ammi t ies  without  aSSulnillg indep(mdenc( '  
becomes  an impor t an t  issue. In general, it. is very ditiicult t() 1)rovide a 
su i tab le  subs t i tu te  model  wi thout  indel)endence assmnt)t ion.  "F() the t)('s( 
our  knowledge,  there  is no such a joint survival mod(q tha t  tit. to the real 
po lmla t ion  experien(:e well atld an wi(Mv accept(,([ as the on(' under  th(' in- 
dependence  assumt)t ion.  

In this pape r  we s tudy  the impac t  of the indepeiM(mce a s sumpt ion  on the 
Joint- l i fe  or Jo in t -and  las t -survivor  annui ty  values, present a tlOn-lJaralnelri(: 
es t ima t ion  for joint  survival  H)od(.l and provide a meth()d t(> test  how well a 
jo int  survival  lno(h:l would tit to the the available da t a  sample.  

2. M e t h o d o l o g y  

Mathemat ica l ly ,  f()r Joint-life s ta tus ,  we are int.erested in r s l ima t  ing Prob(~F;) t > 
~Q2 

t, T~" > t) from an actual  sample  <,1' l)()lmlation where j,;}t and l:,j s tand  for 
the future  l i l t ' t ime variables,  of a couple aged at  x ;rod y for man  and Wl)llllql 
restmctively and t ix an arbit.ralV posit.iw' ilu/nf)er. 

The  cLtssical approach  to s tudy 1)rob(T~ ~ > f, "~'" > t) is examin ing  the 
b ivar ia te  dist.tibutiot) of the pair  of variables 77ff f an(l ii,~". It is the l>roper way 
if all t lm observat ions  ()f the lifetim(" of people in the sample  were comI~lete 
and the sample  size, i.e, ll.Ull|l)er of' observat ions,  is ilof too Slll:-tl]. How(,ver, 
since the average  l ifetime of a human  being in more  than  70, st)me of the 
obs( ' rvat ions might  be t e rmina ted  b(,f(>re the death (>(:('ured. In this (:w;('. th(' 
life. t ime  of some l)('ople in the sample  is not exact ly  known ttt. the t ime the 
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da ta  is tak(,n. Th('r(~f()r(,, t(> r(~fle(:t t h(, interesting su rv iva l  pat tern,  w~ hav(, 
to deal with inc(mtt)l(~t[, (lata, ()r (:(,ns(n(~d data.  

Th(, dat;t w(~ us(, il~ this s tudy is an in(:Olnl)h~te sampl(, of da ta  s(,t. How- 
(w(~r, our m(,tho(l (:(mid I)(, al)pli(,d to both (:omt)h~t(~ and in(:Oml)h~t(, (or 
(:(msored) da ta  t() (,stilnat(, tlw joint smvival  dis tr ibut ion and to (:he(:k if a 
giv('n m()d(~l tits a d;lta Saml)h, fr()m act.ual polmlation.  

()m' da ta  s(,t c()nsisrs of 4.211 1)(,Ol)1(~ whos(~ (retry ag(,s w(,r(, l)ctw(~(m 30 t() 
()5 ~-Ill([ w h o  W(+I'( + (>l)s(+rv(,([ for a ll l ;IXill l l l l l l  o f  30  y(,ar,'-+. SO IlOt (~v(+ry [)(!lS()ll ill 

th(+ +~tu+ly was follow(+d Ul) to (l[,ath. hi fact, amon~ the' 1,1+16 marri(+(t cout)](,,~ 
t lwr(+ w(+r( + (rely 134 I);lil.~ wlwre both 1)artn(,rs (li(~(t at tiw tim(, th(~ da ta  was 
tak(~n. \V[~ s(~(~ th(~ ('(~nsotiIl~ rat(, is h('avy. An()th(,r impor tan t  i,~sue ab()ut 

th(' da t a  is that  th(' l),,ot)l(' r(,cruit(~d into th(~ s tudy w(,r(~ r(~quir('(] to pass 
~:vrtaiu h,~alth vxaumx~ttio~is, a tyt)it:aI situat.i()n fl)r ~'()llt,(:tmg hospital  (t~tta. 
This sugg(~sts t.h(, (~ld,~r th(~ t)(~ot)l(, r(~(:ruit(~(l into th(. study, t lw h(,althi(~r 
they might  1)('. St) it is ;t que,~ti()n whetl~,~r to assmne that  the samI)l(* is f lom 
th(, sam(~ distril)ution. Esl)('(:ially , ()n(' has to avoid grouping COul)le,~ with 
diff(~r(,ut (retry ap,¢'s m~(l(~r t h(, asSmUl)tion tha t  ~dL the coupl(,s iu the group 
c()m(, from th(~ ,~am(~ bivariat(, (listril)ution. 

\V(~ now group COUl)l('s by fixing :r and y, th(, (,ntry age of man and women 
r('sf)('(:tiv('ly ~m(l a.~smn~ th(~y w(,r(, ;ill from the sam(! bivariat(~ (listril)utiou ()f 
th(, bivariaI(, variabl(' (Y;} t • ~' , ~j ). \V(~ consid(n' the following4 two tyt)ical air(! 
~l'OIlt)H. 

TIw first ~,t(m t) consi,~t o f  all th(' (:(ml,l,~s with ('ntry ag(!s 42 m~d 40 fin. 
man m~d women r,'st)(',:tiv(~ly. It has 12 cout)l(,s in the groul). (see apl),,mlix 
1). Notic(~ that  th(~ valu(~ "1" in (:olmnn 3 or in (:ohmm 5 in(li(:at(,s th(~ 
ot)s[!rval.ion was ('X;l(!t, whil(' a ~()" m(,ans incoml)lt'tc. So, only on(' (C()upl(~ 
No. 4) out ()f 12 (:()ul)l('s wh(),~(, lif(~lin~es ar(~ b()th (,xa(:tly known sinc(~ both  
1)('ot)l(~ ~)f (~oul>lv N(>.4 haw~ d(,at.h ID "1", whil(~ (h(~ rvst of the lin(~s has at 
l(~ast (m(~ '~()".) 

Th(, s(,(:on(1 group in(:lu(t(,s (:()upl(,s with entry ages 46 and 44 for man and 
wom(~n r(,sl)C('tiv(~ly. (s[~(, ;q)l)(!ndix 2) Not~i(:e tha t  no C(ml)l(,'s informat ion on 
th(~ t~w() individuals liti,tim(,s is (:omt)l(~t(,. ( At lt~ast ~)n(' "()" in ('a(:h of  the 
,~(~v(,n lin(~s.) 

In 1)oth groups, sin(:,~ littl(~ (~xact information at(' availabl(~, it is iml)ossil)l(~ 
t() (l,'riv(~ a r(,as(mabh, *'stimatioi~ f()r th(' bivariat(, dis tr ibut ion of . . . .  (T M T,¢),~ ~" 
i . ( , .  P r o b ( T i  at > t, I:,~ > /). 
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N()tive that  

> t . ' r " > , ,  = ,,,.ol,(,,,i,,('r;!'. > 

\V(' now ('(resider the d is t r ibut ion ()f a ()nt' di luensioval  var iable  Z , ,  = 
,,i,(T;)', 7;~") ins tead of t h,, bivariat(, one. 

For th(, tirst grouI) 1, tim following thre(, s i tuat ions  arise: 
i) bo th  ()f the individual  lifetiln(,s of the cou])l(, art, exact ly  known. Then  

Z,.s,, t.h(, m i n i m u m ,  is ( 'xactly known. For exampl(,,  Couple  No. 4. 
ii)b()th ()f the ]if(, tim(, ()f the c()up]r, art, both  c('nsor('d. Then  all we know 

is tha t  tlt(, j()int o[' th(, ('Oul>h' was not failed yet. at  the m i n i m u m  ()f the two 
v('nsored observa t ions  of th(' v(ml)le since a .joint-life s ta tus  is alive it both  are 
alive.) So lit(, value for Z,:, is a s imply c(,ns()r(,d (tara. I;k)r (,xanq)le, c()upl(,s 
No. l ,  3, 6 ,1( )and 12. 

iii) if the ()I)servt,d l ifetime ~)l' one l>(!rson is exact  and less than  th(' one 
()f the Sl)()use which is ((rest)red, then w(, also know the exact, failur(' tim(, of 
the .ioiz~t s ta tus .  For example ,  couples No. 2, 5, 7, 8, .9 and 11. 

For the ( 'oncern of da t a  for Z,:,,, the s i tuat ions  i) att(t iii) are considered as 

dea th  class sini'e the exact  {ifilure lime for Z~ v is known in both cases while 
lh(' valu('s given 1) 3, siluat.itm ii) is (:onsider(,d as Siml)h, c('ns()ring class. 

( )ur  approach  redu('(' t.h(' (legree of incomp]et(!n('ss dramat ica l ly .  ()n(, can 
set' l]lat. 7 ()lit of 12 values for a on( ' -dimensional  variable Z:,.~ are exac t ly  
known ('()ml)armg to tha t  I out of 12 for a two-dimensional  case. th(, rate  
()f (,xactlv. known da t a  in(:rt'ases froln the tw() di]n(msi()nal (T;:" ~!, Tq/") t.()lit(, 
(>n(, d imens ional  Z,~j in all of the 13 age groups.  In f'a(:(., in (>n(, of the groups,  
l.}le rat(! is ill~:reas(,d frt)ln 0 (.tilt t)f 8 t,t) 7 ()lit ()f 8.) 

Now tha t  the da t a  set. for Z ,  v from Group  I consists of two mu tua l ly  
( 'xdus ive  subsets ,  the death  class and the siinph~ loss class, we can app ly  
th(, well known l'~aplan Meier p roduc t  limit (!stimat.ion l.o cah:ulate the Non- 
1)aram(,tri( • M a x i m u m  likelihood es t imat ion  (MLE) ([2]) of the joint survival  
d is t r ibut i (m,  i.('.. 

I ' , , / , ( , , , , , , ( L .  > 

()I '  

Pr'ob(Z~,j > t) 
Now consider the s('(:ond age group (see Append ix  2). \ \ 'e  see t ha t  the 

first till'(,(' ()l)s(,rvati(ms give values to Z,,j t.hat beh)ng to dea th  (:lass while the 
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5th and 6th produce values for Z,~ which are in the simple censoring class. 
However, the 4th and 7th observation I)el()ng neither of the two (qasses. In 
fact, the si tuation is : 

iv) the ot)serve(1 lih~time of t.he man is exact but great than the one 
of his Sl)OUSe which had not been observed until the death o(:cured. In this 
case, the .j()int.-lif(~ status was llOt Ollly kllOWIl to })e alive at the lllOtll(!Ilt t}w 
wife was censored but also known t()I)e failed t)efl)re th(, mom(,nt the man 
was dead. 

In this case, whi(:h the value of Z,:~j is known to 1)e falling into an interval 
with finite ends, we call the incoml)lete data  to t)e a i n t e r v a l - c e n s o r i n g  
d a t a  which has been encountered in me(li(:al or c(n'rectional follow-ul) or 
industrial life-testing when there is l)erio(lic inspe(:tion, th'nc(' da ta  set for 
Z~., from Group 2 can I)e divide(l into three mutually exchlsive class('s, i.e., 
in addition to th(' regular death class and simple censored (:lass, the interval 
(:ensore(l data.  Noti(:e that  we receive more information from the interval 
(:ens()red (tata thin, the siml)h, (:ensoring data. 

However, the Kaplan Meier method can not be applied for the MLE of 
the Joint sm'vival distribution from the interval-censoring data. Peto, I/ 
([1]) l)roves the existence and the mfi(tueness of the MLE for the interval 
censored data  samph~ and t~rovides a (:oml)uter algorithm to calculate the 
MLE directly. The (:riti(:ism of the algorithm is that  it is too cmnl)(,rs()me 
and hence seldom be used. Bruce W. Turnbull [51 l)rovides a less (:llnll)(,r- 
some algorithm to calculate the so (:alled self(:onsistent estima.tor which was 
(:laimed to be equivalent to the maximum likelihood estimator.  Desl)ite the 
fact that  the method is often t)e referred, tile proof of the e(luiwdence is only 
given for the case when the algorithm is (:OllV(?rg('llt. But the (:()llv(q?g(~llc(, of 
the algorithm is I~roved only if the initial point is 1)i(:k(~(t close enough to th(, 
NILE. In fact, we have an counterexample where the equivalen(:(, I)(qween the 
consistent est imator(s)  and the Maxinmm likeliho~)d est imator  is not true. 
In our (:ount.erexampl(,, there a.re two self (:onsist(,nt estimat()rs, one is the 
max imum likelihood estimator,  and the other is a saddle l)oint. We can show 
that  tile Turnbull 's  algorithm will always (x)nverge to the nlaxinmm likeli- 
hood if we l)ick any initial staring point other than the saddle point. S() the 
self-consistent est imator is not always equivalent to the m a x m m m  likelihood 
estimator.  In this particular example, the algorithm still emd)le us to find 
the right MLE as long as one could avoid to l)i(:k Ul) the saddle point as the 
initial point. However, the algorithm would not guarantee a MLE f()r any 
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iltt('rva] C('llSOr('(l da ta  ilt gon(,ra]. 

()m' s tudy  us(, ;t (]iff(q'e))( ;t[)l)roach. \Ve d('vo]o I) ;m algorithm to ( 'a lculat ( ,  

es t imators  of  <'()n(litiolml l)r()bal)ility instead ()f the ('nq)irical (listribuli()n. 
which are ('alculat(,d in both of the (w() pal)('rs mtmli<mod. 

( )ur  a lgor i thm l)rovid(' an ('xplicit formula for ).h(' ( ' s t imalor as well as a 
met}u)(l to s tudy  th(' larte, e Saml)l( ,  | ) roperty of th(' MLE, for <'xa)nl)l<!, )h(' 
(:()nsist('n('y. h, the ('as(' ()I small Saml)I(, with si)nl)h' stru(:tm(',  th(, ('xact 
s(,lf-consist(,n( (,stimators ( ' ;Ill  I)(' COIII])llt(!(] (,asilv (,yen by hand, and (:(told 
l)e easy t() v(,rifv if it is the MLE. ()n (.h(, other hand, for laig(, Saml)l(' data ,  
w(' (h'v(,l()l>('d an uni(lU(' block d(,(:<)mp()sition tcchniqu(, for (:ah'ulatin~ the 
(,st.ilnator for th(, ('fli(:i('n('/ aIll(] ('('()nonlical I(~-L,'-R)II. 

3. Applications 

~'~'e m)w  us(' o u r  m( ' (h() ( i  1o ham] ] ( '  the i n t (uva ]  censor( 'd ( ]a ta  f i)r o lH s tudy .  

\Ve group  COul)l(,s l)y fixing .): and t/, the entry age of iilail ~llld V<()III(ql I'('SI)("C= 
tiv('ly and ~ISSIIIII() {hov ')V(!l'(~ all from the sam(! biwuiat(, d is t r ibut ion of  the 
l)ivariate variable (T,{ ~t ~1.' , 7,; ). Th(,r(, are ()nly 13 such aa(' groups wh<)se size 
is gr(,at.('r tllall or (!(ilia[ to S('V(HI ~IAI(I ~,Vh(~I'(! :I; }t l ld  l)' ~t['(:' bo ( -h  ~l'(!~It(!I" i l l}I l l  

or equal t() 40. \V(, (.h(,n al)I>]y the al~orithm and find th(" es t imator  f()r th(' 
survival curv(, f()r ('a(:h of (h(' 13 ag.(, groups as well as ;t general da ta  with 
IIHIIIV il lC()IIl])l(q(~ obs('rvat.i()ns. 

[35' al)I)13"ing th(' im(uva] censored t(,chniqu(, to th(, 13 age groups from 
this sample data ,  w(' r(,ach lhc c.n( ' lusion that ,  for l l  (out of I3) age gz(ml)S , 
the t radi t ional  m(qhod with th(' in{l(q)(md(mce assumpt ion  ov(q'(,Slilttat('s 1.h(' 
surviwtl t)rol)ability of .Joint-life status.  Furth(qmor(L {:()ml)aring to our (,sti- 
mate(t  (listril)lttion with a (:onstant int.('rest rat(' of  G(I(, fit tit(, ( ' ( )ml)u~ation,  
the n(,t single t)r(,mium A,. v of life insurance of a ,h)int-lif(, s ta tus  is und(,r- 
estiltlat(,d while the al |nuity part  (**v is ()v(.r(,,,-;t.illlat(,(l [)v aSSllllliltg t.h(' in(l(,- 
l)(,nd(,n('(, assunll)ti()n ill each ()[' tho I I  (out of 13) ag,(, glOlll)S. (}II Ill(' oth(q 
hand, it) each (>f the i I (out ()I' 13) ag(, groups, the net sing, lc l>r(mfium A:,~, of 
life insuran(:e of  a ,Joint-and -las(-sm'vivor s ta tus  is ov('restimat.('d whi](' the 
annui ty  par t  ¢;,:;; is und(q'estima(('(l l)y the in(h'l)(q~d('n((' asSUml)t ion. Thm('-  
for(', our s tudy  shows that  insuran(:(, (:(>inl)ani('s should ¢'harg(, m()r(' |)r('mhHn 
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for the joint-life insurance policy but less for the Joint-and -last-survivor life 
insurance policy. 

427 



References  

[1] Peto,R., "Experimental Survival Curves for Interval censored data," Ap- 
plied Statistics, 22, No. 1(1973),86-89. 

[2] Kaplan E.L. and Meier Paul, " Non-parametric estimation from in- 
complete observations", American Statistical Association, Vol. 53, pp. 
457 - 481, 1958. 

[3] Klien J.P., "Semi-paraInetric estimation of random effects using the Cox 
model based on the EM algorithm", Biometrical Journal, Vot. 34, 1992. 

[4] Carriere J. F. and Chen L.K. ,"the bounds of bivariate distributions 
that limit the last-survivor annuities," Transaction of the Society of 
Actuaries, Vol.a8, 1986. 

[5] Turnbull B.W., " the empirical distribution function with arbitrarily 
grouped, censored and truncated data," J. R. Statist. so(:., B, 38, 209- 
295, 1976. 

[6] Philip H., Bent H. and Niels V.H., "Measuring tile similarities between 
the lifetimes of adult Danish twins born between 1881-1930," Journal of 
Amer. Statis. Assoc., Vol. 87, No. 417, 17-24, 1992. 

[7] Wang, Y, "Dependencies in Joint-Life Status", present to the Joint 
Meeting of AMS and AMA, Cincinnati, January 1994. 

428 



Appendix 1 

Group 1. 

(Entry ages: man=x=42, woman=y=40) 

No. Man's 

1 32,021585 

2 26,542214 

3 33,96954 

4 15.25191 

5 26.416187 

6 31.722986 

7 21,0217t8 

8 16,040944 

9 23,709364 

10 31,838054 

11 15.331361 

12 1,964365 

Dth ID (M) 

0 

1 

0 

1 

1 

0 

1 

1 

1 

0 

1 

0 

Woman's 

35.021585 

34.999668 

35,002407 

29,451775 

30,391492 

33,6079 

31,881889 

31,881889 

31.766822 

31.838054 

31,950381 

1.964365 

DthID(W) 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

429 



Appendix 2 

Group 2. 

(Entry ages." man=x=46 , woman=y=44) 

No, M a n ' ~  D~hlD(M) Wom~n'~ 

1 18,660097 1 35246241 

DthlD(W) 

0 

2 32,470924 0 27.681929 

3 20,947746 ! 34,983229 

4 29.799746 1 26,783307 

5 24,621684 0 24,621684 

6 17.871063 0 33.808158 

7 29.194243 1 25.542223 
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