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Closed Form Models or “Exact Solutions”

What ? Models in which calculus produces ‘simple’ formulae

Why? Exact Solution of an Approximate Problem
~ Approximate Solution of an Exact Problem

Insight can be gained by studying formulae (Education)

Can lead to efficient computational tools if model is accepted
as practical (e.g. Black Scholes Option formula)

Can serve as starting point for more realistic computer
based models
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Closed Form Models or “Exact Solutions” (Contd.)

Limitations: "simple” formula is usually the result of a symmetry in the
model = model may be too special

Small change to problem may destroy symmetry

Example from classical compound interest theory:

py. 1 ., 1 1

T+iy  (1+i)(1+h) Tt (1+i)..(1+)

iy =, = .. =i =i (symmetry)then

1 -v"?

PV = “Exact Solution”

An important practical result in a low tech environment.
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Mathematical Formulation of Standard Problems in Finance

a) State variables u',..u" evolve according to
du’ = Nitulydt + ¥ ol dz®
x

b) Risk free instantaneous rate of return r = r{t,u’) .
c) Vector of risk premia 1’ = (t,u’) .
Then a security B(t.u') which pays cash flow CF(t,u ') satisfies

Y NE L Iy 9
i aU 2 ij au ’au/

=B + Zﬂ—— - CF(tu").

with boundary condition B(T,u") = F(u’). (Note o’ = Y ol d, )
x
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Examples of Related Problems in Actuarial Science

1) Traditional Life Insurance Policy with stochastic surrenders

+ Zu“(tuf)[B (tu-V]=rv +g -e

s WY Iyl

U IJ ou an

Where the u%(t,u ‘) are forces of mortality, surrender etc.
The B, are the benefits paid on death, surrender etc.

2) Policy has an account balance R which evolves according to
dR = R(u-A)dt + oRdz(t)

Liability is assumed to be a function V = V(t,u' R).

202 32
W -y 2V IRV

+u% _ _ +ud _ - _
ot 3R 2 uY(t,RIR-SC-V] +ud(max(K,R)-V] = rV -e
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The Role of Symmetry in Exact Solutions:

Stochastic Process du’ = ZAj'(G/'—uf)dt + dz’
j

Backward Fokker-Planck equation

of iini .. OfF 1 o*f
— + ) AB-u)—+— =0 *
ot %: it )au’ ZZ(au’)2 ©)

Symmetry Group  (t,u) = (1,g) = (t+T,u +eg)

Theorem: If f(f,u) is a solution of (*) then so is
f(tu) = fi(tu)=(1.g)] = f(t+T,u+e"g).

Corollary: The constant function( is a solution of (*) which is mapped
into itself under the group action (a similarity solution).
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Value Rescaling

of of 3
If f(t,u) satisfies — + N— + — =0
; ou’ % 2 du'du’
Then V(t,u) = et ¥ f(t u) satisfies

2
CLANE VR 2000 P ARV Y17
i i

ot ou’ 2% ou'ou’
i 2
where a) r=Z yNHE T VoW
i 7 2\ ou'du’! du'dou’

b) ﬂi=ZOUa—w
j  ou’

Value rescaling is a symmetry preserving operation.
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Value Rescaling (Contd.)

Symmetry action on solutions of a rescaled equation:

If V = e¥f is a solution then so is

~

V(t,u)

e Y Of(t, u)+(1.9)]

= Uty g -witu)+(r9)) g WItu)*(r9) i}, ) (T, g)]-

= g Y(tu) g ~wl(tuyx(rg) VI(t, u) x(1,9)]

Green’s function of rescaled equation is given by
G(tu;s,v) = e¥tWO(tu;s,v)e V&9,
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Application: Gaussian Interest Rate Models
du’ = Y A'®-ui)dt + dz'.
J

Zero Coupon Bond

B(tu'T) = f...fe Wt oty Tvl)e YTV )gy dvn.

—0o0 —00

Where

exp(~—[v ~p(t,ul H"W v - p(tu’ )
OtusiTvY) = 2 :

v@2m)" | W]

p(tuT) = EV(T) = 6 + e U"u-g],
And

T-t
W(T-t) = E[(W(T)-p)(V(T)-m)"] = e TN [ f eSAeSATdS]e(T’)AT-
0



Choose the function  so that the integral defining the bond values can
be done.

A convenient choice is
exp[}_ Myt 'u’+3_ vt '+g(t)]
if i

gwltu) -

P(&)+Y - Pt °+) Pyy(t)u 2u ®+..
a ab
The resulting expression for zero coupon bonds is then
; . PP [ 4
B(tu'\T) = explg()-g(N+X vty "+ X Ty(0u 'u’+— (2, B - W, Wil
i ij

3 p(T)+Y p(TEE+Y p,,(THIPEP+Z0) +...
x a ab -
\J Wl p)+Y p (Y p,(fudub+.
a ab
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WHERE S WtT) = W (T-0) + 2I(T),
AND  f(tu'T) = Z(t, YW (T-t) p(t,u,T)-y(T)).

Can always choose g(t) so that the model fits an arbitrary initial yield
curve.

Special Cases

3) If wis alinear function of the state variables the family includes
the models of Vasicek , and Hull & White.

4) If wis a quadratic function of the state variables the family
includes the quadratic model of Beaglehole and Tenney.

5) If wdepends on u'only through Ju-u and A/ = A%, ©/=0,
we get a class of single factor models related to the Cox,
Ingersoll & Ross family of models.
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Other Facts

B*(t,u) = e¥" is a solution which is mapped into itself under the
symmetry (a similarity solution).

Since the risk premium 1 = dy/du’ is built from B*, this security
maximizes expected return for a given level of risk.
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Time Rescaling - The model of Cox, Ingersoll & Ross

Alternative Symmetry Group (T,u)*(s,y) = (te?¥+s,u+y)
Base Stochastic Process du' = e @Upidr + e @U2dzIi(T)
Rescale the time line dr = e¥dt, dz'(t) = eY¥2dz(t),
so that du' = e @uNlgt + g @U-VD2gzi(f),
Choose w(tu) = [(a-b)+?]t - gt
. i 52

Then r=¥ . Z)\'ﬂ P oYy W

ot i ou' 7 2\ du'ou’! ou'odu’

2 . I »
= r = (y—i)ea'"“"‘, and ' = Eo’f*ai =al

Assume y > a%2 so that interest rates are positive.
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Then the risk neutral stochastic process for r is

v @ ab s A5 voadrldf - vl
[(v @b 2) (y-a?)ridt + |y zlal\frdW(t)

Zero coupon bond price B(t v, T) depends on « only through r.

B, [(v———)(ab+~—) v-a9n2 - (- 2% )42, OB

ot 2 2 ar?

Solution has the formB(t,r,T) = a(t,T)e &N where

(l‘ T) Ye(y—aZ/Z)(T—t) (293'—1—)—1)

o, = ,
(y-a?%2)(eY " 0-1)+y

Ben - ot

(y-aZ22)eXT0-1)+y

= rB.
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Formal Geometric Results
A homogeneous exact solution is determined by

a) its symmetry group

b) its similarity solution e ¥

c) its time scale

The operations of value rescaling, time rescaling and coordinate
transformation are the only operations which preserve the local point
symmetry of the problem.

Not every (n+1) dimensional Lie Group can serve as the symmetry group
of a financial model. Allowed structures are semi-direct products

G, x)R' , R"x)G, for some n dimensional group G, since the model
must respect the existence of a global time function.
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Formal Geometric Results (Contd.)
If |o| = det o/ = O define operators L, T, V* by

ov 1 . 9%V
= — N=—"Z + =) of -rv
V) == ZVT: ou' ’ 2%: ou'du’
3 0’7 ol
N-=Y Vo] vl ﬁ V -rv
z;: E uf\/_ ou'’ ; ou' \/_au

- T(V) + %v?v -V

Given a vector field & = &5(f) 51—‘ + ZE’(tuf 9 and scalar p = p(tu’)

du’
define operators Kand V by

KV) - §V) - pV, Vp = ot 2

i ou' auf
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Formal Geometric Results (Contd.)
Theorem: If there exists a scalarA = A(f) such that
Lo = Ao

LT = AT - Vp

1
Ler = Ar - [T(p) + EVzp]

Then [KL](V) = KL(V) - LK(V) = AL(V).
Corollary I: If Vis a solution of L(V) = 0 then so is K(V).

Corollary Il: If Vis a solution of L(V) = 0 the so is e (V) when it is
defined.

Corollary 1lI: If Kand K* are symmetry operators so is [K,K'].
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Formal Geometric Result (Contd.)
Model is homogeneous if there exists a set of (n+1) linearly independent
operatorsK, = £, - p, such that K, K, - K K, = E CanKe

Homogeneity implies we can choose scalars g, ¢ so that

PA=EAW), A= E4(0), [E4 85 = ZCABE,C and we can write the
symmetry condmons as

__q) _
LEAe o=20

LEAe_Cb(T +Vy) =0
-0 1,02 _
LEAe [r-Ty _E(V g+ Vy-Vy)] = 0.

This allows us to solve for the quantities g, T, r in terms of the scalars
¢,y and a set of right invariant vector flelds(R A= (R,R,) which satisfy

LRy = [EuRpl = 0. [RyRel = ECABR
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Formal Geometric Result (Conclusion)
o/ = e*S R.R/,
e’R - Wy,
pot + T(w) + IV + TVl

T

r

The function y can be chosen arbitrarily (value rescale). The existence
of a universal time function t places restrictions the function ¢ and the
group structure. Can show that R (f) = O, T(t) = 1 imply:

R.Ry = Z Cap
RR] = AGR EAG
p
R.(®) = A

This defines the function ¢ up to an arbltrary function ¢,(t) (time rescale).
Additional restrictions apply to A_, A CY (Jacobi Identity).



Strategy for Solving Problems with American Type Options
Basic Idea: Look for a combination of

1) Value Rescaling

2) Time Rescaling

3) Coordinate Transformations

4) Group Parameter Changes

Which leaves the risk neutral stochastic process unchanged but maps
the interest rate rinto a new function r + p(t,u’).

Start with Z[A (o -ul) -5 )t ~dz (0
ou

aw aw 1 %y oy dy
[A; O -u) T e -
ot Z ou' 2 du'su’ ou'du’
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Example: Value Rescale combined with a change in group
w-uy + Ay A A+ DA

J

Risk neutral stochastic process is preserved if

Y IA +AA O -u’) 51@@_*.@22] E[A ) _503_‘1‘_]_
J ou’ ou’
This equation can be solved, if the matrleAj is symmetric, to get

Ay = Dyg(t) + %uTAA(ZE) - ).

The resulting decrement is calculated from
2
_oy+Ay E (A, +AA )(e, ,)an+Alu 6’/[8 p+Ay  oy+Ay alu+ALp] .
ou' 2 du'su’ du'  ou’
andis a quadratic function of the state variables

. oAy, (1)

tuf) = 0

H(t.u’) Py

reg =

+ %[(9 ~u)TAAT(2A+AA)(B -u) -TrAA].



Conclusion: For Gaussian interest rate models we can solve the problem
of an American option provided the option holder behaviour can be
described by a force of option exercise which is linear or quadratic in the

state variables.

For the linear or quadratic interest rate models this means we can solve
the problem of option holder behaviour which is linear in an interest rate.



