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The Problem

nn P oviding an index  annuity t   r t eeProviding an indexed annuity to a retiree:
cost of the indexation prot cticost of the indexation protection

nn Focus on inflation : assume a constant realFocus on inflation : assume a constant real
re urn of  / yeareturn of 4% / year

nn Reflect Canadian inflation historical dataReflect Canadian inflation historical data

nn How much for partial indexation ?How much for partial indexation ?



Key Points

nn GoalGoal: pr e the c t of pr ding nde ti: price the cost of providing indexation
t  a retir eto a retiree

nn ConstraintsConstraints: recognize deductible,: recognize deductible,
coinsurance nd caps fe t e  in indexationcoinsurance and caps features in indexation
formulasformulas

nn FormatFormat: express cost as a % of present value: express cost as a % of present value
of non-index d a nuityof non-indexed annuity



The Question

nn Assumi  a const nt re l re n of 4%,Assuming a constant real return of 4%,
calculate the c t of r ous i xationcalculate the cost of various indexation
formula features (deductible, coinsurance)formula features (deductible, coinsurance)

nn Exp ess the c t in  of the pres nt lue ofExpress the cost in % of the present value of
a  non-indexed annuity for our typicala  non-indexed annuity for our typical
participantparticipant

nn Use  desi  n appropr a e lUse or design an appropriate model



Potential Situations

nn Negotia ion of pla  benef s: bargaining for cos  ofNegotiation of plan benefits: bargaining for cost of
« C I    ormula« CPI- 3% » formula
uu Inflation below 3%, 1992-1999;Inflation below 3%, 1992-1999;
uu  cost = 0 for future protection ? cost = 0 for future protection ?
uu Othe  f m as, how much Other formulas, how much ?

nn DC plan member asking for partial inflationDC plan member asking for partial inflation
protection in annuity price quoteprotection in annuity price quote

nn Adequacy of actuarial liability for currentAdequacy of actuarial liability for current
indexation formula benefits, changing economicindexation formula benefits, changing economic
environm ntenvironment



Annuity Data

nn P rticipa  Male ( , Spouse  Fema  57)Participant: Male (60), Spouse: Female (57)

nn Annuity Form: JL&S 60%Annuity Form: JL&S 60%

uu$ 1000/month for life$ 1000/month for life

uu60 % o spouse a ter death of r ic p nt60 % to spouse after death of participant

nn Mortality: GAM83 tableMortality: GAM83 table

nn Valuation Date: Dec.31, 1999Valuation Date: Dec.31, 1999



Economic Assumptions

nn Nominal Return= Inflation + Real ReturnNominal Return= Inflation + Real Return

uu Inflation: Inflation: 44 % /year % /year

uu Real return: Real return: 44 % /year % /year

nn Deterministic: Deterministic: 88 % /year interest rate % /year interest rate

nn Inflation protectionInflation protection

uu According to indexation formulaAccording to indexation formula

uu Function of Consumer’s Price Index (CPI)Function of Consumer’s Price Index (CPI)



Indexation Formula: Extremes

nn 0  P0% CPI

uuNo additional cost, no protectionNo additional cost, no protection

uuFrequent in Frequent in CdnCdn private plans (ad-hoc) private plans (ad-hoc)

nn 1   PI100 % CPI

uuCostly, full protection to participantCostly, full protection to participant

uuPublic Plans (C/QPP), Public Plans (C/QPP), Gov’t Gov’t EmployeesEmployees

nn Betw en thes  li i  ?Between these limits ?



Partial Indexation Formula

nn Deduct bleDeductible

uuCPI-CPI-33 %, CPI- %, CPI-11%%

nn CoinsuranceCoinsurance

uu5050  C I, % CPI, 7575  CPI% CPI

nn Caps, limitsCaps, limits

uuMin( Min( 88%, 75% CPI - 1%) , minimum %, 75% CPI - 1%) , minimum 00 % %

uu100 %  M n( 100 % of Min( 4%, PI , mini m %, CPI), minimum 00 % %



Indexation Formula: Threshold

nn Limited inf t on otec ion, lowe  costLimited inflation protection, lower cost

nn Split inflation in 2 (or more) parts:Split inflation in 2 (or more) parts:

uu50 % of min (CPI, 50 % of min (CPI, 33 %)        %)       ++
uu100 % of  0%, CPI100 % of max( 0%, CPI-33 %) %)

nn Partial protection in normal situationsPartial protection in normal situations

nn Full coverage for “catastrophic” situationsFull coverage for “catastrophic” situations



Deterministic Results: Example

nn Non- nde d PV = $ Non-indexed PV = $ 9,423129,423 ( efer nce) (Reference)

nn Indexed PV, 1.0 % indexationIndexed PV, 1.0 % indexation

uuPV = $ 141,479PV = $ 141,479

uuPV = 109.3 % of Refer ncePV = 109.3 % of Reference

uuCost of Indexation = Cost of Indexation = 9.39.3 % %

uu Inflation= 4 %, 25 % CPI or CPI-3 %Inflation= 4 %, 25 % CPI or CPI-3 %



Deterministic Results

47.347.34.04.0

32.632.63.03.0

55.755.74.54.5

20.020.02.02.0

9.39.31.01.0

Indexation CostIndexation Cost

(% of reference value)(% of reference value)

Indexation RateIndexation Rate

(%)(%)

Inflation = 4 %, Nominal Return = 8 %, $1000/month
JL&S 60 % Annuity to Male Participant, Age 60



Deterministic Approach: Limits

nn Inde t on for  e the e s milar ?Indexation formula: are these similar ?

uu50 %  CPI = 2 %50 %  CPI = 2 %

uuCPI - 2 % = 2 %CPI - 2 % = 2 %

uu75% CPI –   =  75% CPI –1 % = 2 %

uu50 % min ( CPI, 4 %) = 2 %50 % min ( CPI, 4 %) = 2 %

nn Unable to put a value on “Insurance features”Unable to put a value on “Insurance features”
: add a loading ( guess ? ): add a loading ( guess ? )



Model Features 1

nn Not a dete minis c thodNot a deterministic method

nn but use it for comparisonbut use it for comparison

nn Stochastic model: use 50-year CPIStochastic model: use 50-year CPI
simulationsimulation



Model Features 2

nn Initial state  inf on a fects ostInitial state of inflation affects cost

uuStart in 1979,1989,1999…Start in 1979,1989,1999…

uuSame value to “CPI-3%” indexation ?Same value to “CPI-3%” indexation ?

nn Var ous indexation f mulas priceVarious indexation formulas priced
simultaneo lysimultaneously

nn 1000 simulations performed for each initial1000 simulations performed for each initial
state of lation: sta is c  on r ultstate of inflation: statistics on result



Stochastic Approach: Model

nn Def  a long-term hor :  rDefine a long-term horizon: 50 years

nn Determine the annual inflation rate forDetermine the annual inflation rate for
years 2000-2049: one inflation pathyears 2000-2049: one inflation path

nn Calculate for each yearCalculate for each year

nn i xation r teindexation rate

nn nominal rate of returnnominal rate of return



Stochastic App: Model, Cont’d

nn Disc  esent value  a yDiscount present value of annuity
payments fo  ea h pathpayments for each path

nn Do 1000 inflation paths: calculateDo 1000 inflation paths: calculate
distribution tatis s of a idistribution statistics of annuity

nn Calculate cost of indexation on the basisCalculate cost of indexation on the basis
of relevant statisticsof relevant statistics



Canadian Inflation Data

nn Consumer’  ice Index (CPI)  111.5Consumer’s Price Index (CPI): 111.5

nn Monthly dataMonthly data

nn Various series: All Items, RegionVarious series: All Items, Region

nn Chan  n basis ( 92=100.0): 1-dec lChange in basis (1992=100.0): 1-decimal
pre ision obleprecision problem

nn Basket of goods revised from time to timeBasket of goods revised from time to time



Inflation Rate: Some Details

nn One r t  per y ar  5 , -0. , 10.4 %One rate per year: 3.5 %, -0.5%, 10.4 %

nn CPI deemed a good measure (pensioners ?)CPI deemed a good measure (pensioners ?)

nn Definition of CPI “rate of inflation”Definition of CPI “rate of inflation”

uu  M  da =  rice Index Monthly data=  Price Index

uu12-month average or less (1,3 ?)12-month average or less (1,3 ?)

uu   Avg Avg ending in December, October ?ending in December, October ?



Canadian Inflation, 1950-1999
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Each month= CPI(t) / CPI(t-12) –1; Dec. 49 to Dec. 99Each month= CPI(t) / CPI(t-12) –1; Dec. 49 to Dec. 99



1999 Canadian Inflation Rate

nn 2 582.58 %  PI(1999-  / CPI(199 12)  1 % = CPI(1999-12) / CPI(1998-12)  -1

nn 1.731.73 %, Dec. 31, 1999 12-month  %, Dec. 31, 1999 12-month avgavg over over
Dec. 31, 1998 12-month Dec. 31, 1998 12-month avgavg

nn 1.521.52 %, Oct. 31, 1999 12-month  %, Oct. 31, 1999 12-month avgavg over over
Oct. 31, 1998 12-month Oct. 31, 1998 12-month avg  avg  (C/QPP)(C/QPP)

nn More than a 1 % variation according toMore than a 1 % variation according to
inflation definition: material in short terminflation definition: material in short term



CPI Modeling

nn Mode  CP  monthly values tead ofModel CPI monthly values instead of
i la ion r tinflation rate

nn Apply specific transformation to past andApply specific transformation to past and
pro e ted data to get inf a  rateprojected data to get inflation rate

nn Same model, even with varying definitionSame model, even with varying definition
of inflation rateof inflation rate

nn Here: 12-month average ending Oct. 31Here: 12-month average ending Oct. 31



 Inflation Distribution
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Inflation (CPI)  Behavior

nn 3 egimes: l  middle, high level3 regimes: low, middle, high level
uu Barriers: 3.5 %, 7.0 % annual rateBarriers: 3.5 %, 7.0 % annual rate
uu Avoid fitting data to Avoid fitting data to uniuni-modal distribution-modal distribution
uu Empi i al dat  supports t i-m lEmpirical data supports tri-modal

nn Monthly switching between levelsMonthly switching between levels
uu 33××3 transition probability matrix based on3 transition probability matrix based on

current level and empirical datacurrent level and empirical data
nn Conditi nal stributi   CPI mont y variationConditional distribution of CPI monthly variation

base  on 50- ea  C nad an tabased on 50-year Canadian data



Cdn Inflation Level: 1, 2, 3
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Relative Frequency of Level
Variable
nn Low infl t on: 289/600 = Low inflation: 289/600 =  48.2 %%

nn Middle inflation: 186/600 = Middle inflation: 186/600 = 31.0 31.0 %%

nn High inflation: 125/600 = High inflation: 125/600 = 20.8 20.8 %%

nn “Low Inflation” “Low Inflation” ≈≈ 50 % chance 50 % chance

nn 20 % Probability of High Inflation Level20 % Probability of High Inflation Level

nn Not captured by economists’ estimatedNot captured by economists’ estimated
consensus on consensus on short term/long term medianshort term/long term median



Conditional Distribution of
Inflation Monthly Change
nn La ge c nge: L vel vari bleLarge change: Level variable

uu low, middle, high inflationlow, middle, high inflation

nn Small change: depends upon distribution ofSmall change: depends upon distribution of
monthly variation, given the Level variablemonthly variation, given the Level variable

nn Empiri al data egrouped  e l used oEmpirical data regrouped by Level used to
estimate parameters and shape ofestimate parameters and shape of
distributiondistribution



Inflation Level Transitions
nn Dec. 1949 to De . 99, ont l  taDec. 1949 to Dec. 1999, monthly data

nn Number of level-to-level transitionsNumber of level-to-level transitions

600600125125186186289289TotalTotal

125125122122330033

18618633173173101022

28928900 0 102 92791

TotalTotal332211 Fr    To Fr    To



Inflation Level Transitions
Probabilities
nn Based on 50-year monthly dataBased on 50-year monthly data

nn Percentage based on initial levelPercentage based on initial level

100 %100 %97.697.62.42.40033

100 %100 %1.61.693.093.05.45.422

100 %100 %00 3 5 3.596.596.51

TotalTotal332211 Fr    To Fr    To



Shape and Parameters of Distr.

nn Assum t on: normal distr ion forAssumption: normal distribution for
m y hangemonthly change

nn No time correlation inside each distributionNo time correlation inside each distribution

nn Estimate mean, varianceEstimate mean, variance

nn Check f nor l wit  chi s e t,Check if normal with chi-square test,
grouped datagrouped data



Parameters by Distribution

Normal ?Normal ?
((χχ22 Test) Test)

StandardStandard

DeviationDeviation

MeanMean

YesYes0.0043450.0043450.0075640.007564HighHigh

Yes ,but…Yes ,but…0.0031400.0031400.0035590.003559MiddleMiddle

Yes,Yes,0.0029750.0029750.0014120.001412LowLow



Running the model: part 1

nn P ovide mean-variance parame e sProvide mean-variance parameters
nn Deter ne Initial L l  ow, Mid, HighDetermine Initial Level: Low, Mid, High
nn Provide past CPI data, # of months andProvide past CPI data, # of months and

delay for averaging purposesdelay for averaging purposes
nn Generate the future monthly CPI data for 50Generate the future monthly CPI data for 50

years: 1000 times per initial levelyears: 1000 times per initial level
nn Calculate the inflation rate for each year,Calculate the inflation rate for each year,

each scenario of 50 yearseach scenario of 50 years



50-year Projected Inflation Path
Simulation of Canadian Inflation 2000-2049

3 series of 1000 simulations by initial level of inflation
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Short/Long Term Inflation Avg.

Initial 15 years 35 years 50 years
Level 2000-2014 2015-2049 2000-2049

Low 3.67% 4.17% 4.02%

Mid 3.92% 4.11% 4.05%

High 5.17% 4.15% 4.46%



Running The Model: Part 2

nn Us  each inflation sc nario as inpuUse each inflation scenario as input

nn Other inputsOther inputs

uuExpected cash-flows (annuity)Expected cash-flows (annuity)

uuR al r te of e urn s enario (  c tant)Real rate of return scenario (4% constant)

uu Indexation formulas (15 in parallel)Indexation formulas (15 in parallel)

nn Compute present valueCompute present value

nn Also used f  dete minist  luationAlso used for deterministic valuation



Indexation Formulas: 1

nn Cost Cost  xation of indexation found found fo  for ch p t  each path aas

uuP.V. (formula P.V. (formula   ) – P.V. (formula 1),) – P.V. (formula 1),

uu i=2, 3,…14, 15i=2, 3,…14, 15

nn F mula 1 = on Formula 1 = Non indexed indexed p n ionpension

nn 2, 3, 4, 5 = 2, 3, 4, 5 = 25%25%, , 50%50%, , 75%75%, , 100%100% CPI CPI

nn 6, 7, 8 = CPI – 6, 7, 8 = CPI – 1%1%, CPI - , CPI - 2%2%, CPI - , CPI - 3%3%



Indexation Formulas: 2

nn F mula 9 = 75% CP  – Formula 9 = 75% CPI – 1%1% ( ntario) (Ontario)

nn 10, 11= 75% CPI – 10, 11= 75% CPI – 2%2% , 75% CPI –  , 75% CPI – 3%3%

nn 12 = 12 = twotwo-stage formula-stage formula

uu5050% «  « Mi (CPI, %)Min(CPI, 3%) » + » +100100%  « C I-  « CPI-3% »

nn 13 = 100% Min (CPI, 13 = 100% Min (CPI, 6% 6% ))

nn 14 = 100% Min (CPI, 14 = 100% Min (CPI, 4%4% ) )

nn 15  100% M n (CPI  15 = 100% Min (CPI, 3%3%  )



Running The Model: Part 3

nn Expres  ea h pr sent l  ( V  res  s Express each present value (PV) result as %
of dete ministic PV at 8 % interesof deterministic PV at 8 % interest

nn Calculate the cost of indexation, for eachCalculate the cost of indexation, for each
sce rio, as cos  of I xed P.V. – non-scenario, as cost of Indexed P.V. – non-
indexed PV.indexed PV.

nn Rank results, calculate percentilesRank results, calculate percentiles



Weighted Cost Index

nn Cost dis i ion r duce   e valueCost distribution reduced to one value
nn Wish to capture cost of high inflation: Not averageWish to capture cost of high inflation: Not average

nor median onlynor median only
nn Recognize central tendency: larger weight onRecognize central tendency: larger weight on

medianmedian
nn Recognize upp r perc nti s: udgment a  toRecognize upper percentiles: judgment as to

number and weightsnumber and weights
nn Weighted Cost Index uses 3 values as follows:Weighted Cost Index uses 3 values as follows:

50% 50% ××× 50 50thth  +++ 30%  30% ×××× 75 75thth  ++++ 20%  20% ××× 95 95thth



Stochastic Results
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Indexation Formula WCI by Initial Level of Inflation
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Results

n niti l l vel affe t  results or 10 yearsInitial level affects results for 10 years

nn Cost distribution is wide:WCI accounts for itCost distribution is wide:WCI accounts for it

nn Traditional approach: calculate marginTraditional approach: calculate margin
added to indexation rateadded to indexation rate

n niUni modal s oc tic approach: s mpler but-modal stochastic approach: simpler but

uu initial condition ?initial condition ?

uuMean-reverting to “normal” state ?Mean-reverting to “normal” state ?



Conclusion

nn Features of tri-modal model for inflationFeatures of tri-modal model for inflation

uu Another view at past data and expectationsAnother view at past data and expectations

uu Allows pricing of various indexation formulasAllows pricing of various indexation formulas
a  othe  luation pos sand other valuation purposes

uu Recognizes current level of inflation inRecognizes current level of inflation in
distribution of indexation costdistribution of indexation cost

uu W ighted Cost Index is one way t  ap ureWeighted Cost Index is one way to capture
distributiondistribution



Further Areas of Research

nn Link with average salary increaseLink with average salary increase
nn Replace constant 4% real return with constantReplace constant 4% real return with constant

asset mixasset mix
nn Link asset categories real return to inflationLink asset categories real return to inflation
nn Expand cash-flows to include typical populationExpand cash-flows to include typical population

(all pensioners, actives)(all pensioners, actives)
nn Relationship between investment, benefit andRelationship between investment, benefit and

funding policiesfunding policies
nn Other Countries: support for tri-modal model ?Other Countries: support for tri-modal model ?


