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Efficient Est imat ion  of U l t i m a t e  Ruin Probabi l i ty  
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17('M SI'A[N 

K e y  word,s and phra, scs: Monte Car lo  simlflation, vm'iance r(xlu(:tion 
techniques, impor tmme ~tmpling,  prol)al)ility of u l t imate  ruin, rare events,  

c[|i(-ient (~ t imators  

A lis'rt(A(vr An unbiased, consislent and asymptotically elficient, 
estimator of fJ *¢ (x) t)ased on impor! a nee sampling variance re(tu(:t ion 
te(:hnique, in the framew,,)rk of Monte (!ark) simulation mcthodb, will 
be presented, where H *~ (x) is the t-fold convolution of a c.d.f. H (x). 
We will also show that the estimator is also highly eiticient in terms of 

mmfl)er of computations. 
Vsing the l)t)llaczeck-f(hinchine fornmla, we will extent the us~' of the 

ahoy(" mention(,d estimator to the calculation of ultimate ruin 
probabilities in the context of the Classical case of Risk Theory and 
(x)mpare our results with recent actuarial literature using the same 

methodoloo, Zy, Asnmssen and Binswan~zer(1997). 

1. INTI~OI)[TCTION 

l)etining a (:lassk~d Risk l 'ro(:ess in cont inuous t ime { Zt } t>0 x~ql,h X,. claim 
s~es  and  p remium c per  t ime unit ,  

i t  

Zt = u + cl - ~ ,  ,\'t~. 
!: l 

where u are the initial r(;~;rvcs and  N~ the  to ta l  nnml)er of (:laims up  to t ime  
t (d is t r ibuted Poisson with p a r a m e t e r  At) where A is the re;crag(; numbe r  of 
(:lainLs in one y (a r  (or ano ther  t ime lmits  considered ). Let F denote" the 
dis t r ibut ion fimetion of claim siz(~ X~. with metal  pl and  c = AIh (1 + 0), where 
0 is the t )remium lotuling factor,  

Let us now dethm r = inf {w' > 0 : Z~, < 0} ~s the ruin t ime an(l the ulti- 
m a t e  ruin t)robabili ty 

We will use tile tex t -book t)ollaezeck-Khinchine fornnfla extensiwdy cited 
in ~wtuarial l i terature  (see for example  l)anjer and  WiUmot (1992) .Theorem 
11.1,5.) fi)r ruin probabi l i ty  in the Cla~si(:al ('asc of Risk Theory  (exponent ia l  
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waiting tinu~ t)(~{.~.v{~{~i1 claims or Poisson number of claims) 

~(:r) = 1 q){J:) = 1 1-5 

- l + 0 ,  ,, ~ (1-/ l~'("'))  (1.1) 

where l l '~(,r)  is l,hc 1,-[))ld convohgion function of the d is t r ibut ion ['rural.ion 

l "  ~ - r ' ( 4  ll(w) = - , . r  > O { 1 . 2 )  
k 

The former t-t'oM com,olul,ion of 11 (:r) can be cxpr(~s(xl using the following 
multiple integTal 

/-j/ f, //" 0 , )  = /I (.,, -- . ~ , _ , )  h' ) " " " ~ " s t - I  " , > ' t - 2  . • • 

• } 1 o , % ¢  i !  

. . .  h (.~.~ - . s , )  l , ( . s l )  d .~ ,  . . . d . s , _ ,  

In sections 2 and  3, following Us{d)el(1998), x~x~ will introduce a simple csti- 
mat.or(b~scd on a import, ancc~ samt)lin ~ Monte ( 'arlo method) of It "t (m), H,t (m), 
and sub~txtuently of 1 I/~t (:r), and prove flint, il. is unbiv~cd and ctmsisl,cnl,, 
g iv ing an upper bound of its variance. 

h i  sect.ion 1, a sample inean estimator of simple estimators introduced 
in the former sections is presented. The new cst imalor (~,t (w)) inheri ts the 
propcrtic,s of unbi~'~edne~-~ and consisl~ency and we wi l l  prove, in ,~cx:tion 5, that~ 
it is ~flso ~symptotically clficicnt., l"ollowing lleidelherg,'r(19.%) or 2~Sillll,'-.;.'~(~ll 
and l{ubinstein(1995) or Asmusscn and  ]linswanger(l.q97), we will ~rse here the 
smnc stmMm'd current criterion for calling a rare c\'cnts sillnllal,ion estimator 
asyml~l,otically(or loggafithmic~dly) efficient,, 

lira i n f  l ° g ( ' ~ ' d { ~ I ' '  ( . r ) } )  >> 1 
,~ log (q, ( 4 )  - 

where sd { ¢+ (w)} is the st~mdard deviat ion of the esl hnal.or. 

Nevertheless, our l inal  aim is al~ln'oximat.ing uMmal,e ruin probal)ilit, ies. 
()ul.s|,anding results of efficient s imulat ion of ru in probat)i l i t ies using impor- 
tance sampling are Sieg~mmd(1976) and Asmussen (1981), in the case of light- 
i,ailed distribution for the claim siz(~, l{egarding h¢~vy-t,ailed claim sizes dis- 
tribut, iolis (most interesting in ~¢'tual'ial practice'), r~vent,ly:Ysmussen and l~in- 
swang'er (1997) p r ~enax t  a very interest, ing ctficient conditional Monte (',arlo 
algorittun (algorilhIn TII of the orig~inal paper) ]~ascd on tim idea that ,  R~I" 
sul)exptmcntial claim si~,x'~s, only t,he largest claim and not, i,he sum of all clainrs 



caus(~ ruin, following t, ho formal  delinition of subexl)oneIltial claim size distri- 
but,ion (7.2). 

In [,lit: [)lc~cnt work, we will thsl, develop in sec~,i¢)n 6 an tml)b~s~d, consisl, cnt. 
and  cflkqent ¢~timator, l ) ~ ' ( l  on (,tie results  of fommr  s(x:tions, [}~r (,tie u l t imate  
ruin prol)aifility suitable to rely tail behaviour of th(- distribut,ion flmcl, i~m of 
tim claim sizes. Late.r, in s(x:fion 7, a second m e t h o d  bas(~l on condit ional  
Monte  Carlo and  the r(,sults of  sections 2-5 will b(: t)resent('d. The  cs t ima to r  
of the u l | hna te  ruin probabi l i ty  ob ta ined  in s(x:t,ion 7 is only valid for h( 'avy- 
~,aihxt claim sizes disl,ril),ll.ions. 

Numerical  illustrat.i(ms m'e t)r(~ented in sc, ' t ion 8 and  ~xttion 9 is (k:vot,cd 
to concluding comments .  

2. ,~I.MPIA,3 [TNIHASEI) }';STIMATOI/ 

Let us now int.roduce an m t i m a t o r  of the t-fold (:onvolut, ion of II (x), 

f 1 "  (:r) ~ 7-F'  (:,,) = 1I (:r" - ,";, 1 ) t t  (:', --  ,% 2 ) . . .  f t  (:,, - .%)  I I  (:r) (2 .1 )  

where ,S'~ i = 1, .... Z - 1 are r andom  numbers  g'eneraU'd using the following 
densi ty functions: 

/, (,~,) 
,'s, - ~  ~ ,  ( .~ , )  - zz ( , )  

/, ( ~ , - . s ;_  , ) 
,s) , dj (.,v) - u (:,: ,~j_,)  

.~', c [0, :r] 

.~j c [,s%,, .,:.] j > I (2.~) 

We will prove now l,hat the a}~ovc ment i (med (,'stimat(n" is unl)i~s(xL 

T h e o r e m  1. The fim(:ti(m 5~ *t (x) is eai mJt)i~s(,d cs t imalor  of  tim t-fold con- 
v d u t i o n  o f / l ( x ) .  

P r o o E  T h e  exl)ccte(I value of the (~ t imator  ?{.t (m) c~m I)e expressed: 

. . . .  u ( .~ , -  .~,_,) u ( : , , -  .~,_~) 
• • I t 2 

. . .  H (:,::- .~,) n (~,) u ( , )  u (:F .~, ) 

/ ,  ( s , _ l  - s , _ ~ ) ~  
. . . . . . . . . .  a . s ,  • . - d . ~ ' , _  

1I ( . r -  ,s,_~) 

. . . .  u ( , -  .~,_,) i, (~,_,  - . ~ , _ ~ )  
. . . .  u i • I 2 

. . .  I ,  ( . , ,~  - . ~ , ) h ,  ( .~,)d. , , , . . .  ,I.,,_, 
= I 1 "  (w) 
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I t  is oh'at ,  using Theorem 1, tha t  

c - u * '  - -  - . "  

~'~. VARIAN('E OF 3'ti1,; SIMPLb; ESTIMAT()tt 

The  variance of the unb ia~ 'd  es t imator  1 - ~ '~  (.r) can be boundc'd using 
the following theorem.  

T l m ~ r e m  2. ~l[/u' wu'imux, o f  t h e  ( ~ t i m a t o r  1 -- H *t (:r) ha . s  ~m u I ) i ) e r  b o u n d :  

P r o o f .  Using the proper t ies  of the ~-ariance 

I)ue to the th(-t tha t  H *e ( x )  is em unbias(×t c,-stimator 

Lel, tts s t u d y  the  forn ler  exptx%ed value: 

. . . .  t f  2 ( .r  - ,st-l) I I  '2 (a: - .st-2) 
I ¢ 2 

h (,~,) h (."2 - .s l)  

• .  • d , s  I " " " ( t s t _  
I1 ( z -  .s,_~) 

H ( , )  i t  ( : , : ) . . .  H (:,:) H (.,:) . . .  

• ". t l  (:r - .s,_ n 
g 2 

h ( . ~ , ) / ,  (< ,  - .~,) 

t i  ( x )  l l  ( . r -  s l )  

H ( ~ , , -  .~,_.~) •. - H ( : , : -  ,,, ) / r / ' , ' )  

t t  (J. - .~ , -2)  
d s l  • ,  • d . s t _  1 

:.~t~,:~ It1 ( : , . - . , , _ , )  n C , - . , , - ~ ) . - .  n ( . , : -  .~,) i t  (:,.)] = ( t t  (.,:))' 

since I I  ( y )  is non-decre~sing. 
Sutxstituting (3.3) i m o  (3.2) we get the s t a t emen t  of  the theorem.  • 

(a.a) 
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4. SAMPLE ,MEAN ESTIMATOF: 

Ix~t , is d e l i n e  n o w  th i s  n e w  es l , imat ,o r  , is i t  s a m p l e  n i e a n  o f  1 - H *t ( x )  

"it 

2 (~ - ~ : '  (.,:)) 
w' (:~-,,,) = ' ' 

It 

= ~ '  { i .1)  

using (2.1), where  SI are  r a n d o m  mm~bers gencral,,~t f rom the p.,l.fs. (2.2) f,,r 
i =  1 , . . . , r ~ a n d j =  1 , . . . , t - 1  

,s.i , < - ' , . < )  , 
~t ~ , ,  c [o, xl 

, -_J'(s'-_ ,, (.,.2) , . , - - - ~ d j ( s j ) =  .s, E [,.~_x,m] j > l  
H (:rj - .g}_l ) 

a n d  {1 - 7-/: t (x)}7 , is a sample  of  i n d e p e n d e n t  e s t ima to r s  1 - 7-g*' (x) . 
.&s a sample  m ean  of  an unbiascxl e s t ima to r ,  lq *t (:r,r~) is also unt)ia.sed and  

consistenl, wi th  var iance  I)oun&s (in the  non tr ivial  (:as,: 1 - t l  *t (:r) > O) 

Va, '  { W '  ( x , n ) }  = V a r  { 1  - 7-f i t (x)}  (H  (:,-))' H*' ( , )  - [W'  (:,,)f < ( l .a)  
l l  

unde r  f aMy gcnerM condi t ions  (see for example  [9] ) 

lira W t (m,,~) ~ N 1 - -  I t  *t (x )  (4 .4 )  

and  the  inl.erval es t i tna t ion  with a confidetme hwe] 1 - (~ is 

[s*' (.,:,,,) :r * (* - ~1 )/v~'' 11-- w~ (*/}- ] , ,  H.,~) 

w e  c a n  u s e  ,'m e s t i m a t o r  o f  t h e  w~r iance  o f  the, 7-{ *t (x )  : 

as r e c o n u n c n d e d  in [9, pg. 

I i - -  1 i l L l 

(4.6) 
68], k is a s t rong ly  cons is tent  (~ t ima to r  of 
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" i l ion i-ill i~syniplx)l.ica]lv val id col l f idclwc inlx,rval can l)e 

W' (mj,)~:  <,') (l - ,~) ~, (t .7)  

\~% cmi a l ~  avoid the use of  al l  e,~t.inu~l,or for i.}lc var lmicc .~ubsl.ii, ui. ing the 
re,,-;llll, o f  " | ] lcorcni  2 inLo (1.5) and gTct, a broader (:onfi(t('u(!c in terval  

[ w '  0,:,,,) + , ( ~  - , ~ )  V , ,J 

v~'hcl'(" 
_ { H { . , : ) ) ' , ~ - ( . , : )  - [,~' ( . , : ) ]~  

-~. t ' ] t : t : l l (y (P~"  (ll,' TIII,: I+]SI'I.MATOII R *t (x)  

\Ve wi l l  fol low h~'l'c a sta l idard curreli l ,  c r i tc r io i i  ((~.g. IIcidelbcrg'cr(199.5) or 
A.~,,,L~.~(,,~ and lh,l,i,~.~t,<,in(i905) <>r A.~,,,u.~c,, and I~i,,.~,va,,~'(~r(1997) ) lbr ca l f  
i i ig i i l'~ll't" C\-~2111,~ SilllUl~d~ion +lsyliipl~oti,.:~-dly or log~tri l, l inlitTll ly cl l ick:nt.  < l l l ~  
or(~lll <l t i rovcs t,ll~tl, l,he lll~l])ilts(.xt and colisisl.enl, (~l,inl~tl,or ~q,t (x , l l )  is ~dso 

it,~ylill)ix)l.i('id| )' cft ici,, l i i  

lira inf  lug (.~d {~* '  ( . , : , ) } )  > t 
< '-~ i . g  ( t t "  ( 4 )  - 

In Ol'dcr to t)rov0 ' l ' | i ( 'orcln 1 l, hc [ ( l l lowing |elnni~l is in t roduced.  

L e n m m  3. I)di~Un~; th,, timcti,,n,~ f(:~:)~,?(J:) :~ Owhcrc 

l i m  . ! 0 , )  - -  l iOLg ( : , : )  = o 

i f  

t h<'ii 

r ( , . )  _< I t / ( : , ) )  ~ <,,  : , : - +  ~o 

lira l ~ g ( V ( ~ ) " . > -  l 
• - ~  log(</(: , :))  - -  

( s . 1 )  

P r o o f .  ~ V h c n  5.1 hol( [s ,  ~4t, tl some siml)le aril , lnnetical Ol)erat,ion.'s we can ~et 
for x large enough  

- ] o ~ U O , O )  _> - l~ ,g ( ( .~ /O, , ) )b  =~ 

- ] , g ( f ( . , . . ) )  ~ - 2 k ,  g ( : / (~ , . ) )  
/ . 

- ]ug (W. / ( : r ) )  ? - lug( ,q ( . r ) )  
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it is <'~sv I.o prove then tha t  

lim l °g (v / f ( : r ) )  > 1 
- , ~  1,,g(,v(<)) - 

And  tinallv we will prove tha t  the  <~timator W' (:r,n) is unbiased,  cons i s ten t  
and  elfMenl.. 

T h e o r e m  4. ' l l w  (~¢ ima tor  W '  (:r,n) o/" U~c f imctio~,  1 - t i*'  (a:), is ~Lsyml> 

t of lead13 ~ ~tficie~t. 

lira inf k'g(~s'd{R*' (w~')}) > 1 
~ o o  l o g  ( 1  - f l  *t ( : r ) )  - 

D r o o l  Let, us r e m e m b e r  that. 

It  is clem" thai., 

i~,r zo~ (.,.d {~*' 0 v , ) } )  
t,,g (~ - / / , ,  (.,)) 

} )C'C~-X I IS(~ 

~og (.~d { w '  (,0}) 
1,,g(1 H-, (.~0) 

express ion  d(x:r('~ming wi th  incr('~tsing n. 
Using ' l 'heorent  2 (3.1} 

(s.~) 

~o~ ( ¢ l "  (~,:I)' "* ' / . , ; / -  i~, '~~' (*iF) 
lo~ (.~d { w '  (:,-)}) > , (s.a) 
1,,g (~ H ~' (.~:/) - log (1 - H*' 0:)) 

It, is c lear  l.httl 

.li2~ ~ ( ( / /  (.,1)' 

;-I,1l¢] ;'I.S ;I; ~ ('X'3 

~,,-' u:)+ !,,*'/.d ~ 0 -  "~'/:"!; ~>° 
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])e(:alLS(? 

a n d  [inallv 

) i2 g I/ /( . , )) '  -- :)i2g :/" (.,) ~ (.~.,~) 

(z - / / "  (.,.))~ > ( / / ( : ) ) '  / /"  (:) - (//*' (.,))~ 

following I,he resull of leimna 3 we can coiu:ludc' the s/,atcmcnt of the the~)rem. • 

6. AN I'~I:I:I(TKNT AI.(;()I/ITHM FOIl API~[/OX1M.VI'IN(; /:[.'I'['~|:~I'l,] HI'IN 
PlIOIIAIItLI IW 

Using cxprc,~sion (1.1) and the fmnily of eSlilna|ors N.t ( a ' d l )  I = O, 1 . . . .  

we obtain 

q~(a,) I + o ,  ,, ~ (1 -  1¢-'(:,:)) 

_~ ' I " , ( . . 7 , ) -  I+0, ,~ 

' ~ V } I { ~ I ' ( '  

~4 h m g  as we have  to ~ t i m a t ,  c the  funct ions  (1 - / l*t(:r)) one  by one up  
to  ! - L, e s t i m a t o r  ~IJ'l(u,~ ) of  t]lc u l t i m a t e  ruin probalf i l i ty  inheri ts  the  

properl,ies of estinla[or R *t ( :r , , )  and is, sul~s(xluc, ntly , unbiased, consist, enl, and 
a.symptot.ically etticienl~. 

I,et us now highl ight  ail i m p o r t a n t  p r o p e r t y  of  this me thod .  ~Vhcn we get  
the est i lnator fronl (,1.1) alld store th¢~e pairs of values 

( 1 - ~ ; t - I ( : )  . , _~ )  / 1 . . . . .  ;~ 

l,hen 

~*I  (,V.I/) 
7/ 

(1 ~?'(,,,1) 
i I 

II 

T 

i 1 

l /  

t~ 

~ ( i - I I  :r 5': , (:r)) 
i I 
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where  us ing  (2.2) 

h , t - I  
d,_,e (.s, ,2) ,i - - ~  = ,sl_ ~ ~ .%_~,.r, i = 1 ,n  

' t-I t l  (.r-,5i": ~) " " '  

Th i s  b~st resu l t  m(~ms t h a t  in(.re~sing one  un i t  the  o rder  of  the  convo lu t ion  
on ly  impl ies  g e n e r a t i n g  n r m M o m  n u m b e r s  m o r e  a n d  the  to t a l  a m o u n t  of  
r a n d o m  n u m b e r s  r equ i red  is n ( l -  1), where  t is the  d in lens ion  considertxl .  

T h e  save  o f  mlznl)er of  s t eps  ran(loin Illllllbcrs in Ollr ( ~ a ~  bccolll(? even 
m o r e  obv ious  wh(-n we ne(~l to eva lua t e  1 - I1  *~ (x) for t = 1, 2 , . . . ,  one  by  
one  up  to  a ce r ta iv  in teger  I ,  T h e  t o t a l  a m o u n t  o f  c a l c u l a t i o n s  w i l l  s t i l l  
b e  n ( k - 1) .  i n e r e a M n g  l i n e m ' l y  w i t h  L o r  t h e  n u m b e r  o f  s i m u l a t i o n s  
p e r  s t ep~  n. 

7. A .ql,;CONl) ]'~FFICIENT ALGO[iITIIM 1:()1~ SITI3t,;XP()NENTIAI, ('I,AIM 
S1ZE I)ISTIiIllUTIONS 

Le t  us i n t roduce  n o w  a second e s t i m a t o r  for u l t i m a t e  ru in  l ) robabi l i ty  b a s e d  
on  the  ¢ :ompomM m e t h o d  of g e n e r a t i n g  r a n d o m  mmfl)ers .  

Us ing  expr(~s ion (1.1) 

- t /  (:,)) ¢(:':) 1 + 0  ] - ~  (1 * ' ,  
t L) 

i t  is c lear  t h a t  the  u l t i m a t e  ruin p r o b a b i l i t y  is a geome t r i c  c o m p o u n d  process  

a n d  

~ ( x )  = lira E:~ ~ ( 1 - / / * ' ~ ( J : ' ) )  

_~ %(:~: ,  m , ,)  = E ,  , 
D 

t n  = 1, '2 . . . .  

where  1~ is a r a n d o m  n u m b e r  g e n e r a t e d  fl 'om a geome t r i c  d i s t r i bu t i on  

0 

I + 0  \ l + O ]  

• ~: r I~) is unbia.sed, I t  is e a sy  to  p rove  t h a t  e s t i m a t o r  qJ2(., ,n, 

/ ~  {~ ' ; ( " ,  ' " ,  " )}  = 6 ,  I r:  {1 - */*" (x)IP}]  = 

_ o } 

1 + 0  \ 1 + 0 ]  
l ,  0 

_ o ( 

1 + 0  \ 1 + 0 ]  
p 0 

~(.) 

(7.~) 
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a n d  ( 'onsis t(mt l)e( 'ause 

~ , , .  { %  ( , ,  ,,,.,,) } 
l? 

l f l?t  

W e  will now prove  t h a t  this (.'st,imator is also ,~sympt.ot.i(:ally elfi('ient, for  

subeXl)On(~mial c la im size d i s t r ibu t ions .  

T l m ~ a r e m  5. lTu '  md)ia:~ed aml c~,,~si,,,'t<,nt (:sthmaor eel(u, ~:~ t~) o f  th(, ~dti- 
m a t  (. vui+J ln+obatJilit.v i,'~ +d'~o a:,yml+t c+t ical(v +'Hici+'tJt 

t i m  i n f  1,,g(.+,t {~+' (:,:,,,)}) > 
. . . .  1,,g (q. (.,:)) - 

for sul~('xt)~m('~ltial claim size distritmtio,~s. 

P r o o f .  A n o n - n e g a t i v e  r a n d o m  variat) le X wi th  d i s t r i bu t ion  f imc t ion  I I  is 
calh~l sut)eXl)Onential if, for / > 2 

lira P ( X I  4 - . . .  + X,, :> :r) = 1 
:~ ,~ ~ ' (m~( .~ ; , , . . . ,  x , )  > .,:) 

wh(w(" X I . .  . . . .  \',, a re  i.i.d, copies  of  X(se(~ for  illstall(:e :XSlIIIIS.~(?II &ll(| l~ill- 
swanger (1997)  l ) ( , f in i t . ion  I. 1.) .  

It, is obv ious  then  t ha t  

P ( x ,  + . . .  + ~; ,  > , . )  1 - / / * ' ( : , . )  
i i m  = l i m  1 ( 7 . 2 )  

conc lud ing  that. 1 - l l* ' (x)  mM 1 - ( I / ( x ) ) t  decrease  ~tSyml)totically al. the  

s a m e  order .  
\Vlmn c l a im sizes follow a sub~=pon(mt ia]  d i s i r ibu t ion ( l " (x ) ) ,  it is e~Lsy to  

|)roy(, th;tt, 

//(.,.) : - [ ~  ] 1: ( : )  

• m tq 

is a lso  su|)eXl)Onential.  
Le t  us sLu(|v now the  fol lowing va r i ance  

~ . ,  {% 0, , . , . )}  

: r > U  

/ t  

H!H 
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ZZ log (sd {?-P’(r)}) - ; log(urr,) 

= & fy (&)*I ((1 - a+.)) - (1 - P’(.r)))’ 
7I 0 

= is;, (is 
I’ (Q(r) - (1 - /l*‘i(.Ig))2 

= -& g (&)‘I (1 - /f+7’(.r))2 - (Q(s))2 
7) 0 
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1 + 0  \ l  +O} t '  0 

20 0 
= t - + - (~(:,:))~ 

1 + o - H(;,:) ~ ~ o - (u(.)), 

(~ - H(,,.)) - o 0 _ + - (~ ( , : ) )~  
( l  - tl(:v)) + 0 1 + 0 - ( t t ( : , ) ) ~  

and fhmlly, becmtse (7.3) should 1)e non-negt~tive, for x large ( ~ i I ( ) / l g h  

(7.a) 

[{ ~ - u(:,:t)  - 0 0 
q -  

u(: , :))  + 0 1 + 0 - (tt(:,:))~ 
0 

-i+ <0 
i + o - (H(,))~ - 

[I~ -/IC~.)) -- o 0 

- ( ~ ( , ) ) ' ]  - ( ~ ( , ) ) ' ~  

- (~( : , - ) ) , ]  _< (~,(:,:))~ 

The  former result and lemma 3 lead its to the s ta tement  of the theorem. 

~q. NUMI<Ir;I[CA L RI<SVI,I'S 

We ,,;ill tarot the two (~timators %(u~ n)(6.1) and  vP~(u, m~ n)(7.1) in ln'a,:- 
tical calculation of ruin proBa|filities and compare  wit.h similar results of ac- 
tuarial  l i terature.  

t~)th estimaLors of the ul t imate  ruin probabil i ty  are built  upon the sim- 
ple (~t imator  W t (arm) (4. 1) of 1-- tf*' (:V). It is ot'x~iOUs that, (~t imator  % ( u ,  n) 
sholfld be bet, ter Lhan ~ (u, uC u) b¢x:mtse t.he second one, t)~id¢~ ltsing ~q*' (:I:U~) , 
is b~Lsed on condit ional  Monte Carlo. 

Conti(lcnce intervals with sigafificanee level ~t of R *t (:rm) x~x~re obta ined 
using fornnflas (1.1), (1.2), (1.(;) and (1.7)of s(x¢ion 1. 

l"ig,~lrcs R)r (~timtttor ~1(~, u) were ~'enerat,(,'d usinK the results of s(,:~,ion 6 

o 

,I,;(,,, , )  - 1 + 0 ,  ,, T T - 0  

and  the sum was l r lmc~ted when the t,erms b~wamc negl~:til)le 
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l 'br the s('cond (,'stimator of the u l t imate  ruin probability, kI',~(u, m, n), re- 
sults of section 7 are iLsed, 

%(:,: , , , , , , / =  

where t~ is a r~m(lom number  generated fl'om a geometric distr i lmtion 

0 

and subsequcnt, ly following Fishman(1996) 

t~( , , )  
P, ~- u -4 l~/(0.1) unilbrin distr i tmtion 

i = 1,2. . .~ 

We x~dll consider a.s aal i lhtstration, a subext)onential  ('laims size distritm- 
tion, l)areto, and m~ exI)on(',nti~dly tai led one, exponential .  

8.1. Pm'eto dis tr ibut ion P h R ( a , b ) .  

The distrihuti~m fimct.icm is 

P'(z) = 1 -  l ( z > a )  a > 0, b >  l a n d : c >  0 

the memJ is pl = a b / ( b - 1 ) ,  and the density f (z) and the c.d.f, of the integTat,xt 
tail dis tr ibution It (:r) are resp(x:tively 

. I ' ( : , : ) -  ,~b 

, , - ,  
u( : , , )  = . I ( : , :  < ~)  + - I ( : , :  > ,,) 

. b  ~, - 

l"or the simulation, we can obtain the inverso function 

l l - l ( : r )  = b -  1 x l  oc< + 1 :r > 
(t,(1 - :,:))~'-~ 

Figau'es are conq)ared in %d)le 1 with t}lcxs(', obtained by ~k~mu~c'n and 
Binswanger(1997), where only subexponent ia l  claim sizes w ~  considered, using 
the efficient est, imator  of algori thm III ( qablc I ), considered the best of the 
original papc'v. Thei r  re'sulks were bas(~l on I, he idea that  only the l a rg ~ t  claim 
and not the sum of M1 claims causes ruin, folloxsdng the k)rmal definition of 
subexponent ia l  claim size distr ibution (7.2). 
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'l'abl(" 1 
Uhimat(,  ruin 1)robal)ility (:onfid(,ncc intervals for l'm-cto claims size 

(lisl.rilml.ion 
I'~R(I.,2), 0 = O.l~ ,, 1~ 000, ,,, = l,  ,(, = 0.05 1 

-+ *-~("-~) i ~ : ! " ! ? /  ' ') - Ai-~,7,.~EZ m(A,V-f~) 1 
1 

10 { (5.572VU,OSJlO-J i (5.69TU.25}10 -3 (5.5q-0.3 lO -~ [ 
5O i ( 1 . 9 2 : : 0 . 0 6 ) 1 0 - '  ( l .9: t -~O.lS)lO- '  (S.9-~0.'2)10-' 1 

~[~gO-~ (S.S6~:O.75)lO -~ (7 .92Vo.gt ) iO -~ (S.6:~1.2)10-~ l 
~ 0 g j ( ~ . 1 4 ¢ 0 , 0 7 ) 1 0  " ( l . i s : v o . o 9 ) l o  " ( t . o ~ 0 . 2 ) l o  2 I 
i 1000 ] (5.:16 v 0.15)10 :~ (5.27 ~ 0.:~7)10 -:~ (5 . : />  0.6)10 -:~ ] 

8.2 .  E x p o n e n t i a l  d i s t r i t m t i o n  

'i'll(, dis| rilml ion fim('|i(m is 

l"(:r)= 1 - ~  ,'~ w > O  

the inverse of the (..(|.['. of the inl,~gyat(~(| tail (listrilmtion 

H-'(.,:) = I,,l~(~,:) 

'l~d)le 2 
Ultimate ruin t)robability ('()niidcnce intcrvabdbr (~xponcntial (:lainLs size 

distril ration 
~, o o 1,,, ~ 1 ,ooo~ ,  = o.o5 1 

, - - . g , ; : - , . - )  - - -  { 

(5.75 :c 0.063)10 -Z l 

{ 80 I (6.30 q: 0.491)10-' I 

l:rom 'bd)h" 1. w(. can con('lud(, I hat  esthnator  *~ ( . ,  . )  is bet ter  them th(, 
Inotho([~ basod on conditional Monte Carlo ( ~s it was eXl)Cctod ) b(x'mL,~e 
gCnel'a~.(s smMler (:onti(h,nc(" intorxvfls and can bc used for any tail behaviour 
of the claims size distribution ( s(.~ a~so tM)le 2 ). 

l{egar(tinv; Ill(, r('sults of the estimators ])a~xl on conditionM Morn0 C;u-lo; 
~e( ' ,  m: , )  also showed small('r imervals than algorithm IIl of :'~snmss(m and 
|~inswang(,r (I997), in the ('xamI)h" ('onsidcr('(l. 
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9. ('ONC!LI-I)IN(; ('()MMI,~NT. q 

?Ul unbi~s(~l, consist.cnl, and asynq)totically cflicicnt est.illl;-tto]" based on 
importance sampling variance reduction technique, in the frmncwork of Mont,e 
Cm'lo simulation methods,  was obtained, R *t (:rm) (,l.1) tbr the reciprocal of 
l he t-t})Id com,olution fimction of a dis tr ihmion function 1 ]l  *t ( .r) ,  :r > O. 

[{as(~l on the lbrmcr (.~timator, two new estimators, using tim Polla~:z(,ck- 
Khinchinc fi)rnmla, of the ul t imate ruin probabilities in the <-ontext of Lhe 
Classical case of Risk Theory wcrc imperiled. 

The lirst one, ~I~ (,,, ,,) (6.1), estimates the set of convolutions {1 - I1 *~ ( ,)}~' .~ 
ustxl lit the Poll~u:ze~:k-Khinchine fornml~ up to a cert.~dlt integ;cr L fi)r which 
the rest of the terms of the sum arc ncNlcctiblc. In the second est imator of 
the ult imate ruin prol)abili|y obtained, ~.~(u, m, t~) (7. l ) , ins t (ad of trm~cation, 
considering that  t},c l)ollaczcck-Khinchinc formula represents a compound g'eo- 
metric procvss, condil.ional Monl.e (Jm]o met.hod was used. Both (~l.imal,ors 
arc unbias(~l and consistent. 

Ilowcvcr, q/ , ( , ,  ~) (:all be considered })citer than the (mtimators based (m 
(',onditional Monts' Carlo b(x-m~,~c 

a) It is ~sympl,otically cfticicnl, for any distribution of the claims size 
while ~.~(u, m, ~) and Algoritm II[ of Asmusscn and Binswai,gcr(1997) jus t  
R)r sut)cxpon('ntial distributions. 

t)) (;cncrat.('s smaller confi(lcnce interv~ds. 

Finally, it is very iml)ortm~t to highlight that  in est imator q~'~(,, t~), al- 
though we n(~,d to obtain approximations for the set { 1 -  / I  *~ (*')}~" 2, th(,. 
nlun])er of c(m~tmtations rctluirc([ , random mm~l)ers in our ca.sc (:a:sc, is just  
~ ( L - 1). in(-rc~sing linearly with thc 1)rccision parameter  n. ['k)r thc reason 
jus t  cited above wc can consider ~'~ (u, ~) a very ctficient est imator in t(.rn~s 
of computat ional  lime dest)it(" the complexity im'olv(xl when approximating 
su(:csivc convohltions, in od~cr words, multiple integrals of increasing dimen- 
sion. 
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