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Abstract

I this paper we consider a simple model for a defined benefit pension plan imder stochastic
rates ol veturn.

First we deseribe the general ramework and the model which will be used in our analysis.
Fuing this model we are interested in deriving expressions for the moments of the fund
size and of the contribution rate when the spread method of amortization is uscd,

Unider the model used, the fund size follows the recitrrence eqnation
FUS T =140+ DN+ O~ 13),

where /(14 1) is the effective rate of interest carned on the fund during the period £ up
to 4+ 1, (1) is the contribution rate at time ¢ and {3 is the constant benefit outgo.

Note that nnder the spread method of amortization, the contribution rate is
CU = NC 4+ (i (A~ PO,

where AL is the actuarial iability and 0 15 the amortization period.

We consider the case where rates of return in suceessive years are independent and iden-
tically distributed and investigate the relationship between the first two moments of the
contribution rate, the valuation rate of interest and the period of amortization used. This
leads to the introduction of the eflicient frontier which deseribes the minimum level of
variability which is attainable for a given mean contribution rate, pre.

We show that this mininmmmn vartability s a quadratic Innction ol i and is given by

(0} = vl =) B —pe)?
nipre) = ——r—— ————,

[Here e and vy are adjusted valuation rates which depend on the random rate of return.

\We then consider modelsin which rates of return in successive vears are not inedependent.

We deseribe the general approach we use for dependent rates and include a result which
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provides a sufficient condition for the fund size and the contribntion rate to be crgodic.
I'his ther permits the use of long simulation rans as a means of deriving approximate
stmnmaries of the stationary distribution of the process,

In order 1o obtain more explicit results we foens our attention on Gaussian processes,
with particular attention heing paid 1o the AR(1) process as a deseription for the force
of interest. Exact expressions as well as hounds for the first two moments of the fund
size are derived and their relationship with the first order amtocorrelation coeflicient is
considered.

We present a procedure that can be used to find an eflicient froutier for the variability in
the contribution rates when the AR([) process is uscd,

Finally. conditional moments are stadied and a recursive method for deriving the condi-

tional distribution of the fund size s deseribed.
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