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Abstract

The Karup-King formula with equal intervals has an elegant symmetric structure
providing for efficient calculation. It is a four point third degree polynomial passing
through the two central points and having two slope conditions: (1) the slope at the
second point is equal to the slope of the second degree polynomial passing the first three
points; and (2) the slope at the third point is equal to the slope of the second degree
polynomial passing through the last three points. The paper traces the algebra involved
in a generalization of this formula to the case of unequal intervals. So far, this formula
does not have an elegant structure. However, a degree of elegance can be obtained in
terms of matrix notation which can readily used with a computer language such as APL.

Introduction

In working with his smoker - nonsmoker mortality data, J. M. Bragg found 1t necessary to
interpolate pivotal mortality rates for duration groups. This involved interpolating rates
located at unequal intervals. The intervals were not equal for two reasons. First, the
duration groups were of different widths. Second, the "centers” of the groups were not at
the midpoints of the range because the exposures reduced at higher durations for
demographic reasons.

He wanted a good fit without running the risk of looping involved in passing polynomials
through all points involved. The Karup-King formula would have been suitable if the
pivotal points were equally spaced. Therefore, a formula with the characteristics stated
in the Abstract was desired.

The Karup-King Formula for equal intervals in Everett form is

Vs = F(8)uzy1 + F(t)u, where F(s) = s+ s*(s —1)6* and
=1-3

and in Lagrange form is
vpes = (— 18+ 2~ 1s)u; + (3° — 352+ Duo + (— 3%+ 257 + Lo)u

+ (35 — 357w
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We want to find Fy(z)such that F,(b) = 0;  F,(c) = 0; Flib) = “—_%)_(—Z_T)
Fli(c)=0

Let Fo(T) = puo + Pa1Z + Po2x? + Pass®
Then F(x) = pa1 + 2pg2x + 3pa3z?
Where the p,; (7 = 0, 1, 2, 3) satisfy the simultaneous equations:
Pao + Parb + pazb® + pa3b® = 0
Pao + Pa1€ + Pa2c? + Pazh® = 0
Pa1 + 2Pazb + 3pasb® = (T.’::_)_(_i——c)
Pa1 + 2pazc + 3pezc? = 0

These simultaneous equations can be expressed in matrix notation as:. AP, = F,
where

1 b » B Peo 0

1 ¢ &2 3 Dar 0
A= P, = ° Fa = -

0 1 2b 3b2 *= | pa e

0 1 2 3¢ Da3 0

This gives the solution: P, = A°F,

Similarly, the coefficients, py;, pcs, pa; (7 =0, 1,2, 3)can be found using the respective
values of Fy, F.., Fy where:

1 0 o
0 1 o
F, = 26—(a+c) F, = b—a F, =
b (b-—a)(b—c) (C—a)(c—‘-ib) d Ob
~d 2¢c—(b+d) ez
(b—z)(b—d) (c—b){c—d) (d—b)(d—c)

The problem of finding all the p;;can be summarized by building an augmented
matrix, P, whose first column consists of p,; (7 = 0, 1, 2, 3) and whose subsequent
columns consist of py; pc;, pe;- P would be equal to A~1F where F would be the
augmented matrix whose columns consist of ¥, ¥;, F., F;. Thus,
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Pao DPbo DPeo DPdo
P=A"F gives the matrix | 7! Por P Pa1
DPa2 Pv2 DPe2 Pd2
Pa3  Pv3  Pc3  DPd3
The transpose of P, PT = b fw Pa1 p2 Pa3 ] can be multiplied by the vector x,
1 F.(z) Uq
T L F .
where x equals 22 | 8iving Fiég . If the row vector, u’, where u = Z’c’ ,18
3 Fy(x) Ug

multiplied by this last column vector, the result is the interpolated value, v,

In summary v, = w7 (A7'F)’x

A Significant Simplification

A simplification is possible by changing the origin and scale so that the two middle
points have arguments 0 and 1 respectively and the points at the end have arguments m

and »(m < 0;n > 1). The interpolated value, v; is to be determined, where s = f:—g R
_a-b _ d-b
m=Fandn = 5.
1000 1 0 0 0
. 1 1 11 1 0 0 1 0
Using these values A becomes 010 0 and A7is | 3 3 —9 1
01 2 3 2 -2 1 1
Further,
0 1 0 0 1 un
0 0 1 0 s o
F becomes 1 _(m+y)  m 0 ,8= 1| 5| ,andu=
m(1—m) m m-1 B Uy
1— 2— 1 3
0 = ithn apeD 8 Un

Thus the solution is v; = u? (A"'F)Ts. The inverse of the matrix A, A~1, is given and
is constant for all interpolations.

Appendix A
The results given here can be generalized to include the Lagrange formula. As an

example, consider a second degree polynomial passing through the points ug,, up, and u.
which can be expressed as
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Lo = Fa(2) ua + Fy(2) ws + Fol@) ue where

Fi(z) (i = a, b, ¢) are determined so that Fla)=1 F,(0)=0 Fyi(c)=0
Fola)=0 FM® =1 F{)=0
Fla)=0 F()=0 F()=1

bt Fa(l‘) = Peot Pat pag.rz so that Pao + Pa1@ + paZ@z =1 or
Dao + Parb + pagbz =0
Peo + PaiC + ])02(;2 ={

1 a a? Pao 1
AP, =F,whereA= |1 b |, Po=|pal, F.=|0
1 ¢ C2 Da2 0

Similarly, the coefficients py;, pe; (7 =0, 1, 2) can be found using the appropriate values
for Fp and F.. Using an augmented matrix for F, the system of equations for finding the
coefficients of Fi{x)can expressed as A-P = F where F turns out be the identity matrix
and P is a 3-by-3 matrix whose columns are pc;, p;, andp.; (7 = 0,1,2).

Thus, the interpolated value, v, for the Lagrange polynomial passing through u,,
ug, and u. is

1 Ug
Ly, =ul(A ) x x=1z and u= | u
x? Up

This can be generalized to an n degree polynomial. The “Significant Simplification”
can also be used.

The following is an illustration of the use of the Lagrange polynomial in matrix form.

It is desired to find the slope of the second degree polynomial passing through «,,, u,,
and u; at u, The answer is

0 1 m m?
TN emo = [um wo w[(ATH)T| 1| whereA= |1 0 0 [and s= |5
0 11 1 82

0
Thuss’ = | 1 [ands_o= |1
2s 0

Thus, the elements of the second row of A ! are the coefficients of u,, uy,and u;.
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0 1 0]
1 1
A—] = m{l—-m) - _"'_"’t_ ;”:‘T
1 1 1
m(m—1) m m-1
0
If m = — 1, the formula mOLU;Js:O =[um up wu1](A7")T| 1 |becomes the familiar
0
v Wy ouy
sls=0 — 2
Appendix B

The formula v; = ul (A71F)Ts (or Lv, = uT(A~1)Tx) can be executed in two different
ways:

1. uT(A~'F)Tresults in a vector , the elements of which are the respective coefficients of
1, &% etc. This can be useful when many values of s are required, such as, in plotting
a graph for a given set of pivotal points.

% s

2. (A7'F)Ts results in a vector of factors to applied to the respective pivotal points u,,
uy, w3 and u,, for a given value of s. 1f only a few values of s are required for many sets
of pivotal points (each set spaced the same), (A™1F)T's can be calculated for each value
of s to be applied to the respective pivotal points.
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