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INTRODUCTION

N GENERAL, a complete annuity of one per annum may be defined as
I a curtate annuity of one per annum with an additional final payment,
made a fraction of a year after the last payment of one, representing
the accrued portion of the succeeding payment not yet due. If the pay-
ments under a curtate immediate annuity of one per annum are regarded
as interest at the rate 7 on a principal sum of 1/7, and if the annuity is to
run for a period of # + ¢ years (where # is integral and ¢ fractional), then
it is reasonable to take the accrued portion of the succeeding payment
as the accrued interest on the principal 1/: for ¢ years. This is (1/4)
{(1 4+ 4)* — 1] if compound interest is assumed, or (1/4)if = ¢ if simple
interest is assumed. In other words, under the assumption of simple inter-
est for a fractional part of a year, the amount of the partial payment is
exactly proportional to the time elapsed. This corresponds to the defini-
tion of the complete annuity given by Spurgeon.
However, the assumption of compound interest leads to some very
interesting relationships, which it is the purpose of this note to explore.
It turns out, for example, that the relation

A =1—14d,, (1)

which Spurgeon derives by general reasoning and considers to be an
approximate formula, is exact if compound interest is assumed. It may be
pointed out that the additional partial payment is slightly smaller under
the compound interest assumption.

Accordingly, it will be assumed in what follows that the additional
partial payment is [(1 4 7)* — 1]/i when the annuity is 1 per year. The
corresponding payment for an annuity with payments of 1/m payable m
times per year is

14+7)t—1
SAa ol 2)

based on a principal of 1/i(™.
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ANNUITIES CERTAIN

The value of a complete annuity certain would be

(m _ () bt (1A —1 11—
d'???l‘ a’ﬂ + v 1(m) - 20m) y (3)

where # is a multiple of 1/m and ¢ < 1/m. It will be noted that this is
exactly the result which would be obtained by the usual formula for the
present value of an annuity certain if regarded as valid for a fractional
term.

If & is the force of interest corresponding to 1,

1 — .L,n+¢
4G T s
Therefore,
o(m) _ O
an:}ﬂ - 1—(7;5 a3y
Similarly,

slm) &
S T Tem e
In particular, for n = 0,

g _ 8
T 0w Tt

which represents the amount of the partial payment to be made at the
end of a fractional period of ¢ years.

It follows that formula (3) also gives the present value of an annuity
certain a fraction ¢ of a year before the first payment is due, provided this
first payment is a fractional payment given by the expression (2). There-
fore, we may conclude that

(m) 8
dq =z G (4)

whether # is a multiple of 1/m or not, and where the time interval between
the nominal commencement of the annuity and the first payment is any-
thing between 0 and 1/m years, provided the payment made for any
fractional period, either at the beginning or the end, is

A4Dt—1_ 5
70m) =3 S

where ¢ is the length of the fractional period.
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LIFE ANNUITIES

The present value of a continuous temporary life annuity at age x of
one per annum for a term of # years may be written in the form

d::vﬂ.: ./0' ¢px”:+¢dﬂ dt+npza'.ﬂ' (5)
Since d) = (1 — 9%)/8, this gives
i 1 " 1—A_ -
Gomy™ S (nqz - A;:r_ﬂ+npx —.E,) = __—54;] ’

a well known result. If we consider, instead of a continuous annuity, an
annuity consisting of payments of 1/m payable m times a year with an
additional payment immediately on death of the amount indicated by the
expression (2), the expression corresponding to the equation (5) is

(m) " (m) (m)
dz”nL]=_/o. tpz“'z-{-tdt’lu dl+npzan *
In view of the equation (4), this gives, at once,
glm 9 (6)

sl 1(m) 4
or

sm) _ 1—A .
4= Fom) (7

Equation (7) immediately gives the relation

Ag=1-i"am. (8)

Similar relations are obtained for whole life annuities, merely omitting the
“angle n”’ in each case. Thus, the equation (1) given by Spurgeon is a
special case of equation (8).

There is a practical situation, arising in connection with the valuation
of estates, in which it is desirable to be able to regard equation (8) as an
exact relationship. Suppose it is provided that the income from an estate
is to go to an heir A during his lifetime and that principal is to pass upon
A’s death to another heir B (or to B’s estate if B is not then alive), and
that it is desired to evaluate for tax purposes the interests of A and B in
the estate. Taking the principal of the estate as unity, we may take A’s
interest as 5™ 3™ and B’s interest as A, where x is A’s age at the time
the income to him commences. As the sum of the two interests should
equal the total value of the estate, we should have 1 = {™g{™ 4 A, in
conformity with equation (8).
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If the assumption of compound interest for fractional periods is
adopted and, in consequence, equations (6) and (7) are accepted as being
exact relations, they do not, however, immediately provide a means of
computing 3™, since neither A, nor &. is directly obtainable from the usual
mortality table without introducing some approximation or assumption.
Spurgeon shows (1938 ed., p. 158) that, on the assumption of uniform
distribution of deaths over each year of age,

i
Alm =54,

and, thus,
i
5

:A,(1+%_1I§+...). (10)

A,

i

As (9

Substituting the right member of equation (9) in formula (7) gives

= L (12 )
a, 1 BAI .

d —-—l——é?
T8
d 1 v
5ot (i3
1 1
—az+A, 3—-3‘ . (11)

New estate and gift tax regulations recently issued by the Bureau of
Internal Revenue contain tables based on the formula

dz:‘az'{_%Az) (12)
which is an approximation to formula (11), since
1t 1 1,4 2

a5 2ttt
These tables also use the formula
Ax=Az(1+%), (13)

which is an approximation to formula (9) or (10). When the approxima-
tion (13) is used in conjunction with the approximation (12), it will be
found that the equation 1 = A, + 4. holds exactly.
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A USEFUL LEMMA

The present value of the additional benefit provided by a complete
life annuity of one per annum and not by the corresponding curtate life
annuity is given by

A m (m) e
o(m) m) _1—A; 1 —A(; Yo A A,
a, — a =

z [ T T gy T T gy T oy
since
1 1 ) w1

am T iem T Ye) T T
This is a particular case of a more general theorem, which is stated in the
following paragraph.

Let A denote the single premium for a benefit which consists of the
payment of one unit immediately on the occurrence of a specified con-
tingency. Let A denote the single premium for a similar benefit, with
the sole difference that the payment is no longer immediate, but is made
on the mthly anniversary of the issuance of the contract next succeeding
the occurrence of the specified contingency. Finally, let I denote the
present value of a benefit which consists of the payment, immediately on
the occurrence of the specified contingency, of the amount given by the
expression (2), ¢ being the time elapsed between the last preceding mthly
anniversary of the contract and the occurrence of the specified con-
tingency. Then, we shall show that

A(m) A

(M) ==
1 dom e

(14)

Let the sum insured under A be 1/d(™ instead of unity, and let the
sum insured under A be 1/i™. The single premiums then become the
respective terms in the right member of equation (14). Now, the first con-
tract is equivalent to the payment, immediately on the occurrence of the
specified contingency, of

(1/m)y—t _ (141t
Tdm T T Ty

Therefore, the difference between the two payments is exactly the ex-
pression (2), which is the benefit provided by the left member of equation
(14). This establishes the lemma.

It will be noted that nothing in the proof requires the specified con-
tingency to be one which must eventually occur. For example, the bene-
fits might be payable on the failure of a given life only in the event he
predeceases another life.
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APPLICATION TO REVERSIONARY ANNUITIES

Spurgeon gives on page 322 and discusses at some length in the suc-
ceeding pages the following three examples of complete reversionary an-
nuities payable # times a year to (x) after the death of (3):

1. An annuity to be entered upon by (x) immediately on the death of (y), the
first payment 1/m to be made at the end of a period of one-mth of a year
measured from the death of (y), later payments being made at the ends of
successive periods similarly measured.

2. An annuity to be set up immediately, the periods, at the ends of which suc-
cessive payments are to be made, being measured from the present time, the
first full payment of 1/m to (x) being made at the end of the period of one-mth
of a year, measured from the present time, in which (y) dies, so that the ac-
tual period of accrual is disregarded.

3. An annuity similar to (2) under which, however, the proportionate payment
to the death of (y) is to be made to his estate, so that (x) will receive only the
amount which has accrued since the death of (y).

It is instructive to consider these three cases from the point of view
adopted in the present note. In the first case, the value is that of a com-
plete annuity payable immediately on the death of (x), namely,

<o @K
¢ ol m) 6 _
f Vipatiyr oy dl = f ’U'szu#szT(‘;,;; Gz 0@t
0 ]

6 6 O(m)

- " - (m)
) “ﬂz:frm_)(a’-aﬂ) =4, — &y

In the third case, the value is clearly that of a complete annuity to (x)
less a complete annuity during the joint lifetime of (x) and (y), and thete-
fore identical with the result of the first case. Thus the distinguishing
symbol A which Spurgeon uses in the first case appears to be unnecessary
in the case of a complete annuity when compound interest is assumed.

With regard to the second case, we first note that a payment of 1/m at
the end of the period of one-mth of a year, measured from the present
time, in which (y) dies, is equivalent to a payment of [(1 + 2)* — 1]/i(™
immediately on the death of (y) plus a further payment of {(1 4 J)(/m—¢ —
1}/:% at the end of the period of one-mth of a year, where ¢ is the fraction
of a year elapsed between the beginning of this period and the death of (y).
This follows from equation (4) and the remarks made in connection with
it, from which it also follows that the value in the second case may be
regarded as that for the third case plus an additional benefit of [(1 +
1)t — 1]/i™ payable immediately on the death of () if (y) predeceases
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(x). Obtaining the value of the latter benefit from formula (14), we find
for the total value

(m) i
dm)  slm) | Ag oy
bz by T jomy

If uniform distribution of deaths over each year of age is assumed,

A(:n) :_§ Y '
Ty

zy 1(’"—)

and the preceding expression reduces to

s(m) (m)
42 & i(m) (d(m) )

APPLICATION TO FAMILY INCOME BENEFITS

Cody has derived (7454 XLIX, 72) an expression for the single
premium for a very general type of family income benefit on the assump-
tion of uniform distribution of deaths over each year of age. In doing so,
he found it convenient to consider the total benefits provided in three
parts, of which only the first gave rise to a complicated expression. This
involved the evaluation of a quantity #7% 7], which he defined as the single
premium for $1/12 monthly commencing at date of death to end of #
years from issue with minimum of k years of payments, if death occurs
within # years of issue. It was stipulated that interest was to be at the
annual rate i before death and at the smaller annual rate i’ after death.

We shall obtain the single premium on the assumption that a fractional
annuity payment of [(1 4 2)* — 1]/i(? is made exactly at the expiration of
the n-year period from issue, ¢ being the fraction of a year then elapsed since
the last regular payment, and compare the result with that obtained by
Cody. Denoting by *J2.. the single premium for the modified benefit con-
sidered here, we have

nk FUeL) (1) N
L'Jl'-ﬂ / ij !P I“‘z+l( "__1‘27-*-12) dl—f- lzﬂ_klA;:*k—)
n—k 1 — 'U,“—‘ (12 "
= _/(; Ly S ( 2712 12) di+dn ", | Aun
n—k
'(12) 12) f vt P 'u’z+tdt /(12) '”th:“zﬂdt

(12)
+ jl?n_ IA'E\,



COMPLETE ANNUITIES 581

where v/ = /v, so that 1 4 7" = (1 4+ 9)/(1 4 ¢'). Making use of the
relations

1 1 i ) 1 — o'k
il(12)+ﬁ=d'(12) and Y = gram e

we have then

’
vt <y

1 ’ A kA
in= g L (U= D Aq+ v AL =) — o Alen -

This expression differs only in the final term from that obtained by
Cody. His final term can be reached by multiplying the one given here by
8"'d%) (1 4 4M)112/3d" (D), This is close to unity, and could probably be
neglected in a practical situation. It is possible, however, by suitable
algebraic manipulation, and using the expression previously given for the
final payment, to obtain the present value of the additional benefit as-
sumed, and to show that its deduction gives exactly Cody’s expression.

A NOTE ON NOTATION

The use of the special sign © in connection with the annuity certain
serves not only to focus attention on the parallelism between the complete
annuity certain and the complete life annuity but also to distinguish the
value represented from other slightly different values which might be
denoted by the annuity symbol without this sign. If the expiration of the
term of an annuity certain is regarded as analogous to the termination of a
life annuity by death, strict analogy would require that we define a;77] =
d,), where 7 is an integer, and f a proper fraction. On the other band,
Hart (Mathematics of Finance, Third Edition, p. 285) has pointed out that
if the symbol a;77) is used to denote ay} 4 fo™*!, then the equation

P=R(1'T],

where P is the amount of a debt subject to amortization and R the amount
of the periodic amortization payment, holds exactly, whether # is integral
or not. If it includes a proper fraction f, the amount of the final irregular
amortization payment is fR. This suggested expression for ¢;37] is, of
course, that which would be obtained by straight-line interpolation be-
tween a;) and a7

It can also be shown that the amount of principal included in the rth
amortization payment is given by

ROy~ =59

whether » is integral or not.
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A somewhat similar situation arises in connection with an instaliment
refund annuity. Consider such an annuity of one per annum to a life
aged x, and let 4 denote the gross single premium and L the amount of
loading. If all annuities involved are assumed to be complete, we have,
exactly,

A~—L= 5[‘+ (7:—- (‘iz:——‘ .
On the other hand, if curtate annuities are provided, we can still write
Ad—L=ap+ae,—a 4,
which is also exact if we take
L SR bl AU DR

by analogy with Hart’s definition for the annuity certain.



