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1 Abstract

At retirement, people face a choice between annuitization and self manage-
ment of liquid wealth (also called self-annuitization). The annuitization strat-
egy is to purchase a life annuity by paying a nonrefundable lump sum to an
insurance company in exchange for a lifelong income stream to cover living ex-
penses. Under the self-annuitization strategy, the retiree will withdraw from
the investment portfolio to cover living expenses. A common belief is that
annuitization provides longevity insurance at the cost of liquidity.

In this paper we argue that the desire for liquidity is actually driven by

bequest motives and estate value should be the measure on the liquidity of a
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given strategy. The annuity income stream is not necessarily identical to the
consumption stream. The difference between these two streams is a balance
stream, which in many cases has market value. The estate value of annu-
itization should be recognized by measuring the value of this balance stream.
The annuitization strategy uses the same mutual fund as the self-annuitization
strategy to support the variable payout and to grow the balance stream. The
estate under self-annuitization is the remaining fund, while the estate under
annuitization is the value of the balance stream.

We demonstrate that self-annuitization gives more estate within a critical
duration (which is before life expectancy) while annnuitization creates more
estate after that. In our second result, we compute the expected ending estate
at death under these two strategies and find that, on the average, annuiti-
zation creates more estate than self-annuitization under reasonable assump-
tions. We conclude that, as long as the same type of fund is being used for
these two strategies, annuitization and self-annuitization just create different
patterns of estates over time. However, annuitization is usually better than
self-annuitization for estate creation and liquidity, on average. This is some-
what counter-intuitive to popular belief because payout annuities without a
certain period do not have cash surrender values. The creation of the balance
stream and the results shown in this paper have important implications on

new product and marketing strategies for payout annuities.



2 Introduction

At retirement, people face a choice between annuitization and self management
of assets with systematic withdrawals for consumption purposes. The process
of annuitization involves purchasing a life annuity by paying a nonrefundable
lump sum to an insurance company in exchange for an income stream that
cannot be outlived.

Obviously annuitization provides invaluable longevity insurance that can-
not be replicated using other investment vehicles. The longevity insurance pro-
vided by annuitization guarantees that survivors will never run out of money,
no matter how long they live. However, it is an empirical fact that most
consumers are reluctant to purchase life annuities.

Ando and Modigliani (1963) life cycle hypothesis(LCH), or Yaari(1965),
predicted that individuals would seek to smooth their lifetime consumption
by annuitizing wealth. But Modigliani (1986), Friedman and Warshawsky
(1990), and Mirrer (1994) have found that only seldom do people choose to
annuitize wealth actively. Bernheim(1991), Hurd(1989) simply abandoned the
strict form of the life cycle hypothesis and argued that the failure of annuity
marketing is due to the fact that individuals have strong bequest motives.
Consumers with strong bequest motives are reluctant to annuitize since there
is little residual value left after annuitization. Another popular explanation
for this phenomenon is that even when individuals have negligible bequest mo-
tives, annuities are simply too expensive, as Warshawsky(1988), Friedman and

Warshawsky(1990), and Mitchell et al.(1999) have argued. Other explanations



have focused on the individual’s ability to pool mortality risk in large fami-
lies, the lack of real (inflation protected) annuities, and nonrational behavioral
justifications.

Beyond the academic literature that tries to explain or document the fail-
ure of annuity marketing, how can retirees evaluate the risk of self-annuitization,
and decide if and when to purchase life annuities? Milevsky and Robinson
(2000) modeled the risk of self-annuitization by computing the probability of
ruin for a person who chooses self-annuitization. The main idea behind the
optimal annuitization of Milevsky(1998), Milevsky(2001) is to compute the
probability of "beating” the rate of return from a life annuity. The higher this
probability, the longer retirees should wait before annuitizing.

The disadvantages of annuitization assumed in all the work above could
be summarized in two points: (1) rates of return from life annuities are too
low, so that annuities are expensive; (2) there is a serious loss of liquidity with
annuitization. Of course, returns from fixed life annuities are much lower than
those of equities, but they are close to the returns from fixed income securities.
And the returns of variable life annuities (equity indexed annuities) are close
to those from equities. It is unfair to punish all annuities because returns
from fixed life annuites are lower than those of equities. When the annuitiza-
tion strategy and self-annuitization strategy are being compared, similar funds
should be used to back them. Moreover, though annuities themselves have no
cash value, we can not ignore the fact that they do provide lifelong incomes.

And the income stream doesn’t have to match the consumption stream ex-



actly. Usually they don’t match and the difference is a balance stream, that
produces the value of the estate. Annuities should be recognized as part of
an individual’s investment strategy along with a pure investment portfolio (
a combination of stocks, bonds, mutual funds) and their impact on personal
wealth should be evaluated together with pure investment and consumption.

In contrast to the academic literature that tries to explain the disadvan-
tages of annuitization and show people how to avoid annuitization, the object
of this paper is to (1) demonstrate that the two strategies, annuitization and
self-annuitization, create different patterns of estate, neither of them necessar-
ily superior to the other, and (2) on the average, annuitization creates more
estate than self-annuitization. The main ideas behind this paper give life
annuities and pure investment portfolios the same return characteristics and
pool the impact of annuities, pure investment portfolios and consumptions on

ending estate.

3 Relative Estate Patterns Over Life Spectrum

In the following, we used these standard actuarial notations:
(z): an individual at age x
T(z): the future life time of (z)
w: the limiting age
(t—1)|9z: the probability of dying in the ¢ — th year for (z)
ez: the life expectancy of ()

az: the actuarial present value of a life annuity for (x)



ag: the actuarial present value of an annuity certain with duration ¢

A retiree who has initial assets A will consume a certain amount of money,
Cy, in the t — th time period. We call {C;} the consumption process. The
self-annuitization strategy is to put all assets into a pure investment portfolio
and withdraw C} at the end of the ¢ — th period. We called the sequence of
cash values of the pure investment portfolio at the end of every period after
withdrawal the estate process under self-annuitization strategy, {M;}.

Alternatively, the annuitization strategy will use all initial assets A to buy
a life annuity and open a side fund account. At the end of period %, the
individual has income from this life annuity, P;. If P; is more than Cy, he will
reinvest the surplus P; — C} into the side fund account; otherwise, he will have
to cash out the amount C; — P, from the side fund account to cover living
expenses. There is no cash value for a life annuity and we call the sequence
of cash values in the side fund account the estate process under annuitization
strategy, {A}-

Suppose a certain type of fund is being used by the pure investment port-
folio under the self-annuitization strategy, and the life annuity and side fund
account under annuitization strategy. Denote the rate of return on this fund
during the t—th period by R;. Then the estate process under self-annuitization

strategy is

M, = My(l+Ry)—Cy,

My, = M1(1+R2)—02,



My = My 1(1+Ry)—Cy.

For the annuitization strategy, suppose the assumed interest rate (AIR) of the
life annuity is ¢, then the initial payment P, satisfies A = Pya,. The actual

payments from this life annuity are

1+ Ry
P, = P
! "1+
1
P = P +E2a
144
1+ R
P, = P_ .
¥ 1T

The estate process under annuitization strategy is
Ay = A—PFy-a; =0,

A1 = Ay(1+Ry)+ P —Ch,

Ay = A a(1+Ry)+ B —Ch.
Theorem 1 There exists a duration n such that a, = az| and n < ey. Fur-
thermore, for this duration n,
M, > A if t<mny
M, = A; if t=mn;
M, < A if t > n.
Proof. We notice that the actuarial present value of a life annuity is no greater

than that of an annuity-certain with duration ey, i.e., a, < ;|- The reason
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is simple.

f) = ay=(@1-v"/i,

f"(t) = —(lnw)?'/i <0.
By Jensen’s Innequality, we have

az = Blazey | < ogmay = e

It is obvious that the present value of an annuity certain az as a continuous
function of duration ¢ is strictly increasing and ag; = 0. Recognizing a; < ag; ),
we know there must exist a duration n, such that a, = az and n < e;,.

Next, we considered the relationship between estate processes under annu-

itization and self-annuitization strategies.

M, = M_1(1+R)—Cy

t t—1 t
= M JJa+R)-> |C; [] O+R)| -G
j=1 j=1 1=j+1
t t—1 t
= AJ[a+Rry->|¢ ] @ — Ch.
j=1 j=1 i=j+1
Ay = 0
= A—Po'aw:A—Po'am.
Ay = A 1(1+R)+P—C,
t—1 t -1 t
= Z Pj H (1+R —Z C] H 1+R) + P, — C
j=1 i=j+1 j=1 i=j+1
t t t—1 t
= P()H(l—i-Rj)Z(l-l-Z) —Z Cj H (1+R) C
j=1 j=1 j=1 i=j+1
t t—1 t
= Poay [JO+Ry) - ¢ Il @+R)| -C
j=1 j=1 i=j+1




t t—1
= (P()Olﬁ|+P0aﬂ—Poaﬁ‘)H(l—i-R])—

t t—1

= AJ[(Q+Ry) Z

j=1 =1

t

H+R

= Mt + (aﬂ — am)PO H(l =+ Rj)
7j=1

Therefore, the difference of estates for these two strategies at the end of period
tis
t
At — (J,t| H ]. + R
P H§:1(1 +R;) is always positive, so the sign of this difference depends on the

sign of ag — ag)- Again, ag, as a function of duration {, is strictly increasing.

ap < ag| if t<mg
az = ag if t=mn;

az > ag| if t>n.

The proof is complete.

The duration n indicates an important point in this changing pattern and
we call it the critical duration from now on. If the retiree dies early, prior to the
critical duration, the self-annuitization strategy has a larger ending estate than
the annuitization strategy. The ending estate under the annuitization strategy
starts low, continues to increase, equals the estate under the self-annuitization
strategy at the critical duration, and then increases exponentially beyond that.
The annuitization strategy beats the self-annuitization strategy in terms of the

amount of estate created even before life expectancy.



What is interesting about this result is that it is independent of the as-
sumed interest rate (AIR) 7, the actual rates of return {R;}, and even the
consumption process {C;}. In another words, an individual is assured that if
he annuitizes his assets now, he will have more estate beyond life expectancy
than if he invests his fortune in a pure investment portfolio as long as he se-
lects a life annuity backed by the same portfolio. He can spend in any way
he wishes; he doesn’t have to predict the portfolio performance; he doesn’t
need to know the purchase rate for his annuity. If he needs more estate in the
early years, he may choose self-annuitization; otherwise, he may be better off
choosing annuitization. Since there is about a 50-50 chance of dying before or

after life expectancy, the choice is solely up to personal preference.

4 Expected Ending Estate at Death

The self-annuitization strategy creates more estate early while the annuitiza-
tion strategy creates more estate later. Neither of them is necessarily superior
over the other one on a year by year basis. We next investigate ways to
compare the two strategies.

The two ending estates Ar and M7 are random because of the uncertainties
of the future life time 7" and the return process {R;}, and we write them
as A(T;{R;}) and M(T;{R;}). The expected ending estate at death is the
expectation over both the future life time and the return process. The two

expected ending estates are denoted by E[A(T;{R;})] and E[M(T;{R;})],
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respectively.

w—T

EIA(T;{R;})] = ZE{Rj}[A(t§{Rj})](t—1)|Qza

EM(T;{R;})] = 15—21 Erj[A®{R D] (t-1) 9
First, we consider the case of a conservative investor. He is facing two
options: invest in a certificate of deposit(CD) account or buy a fixed life
annuity which assumes the same interest rate. That is to say, the guaranteed
interest rate of the CD is the same as the AIR from this annuity, R; = i for
any t. We find in this case annuitization is better than self-annuitization in

terms of expected ending estate at death.
Theorem 2 If R, =i > 0 for any t, then E[A(T;{R;})] > E[M(T;{R;})].

Proof. Let f(T;{R;}) = (aﬂ —an) P H};l(l + R;). This is the difference

between the ending estates at death under the two strategies. Let

ft) = f(T=t{R;=i})

= (a5 —am)Po(1+3)f

1—ovt 1—9o"

= ( T )Py(1 + 1)
= Davirro,

10 = et
> 0

EIA(T; {R;}) - M(T;{R;})] = E[f(T;{R;})]

= E[E[f(T;{R;}) | T]]
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(use the assumption) = E[(aﬂ — ag)) Po(1 + Z)T]
= Er[f(T)].

By Jensen’s Innequality, we have

Br[f(D)] 2 f(BT) = 2@ +i= 1) 20

This result tells us that when a retiree wants to invest in a CD type of
portfolio and finds a fixed life annuity which assumes the same rate of return
as that of the CD, he’d do better to annuitize initial wealth to seek higher
expected estate value, instead of putting all the money in the CD directly.

Most people want to invest in an equity type of portfolio for its upside
potential. The rate of return of the equity fund goes up and down over time
but on the average it is higher than that of the CD. Usually a conservative
ATR is being used for a life annuity, either fixed or variable, and it is close to
the rate of return of a CD. If a retiree is facing a choice between an equity
type portfolio and a variable life annuity backed by the same portfolio, we see
in the next two results that annuitization is still better than self-annuitization
in many cases. We extend the result above to the case in which the periodic
returns have the same expected value and they are mutually independent.

We assume that E[R;] = R > i for any j and Cov(Ry, R;) = 0 for any

k # j, then
BIA(T;{R;}) — M(T5{R;})] = E[f(T;{R;})]
= Er[Eg,[f(T;{R;}) | T]]
(use assumptions) = ET[(GT‘ —ag) ) Po(1 + R)T
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= Er[f(T)).
The next result is true for any mortality assumptions.

Theorem 3 If (1) E[R;] = R for any j and Cov(Ry, R;) =0 for any k # j,
and (2)  (1+3)V/0+"") 1= L<R<U=(1+¢)/0""") 1,

then E[A(T;{R;})] > E[M(T;{R;})].

Proof.
1+ 1 « R< 1 +i)YO) 1 e pn — (1- M)2 > 0.
In(1 + R)
And we observe that L <1 < U.
Let f(t) = (az —ag)Po(1+ R)'
- I pa Ry
= DR R - 0+ R
then f'(t) = %w m2(1+ R)(1+ R)! — m2(v(1 + R))(v(1 + R))"

Py(1+ R)*
M[v” In?(1 4+ R) — In®(v(1 + R))v'|
i

Next, we prove f"(t) > 0 if t > n (which implies v™ > v?).

When R > i > 0,
14+R > v(1+R) > 1 = In(14+R) > In(w(1+R)) > 0 = In*(1+R) > In?(v(14+R)).
When R < i, we use the lower bound condition.

R > (1+4)Y/0+"%)

1

N1 .
mln(l +7/) > 511’1(1 +Z)

— In(l1+R) >
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— In(1+ R)? > In(1 + 1)

1+

= 1+ R>
TR>TTR

= In®*(1 + R) > In*(v(1 + R)).
Considering v™ > v*, we have
o™ 1n®(1 + R) > In?(v(1 + R))v’.

We have proved that f”(t) > 0 if ¢ > n. When ¢ < n, using the second

condition we have

) = M[v" n2(1 + R) — In(v(1 + R))v']
B+ By t i [" " In*(1 + R) — In*(v(1 + R))]

In(v(1 + R))

_ R+ R)tv'1n®(1 + R) -t (e + R)) o,
i In(1+ R)
tyt In? n )
S Py(1+R) / In*(1+ R) " — (1 — lln((lliR)))Q]
> 0

Again, by Jensen’s Innequality, we have

Brlf(T)] > f(BT) = LT (0 ey 5 .

1

The result above gives us a sufficient condition under which the annu-
itization strategy outperforms the self-annuitization strategy. We emphasize
that the upper bound U and the lower bound L on R are used to secure the
concavity of the difference function f(¢). When the average rate of return is
over the upper bound or below the lower bound, self-annuitization is not nec-

essarily better but the concavity condition of f(t) is often violated. Though
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these bounds make the result less general, they work well since they allow a
wide range for the expected value of the rate of return. For instance, suppose
n = 20,

L=17% and U =122% if i=3%;
L=24% and U =12.9% if i=4%;
L=31% and U =13.5% if i=>5%;
L=38% and U =14.1% if i=6%.

We further analyze the necessity of the bounds for this result. It seems
that a lower bound is necessary to achieve this result. For example, we assume
mortality follows De Moivre’s Law and the maximum future life time is fifty
years, which implies that the life expectancy is twenty five years. Also assume
that the initial wealth is exactly the actuarial present value of the variable life
annuity with yearly amount of payment $ 1000 and AIR 4% and the yearly
expense is $800. If R = 1.7%, Er[f(T)] = $ — 37. The self-annuitization
strategy is better than the annuitization strategy.

We conjecture that the upper bound may not be necessary. As we will see in
the next result, higher expected return always favors the annuitization strategy
if the symmetry of the unconditional mortality distribution is assumed. A
symmetric unconditional mortality distribution means (;_1)¢z =(w—z—1)|
for any 1 < ¢ < w — z. Usually the unconditional mortality rate, ; gz, keeps
increasing until it reaches a peak around the life expectancy and then decreases

with time, so the symmetric mortality assumption is reasonable.
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Theorem 4 If (1)  (;-1)9z =(w—a—1)| 9= for any 1 <t <w — =,
(2) E[R;] =R for any j and Cov(Ry, R;) =0 for any k # j,
and (3) R>Ly=+1+1i—1,

then  E[A(T;{R;})] > BE[M(T;{R;})]

Proof. Without loss of generality, suppose the future life time spectrum is
an odd interger, 2m — 1, and death occurs at year end. Since the mortality
distribution is symmetric, we have e; = m and (;_1)|9z =(2m—1-¢)| ¢= for any
1<t<m-—1.

Let g(t) = (ag — am))Po(1 + R)t.

Er[f(T)] = El(a — an)PRo(1 + R)"]

> Bllag,—om)Pi1+ B

= Er[g(T)]
2m—1
= Y 91
t=1
m—1 2m—1
= Y 9019+ 9M)m-1)gz + D 91
t=1 t=m+1
m—1 m—1
= > 919+ Y 92m —§)em-1-j)9 + 9(M)(m_1) ¢
t=1 j=1

3

= [9() +g(2m — 8)](1-1) 9z + 9(M) (m—1)|Ga-
1

-+
Il

g(m) = (am| — am)) Po(1 + R)™ = 0. To prove Er[f(T)] > 0, it is sufficient to

prove g(t) +¢g(2m —t) > 0forany 1 <t <m —1.

g(t) +9(2m — 1)

= (ag — am) Po(1 + R)' + (aggy — am)) Po(1 + R)*™
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P
= "1+ R)' =o' 1+ R) +v™(1+ R — o™ (14 R
1

P()’Ut(l + R)t
)
P()’Ut(l + R)t
)

[,Um—t 1+ ,Um—t(l + R)Z(m—t) o U2(m_t)(1 + R)Z(m—t)]

[1—o™[(v(1 + R)?)™t —1].
We use the third condition here,
R>V14+i—-1+= (1+R?’>1+i<=v(1+R)>*>1

Since 1 —v™* >0 and (v(1+ R)?)™ ' —1> 0, we have g(t) +g(2m —t) > 0.
The proof is complete.

The result above demonstrates that if the mortality distribution is sym-
metric, the annuitization strategy outperforms the self-annuitization strategy
in a very broad range since there is no upper bound on R. We need a very
small positive lower bound, which is independent of the life expectancy and
the critical duration, to guarantee the result at the expense of giving up the
freedom of choosing the mortality assumption. This result supports our con-
jecture that an upper bound may not be necessary.

In all the work above, we assume the mortality status of the individual
coincides with the mortality table used in pricing the life annuity. But the fact
is when we are computing the expected ending estate at death, we should use
the mortality distribution of the individual, which is usually different from the
one used in pricing the life annuity. Insurance companies believe that healthy
people are more likely to buy life annuities so that the mortality tables used
in pricing recognize this anti-selection factor. Will this anti-selection strategy

change the result we have? Probably not. Given the purchase rate of the
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life annuity an insurance company offers and the mortality distribution of the
individual, there exists a certain valuation interst rate for that person, which
is usually different from the AIR. If we replace the AIR by this valuation
interest rate in all the formulas above, we keep all the results free from the
impact of the anti-selection strategy. Though this valuation interest rate can’t
be calculated, it can be estimated. For example, an individual is looking for a
life annuity. A insurance company offers a purchase rate 12 by using the AIR
4% and its own mortality table. Purchase rate 12 implies a valuation interest
rate 3% given the health status of this person. Then we can apply this 3% as

the 7 to all the results above.

5 Conclusion

The annuitization strategy and the self-annuitization strategy create different
patterns of ending estates: the self-annuitization strategy creates more estate
early while the annuitization strategy creates more estate later. To choose one
of them is really a problem of personal perference. But if more average ending
estate is desired, a retiree is better off choosing the annuitization strategy: in-
vesting all initial assets in a life annuity backed by the type of fund he prefers
and reinvesting the disposable income in that fund, versus investing all assets
in the fund directly. This is even before he considers the different tax treat-
ment of annuities versus mutual funds or the longevity risk protection which
annuitization offers. The only concern to the retiree is the spread insurance

companies charge on the returns of variable annuities.
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