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I. INTRODUCTION 

T 
ins paper presents a relatively simple method for calculating ap- 
proximate annuity values on a mortali ty basis that provides for 
future improvements in mortality. This method involves the use 

of a special set of supplementary commutation columns in addition to the 
standard commutation columns that are generally used. Appropriate for- 
mulae are developed for calculating the approximate annuity values di- 
rectly from these commutation columns. The approximate annuity values 
so calculated agree closely with the exact values calculated from a mor- 
tality table (without projection) and a projection scale for future improve- 
ments in mortality, such as were presented by Messrs. W. A..]'enkins and 
E. A. Lew in their paper, "A New Mortality Basis for Annuities. ''1 

While this method is a general one in the sense that it may be used to 
calculate approximate annuity values on the basis of any mortality table 
(without projection), any reasonable projection scale of future improve- 
ments in mortality, and any interest rate, the particular supplementary 

TSA I, 369. 
3O 
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commutation columns presented in this paper are based on the Annuity 
Table for 1949 (ultimate) with Projection Scale B and 2½% interest. An- 
nuity values calculated from these supplementary commutation columns 
reproduce very closely the values obtained by applying the Scale B projec- 
tion factors from the Jenkins-Lew paper to annuity values calculated on 
the basis of the Annuity Table for 1949 (ultimate), without projection, 
and 2t% interest. These supplementary commutation columns provide, 
therefore, a practical method for calculating approximate annuity values 
on the basis of the Annuity Table for 1949 (ultimate) with Projection 
Scale B and 2½• interest. 

The method presented here is applicable to all types of annuity con- 
tracts, immediate or deferred. It  is applicable to nonrefund annuities and 
to all of the various types of refund annuities, including both cash and 
installment refund annuities and life annuities guaranteeing payments for 
a certain period. In fact, the approximate value of any type of benefit in- 
volving life contingencies may be calculated by this method, as each of the 
standard commutation symbols may be represented in terms of the sup- 
plementary commutation symbols. Approximate values of joint life an- 
nuities may also be calculated by using these supplementary commutation 
columns. While the method is particularly useful for valuation purposes, 
it may be used for any other purposes where exact annuity values are not 
required, as the errors involved are relatively small. 

The particular advantage of using the proposed method for valuation 
purposes is that the same valuation factors may be used year after year 
even though the annuity contracts are valued on a mortality basis that 
provides for future improvements in mortality. If the exact annuity values 
that are produced from a mortality table (without projection) and a pro- 
jection scale were used for valuation purposes, the valuation factors would 
have to be changed each year. This annual change in valuation factors is 
avoided under the proposed method by using two valuation factors for 
each attained age. One valuation factor represents the approximate value 
of the annuity in 1950, with provision for future improvements in mortal- 
ity, and the other valuation factor represents the approximately constant 
annual increment in the annuity value that results from improving mor- 
tality. The same valuation factors could be used each year and the adjust- 
ment for improving mortality could be made in the aggregate, by mul- 
tiplying the total annual increment for all ages combined by the number 
of years that elapse between 1950 and the year in which the valuation 
takes place. 

Even though the annuity values produced by this method are approxi- 
mate, they are always consistent, as all of the formulae in this paper are 
developed from the same basic assumptions. Comparisons between the 
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approximate annuity values produced by the supplementary commuta- 
tion columns and the corresponding exact annuity values indicate that the 
approximate values generally exceed the exact values. The maximum er- 
rors on immediate annuities are about ½% of the annuity value at the 
younger ages and practically zero at the older ages. The errors on deferred 
annuities are only slightly larger. Test valuations based on a recent age 
distribution of immediate life annuity contracts in force in the Metropoli- 
tan Life Insurance Company indicate that in 1950 the aggregate reserve 
based on the approximate method would exceed the aggregate reserve 
based on exact annuity values by less than .01% for males and less than 
.02% for females. I t  is estimated that the corresponding errors in 1960 
would be less than .1% for both males and females. 

II. IMMEDIATE NOlqREleUND LIFE ANNUITIES 

The basic principles underlying the proposed method may be most 
easily grasped by analyzing in detail the simplest problem, namely, that of 
calculating the approximate value of an immediate nonrefund life an- 
nuity. The application of this method to other types of annuities follows 
along the same general lines and will be discussed in subsequent sections. 

The standard notation that will be used, such as i, d, v, q,, p~, N~, D~, 
as, may be considered as defined in terms of the Annuity Table for 1949 
(ultimate), without projection, and 2½% interest3 The new notation that 
will be used may be considered as defined in terms of the Annuity Table 
for 1949 (ultimate) with Projection Scale B 3 and 2½% interest. This new 
notation is defined with reference to the calendar year 1950 in order to 
reflect the j'enkins-Lew assumption that the Annuity Table for 1949 
(ultimate), without projection, represents the level of mortality in the 
base calendar year 1950. The basic new symbols that will be used are: 

s. = the annual rate of decrease in the mortality rate at attained age 
x (-- x~g times the s. referred to on page 424 of the Jenkins- 
Lew paper) 

t950+kq. = the mortality rate at attained age x in the year 1950 + k 

= q ~ ( 1  - -  s~) ~ ( 1 )  

tgsO+kp~ - the probability of surviving one year at attained age x in the 
year 1950 + k 

= 1 - 19s0+kq~ ( 2 )  

t See Table 9, TSA I, 386, 

a See Table 19, TSA I, 417--the values at intervening ages were obtained by in- 
terpolation. 
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the probability that a life aged x in the year 1950 + k will sur- 
vive n years to attain age x + n in the year 1950 + k + n 

(~9~o+%) (,95o+k+,p,+3 . . .  ( ~ o + ~ + . - , p . + . _ ~ )  (3) 

the value of an immediate nonrefund life annuity issued to a life 
aged x in the year 1950 + k 

v(195°+kp,) + v2(19n°+~p,) + . . . + v"(tg~°+~p,) + . . . .  (4) 

The other new symbols will be defined when we need them but they 
will all be summarized in Appendix I. 

As a matter of convenience, all of the above symbols were defined in 
terms of a specific stationary mortality table, a specific projection scale for 
future improvements in mortality, and a specific interest rate. I t  should be 
understood, however, that all of the formulae that are derived below may 
also be interpreted in terms of other mortality and interest bases. The 
accuracy of the proposed method will, of course, depend on the particular 
mortality and interest bases used, but the results should generally be sat- 
isfactory provided that the annual rates of decrease in mortality are not 
considerably higher than those defined in Projection Scale B. 

I t  should also be noted that while all of the new symbols are defined 
on the assumption that 1950 is the base calendar year, the method de- 
scribed in this paper is perfectly general and may be used even though 
some calendar year other than 1950 is assumed to be the base calendar 
year. Thus, all of the formulae in this paper would still be applicable if 
the superscript "1950 + k" would be replaced by the superscript "k" 
and the new superscript "k" would be interpreted to indicate that the 
values are to be taken as of the calendar year which occurs " k "  years 
after the base calendar year. 

Our basic objective is to find a relatively simple formula that will pro- 
duce approximate values of tg~°+*a, on the basis of the Annuity Table for 
1949 with Projection Scale B. The first step is to show that 19b°+ka. may 
be considered equivalent to an annuity with variable payments calculated 
on the basis of the Annuity Table for 1949 without projection. If appropri- 
ate values of .p,  are inserted in the numerator and denominator of each 
term of formula (4), that formula may be stated as follows: 

f1950+kpz \ /1950+k ~, \ ] 
( ~r~+ 

+ . . . .  j 
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The corresponding value of an annuity paying a level amount of $1.00 per 
year on the basis of the Annuity Table for 1949 without projection is 

a~, = vp~+ v ~ p ~ + . . .  + v~p~+ . . . .  (6) 

By comparing formula (5) with formula (6), it is readily apparent that 
we may consider 19~°+~a~ as representing the value of an annuity calculated 
on the basis of the Annuity Table for 1949 (without projection) but with 
an increased amount payable each year. The increased amount payable at 
the end of the nth year would be 195o+~p~/,p~ and, as might be expected, it 
merely represents the ratio by which the probability of surviving n years 
is increased because of the improvements in mortality that are assumed in 
Projection Scale B. Specimen values of the increased amounts payable 
each year for an immediate nonrefund life annuity issued in 1950 to a male 
life aged 65 are shown in column (1) of Table 1. These increased amounts 
are the exact values of ~gb~p~,/,,pB5 calculated for a male life on the basis 
of the Annuity Table for 1949 (ultimate) with Projection Scale B. 

The second step is to find some simple formula that would produce 
approximate values of the increased amounts that are payable each year. 
A simple method that might be considered at first would be to assume that 
the amounts payable increase each year by a constant amount. Prelimi- 
nary trials quickly indicated that this assumption did not produce suf- 
ficiently accurate results. A glance at column (1) of Table 1 clearly indi- 
cates that the increased amounts do not progress by approximately con- 
stant steps. 

In order to find a formula that would produce more accurate approxi- 
mations to the increased amounts payable each year, let us consider the 
exact formula for the increased amount payable at the end of the nth year, 
namely ~sO+~p~/,p~. The exact formula is: 

from (3) above. The exact values of the numerators in formula (7) may be 
obtained from formulae (2) and (1) above. 

Formula (I) may be expanded as follows: 

= q (1- q [1 - k (k- i)2 s , - .  . . . ]  . (s) 

As s, is generally small, not greater than .0125 on Projection Scale B, the 
first approximation is to ignore the second and higher powers of s, in 
formula (8). This produces the approximate formula 

l~sO+~q,- q _ k s ,  q , .  (9) 
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From (2) and (9), we obtain 

t95O+kp~ -- p, + k sxq~ • (10) 

Dividing both sides of (10) by px, we get 

1950+kp._ 1 + k s~q~ (1 1) 

The effect of this first approximation is to overstate slightly the true values 
of ~gsO+kp./p., as the next term in formula (11)" would be --(k[k - 1 ] / 2 )  
(s~qx/p~). If we let f .  = s.q./p. ,  we may rewrite formula (11) and obtain 
similar expressions for the other terms in formula (7), so that 

1950+kPz " 1 "{- k Ix  
P. 

'95°+k+'Px+l " 1 +  ( k +  1) f*+t 
Pz+I (12) 

195°+k+n-'Px+"-I " 1 + ( k + n -- 1) f ,+n-l .  
Pzq-n-- 1 

The increased amount payable at the end of the nth year is defined by 
formula (7) as the product of all of the left-hand terms of (12), so that 

,9~0+~p.. } 
~Px - [ l+kf~][l+ (k+l)I~+ll... (13) 

X [ 1 +  ( k + n - - 1 ) f ~ + , ~ - , ] .  

As each / ,  term includes a corresponding s, term, we may  introduce 
another approximation in expanding the right-hand side of (13) and again 
take advantage of the small values of s, by ignoring all terms involving the 
second and higher powers of f,.  This produces 

1950+k . 

"P~ "- l + kf~-{- ( k + l )  f~+t-{- . . . - t -  ( k + n -  1) f~-~-~. (14) 

It should be noted that while the first approximation tends to overstate the 
true values of t95O+~p./.p., the second tends to understate the true values 
of '95°+~p./~px, as all of the terms that are ignored are positive. The fact 
that the two approximations tend to balance each other explains the very 
small differences between the approximate and exact annuity values. 

We have now attained our second objective, as formula (14) produces 
approximate values of the increased amount that is payable at the end of 
the year. In order to illustrate the accuracy of formula (14) we may apply 
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it to the specific example that  was referred to earlier, namely, an immedi- 
ate nonrefund life annuity issued in 1950 to a male life aged 65. The in- 
creased amounts for this example would be defined as 

,95Ope~__ 1 + f 6 6 + 2 f 6 7 + . . , +  (n--  i )  f ~ + ~ - l .  ( 1 5 )  
nP65 

The approximate values produced by this formula are shown in column 
(2) of Table 1 and may be compared with the exact amounts shown in col- 

TABLE 1 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF INCREASED 

AMOUNTS PER $1 OF ANNUAL INCOME THAT REFLECT THE 
EFFECT OF IMPROVING MORTALITY 

For Immedia te  Nonrefund Life Annui ty  Issued in 1950 to a Male Aged 65 

on the Annui ty  Table for 1949 (Ult imate)  with Projection Scale B 

Exact Value Approximate Excess o| Approxi- 
End of 1~,~85 Value* mate Value over 

ffi ~_1 E x a c t  V a l u e  nth ftYear ,Pss = 1 + o~tf~+~ : (2) -- ( 1 ) 

(1) (2) (3) 

1 . . .  
2 . . .  
3 . . .  
4 . . .  
5 . . .  
6 . . .  
7 . . .  
8 . . .  
9 . . .  

10. . .  
11. . .  
12. . .  
13. . .  
14. . .  
15, , .  
16. . .  
17,. .  

19  . . . . . . . . .  

20 . . . . . . . . .  
21 . . . . . . . . .  
22 . . . . . . . .  
23 . . . . . . . .  
24 . . . . . . . .  
25 ~ nd over. 

1•00000 
1.00027 
1.00085 
1.00177 
1.00306 
1.00476 
1.00689 
1.00949 
1.01261 
1.01627 
1.02051 
1.02532 
1.03071 
1.03667 
1.04320 
1.05026 
1.05781 
1.06576 
1.07400 
1.08233 
1.09052 
1.09824 
1.10505 
1.11039 
1.11352 

11. 74417 

1.00000 
1.00028 
1• 00086 
1.00178 
1.00308 
1.00481 
1.00699 
1.00963 
1.01282 
1.01654 
1.02086 
1.02576 
1.03118 
1.03719 
1.04371 
1.05072 
1.05816 
1.06591 
1.07387 
1.08185 
1.08961 
1.09681 
1.10310 
1.10800 
1.11083 

11. 74445 

.00000 

.00001 

.00001 

.00001 

.00002 

.00005 

.00010 

.00014 
• 00021 
.00027 
• 00O35 
.00044 
.00047 
.00052 
• 0OO51 
.00046 
• 00035 
.00015 

- .00013 
--  . 00048 
- .0O091 
- -  . 00143  
--.00195 
- . 0 0 2 3 9  
-- .00269 

.00028 

* Produced by formula (15). 
t tsboa~ equals the present value of the increased amounts on the basis of the Annuity 

Table for 1949 (ultimate), without projection, and 21% interest• 
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umn (1) of Table 1. Table 1 indicates that the approximate increased 
amounts produced by formula (15) are very close to the exact increased 
amounts and the value of ~5°a6~ on the assumption that the approximate 
increased amounts are payable each year is 11.74445 as compared to the 
exact value of 11.74417. 

Formula (14) is the basic formula in this paper. The only approxima- 
tion introduced in deriving all of the subsequent formulae is the assump- 
tion that formula (14) is exact, i.e., that the increased amounts payable 
each year may be represented by formula (14). 

The third step is to show how supplementary commutation columns 
may be used to facilitate the calculation of annuity values in which the 
increased amount payable at the end of the nth year is represented by 
formula (14). If we substitute the values from formula (14) for each of the 
terms in parentheses in formula (5), we obtain 

+ v22p,[1 + k A +  ( k +  1) fz+l] 

. . . . . . . . . . . . . . .  

+ v%p~[1 + k f ~ +  (k+ 1) f~+ ,+ . . .  
+ ( k + n -  1) f~+,,-l] 

- [ -  . . . . . . . . . . . . . . . . . . . . . . . . .  . 

(16) 

where each of the terms in brackets represents the approximate increased 
amount payable at the end of that year due to improved mortality. By 
rearranging the terms in formula (16), we may rewrite it as follows: 

~5°+ka~ - vp,+ vhp, + . . .  + v~p,+.. .  

+k f~[vp ,+vhp ,  + . . .+v~p~+. . . ]  

+ ( k +  1) f , + l [ v h p , + . . . +  v~p,+...] 

{ - "  . . . . . . . . . . . .  o ° o • • • o 

+ ( k . + n -  1) f,+,,-l[v~,,p,--b...] 

. . . . . . . . . . . . . .  • . • . • , 

(17) 
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Substituting D~_~/D. for v".p. for all values of n in (17), we get 

• 1 
19S0+k ax -D-: [D=+I + D,+2 + • • • + D,+,  + • • -] 

" + ' ~  [D~+I + O x + 2 + . . .  + D x + n + . . . ]  

-+ (k + 1) f '+ l  [ D ~ + 2 + . . .  + D . + . + . . .  ] 
D.  

+ ( k + n -  1 ) / . + . - I [ D . + . + . . . ]  
D.  

J[- . . . . . . . . . . . . . . . . . . .  , 

(18) 

Substituting N~-, for D ~ ,  + . . .  for all values of n in (18), we get 

1950+k~z ~l 

-N~+l+kf~N,+l+(k+l)/ ,+lN~+~+.. .+(k+n--1)f~+,-1N,+,+.. .  (19) 

I f  we let h, = fxN~+~, we may rewrite formula (19) as follows: 

D~ D, [hx+h~+l+' ' '+h~+"- l+ ' ' ' ]  

1 +b-7~ the+x+ 2h~+2+ . . .  + (n -- 1) h~+~- i+ . . . ]  • 

(20) 

This formula suggests the particular supplementary commutation col- 
umns that would be useful in the calculation of *9~°+~a.. I t  might first be 
noted that, as f .  = s.q./p, and as st = 0 for ages 90 and over on Projec- 
tion Scale B, f .  and h. are also equal to 0 at ages 90 and over. We may, 
therefore, define the supplementary commutation columns as follows: 

89--x 
H ~ = ~ h . + t = h x + h ~ + l + . - - + h s ~  (21)  

t~0 

and 
89--x 

L =  N-~th~+,=&+~+2hx+2+...+ (89-- x) hs9 

89--X 
= ~ H ~ + t  = H ~ + x + H . + ~ + . . .  +Hs~ .  

t= l  

(22) 
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Va lues  of Hx a n d  Jx on  t h e  bas i s  of t h e  A n n u i t y  T a b l e  for  1949 (ul t i -  

m a t e )  w i t h  P r o j e c t i o n  Scale  B a n d  2 ~ %  i n t e r e s t  a re  s h o w n  s e p a r a t e l y  for  

ma le s  a n d  f ema les  in  A p p e n d i x  I I .  T h e  o t h e r  s u p p l e m e n t a r y  c o m m u t a t i o n  

c o l u m n s  in A p p e n d i x  I I  are  r e q u i r e d  for  c a l c u l a t i n g  t h e  a p p r o x i m a t e  va l -  

ues  of o t h e r  t y p e s  of a n n u i t y  c o n t r a c t s  a n d  wil l  be  d i scussed  la ter .  

S u b s t i t u t i n g  Hx a n d  ~x for  t h e  t w o  series in  f o r m u l a  (20),  we o b t a i n  

1950+kaz. Nz+l  ~ Hx ~--. + + k ~ .  (23) 

TABLE 2 

C O M P A R I S O N  OF E X A C T  A N D  A P P R O X I M A T E  VALUES OF I M M E D I A T E  N O N -  

R E F U N D  L I F E  A N N U I T I E S  I S S U E D  I N  1950 A N D  1960 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2½% Interest 

AcE 

x 

15 . . . . .  
25 . . . . .  
35 . . . . .  
45 . . . . .  
55 . . . . .  
65 . . . . .  
75 . . . . .  
85 . . . . .  

15 . . . . .  
25 . . . . .  
35 . . . . .  
45 . . . . .  
55 . . . . .  
65 . . . . .  
75 . . . . .  
85 . . . . .  

~NNUITIES ISSUED AT AGE X IN 1950 Ah'lq~Tl~S ISSUED AT AGE X I~ 1960 

Exac t  Approxi- Error 

Value of ma te  
Value of lgS0az 

...... • (2~(3)(I/ (3~(4)(I) (I)  (2) 

Exac t  
Value of 

1~o~ z 

(5) 

Approxi- 
mate  

Value of 
1960~ t 

(6) 

Error 

(6)(~)C5) (7)+(s)(8) 

Male 

30.917 
28. 296 
24. 962 
20. 849 
16. 330 
11. 744 

7. 396 
3.927 

31.018 
28.370 
25.005 
20• 867 
16.336 
11.744 

7. 395 
3.927 

• 101 
• 074 
•043 
.018 
.006 
.000 

- -  .001 
.000 

.33% 

.26 

.17 

.09 

.04 

.00 
- .0l 

.00 

31.134] 31.298 
28. 574 28. 704 l 
25.307 25.401 
21.263 I 21.319 
16. 759 16. 785 
12•092 12.100 
7. 588 7. 590 
3.965 3.965 

.164 
• 130 
• 094 
.056 
• 026 
.008 
.002 
.000 

•53% 
.45 
.37 
.26 
.16 
.07 
.03 
.00 

Female  

31. 935 
29.611 
26. 672 
23.018 
18.640 
13. 686 
8. 714 
4.564 

32.032 
29• 685 
26.719 
23. 043 
18. 649 
13• 687 
8.713 
4•564 

.097 

.074 
• 047 
• 025 
• 009 
• 001 

- - . 0 0 1  

.000 

• 3O% 
.25 
.18 
.11 
•05 
.01 

--~ 

32•078 I 32•229 
29.797 I 29.922 
26. 906 26.999 
23. 299 23.36O 
18. 943 18.978 
13. 963 13. 976 
8. 883 8. 886 
4. 599 4. 599 

•151 
.125 
• 093 
• 0 6 1  

• 035 
.013 
.003 
.000 

.47% 

.42 

.35 

.26 

.18 

.09 

.03 

.00 

* Obtained by formula (24). 
~" Obtained by formula (23), k = 10. 



40 ANNUITY VALUES WITH IMPROVING MORTALITY 

Formula (23) represents our basic objective, a relatively simple formula 
that will produce approximate values of immediate nonrefund life an- 
nuities issued at any age x in any year 1950 + k. By dividing both sides 
of (23) by a, we obtain formula (112), which may be used to calculate 
approximate values of the projection factors presented in the J'enkins-Lew 
paper. 

The formula for a corresponding annuity issued in 1950 may be ob- 
tained by letting k = 0 in formula (23), so that 

. N ~ + I .  J .  
'95°a, = --i)--~- + ~-~,. (24) 

The accuracy of formulae (23) and (24) is demonstrated in Table 2, 
where the approximate values of 196°a~ and 1°6°a, produced by these for- 
mulae are compared for male and female lives with the corresponding 
exact annuity values. These exact values are the same ones that were used 
to produce the projection factors in the Jenkins-Lew paper. The maxi- 
mum error is about ½~ of the exact annuity value at the very young ages 
and the errors at the older ages, where most of the annuity business is con- 
centrated, are less than ~t~%. The errors will generally increase as the 
value of k increases, as is indicated by Table 3, which compares the ap- 
proximate values of an immediate nonrefund life annuity issued at age 65 
in decennial years from 1950 to 2000 with the corresponding exact values. 

I t  is apparent from Table 3 that the proposed method will provide a 
high degree of accuracy for a long period of time. I t  is likely that by the 
time the degree of accuracy of this method becomes questionable, new 
basic tables and new projection scales will have come into use. Corre- 
sponding new supplementary commutation columns may then be used to 
again reduce the errors to negligible proportions. 

Up to this point we have been dealing only with annuity values com- 
puted on the basis of the ultimate part of the Annuity Table for 1949. I t  
might be considered desirable to adjust these annuity values for the effect 
of select mortality. For annuities issued in the year 1950 + k, this adjust- 
ment could be made by multiplying the ultimate annuity values by the 
following approximate factor: 

~°+kPt~J P c ~ +  ks~qt~ ~ -" (25) 1960+kPx Pz + k s .q .  " 

Before taking up the application of this method for valuation purposes, 
it seems worth while to consider the meaning of the three separate terms in 
formula (23) as all of the subsequent formulae may be analyzed in the 
same manner. The first term N.+I/D. is equal to a. and represents the 
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exac t  v a l u e  of the  a n n u i t y  we are  consider ing on the  basis of t he  s t a t iona ry  

m o r t a l i t y  tab le ,  i.e., t he  A n n u i t y  Tab l e  for 1949 (u l t imate)  w i thou t  pro-  

ject ion.  T h e  second t e r m  J , / D , ,  which  we m a y  des igna te  b y  lax, repre-  

sents  t he  a p p r o x i m a t e  increase in t he  v a l u e  of an  annu i t y  issued in t h e  

TABLE 3 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF IMMEDIATE 
NONREFUND LIFE ANNUITIES ISSUED AT AGE 65 IN DECENNIAL 

YEARS FROM 1950 TO 2000 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2½% Interest 

ISSUE YEAit 
1950+k 

Males: 
1950 . . . . . .  
1960 . . . . . .  
1970 . . . . . .  
1980 . . . . . .  
1990 . . . . . .  
2000 . . . . . .  

Females: 
1950 . . . . .  
1960 . . . . .  
1970 . . . . .  
1980. 
1990 . . . . .  
2000 . . . . .  

VALUE OF 
k 

0 
10 
20 
30 
40 
50 

0 
10 
20 
30 
40 
50 

Am~XTXES ISSU~ AT AoE 65 no 1950+k 

Exact Value 
of l~6°+~a~s 

(t) 

11.744 
12.092 
12.425 
12.745 
13.051 
13.343 

13.686 
13.963 
14.227 
14.477 
14.715 
14.939 

Approximate 
Value of 

(2) 

11.744 
12.100 
12.456 
12.812 
13.168 
13.524 

13.687 
13.976 
14.264 
14.552 
14.840 
15.128 

(2)--(1) 
(3) 

.000 

.008 

.031 
• 067 
.117 
.181 

.001 
,013 
.037 
• 075 
.125 
• 189 

Error 

(3)+(I) 
(4) 

.0o% 

.07 

.25 

.53 

.90 
1.36 

.01% 
,09 
.26 
.52 
.85 

1.27 

* Obtained by formula (23)• 

yea r  r ep resen ted  by  the  s t a t i ona ry  m o r t a l i t y  t ab le  (1950) because  of the  

fu tu re  i m p r o v e m e n t s  in m o r t a l i t y  a s sumed  in the  p ro jec t ion  scale, so t h a t  

195°ax - ax + ~a~. (2 6) 

I n  the  th i rd  t e rm,  the v a l u e  of H . / D . ,  which we m a y  des igna te  by  

aa.,  represents  the  app rox ima te  annua l  i nc remen t  in the  a n n u i t y  va lue  

t h a t  resul ts  f rom shif t ing al l  of t he  a n n u i t y  p a y m e n t s  forward  by  one year ,  

so t h a t  

lgs°+ka, -- a~ + ~a~ + k ~a~ (2 7) 
and  

lgs°+ka. -- t °~°a .+  k " a . .  ( 2 8 )  
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Formulae (26), (27), and (28) are perfectly general and will be shown 
later to apply to any type of annuity or insurance benefit. This means, for 
example, that we can replace a, in these formulae by ~ l a~ or A, or any 
similar symbol and the formulae will still hold. 

Formula (28) may be used for valuing all annuities on which an im- 
mediate nonrefund life annuity is the only benefit payable at the time of 
valuation. All of these annuities would first have to be classified separately 
by sex and then by attained age. Two valuation factors would be required 
for each attained age, namely 

(A) : 19~°a,-N~+l+J*- (29) 
D,  

and 
H~ (B): a.=b~ ,. (30) 

For a valuation in the year 1950 + k, we may let ~9~°+~T. represent the 
amount of annual income in force at attained age x, and then 

'9~°+kT, (196°+*a.) " ~ ~gs°+eT. (19~°a,) + k~.~'95°+*T. (a a,). (3 1) 
a :  x x 

Formula (31) indicates that the same valuation factors may be used 
each year even though the annuities are valued on the basis of the An- 
nuity Table for 1949 (ultimate) with Projection Scale B. The adjustment 
for improving mortality would only have to be made in the aggregate, by 
using the appropriate value of k. For example, the value of k would be 5 
for a valuation in 1955 or 10 for a valuation in 1960, but the same valua- 
tion factors 195°a, and aa, would be used in each of those years. 

In actual practice, where the attained age x generally denotes the age 
attained on the contract anniversary and the valuation is performed at the 
end of the calendar year, the valuation factors could be adjusted to a mean 
reserve basis as follows: 

and 
Valuation Factor (A) = ½ (~95°a~) + ½ (1 + lO5Oax+l) (3 2) 

Valuation Factor (B) --- ½ ( ~ a,) + ½ ( a a,+l) • (3 3) 

If it were considered desirable to assume continuous improvement in 
mortality, k + ½ could be substituted for k in formula (31) for a valuation 
at the end of the calendar year 1950 + k. In that case the aggregate an- 
nual increment would be multiplied by k -- ~ for a valuation at the end of 
1950 and by k -- 103 for a valuation at the end of 1960. 
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HI. STANDARD AND SUPPLEMENTARY COMMUTATION COLUMNS 

The formulae for other types of annuities may be derived from the basic 
formula (14) by following a similar procedure to that used in Section II 
for immediate nonrefund life annuities. It is more convenient, however, to 
obtain the formulae for other types of annuities by using some general 
rules for expressing the standard commutation columns in terms of the 
supplementary commutation columns. These general rules will be ex- 
plained and illustrated in this section. 

The standard commutation columns may be considered to represent the 
value of a particular benefit on the basis of the Annuity Table for 1949 
(ultimate), without projection, and 2½% interest. We may designate the 
value of this same benefit on the basis of the Annuity Table for 1949 
(ultimate) with Projection Scale B and 2½% interest by placing parenthe- 
ses around the expression in standard commutation columns and indicat- 
ing the calendar year in which the benefit is issued by a superscript in the 
upper left-hand corner. Thus, we may express formula (23) as follows: 

1050+k (N~+I"~. N.+I _~ H~ 
1950+k ~z ~--- \ D~ /=---D-~. + +kb-~." (34) 

The superscript 1950 + k corresponds to the calendar year in which age 
x is attained. 

Similarly, we may express the general formula (27) as follows: 

,950+, ( N . + x ) -  N.+x + ' ( 'N.+ ,~+ ka(N.+l~ 
\ D. ] D. \ D. J \--D-~--,/" (35) 

The basic formula (14) may be expressed as follows: 

,gno+, (D.+.'~ .__ D.+. ] 

\ D~ / D~ I (36) 
X [1-}-k].+ ( k + l ) / . + 1 + . . . +  ( k + n - 1 ) J . + . - a ] .  

This formula states that for a life aged x in the year 1950 + k, the value of 
a pure endowment of $1 at the end of n years computed on the Annuity 
Table for 1949 with Projection Scale B is approximately equal to the value 
of a pure endowment providing the increased amount in brackets at the 
end of n years, computed on the Annuity Table for 1949 without projec- 
tion. 

The value of the increased amount that is defined by the expression in 
brackets in formula (36) may be obtained more conveniently by using two 
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additional supplementary commutation columns, F~ and G,. These are 
defined as follows: 

89- -a :  

F , =  ~ f~+t = f , +  f , + l + - . . +  f89 (37)  
t ~ 0  

a~-ZFz+t Vz+x+ + ) 

G ,=  ~_~lfx+t = f,+l-{-2fz+2-J-. . .+ ( 8 9 -  x) fs~ 
t = 0  

(38) 
8 9 - - z  

= ~  = F , + 2 + . . .  F89. 
t = l  

Values of F. and G. on the basis of the Annuity Table for 1949 (ultimate) 
with Projection Scale B are shown separately for males and females in 
Appendix II. 

Noting that 
F~ -- Fx+. = / .  + ]~+1 + . - .  + f~+.-1 (3 9) 

and 
G , - - G ~ + . - - n F , + , = / , + a + 2 / ~ + 2 + . . . +  ( n - - 1 ) / , + , - 1  (40) 

we may write formula (36) as follows: 

k D, / =  D~ [ I + G ~ - G * + " - n F ~ + " + k ( F ' - F ~ + " ) ] "  (41) 

The use of the supplementary commutation columns F, and G. may be 
illustrated by referring to formula (15), which was used to calculate the 
values shown in column (2) of Table 1. Any value in column (2) could be 
calculated more easily by expressing formula (15) as follows: 

1950 . 

,P65 • 1 + G6~ -- G~+, - nF~+,. (42) 
nP65 

As the expression in brackets in formula (41) will be used quite often, it 
will be convenient to introduce the following symbol: 

1950+k T , . ,  = G. -- G.+. - nF ,+ ,  + k (F, -- F ,+ . )  (43)  

so that formula (41) may be expressed as follows: 

t"5°+k{'D.+.~} • D.+. ( 1 m0+k r 
\ - - ~  / = --D-~-. + . . . .  " (44) 

m°+~I, represents the approximate additional amount that should be 
paid in order to reflect the effect of taking account of improving mortality. 

The general rules for manipulating these commutation columns may be 
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illustrated by a specific example. Let us consider the problem of obtaining 
the approximate formula for 

'9.~0+k(Nx+.+1~ 

the value of a deferred nonrefund life annuity. 
One way of obtaining the required formula is to take advantage of 

formulae (34) and (44) and split 

'"so+k/~N.+.+,'~ 

into two factors as follows: 

'~5°+*/N=+"+i~k~/= '95°+*(D~+"~K--DT/"5°+*+"(N=+"+'), D-~+~ / " ( 4 5 ) 

Note that the year of birth, i.e., the difference between the superscript 
and the attained age in the denominator, should be the same for each 
factor. 

The approximate formula for 

'"o+yD.+. h 
\ D , /  

is given by (44). 
By using formula (34), we may write 

'95°+~+"(N=+"+l)'-N=+"+lq-J=+"q-(kq-n)Hx+"\~,+.z D.+. (46) 

In multiplying formula (44) by formula (46), it should be noted that 
the product of any two supplementary commutation symbols should al- 
ways be set equal to 0. The reason for this rule is that each term in each 
supplementary commutation symbol involves s. and each term in the 
product of two such symbols would involve s]. As the basic formula (14) 
is based on the assumption that the second and higher powers of s= will be 
ignored, we should ignore any products of two supplementary commuta- 
tion symbols in order to get consistent results. The product of formulae 
(44) and (46) may, therefore, be expressed as follows: 

'9~°+k(S~+,+,~ - N~+,+I ( 1 -}- ~5°+~I.) -}- J=+. -{- ( k q- n) H=+. (4 7) 
D: " 

A question might be raised as to what formula would have been pro- 
duced if we had started with either of the following relationships. 

19'°q'/c(Nz+': +l'~ ~k---D~z ] ~ 195°q-k(I)z+n + 1~ \----D~s / "5°+k+~+'(N*+" + ' ~ , , ~ , ,  (4 8) 



46 A N N UITY V A L U E S  W I T H  IMPROVING MORTALITY 

h 
\ D . /  

- N.+I [ 1 + G . -  G.+I-F .+I+  k (F.-F.+I)  ] + J . + l +  (k+ 1 ) H.+I 

o r  
1050+k(Nz+n+13 = 19~o+k/~ x 1050+k/r~ \ 

/~'*+~+~) + 1~'*+~+2~+ . . . .  (49)  
\ D~ / \ D~ / \ Dx / 

The answer is that while the approximate formulae that would result from 
(48) or (49) might at first glance appear to differ from formula (47), they 
would produce exactly the same numerical results. By a little manipula- 
tion of the supplementary commutation symbols, it can he proved that the 
formulae resulting from (48) or (49) are identical with formula (47). 

In order to show how two formulae that appear to differ from each 
other may be proved to be identical and at the same time illustrate the use 
of some of the more important relationships between the supplementary 
commutation columns, let us consider formula (34) again. 

\ - - ~  / =--D~--+~-~ + k ~-~.. (34) rep~t~ 

By adding 1 to each side of formula (34), we get 

19s0+k N~ N, J~ H~ 
(-b-~.)- ~ + ~-~ + k--D\. (50) 

Substituting x + 1 for x and k + 1 for k in formula (50), we get 

19s°+~+l (Nz+l~  • N z + I  J.+l a ,+l  
\b--~.+,/= D---~+ + D--~+ + ( k +  11 i),÷ ~. (51) 

Letting n equal 1 in formula (41), we get 

'95o+k(D.+l h . D,+, \--b-S~ ) =--D~- [1 + G .  - G.+, - F . + : +  k (F. - -  F.+,) l • (52) 

As 
'o~o+'(N,+, 3 "~°+TD,~h ' " °+ '+ ' (N ,+q  

\-b-V/= \ D, / \b-7 .j 

we may multiply the right-hand sides of formulae (51) and (52), again 
ignoring any products of two supplementary commutation symbols, and 
write 

(53) 

Thus we have formulae (53) and (34) both representing the approximate 
value of 19s°+k(N.+l/D.). 
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In order to show that they will both produce the same results, we may 
transform the right-hand side of (53) into the right-hand side of (34) by 
using the following relationships: 

G , =  G . + : +  F.+: 

f ,  = F, - F,+~ 

from (3 8) 

from (3 7 ) 

from (22) 

This permits us to write formula (53) as follows: 

tQ~°+k(N~+:'~ • N.+, (1 + kf~) + J ~ +  kH~+, 

As 

As 

h~= f .N .+ l ,  

H.  = h~+H~+:,  

195°+k(N.+:'~ • N . + : +  kh.+J~+ kH.+l 
k-D-7[/  D,  . (55) 

From (52), 

since 

Consequently, 

or 

so that 

and we have derived formula (34) from formula (53). 
Up to this point, we have considered only the commutation columns 

D. and N.. The commutation columns C. and M. may also be expressed 
in terms of the same supplementary commutation columns F., G., H., J,. 

In order to get the approximate formula for ~5°+k(C./D.), we may use 
the relationship: 

C. = yD. -- D~+I 
o r  

Cz I)~+l 
- -  V D~ D, 

1950+k(Cz ~ 1950+k(Dz.t- 1~ 
\b-~}= v-- \ D. 7" 

'95°+k('D~+F~ • D .+I  [ 
k - f i T / / =  ~ i + k (F,- F,+~) ] 

G . -  G.+I--F.+I  = 0 .  

l"~°+k(C~'~ - D~+: k D=+, 
\~-~ . /=  v D. ---DT ( F ' -  F~+I) (58) 

(56) 

(57)  

(59) 

(54) 

\-fiT;J D, 
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In order to get the formula for 195°+k(Cx+n/D~), we would use the following 
relationship: 

"s°+k(C*+"~\~]= "5°+k(D*+-~ ' 9 ~ ° + k + ~ ( C z + n ) \  D. / .~+-: . /"  (60) 

By using formula (44) and formula (59) and following the rules described 
in deriving (47), we get 

m°+k(C.+n" ~ 
\--n:-, / 

(61) 
-- C.+~ ( 1 +mo+~i.) _ (k + n) D.+~+I (F.+~ - F.+.+I) 

D. 

This same procedure is applicable to all of the other commutation symbols 
that will be discussed below. 

To get the approximate formula for 195°+k(M./D.), we may use the 
relationship 

M . _  1 - -d  N_~. 
D. D." 

We may, therefore, write 

"°°+TMx \ ~ / =  1 --  d \ - ~ j j  . (62) 

Using formula (50), we may write 

'*5°+kfM.'~ • N.  _ d ~ -- d k H. 

- M. -- d (J. + kH.) 
D. 

(63) 

(64) 

The value of 19s°+k(M~-n/D.) may be obtained by using formulae (44) and 
(64) and following the same procedure indicated for obtaining 195°+k(C.+n/ 
D.+n). The formula would be 

19b0+k/xAr - Mz+n ( I --DBO+~-- ~ )  - -t- ,,1.) --d[J.+,,+ 
• ( 6 5 )  

We may break this formula into its component parts following the general 
formula (27) as follows 

t95° +k(M*+"~ \ - - D ~  ] - M*+" + i ( - ~  ~ ) +  k a ( - ~ .  ~) " D ~  (66) 
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Using (39), (40) and (43), we get 

_ M.+. [ f .+1+2 f.+~+. • -+ ( n -  1 ) J.+.-1] - d  (J=+.+nH,+.)  

and 
a(M.+.'~=M~+,~[f.+f.+x+...+f~+._~] -- dH~+. (68) 
\ D . /  D. 

For cash refund annuities, we also need formulae that express R.  in 
terms of supplementary commutation columns. To derive these formulae, 
we start with 
lo~o+*fR,\ lO~O+kfMxX to~o+k/M,+l\ toso+k(M~+,'~+. 

(.D-~)= ~D-])+ ~ -D~- )+"  " "+ k -D-~- -~ / ""  (69) 

and the general formula 

where 

V, = + ~ + +  \ - 3 - 7 , /  (7~) 
and 

a(R. '~ a (  ~M, + a ( M . + ~ + . . . + a f M . + . ~ +  (72) 

Using formula (67), we may write (71) as follows: 

/ Ms [0] -- dJ~ 

+ M , + I  [0] -- dJ.+l - dH,+l  

+M~+~ [ f~+l] -- dJ~+2 -- 2dH.+2 

' (Rx~ = 1 +M,+a  [ f . + l +  2 fz+=] -- dJ.+a - 3dH~+a 

+ M , + ,  [ f , + 1 + 2 f ~ + ~ + . . . +  (n - -  1) f :+, -1]  
- -  dJ~+, - ndH~+, 

Formula (73) may be summarized as follows: 

\ D J  = D, f~+iRz+2+ 2.f,+~Rz+a + . . .  

+ (n - -  1) f . + . - 1 R . + . + . . . ]  

2d + 
- ~ [ J z  J z + l + . . .  + J z + ,  + . . . ]  

(73) 

(74) 
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since 

H=+I + 2H=+2 + . . .  + nil=+, + . . . .  J, + J,+l + . . .  + J,+, + . . . .  

Using formula (68) we may write (72) as follows: 

M=(0) 

+M~+I (f:) 

1 
\ n : /  

-- dH, 

-- dH,+t 

+M,+2 ( f : +  f=+l) - dH,+2 

q-M=+, ( f : +  f :+x+ . - .  + f x + n - 1 )  - -  dH,+, 

(75) 

Formula (75) may be summarized as follows, using (22), 

yR=h= 1 
\ D J  ~[f~R=+x+ f~+~R~+~+...+ f~+~-lR~+,+...] 

(76) 
d ,  [H=+J,] .  

From (74) and (76), it is apparent that we need three additional sup- 
plementary commutation columns to evaluate <(R~/D,) and a(R=/D,). 
These may be defined as follows, if we let y, = f,R,+l. 

89--~ 

89--Z 

= H = + I + 2 H = + ~ + . . . +  ( 8 9 -  x) Hs9 = ~ tH=+, 
(77) 

h89 . 

(78) 

|=0 

-. s~,*t (t+ I___.__~) h=+, = h=+l-t- 3h~+2+.. .  
2 t--0 

(89--  x) (90--  x) 
-t 2 

89--2 

Y,-- ~ Y = + ,  = y , + y = + l + . . . + y s 9  • 

Zz 

89--~ 

ty=+,= Y=+l+2y=+2+. . .+  (89--  x) ys9 
1--0 

8g~z= 
(79) 

= ~ Y~+t :~ Y=.~ + Y=+2 + . . .  + Y89 • 
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Values of K., Y., and Z. on the basis of the Annuity Table for 1949 (ul- 
timate) with Projection Scale B and 2}v-/o interest are shown in Appendix 
II, separately for males and females. Using these supplementary com- 
mutation columns, we may express formulae (74) and (76) as follows: 

z x -  2dK  (8o) 
\ D x /  D, 

a(R. '~ = Y . -  d ( H . +  JD (81) 
\ D J  D~ 

Using formula (70), we may now write: 

t~b°+k(R='~ - R * q - Z z - 2 d K ' q - k [ g * - d ( H ' q - J * ) ]  (82) 
\ D J  - D~ -" 

The value of l~°+k(R~_n/Dz) may be obtained by using formulae (44) and 
(82) and following the same procedure indicated for obtaining formula 
(61). 

The formula for '95°+k(S,/D.) may be obtained by using the relation- 
ship: 

R~ = vS~ - -  S~+i = N .  - -  dSx 
so that 

Consequently, 

1 
S. = 7 ( N . -  Rx). 

\ ~ /=  ~t \ ~ , -  \ ~ ] j  (83) 

and from (82) and (50), we get 

\D-~,] D, . (84) 

A convenient summary of the principal formulae that were developed 
in this section is presented in Appendix III.  By using these formulae, any 
benefit expressible in terms of standard commutation symbols may be ex- 
pressed in terms of both standard and supplementary commutation sym- 
bols so that the approximate value of the benefit may be obtained on a 
mortality basis that provides for future improvements in mortality. 

IV. DEFERRED NONREFUND LIFE ANNUITIES 

The value of a nonrefund life annuity, deferred n years, issued at age x 
may be expressed in terms of standard commutation symbols as: 

Nz+n+l 
n l a x ' ~ - - -  D~ 
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The exact value of this deferred annuity on the basis of the Annuity 
Table for 1949 (ultimate) with Projection Scale B and 2~% interest may 
be designated as: 1,~o+,(N~+.+ 1"~ 

1~,0+~ a =  \---b-U-, / 

where 1950 + k represents the year in which the deferred annuity is is- 
sued. 

By using the general formula (27) and formula (47), the approximate 
value of this n-year deferred annuity issued at age x in the year 1950 + k 
may be expressed as follows: 

I"°+'(N.+.+, '~. Nz+.+x ' (N.+.+, '~+ k~(Nz+.+t'~ (85) 
\--D-7-, / D~ ~- \ D, : \ ~ j  

where 

and 

'(Nz+,,+,'~ N.+.+I (Gz-G.+n-nFz+n)  +J~+n+nH.+ .  
\----~. - ]  = D, ( 8 6) 

~(N~+.+:~ Nx+.+: ( F z -  F.+.) + Hz+. 
k - - b ~  / = D~ (87) 

As indicated previously, (86) indicates the part of the annuity value 
that provides for future improvements in mortality on a contract issued in 
1950, while (87) represents the approximate annual increment in the an- 
nuity value that takes account of the fact that all payments are shifted 
forward one year when the contract is issued in 1951 instead of 1950. Con- 
sequently, the formula for an n-year deferred annuity issued at age x in 
1950 would simply be 

1 9 S ° ( N z + . + l ~  • Nx+.+l(l+G.--Gx+.--nFz+.) +J .+ .+nH.+n (88) 
\--D-7-,: = D, • 

The accuracy of formulae (85) and (88) for a nonrefund deferred life 
annuity with the first payment due at age 66 is tested in Table 4 for an- 
nuities issued in 1950 and 1960. While the errors produced by these ap- 
proximate formulae are a little larger than those produced in the case of 
immediate life annuities, they do not exceed 1% of the exact annuity value 
except at the very young ages where a long deferred period is involved. 

Mter the deferred period, these annuities may be valued together with 
the immediate nonrefund life annuities as indicated in Section II. During 
the deferred period, we have a choice of two possible valuation procedures. 
The same valuation factors may be used each year under either of these 
two valuation procedures. 

Under the first procedure, the deferred annuities for males and females 
would each have to be classified by attained age (x) and by the number of 
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years before the annuity is entered upon (n). Two valuation factors would 
be required for each combination of x and n, namely: 

(A): k , ~ /  from (88) 

and yN=+.+q 
(B):  \ - -D-~:- /  from (87).  

T A B L E  4 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF 
NONREFUND LIFE ANNUITIES DEFERRED TO AGE 65 

Based on the A n n u i t y  Tab le  for 1949 ( U l t i m a t e )  
w i t h  P ro jec t ion  Scale B - - 2 1 %  I n t e r e s t  

ISSUE AGE 
X 

Male :  
25 . . . . . . . . .  
35 . . . . . . . . .  
45 . . . . . . . . .  
55 . . . . . . . . .  

Female :  
25 . . . . . . . . .  
35 . . . . . . . . .  
45 . . . . . . . . .  
55 . . . . . . . . .  

Male :  
25 . . . . . . . . .  
35 . . . . . . . . .  
45 . . . . . . . . .  
55 . . . . . . . . .  

Female :  
25 . . . . . . . . .  
35 . . . . . . . . .  
45 . . . . . . . . .  
55 . . . . . . . . .  

YEARS IMMEDIATE 
DE- ~ T V  

FERRED ENTERED 
65--x=n UPoN 

EXACT 
VALUE 

APPROXIMATE 
VALUE 

(t)  (z) 

Deferred Annuities Issued in 1950--19~ laz* 

ERRO~ 

(2)(3)(1) (3)+(1) (4) 

10 

10 

1990 
1980 
1970 
1960 

1990 
1980 
1970 
1960 

4 ,078  
5 .036  
6 .271 
8 .160  

4 .117  
5.061 
6 .284  
8 .164  

5 .013  ! 5 .068  
6 ,286  6 .324  
7 .925 ! 7 .947 

10.165 I 10.174 

• 039 
.025 
•013 
.004 

• 055 
.038 
.022 
•009 

. 9 6 %  

. 50  
,21 
.05 

1. lO% 
.60 
.28 
.09 

Deferred Annuities Issued in 1960~1m°1 a~ t 

40 
30 
20 
I0 

40 
30 
20 
10 

2000 
1990 
1980 
1970 

2000 
1990 
1980 
1970 

4. 254 
5. 269 
6 .573 
8. 524 

5.142  
6. 458 
8 .149  

10. 439 

4.321 
5. 320 
6 .607 
8. 544 

5. 229 
6. 528 
8 .199  

10.469 

.067 

.051 
• 034 
• 020 

• 087  
• 070 
.050 
• 030 

1.57% 
,97 
.52 
.23 

i . 6 9 %  
1 . 0 8  

,61 
.29 

* Approximate values obtained by formula (88). 
t Approximate values obtained by formula (85), with k = t0. 
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The aggregate reserve in the year 1950 + k would be the aggregate of 
valuation factor (A) + k times the aggregate of valuation factor (B). 

In actual practice, for a valuation at the end of calendar year 1950 + k, 
further adjustments similar to those described for immediate life annuities 
in Section I I  [see (32) and (33)] might be made. This would amount to re- 
placing x by x + ½ and n by n - ½ in formulae (87) and (88) and replacing 
k by k + ½ as the multiple for the aggregate of valuation factor (B). 
Further approximations might, of course, be introduced in order to reduce 
the number of classifications, such as using central values of x or n for cor- 
responding groups of values of x or n. 

The second valuation procedure for deferred annuities might be more 
desirable in some cases as the deferred annuities for each sex would have to 
be classified only by attained age (x). Two valuation constants could be 
punched on the valuation card at the time of issue. Valuation constant 
(a) would be the amount of annual income multiplied by N~-~+l, where 
x + n is the age at which the immediate life annuity is entered upon. 
Valuation constant (b) would be the amount of annual income multiplied 
by 

N=+~+I [1 -- G=+n-  ( k + n )  F=+~] + J = + , +  ( k + n ) H ~ + ~  

where 1950 + k + n is the calendar year in which age x + n is attained. 
Note that while x, k, and n all vary with the duration of the contract, the 
values of x + n and k + n are fixed at the time of issue and remain con- 
stant until the immediate life annuity is entered upon. 

In  this case three valuation factors, based only on attained age x, would 
be required. These valuation factors, which could be used year after year, 
a r e  

1 G~ F: 
D---~ ' D--:' and D--~" 

The aggregate reserve in the year 1950 + k would be 

E (b>.= E 
x • z 

(89) 

In actual practice, we may again replace x by x + ½ in the three valuation 
factors and k by k + ½ in formula (89) when the valuation is performed at 
the end of the year 1950 + k. 
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Both valuation procedures will produce exactly the same reserves, as 
may be seen from the following equality: 

N~+.+I (1 + G . -  G . + . -  nF.+.)  + J . + . + n H . + .  
D. 

+ k N.+.+I (F. -- F~+,,) + H.+.  
D~ 

= N . + . + I [ 1 - G . + . -  ( k + n )  F.+,,] + J . + . +  (k+n)H:~+.  

D. Nx+.+IG. Nx+.+lFz 
+ + k  

D. D. 

It  might be noted at this point that the formulae for an annuity due, 
deferred n years, might be expressed as follows: 

Nz+n 
. I - . 

"~°+k(N.+.'~ Nx+. ' N a(Nx+.'~ 
\ - - D ~ - / - - ~ - +  ( ~ ) + k  \-D-~-. / (90) 

where 
'(N.+~'~ = N.+. ( G . -  G . + . -  nF.+.)  + J . + . + n H / + .  (91) 
\D. 7 D. 

and 
A(N.+.~ N~+. (F~-- F.+.) + H . + .  
k---D-~-. / = D, (92) 

The above formulae may be obtained by using the following relation- 
ship 

,,5o+~(N.+.~ 195o+k N x + . + l  1950+k Dx+n 

, w , - -  
The apparent inconsistency between formulae (90), (91), and (92) and 

the ones that would be obtained if n - 1 were substituted for n in for- 
mulae (85), (86), and (87) may be explained by verifying the following 
equalities: 

N.+.  [ O . -  G . + , , - , -  (n - 1) F.+.-1] + J . + . - l +  (n - 1) H .+ . - ,  

= N,~+. (G~-  G~+ . -  nF.+.) + . ] .+ .  + ni l .+ .  
and 

N~+. (F. -- F,~+.-x) + H~,+,,-1 = N.+. (Fz -- F.+.) + H,~+.. 

V. LIFE ANNUITIES GUARANTEEING PAYMENTS FOR A CERTAIN" PERIOD 

An immediate life annuity guaranteeing payments for an n-year cer- 
tain period may be considered as made up of two parts, an n-year an- 
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n u i t y  c e r t a i n  a n d  a n o n r e f u n d  life a n n u i t y ,  d e f e r r e d  n y e a r s .  T h e  v a l u e  

of  t h i s  bene f i t  in t e r m s  of  s t a n d a r d  c o m m u t a t i o n  s y m b o l s  w o u l d  be  

N z + n + l  

a ' i  + n l a* = a ~ q-  D----~- 

T h e  v a l u e  of  t h e  a n n u i t y  c e r t a i n  p a r t  of  t h e  b e n e f i t  d o e s  n o t  d e p e n d  o n  

m o r t a l i t y  a n d  w o u l d ,  t h e r e f o r e ,  n o t  b e  in f luenced  b y  a n y  i m p r o v e m e n t s  

in m o r t a l i t y .  A s  we  h a v e  a l r e a d y  c o n s i d e r e d  d e f e r r e d  n o n r e f u n d  life a n -  

TABLE 5 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF IMMEDIATE 
ANNUITIES WITH 10-YEAR CERTAIN PERIOD ISSUED 

IN 1950 AND 1960 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2~% Interest  

AGz 

x 

15 . . . . .  
25 . . . . .  
35 . . . . .  
45 . . . . .  
55 . . . . .  
65 . . . . .  
75 . . . . .  
85 . . . . .  

15 . . . . .  
25 . . . . .  
35 . . . . .  
45 . . . . .  
55 . . . . .  
65 . . . . .  
75 . . . . .  
85 . . . . .  

As'tctrxrms IssuED ar AGE X m 1 9 5 0  AmO~TmS Issu~.a ar Aaz x m 1960 

Exact 
Value of 

1o5o a 
1o I ;z 

(t) 

Approxi- 
mate 

Value of 
at67+ 

Error 

(2)--(1) (3)+(1) 

(31 (4) 

Exact 
Value of 

aibq+ 
1960 1o [ ax 

(5) 

Approx i -  
m a t e  

Value of 
a~o-~+ 

Error 

(6)-(s) (7)+(5~ 

(7) (8) 

Male 

30.944 
28.337 
25.042 
21.082 
16.912 
12.979 
10.055 
8.882 

31.044 
28.410 
25.084 
21.099 
16.916 
12.979 
10.055 
8.881 

• 100 
• 073 
.042 
.017 
.004 

-iOOl 

. 3 2 %  
• 26 
.17 
.08 .g 
ioo 

- •01 

31.157 
28.610 
25.378 
21.469 
17.276 
13.219 
10.125 
8.883 

31.320 
28.739 
25.470 
21.521 
17.296 
13.220 
10.124 
8.883 

.163 

. 1 2 9  

.092 
•052 
.020 
.001 

•52% 
.45 
.36 
.24 
.12 
.01 

- - . 0 1  
.00 

F e m a l e  

31.949 
29.639 
26,725 
23.133 
18.917 
14.427 
10.691 
8.961 

32.047 
29.712 
26.772 
23.159 
18.926 
14.428 
10.69l 
8.961 

,O98 .31% 
,073 .25 
,047 .18 

.11 

.05 

i000 . 

32.093 32.243 
29. 822 29. 946 
26,952 I 27,045 
23.401 23.461 
19. 191 19. 221 
14. 636 14. 645 
10. 765 10. 765 
8.963 8.963 

. 1 5 0  
• 124 
.093 
.060 

.47% 

.42 

.35 

.26 

.16 

.06 

.00 

.00 

* Obtained by formula (93) ,  k = 0. 
Obtained by formula (93). k = I0. 
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nuities in Section IV, it is a simple matter to obtain the approximate value 
of a life annuity with an n-year certain period on the basis of the Annuity 
Table for 1949 (ultimate) with Projection Scale B and 2½% interest. 

Thus, the approximate value of an immediate life annuity with a 10- 
year certain period issued to a life aged x in the year 1950 + k could be 
obtained from (85), (86), and (87) as follows: 

k--D-f-. / + k  \ - - - ~ .  / (93) 
where 

' ( N .+ n~  S . + n ( G . -  G.+,o-- 10F.+,0) + J . + t o +  10H.+,0 (94) 
\ - - D 7  / = D, 

and 
a(N.+n'~ N.+,, (F. - -  F.+,0) +H.+,0  
\ - - D T / =  D. ( 95 ) 

The approximate formula for a similar life annuity with a 20-year cer- 
tain period would be: 

a~-+~+i(N~+2t'~+ka(Nz+~t~ (96) 
\ - - b T / /  / 

where 

ifN.+~t'~ N.÷2t (G.-- G.+2o-- 20F.+zo) +J .+~o+ 20H.+~o (97) 
,,.--D7/.., = 

and 
"(N,+2,~ N,+2, (Fx-- F:,+2o) + H,+2o 
\--D-~-~ / = D, (98) 

The accuracy of formulae (93) and (96) is tested in Tables 5 and 6 for 
annuities issued in 1950 and 1960. A comparison of these tables with Table 
2 indicates that the errors produced by the approximate formulae for a life 
annuity with an n-year certain period are even less than those for immedi- 
ate nonrefund life annuities. This result might be expected as there are no 
approximations involved in the annuity certain part of the contract. 

Similar formulae may be used to obtain the value of an installment re- 
fund annuity, where n would represent the number of annual payments 
that would have to be made before the consideration paid for the annuity 
contract has been returned to the annuitant. 

In the case of life income settlement options, the formulae would in- 
volve an annuity-due instead of an immediate life annuity. For example, if 
the benefit provided were an annuity-due with a 10-year certain period, 
with the first payment starting at age x in the year 1950 + k, the approxi- 
mate value of the benefit could be obtained from formulae (90), (91), and 
(92) as follows: 
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w h e r e  

' ( N . + l o ~  N , + l o ( G x - - G ~ + l o - -  1 0 F . + l o )  + J , + , o +  10H,+ lo  (lOO) \ T / =  -= 
a n d  

' y  N . +  lo'~ = N~+,o (F ,  - -  V.+,o) + H . +  lo 
\ ~ /  O~ ( 1 0 1 )  

T h e  a c c u r a c y  of f o r m u l a  (99) is t e s t e d  in T a b l e  7 for s e t t l e m e n t  o p t i o n s  

s t a r t i n g  in t h e  yea r s  1970 a n d  1980. T h e  e r ro rs  in th i s  t ab le  a re  a l i t t l e  

TABLE 6 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF IMMEDIATE 
ANNUITIES WITH 20-YEAR CERTAIN PERIOD ISSUED 

IN 1950 A N D  1960 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2~% Interest 

AGz 

X 

1 5  . . . . .  

2 5  . . . . .  

35 . . . . .  
45 . . . . .  
55 . . . . .  
65 . . . . .  
75 . . . . .  

1 5  . . . . .  

25 . . . . .  
35 . . . . .  
45 . . . . .  
55 . . . . .  
65 . . . . .  
7 5  . . . .  

Ar/lq~Tl~S I s s l y ~  AT AGE X IN 1950 A m ~ i T m s  I s s ~  AT AOz x m 1960  

Exact 
Value of 

a2~,+ 

(1) 

Approxi- Error 
mate 

Value of 

, , ( ~ ? ,  (2)-(1)(3) (3)+(1)(4) 

E x a c t  

Value of 
a2~+ 

(5) 

Approxi- 
mate 

Value of 

%, 

Error 

( 6 ) - - ( 5 )  ( 7 ) + ( 5 )  

(7) (8) 

Male 

31•011 
28•456 
25.331 
21.860 
18.603 
16.354 
15.632 

31.111 
28.526 
25.371 
21.873 
18.602 
16.353 
15.632 

. 1 0 0  

• 070 
.040 
•013 

- .  001 

• 32% 31.216 
.25 / 28.713 
.16 25.634 
.06 22.162 

--.01 18.814 
- -  01 16.418 

ioo 15.635 

31.378 
28.839 
25.717 
22.196 
18.813 
16.414 
15.634 

. 1 6 2  

. 1 2 6  

.083 

.034 

- o ~  
--1001 

• 52% 
.44 
.32 
.15 

- -  .01 
- -  . 0 2  

- -  . 0 1  

Female 

31.991 
29.717 
26.889 
23.514 
19.872 
16.875 
15~678 

32.088 
29.790 
26.935 
23,536 
19.878 
16.874 
15.678 

.097 

.073 
• 046 
.022 
.006 

.30% 32.130 
29.891 

: ~  t27.097 
.09 23.737 
.03 20.056 

--'(0~ 16.946 
. 15,682 

32.278 
30.013 
27.185 
23.788 
20.070 
16.944 
15.682 

• 1 4 8  

. 1 2 2  

• 088 
. 0 5 1  

.014 

• 46% 
.41 
.32 
.21 
.07 

- - . 0 1  

.00 

* Obtained by formula (96), k = 0. f Obtained by formula (96), k ~ 10. 
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larger than in Table 5, as the annuity payments start at a later date in 
T a b l e  7 t h a n  in  T a b l e  5. 

A n o t h e r  t y p e  of a n n u i t y  bene f i t  w h i c h  m i g h t  b e  cons ide red  a t  th i s  p o i n t  

is t h e  one  a v a i l a b l e  a t  t h e  m a t u r i t y  of a r e t i r e m e n t  i n c o m e  pol icy  or a n  

a c c u m u l a t i v e  t y p e  of de fe r red  a n n u i t y  c o n t r a c t  w h e r e  m o r t a l i t y  is n o t  a 

f a c t o r  d u r i n g  t h e  defer red  per iod .  I n  t he se  cases i t  is a s s u m e d  t h a t  we a re  

i n t e r e s t e d  in t h e  v a l u e  of a n  a n n u i t y - d u e ,  w i th  a 10-year  c e r t a i n  per iod,  a t  

TABLE 7 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF LIFE IN-  

COME SETTLEMENT OPTIONS WITH 10-YEAR CERTAIN PERIOD 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2½efo Interest 

AGE O~ PAYEE 
W ~  INCO~E 

COMM~.NCES 
X 

l~fale: 
35 . . . . . . . . . . . .  
45 . . . . . . . . . . . .  
55 . . . . . . . . . . . .  
65 . . . . . . . . . . . .  
75 . . . . . . . . . . . .  

Female: 
35 . . . . . . . . . . . .  
45 . . . . . . . . . . . .  
55 . . . . . . . . . . . .  
65 . . . . . . . . . . . .  
75 . . . . . . . . . . . .  

Male: 
35 . . . . . . . . . . . .  
45 . . . . . . . . . . . .  

55 . . . . . . . . . . . .  
65 . . . . . . . . . . . .  
75 . . . . . . . . . . . .  

Female: 
35 . . . . . . . . . . .  
45 . . . . . . . . . . . .  
55 . . . . . . . . . . . .  
65 . . . . . . . . . . .  
75 . . . . . . . . . . .  

EXACT 
VAL~ 

(U 

A.Pp]tOXIMATE 
VAL~ 

(2) 

ERRO~ 

(2l-(t)(3) I (3)+(U(4) 

Life Income Commences in 197o---~/b~+ts~o°I~s* 

26.679 
22.798 
18.539 
14.262 
10.772 

28.155 
24.632 
20.408 
15.721 
11.503 

26.844 
22.910 
18.594 
14.274 
10.770 

28.311 
24.746 
20.476 
15.744 
11•505 

• 165 
.112 
.055 
.012 

-- .002 

• 1 5 6  

• 114 
.068 
.023 
.002 

. 6 2 %  

.49 

.30 

.08 
- - . 0 2  

• 55% 
.46 
.33 
.15 
.02 

Life Income Commences in 1980----~tWL-t-lP~]d~=* 

26.972 
23.145 
18.880 
14.506 
10.856 

28.351 
24.864 
20.656 
15.924 
11.587 

27.232 
23.337 
18.987 
14.534 
10.854 

28.585 
25.051 
20.778 
15.973 
11.592 

.260 
• 192 
• 107 
.028 

--.002 

.234 
• 187 
. 1 2 2  

• 049 
.005 

. 9 6 %  

.83 

.57 

.19 
- -  .02 

.83% 

.75 
. 5 9  

.31 

.04 

* Approximate values obtained by formula (99), with = 20 for llfe incomes com- 
mencing m 1970 and k = 30 for life incomes commencing in 1980. 
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the time the contract matures and the annuity payments begin. The ap- 
proximate value of this type of benefit may also be obtained by using for- 
mulae (90), (91), and (92). For example, if the annuity payments start at 
age 65 in the year 1950 + k, the approximate value of the benefit at the 
time payments start would be 

.. , N75 + i(NT~'~ ~(NT~) (102) 

where 

and 

'(Nrs),_~6~/= Nr5 (G6~ - GT~ - 10FT~)D~5 + J 7 5 +  10H75 ( 1 0 3 ) 

,b-~,~/= D~ ( 10 4) 

The accuracy of formula (102) for a maturity benefit starting at age 65 
and of a similar formula for a maturity benefit starting at age 55 is tested 
in Table 8 for the maturity values of original contracts issued in 1950. 

The problem of valuing all of the annuity benefits considered in this 
section may be disposed of easily as they all consist of an annuity certain 
and a deferred nonrefund life annuity. The annuity certain part of the 
benefit may be valued separately in the usual manner, while the deferred 
annuity part of the benefit may be valued by either of the procedures 
presented in Section IV. Mter the annuity certain period of the contract 
has elapsed, the contracts may be valued together with the immediate 
nonrefund life annuity contracts as indicated in Section II. 

VI. CASH REFUND LIFE ANNUITIES 

The value of an immediate life annuity that provides for the payment, 
at the death of the annuitant, of that part of the annuity consideration 
that had not been returned in the form of annuity payments may be ex- 
pressed in terms of standard commutation symbols as: 

N.+I n M ~ -  R ,+I+R~+,+ t  
D, Jr D~ 

where x represents the age of the annuitant and n represents the number 
of annual payments that have to be made until the total annuity consider- 
ation has been returned to the annuitant. For convenience, it is assumed 
that n is an integer and that the death benefit will be paid on the contract 
anniversary. 
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T h e  v a l u e  o f  t h i s  c a s h  r e f u n d  a n n u i t y  m a y  b e  b r o k e n  u p  i n t o  t w o  p a r t s ,  

w h i c h  m a y  b e  d e s i g n a t e d  a s  f o l l o w s :  

N z +  i 
a ,  ---- . . . . . . .  t h e  v a l u e  o f  a n  i m m e d i a t e  n o n r e f u n d  l i fe  a n n u i t y  

D ,  

n M z - -  R , + I +  R z + , + t  
. B ,  --- D ~  = t h e  v a l u e  o f  t h e  d e c r e a s i n g  d e a t h  b e n e f i t .  

T AB L E  8 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF AN ANNUITY DUE 
WITH A 10-YEAR CERTAIN PERIOD AT THE MATURITY OF A RETIREMENT 

INCOME POLICY OR A DEFERRED REFUND ANNUITY ISSUED IN 1950 

Based on the  Annui ty  Table for 1949 (Ultimate) 
with Projection Scale B--2½% Interes t  

AGE AT ISSUE 
o F  O~IG~AL 

CONT~ACT 

Male: 
15 . . . . . . . .  
25 . . . . . . . .  
35 . . . . . . . .  
45 . . . . . . .  

Female: 
15 . . . . . . . .  
25 . . . . . . . .  
35 . . . . . . . .  
45 . . . . . . . .  

Male: 
15 . . . . . . .  
25 . . . . . . .  
35 . . . . . . .  
45 . . . . . . .  

Female: 
15 . . . . . . .  
25 . . . . . . .  

.35 . . . . . . .  
45 . . . . . . .  

MATURITy 

YEA~ O~ 
ORIGINAL 

CONTRACT 

19so+k 

VALUE OF 

k 

EXACT 

VALtm 

(I) 

~PPEOXI- 
MATE 
VALr~ 

(2) 

E~OR 

62)-(t) (3)+(i) 
(3) (4) 

• .__ 1960 +k • Maturity Benefit at Age 55----ato1+ m { ~ *  

1990 
1980 
1970 
1960 

1990 
1980 
1970 
1960 

10 

40 
30 
20 
10 

19.203 
18.880 
18.539 
18.181 

20.888 
20.656 
20.408 
20.144 

19.379 
18.987 
18.594 
18.202 

21.080 
20.778 
20.476 
20.174 

. 1 7 6  

. 107  
• 055  
.021 

. 192  

.122  

.068 

.030 

.92% 

.57 

. 3 0  

.12 

• 92% 
.59 
.33 
.15 

Maturity Benefit at Age 65--d~i~l+ltn°~l~66t 

2000 
1990 
1980 
1970 

2000 
1990 
1980 
1970 

30 
20 

50 

20 

14.971 
14.742 
14.506 
14.262 

15.053 
14.794 
14.534 
14.274 

16.309 16.431 
16.121 16.202 
15.924 15.973 
15.721 15.744 

.082 

.052 
• 028 
.012 

. 122  

.081 

.049 
• 023 

. 5 5 %  

.35 

.19 

.08 

.75% 
• 50 
.31 
.15 

* Approximate values obtained by formula (99), with x ffi 55. 
t Approximate values obtained by formula (102)• 
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In calculating the approximate value of this cash refund annuity on the 
basis of the Annuity Table for 1949 (ultimate) with Projection Scale B and 
2½°~v interest, the two parts may be considered separately. The approxi- 
mate value of the immediate nonrefund life annuity part of the contract 
has already been treated in Section II. The value of the decreasing death 
benefit part of the contract may be expressed as follows: 

• ~ L \ ~ / J  \--DT-~ / \ - - 5 7 - ~  ] ( 1 0 5 )  

where 1950 + k represents the calendar year in which age x is attained. 
From (64), we get 

[19~°+*(M.'~] . n M , -  nd ( J , +  k S , )  (106) 
n L \~-~#J D.  

Subtracting (64) from (82), we get 

'96°+*(R.+~'~- Rz+t+Zz- -  d ( 2 K . -  J.) + k ( Y . -  dJ.) (107) 
\ D ~ / -  Dz 

From (44) and (107), using the procedure followed in deriving (47), we get 

_ R  ~1--19~°+kI " " Z d 2 (108) - z+n+lk -t- n . ) +  z+n- ( K . + . - J z + n ) + ( k + n ) ( Y z + n - d J . + . ) .  
D~ 

Combining these three formulae and using the general formula (27) we 
may write 

195O+kBz • nM~-- R~+I+ Rz+n+1 ~-.B,~ + k~B, (109) 
Dz 

where 

'~B~ }(I 
R,+.+ 1 ( G . -  G . + . -  n F.+.) + Z . + n -  Zz+nYz+~- d [ 2 K.+~-- 2 K . +  ( n -  1) (J.+. +J . )  ] 

DX 
and 

~B, - R,+n+: (F. -- Fz+n) q- Yz+~ - Y. -- d (J.+= - j , +  ni l , )  
• ( I l l )  

D2 

The value of ~Bz represents the approximate decrease due to improving 
mortality in the value of a death benefit of this type issued in 1950, while 
~Bz represents the approximate annual decrement that results when the 
benefit is issued in some subsequent year. 
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T h e  a c c u r a c y  of fo rmula  (109) is t e s t e d  in Tab le  9 where  t he  approx i -  

m a t e  va lues  v.,~¢ ~950~mu~ a n d  u60nm~ t h a t  are  p r o d u c e d  by  th is  fo rmula  are  com-  

p a r e d  w i t h  t h e  co r r e spond ing  exac t  va lues .  Tab le  I0 shows  a s imilar  com-  

pa r i son  for t h e  c o m b i n a t i o n  of t h e  i m m e d i a t e  life a n n u i t y  and  t h e  decreas-  

ing d e a t h  benef i t .  A compar i son  of th i s  t ab le  w i th  T a b l e  2 ind ica tes  t h a t  

t he  e r rors  p r o d u c e d  b y  the  a p p r o x i m a t e  fo rmula  for cash re fund  annui t i e s  

are even  less t h a n  those  ar is ing on i m m e d i a t e  n o n r e f u n d  life annui t ies .  

TABLE 9 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF A I0-YEAR 

DECREASING DEATH BENEFIT* OF TYPE USED 

IN A CASH REFUND ANNUITY 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2½% Interest 

Isslyg 
AGE 

x 

Male: 
25 . . . . . . . .  
45 . . . . . . . .  
65 . . . . . . . .  
85 . . . . . . . .  

Female: 
25 . . . . . . . .  
45 . . . . . . . .  
65 . . . . . . . .  
85 . . . . . . . . .  

M a l e :  
25 . . . . . . . . .  
45 . . . . . . . . .  
65 . . . . . . . . .  
85 . . . . . . . . .  

Female: 
25 . . . . . . . . .  
45 . . . . . . . . .  
65 . . . . . . . . .  
85 . . . . . . . . .  

EXACT 
VAL~'~ 

AJgPROXlMA TE 
Vx Liz~ 

EaRoz 

(2)--(1) (3)+(1) 
(~) (4)  (l) (2) 

10-Year Decreasing Death Benefit Issued in 1950--lS~oBz? 

.043 
• 249 

1.325 
5.371 

.029 

.125 

.793 
4.752 

.043 

.248 
1.325 
5.371 

• 029 
• 125 
• 793 

4. 752 

.000 
- . 0 0 1  

.000 

.000 

.000 

.000 

.000 

.000 

.oo% 
- - . 4 0  

.00 

.00 

.00% 

.00 

.00 

.00 

10-Year Decreasing Death Benefit Issued in 1960--t t~goBz~: 

•038 
.220 

1. 209 
5.330 

•025 
.110 
. 7 2 1  

4.715 

•038 
.216 

1.201 
5.330 

.025 

.109 

.716 
4.715 

.00O 
- - , 0 0 4  
- .008 

.000 

.O00 
- . 0 0 1  
- . 0 0 5  

.000 

.o0% 
--1.82 
--  .66  

.00 

.00% 
- .91 
--  .69  

.00 

10M. - R . + ,  + R . + u  * lOBz m - -  
n.  

f Approxin~te values obtained by formula (109), with k = O, n = 10. 
~: Approxira~t¢ values obtained by formula (109), with k = 10, n = 10. 
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T h e  two  p a r t s  of  a c a s h  r e f u n d  a n n u i t y  m a y  a lso  be  cons ide red  s e pa -  

r a t e l y  for  v a l u a t i o n  p u r p o s e s .  T h e  a n n u i t y  p a r t  of t h e  c o n t r a c t  m a y  b e  

v a l u e d  t o g e t h e r  w i t h  t h e  i m m e d i a t e  n o n r e f u n d  life a n n u i t i e s  in t he  m a n -  

ne r  i n d i c a t e d  in Sec t ion  I I .  I n  v a l u i n g  t h e  d e c r e a s i n g  d e a t h  benef i t ,  i t  is 

TABLE 10 

COMPARISON OF EXACT AND APPROXIMATE VALUES OF THE COM- 

BINATION* OF AN IMMEDIATE ANNUITY AND A 10-YEAR DE- 

CREASING D E A T H  BENEFIT CORRESPONDING TO THE BENEFITS 

PROVIDED BY A CASH REFUND ANNUITY 

Based on the Annuity Table for 1949 (Ultimate) 
with Projection Scale B--2½% Interest 

IssIrE 
AGE 

X 

Male: 
25 . . . . . . . . .  
45 . . . . . . . . .  
65 . . . . . . . . .  
85 . . . . . . . . .  

Female: 
25 . . . . . . . . .  
45 . . . . . . . .  
65 . . . . . . . .  
85 . . . . . . . .  

Male: 
25 . . . . . . . .  
45 . . . . . . . .  
65 . . . . . . . .  
85 . . . . . . . .  

Female: 
25 . . . . . . . .  
45 . . . . . . . . .  
65 . . . . . . . . .  
85 . . . . . . . . .  

EXACT 
VALtrI~ 

APPROXIKATE 
VAr~ 

ERRo~ 

(2)--(1)  (3 )+(1)  
(3) (4) (1) (2) 

Combination of Benefits Issued in 1950--lSn°az+l°~Bxt 

28.339 
21.098 
13.069 
9.298 

29•640 
23.143 
14.479 
9.316 

28.413 
21.115 
13.069 
9.298 

29. 714 
23. 168 
14.480 
9.316 

.074 

.017 

.000 

.000 

• 074 
• 025 
.001 
.000 

. 2 6 %  

.08 

.00 

.00 

• 25% 
.11 
.01 
.00 

Combination of Benefits Issued in 1960--tt~°a~r+~*~Bzt 

28.612 
21.483 
13.301 
9.295 

29.822 
23.409 
14.684 
9.314 

28.742 
21.535 
13.301 
9.295 

29. 948 
23. 469 
14.692 
9.314 

. 1 3 0  

.052 

.000 

.000 

• 126 
,060 
.008 
.000 

. 4 5 %  

.24 

.00 

.00 

.42% 

.26 

.05 

.00 

N**I 10M~ - R.+l + Rz+ll 

Approximate values obtained by adding appropriate values from Table 2 and 
Table 9. 



ANNUITY VALUES WITH IMPROVINC MORTALITY 65 

again possible to use two valuation factors that will remain the same from 
year to year. These valuation factors would be 

(A) : 195°B~ - n M . -  Rx+l+ Rz+.+l 'B 
D, 

where ~B, is defined by (110), and 

(B) : ~B, as defined by (1 1 1) .  

The aggregate reserve in the year 1950 + k would be the aggregate of val- 
uation factor (A) plus k times the aggregate of valuation factor (B). 

The method involves a classification of the cash refund annuities for 
each sex by attained age (x) and by the number of years before the de- 
creasing death benefit is exhausted (n). In order to cut down the number 
of classifications, it might be desirable to use age-groups and central ages 
for the classification by attained age x or some other approximation. 

In actual practice, x + ½ could be substituted for x and n -- ½ for n in 
the two valuation factors and k + ½ could be used instead of k when the 
valuation takes place at the end of the calendar year 1950 ~ k. 

VII. JOINT LIFE ANNUITIES 

The Jenkins-Lew paper presented two approximate methods 4 for taking 
account of the effect of future improvements in mortality on joint life an- 
nuities. As both of these methods depend on determining the effect of 
future improvements in mortality on a single life annuity, either method 
may be adapted for use with the supplementary commutation columns 
presented in this paper. 

In general, the procedure designated as Method A in the paper referred 
to above seems preferable for use with the supplementary commutation 
columns. This is particularly true for valuation purposes, as Method A 
permits the same valuation factors to be used year after year. Method A 
involves multiplying the value of the joint life annuity on the Annuity 
Table for 1949 (without projection) by the projection factor for a single 
life of the same sex at the equivalent equal age (with the male factor used 
for a joint life annuity on one male and one female). The projection factor 
for an immediate nonrefund life annuity issued in the year 1950 d- k on a 
single life aged x may be designated as 

1 (112) 
a 

4 T S A  I, 459. 
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The value of a joint life annuity issued to two lives aged x in the year 
1950 + k on the basis of the Annuity Table for 1949 (ultimate) with Pro- 
jection Scale B and 2½% interest may be designated as 195°+ka~. According 
to Method A, the approximate value of ~95°+ka** would be given by the 
following formula: 

(1950+kaz") 
195°+ka~ -- a~ (1 13) 

\ as / "  

From (112) and (113), we obtain 

195o+k a,~ -- a,~-b a . ,  f J .  \ a ~  / H z \  A - k - -  a .  (114)  

where we may designate the second term as ~a~ and the third term as 

The two constant valuation factors would therefore be 

and 

(A) : 19~°a= "- a = +  ~a~ - a . ~ + - - ~  - ~  

(B): ~ a ~ , = ~  ~ . 

The aggregate reserve for a valuation in the year 1950 + k would be the 
aggregate of valuation factor (A) plus k times the aggregate of valuation 
factor (B). In actual practice, valuation factors (A) and (B) may be ad- 
justed to a mean reserve basis in a similar manner to that indicated for 
single life annuities in Section II, (32) and (33), and k + ½ may be used 
instead of k for a valuation at the end of the year 1950 + k. 

The test of the accuracy of Method A in the Jenkins-Lew paper s should 
suffice for the method described above, as Table 2 clearly indicates that 
the projection factors for single life immediate nonrefund annuities may 
be closely reproduced by the supplementary commutation columns. 

The procedure designated as Method B in the Jenkins-Lew paper re- 
quires no special comment, as the supplementary commutation columns 
may easily be used to determine the age setback that would make a single 
life annuity on the basis of the Annuity Table for 1949 without projection 
equal to a corresponding single life annuity on the basis of the Annuity 
Table for 1949 with Projection Scale B. 

ISee Table 37, TSA I, 460. 
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If greater accuracy is desired, supplementary commutation columns 
may be constructed for joint lives. These would be defined as follows: 

Pz ' 
89--~ 

H= = ~ h~+t:~+t = h= + h~+l:x+l + . - .  + hsg:s9 (115) 
t=O 

and 
89--f 

J,~ = ~ H,+, ,+t  = H,+I:,+I+H~+~:,+~+-.-+H89:s9 • (1 16) 
l--1 

The approximate formula for a joint life annuity would be 

l°5°+ka= - a~. + 2 J =  + 2 k H= D~x D=" ( i17)  

These supplementary commutation columns for joint lives have not 
been constructed for this paper as Method A, discussed above, seems to 
provide sufficient accuracy for joint life annuities. 

APPENDIX I 

SUMMARY OF NEW NOTATION 

The following summary of the more important new notation used in 
this paper is intended to supplement the basic symbols defined at the be- 
ginning of Section II. The numbers on the left indicate the Section and 
formula where this new notation is first used. 

A. Auxiliary Symbols 
II, (12) f~=s,qx 

P, 

II,  (20) k~= f .N,+t  

III ,  (78) y , = / , R ~ + I .  

B. Supplementary Commutation Columns 

89--Z 

III, (37) F.= ~/~+,=F~+Iq-/. 
t=0 

89--~ 

III, (3 8) Gx= ~F~+,=G.+j+F.+~ 
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89- -X 

II, (21) H. - -  ~ h , + , =  H . + l + h .  
t ~ 0  

8 9 - - *  

II, (22) J . =  ~ H . + t = J . + I + H ~ + z  

8 9 - -Z  

III, (77) K.--~J.+,=K~,I+J~ 
¢ ~ 0  

8 9 - - *  

III ,  (78) Y . = ~ y . + t = Y ~ + l + y ~  

8 9 - - z  

III, (79) Z ~ Y ~ + L - - Z . + I - t - Y ~ + I .  

The limiting age on the summations shown above is 89 because Projec- 
tion Scale B does not involve any improvements in mortality at ages 90 
and over. If these supplementary commutation columns are constructed 
for a projection scale with a different terminal age, the summations should, 
of course, be adjusted to cover all ages which involve any improvements 
in mortality. 

C. Modification of Standard Commutation Column Symbols 
The following notation will, as a matter of convenience, be defined 

with reference to a specific expression in standard commutation col- 
umn symbols and a specific mortality basis. This notation may, how- 
ever, be interpreted in a similar manner with reference to any other 
expression or any other mortality basis. 

III, (34) N,/D,:  

III, (34) '~'°+*(NJD,): 

This symbol designates the exact value of 
N,/D~ on the Annuity Table for 1949 (ulti- 
mate), without projection, and 23% interest. 

This symbol designates the exact value of 
N. /D,  on the Annuity Table for 1949 (ulti- 
mate) with Projection Scale B and 2½% inter- 
est; the superscript 1950 + k designates that 
the value is to be calculated for a life aged x in 
the calendar year 1950+ k. Note that 
l~50+k(N,/D.) is equal to N./D,  multiplied 
by the appropriate projection factor from the 
Jenkins-Lew paper. 
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II, (26) ' ( N , / D , )  : 

II, (27) a(N,/D,):  

D. Other Notation 

ur, (43) 

vI, (lO5) 

69 

This symbol designates the exact value that 
must be added to N./D~ in order to produce 
the particular approximate value of ~95°(Nz/ 
D,) that results from the assumption that the 
basic formula (14) is exact. This definition im- 
plies the following general formula: 

\ D J -  D, \ D J "  

This symbol designates the exact value that 
must be added to the approximate value of 
~95°+~(N./D~) in order to produce the approxi- 
mate value of 196°+k+~(N~/D~), where both of 
these approximate values are the particular 
ones that result from the assumption that the 
basic formula (14) is exact. This assumption 
implies that the value of a(N~/D~) is inde- 
pendent of k so that the following general 
formula holds: 

h Nz+,(N,h+ yNq \b-]j -" k 
D ~ \ D J \ D J 

l°5°+~/z ---- G, - Gz+~ - nF,+~ + k (F, - F,+.). 

The assumption that the basic formula (14) 

is exact implies that for a life aged x in the 

calendar year 1950 + k, the probability of 
surviving n years on the basis of the Annuity 
Table for 1949 (ultimate) with Projection 
Scale B is equal to (1 + 1Ü5o+k[~) times the 
probability of surviving n years on the basis 
of the Annuity Table for 1949 (ultimate) 
without projection. 

.B~ = nM= - R , + I +  R.+.+: 
Dz 

The symbol .B.  is introduced for conven- 
ience to denote the value of a decreasing death 
benefit which provides n in the first year, 
n - 1 in the second year, etc. 
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SUPPLEMENTARY COMMUTATION COLUMNS FOR APPROXIMATE ANNUITY 
VALUES ON THE ANNUITY TABLE FOR 1949 (ULTIMATE) WITH 

PROJECTION SCALE B AND 2~c7o INTEREST 

MALES 
AGE 

• I 
G= H, J= K= Yz Z= 

tO .753464, 19.9808 845.7395 21530.1417 13.81336 629.48084 
11 .741116' 19.8343 825.9052 20684.4022 13.75425 615.72659 
t2 .728774' 19.6900 806.2152 19858.4970 13.69508 602.03151 
13 .716438 ~ 19.5472 786.6680 19052.2818 13.63579 588.39572 
14 .704109 19.4062 767.2618 18265,6138 13.57639 574.81933 

15 .69178~ 19.2666 747.9952 17498,352C 13.51673 561.30260 
16 .679470, 19.1283 728.8669 16750.356,~ 13.45670 547.84590 
t7 .667161 18.9907 709.8762 16021.489~ 13.39628 534.44962 
[8 .6548591 18.8539 691.0223 15311,6137~ 13.33530 521.11432 
19 .642564 18.7178 672.3045 14620.5914 ~ 13.27372 507.84060 

,~0 .63027? 18,5818 653.7227 13948.2869 13.21139 494.62921 
.~1 .6179981 18.4457 635.2770 13294.5642 13.14820 481.48101 
,~2 ,6057271 18.3094 616,9676 12659.2872 13.08393 468,39708 
,~3 .593464 18.1724 598.7952 12042,319~ 13.01848 455.37860 
,~4 .58121C 18.0346 580.7606 11443.52421 12.95178 442.42682 

~5 .568965, 17.8958 562.8648 10862.7638' 12.88364 429.54318 
,~6 
.~7 
.~8 
,~9 

t0 
31 
32 
~3 
~4 

15 
t6 
t7, 
t8 
59 

10, 
[1 
~2 
13 
14 

16 
t7 
18 
1,9 

.5567301 17.7554 545.1094 10299.8990' 12.81384 416.72934 

.544504' 17.6135 527.4959 9754.7896 i 12.74224 403.98710 

.532290' 17.4691 510.0268 9227.2937' 12.66858 391.31852 
,520087 17,3227 492,7041 8717.266g 12,59266 378,72586 

.50789~ 17.1732 475.5309 8224.5628 12.51437 366.21149 

.49571£ 17.0209 458.5100 7749,031g 12.43341 353.77808 

.483551, 16.8652 441.6448 7290~521g 12.34953 341.42855 

.471399! 16.7055 424.9393 6848.87711 12.26254 329.16601 

.459263 16.5419 408.3974 6423.9378, 12.17210 316.99391 

.447143! 16.3736 392.0238 6015.5404~ 12.07801 304.91590 

.435040' 16.2003 375.8235 5623.516~ 11.97988 292.93602 
,422957 16,0219 359,8016 5247,6931 11.87748 281.05854 
.410893 15.8376 343.9640 4887,8915 11.77053 269.28801 
.398851 15.6474 328.3166 4543.9275 11.65864 257.62937 

.386832' 15.4503 312.8663 4215,61091 11.54146 246.08791 

.374839 15.2467 297.6196 3902.74461 11.41869 234.66922 

.362874! 15.0328 282.5868 3605,1250! 11.28843 223.38079 

.3509391 14.8048 267.7820 3322.53821 11.14770 212.23309 

.3390401 14.5584 253.2236 3054.7562 10.99403 201.23906 

.327181 14.2916 238.9320 2801,532~ 10.82548 190.41358 

.315367 14.0020 224.9300 2562,60~ 10.64068 179.77290 

.303605 13.6893 211.2407 2337,670~ 10.43861 169.33429 

.291902i 13.3525 197.8882 2126,429~ 10.21869 159.11560 

.280264 12.9922 184.8960 1928,5417 9.98067 149.13493 

70 
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~.~ALES 

AG~ 

X 

5 0  . . . . . .  

51 . . . . . .  
52 . . . . . .  
53 . . . . . .  
54 . . . .  

5 5  . . . . . .  

56 . . . . . .  
57 . . . . . .  
58. 
59 . . . . . .  

6 0  . . . . . .  

61 . . . . . .  
62 . . . . . .  
63 . . . . . .  
6 4  . . . . . .  

6 5  . . . . . .  

66 . . . . . .  
67 . . . . . .  
68 . . . . . .  
69 . . . . . .  

Fz Gx Hz Jz K= Y~ ,I Z~ 

.011564 .268700 12.6088 172.2872 1743.6457 9,7247C1 139.41023 

.011481 .257219 12.2034, 160.0838 1571.3585 9.4511~ 129.95907 

.011390 .245829 11.7811, 148.3027 1411.2747 9,16295 120.79612 

.011290 .234539 11.3398! 136.9629 1262.9720 8,85874 111.93738 

.011180 •223359 10.8854, 126.0775 1126.0091 8.5420~ 103.39530 

.011060 .212299 10.416(][ 115.6615 
• 010930 .201369 9.9377 105•7238 
• 010787 .190582 9.4488 96.2750 
• 010635 .179947 8.9555 87.3195 
• 010470 .169477 8.4557 78. 8638 

.010293 .159184 7.9557 70.9081 

.010102 .149082 7.4532 63.4549 

.009899 .139183 6.958CI 56.4969 
• 009685 .129498 6.470~ [ 50.0269 
• 009455 .120043 5• 9899 44.0370 

.009212 .110831 5.5181 38.5189 
• 008953 .101878 5.0553 33. 4636 
• 008677 .093201 4. 6063 28. 8573 
.008387 .084814 4.172C 24.6853 
.008079 .076735 3. 7532 20.9321 

999.9316 8.21167; 95.18363 
884.2701 7.87152 87.31211 
778. 5463 7,52025 79. 79186 
682.2713 7,16224 72. 62962 
594.9518 6. 79595 65. 83367 

516.0880 6.42592 59.40775 
445. 1799 6.05053 53.35722 
381.7250 5.67686 47.68036 
325. 2281 5.30531 42. 37505 
275.2012 4.93630 37.43875 

231.1642 4. 57038 3 2 .  86837 
192. 6453 4. 20816 28. 66021 
159. 1817 3. 85370 24. 80651 
130. 3244 3. 50784 21. 29867 
105. 6391 3. 17145 18. 12722 

70 . . . . . . . .  007753  .068982 3.3509 17.5812 84.7070 2.84549 15.28173 
71 . . . . . . . .  007408 ,061574 2,9656 14, 6156 67,1258 2. 53091 1 2 . 7 5 0 8 2  
72 . . . . . . . .  007045 ,054529 2.6025 12,0131 52,5102 2 , 2 3 1 9 7  10,51885 
73 . . . . . . . .  006667 .047862 2.2622 9.7509 40.4971 1.94959 8,56926 
74 . . . . . . . .  006269 .041593 1.9452 7.8057 30. 7462 1.68454 6.88472 

75 . . . . . . . .  005855 .035738 1.6520 6.1537 22.9405 1.43756 5.44716 
76 . . . . . . . .  005423 .030315 1.3832 4.7705 16.7868 1.20924 4.23792 
77 . . . . . . . .  004978 .025337 1.1416 3.6289 12.0163 1.00295 3.23497 
78 . . . . . . . .  00452~ •020811 .9278 2.7011 8.3874 .81871 2.41626 
79 . . . . . . . .  004064 .016747 .7403 1. 9608 5. 6863 .65631 1. 7599~ 

80 . . . . . . . .  003598 i . 013149 .5786 1. 3822 3. 7255 .51524 1. 24471 
81 . . . . . . . .  003131' .010018 .4415 .9407 2.3433 .39477 .84994 
82 . . . . . . . .  0026661 . 007352 .3271 .613~ 1. 4026 .29386 .5560~ 
83 . . . . . . . .  00221ff . 005142 .2342 .3794 . 7 8 ~ '  .21121 .3448'2 
84 . . . . . . . .  001768 .003374 .1606 .218~ .40961 .14532 .1995~ 

I 
85 . . . . . . . .  001348 i .002026 .1039 .114~ .1908 .09451 .10504 
86 . . . . . . . .  000960, .001066 .0624 .0525 .0759 .05691 .04812 
87 . . . . . . . .  0006171 .000449 .0334 .0191 .0234 .03057 .0175~ 
88 . . . . . . . .  000331 .000118 .0148 .00431 .00431 ,01358 . 0039~ 
89 . . . . . . . .  000118 .00000~ ,0043 .0000l .000(31 .00398 .0000( 

Noa~.--All  of the supplementary commutation colunms are equal to 0 at ages 90 and over• 
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A P P E N D I X  II---Continued 

SUPPLEMENTARY COMMUTATION COLUMNS FOR APPROXIMATE ANNUITY 
VALUES ON THE ANNUITY TABLE FOR 1949 (ULTIMATE) WITH 

PROJECTION SCALE B AND 21% INTEREST 

FRMALES 
AOE 

~C 

1 0 . .  
11.. 
12.. 
13.. 
14,. 

1 5 . .  
16.. 
17.. 
18.. 
19.. 

2 0 . .  
21.. 
22.. 
23,. 
24.. 

2 5 . .  
26.. 
27.. 
28.. 

F .  G= H= ]~ , K ,  ~ Yz Zz 

. .007721 ,483011 13,9405 627.0073i 16777.7810 9.51917 462.7400( 
.007719 ,475292 13,8805 613.1268! 16150.7737 9.49674 453.2432~ 
.007716 .467576 13,8169 599.3099' 15537.6469 9.47269 443.77057 
.007713 .459863 13,7505 585 5594! 14938.3370, 9.44710 4M,3234~ 
.007710 ,452153 13.6811 571.8783! 14352.7776 9.42002 424.90345 

A A A A A  .007707 . . . . . .  5 13,6087 558.2696 i 13780.8993 9.39140 415.5120, ~ 
.007704 ,436742 13,5341 544.73551 13222,6297 9.36133 406.1507~ 
.007699 ,429043 13,4567 531.2788! 12677.8942 9.32984 396.8208~ 
.007696 ,421347 13,3773 517.90151 12146.6154 9.29692 387.5239~ 
.007692 ,413655 13,29M 504.6061:11628,7139 9.26262 378.26134 

.007687 .40596~ 13.2116 491.3945 11124.1078 9.22691 369.03442 

.007682 ,398286 13,1255 478.2690 10632.7133 9.18969 359.84474 

.007678 .390608 13•0371 465.2319:10154.4443 9.15100 350,69374 

.007672 ,38293~ 12,9469 452.2850: 9689.2124 9.11085 341.5828g 

.007667 .375269 12,8542 439.43081 9236.9274 9.06913 332.51376 

.007660 ,367609 12,7593 426.6715~ 8797.4966 9.02575 323.48801 

.007655 ,359954 12,6622 414.0093' 8370,8251 8.98070 314.50731 

.007648 ,352306 12,5627 401.44661 7956.8158 8•93393 305.5733~ 
,007641 .344665 12.4607 388.98591 7555,3692 8.88534 296.68804 

29 . . . . . . . .  007633 ,337032 12,3562 376.6297 i 7166.3833 8.83483 287.85321 
I 

30 . . . . . . . .  007625 ,329407 12,2489 364.3808 6789.7536~ 8.78225 279,0709~ 
31 . . . . . . . . .  007617 ,32179C 12,1387 352.2421 6425.3728, 8•72749 270.3434; 
32 . . . . . . . . .  007608 ,314182 12,0253 340.2168 6073.13071 8.67047 261.6730( 
33 . . . . . . . . .  007598 ,306584 11,9088 328.3080 5732.91391 8.61096 253.06204 
34 . . . . . . . . .  007588 ,298996 11.7887 316.5193 5404.6059:8.54889 244.51315 

35 . . . . . . . .  007577 .291419 11.6652 304.8541 5088.086~, 8.48409 236.0290( 
36 . . . . . . . .  007565 .283854 11.5376 293,3165 4783.2325, 8,41631 227.61275 
37 . . . . . . . . .  007553 ,276301 11,4059 281.9106' 4489.916~ 8.34543 219.2673l 
38 . . . . . . . . .  007539 ,268762 11,2697 270.6409 4208.00M 8.27121 210.99611 
39 . . . . . . . . .  007524 ,261238 11,1291 259.51181 3937,3645 8.19342 202.8026~ 

4 0 . .  

41.. 
42.• 
4 3 . .  

45  . . . . .  
4 6  . . . . .  

47 . . . . .  
48  . . . . .  
49  . . . . .  

, .007509 ,253729 10,9834 248.5284! 3677.8527 8.11192 194.69077 
• .007491 ,246238 10.8327 237.6957 i 3429,3243 8.02636 186.66441 
.. .007474 ,238764 10.6760 227.0197 ! 3191.6286 7.93646 178.72795 
.. .007453 .231311 10,5137 216.5060 2964.6089 7.84201 170.88594 
. .007432 .223879 10.3452 206.16081 2748.1029 7.74265 163.1432g 

, .007409 ,216470 10,1699 195.9909 2541.9421 7.63815 155.50514 
.. .007384 ,209086 9,9878 186.0031 2345.9512 7.52810 147.97704 
,. .007355 ,201731 9,7983 176.2048 2159.9481 7.41217 140.56487 
.. .007327 .194404 9.6010 166.6038 1983.7433 7.29000 133.27487 
,. .007293 ,187111 9,3956 157.2082 1817.1395 7.16122 126.1136~ 
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APPENDIX II---Continued 

AOE ] FEMALES 

Gz H= ]z K~ Yz Z~ 

50. .179853 9.1816 148.0266 1659.9313 7.02543 119.08822 
51. ,172635 8.958~ 139.0680 1511.9047 6.88222 112.20600 
52. .165458 8,7301 130.3373 1372.8367 6.73416 105.47184 
53. .158326 8.4959 121.8414 1242.4994 6.57967 98.89217 
54, .151244 8.2552 113.5862 1120.6580 6.41954 92.47263 

55. .144214 8,0063 105.5799 1007.0718 6.25201 86.22062 
56. .137242 7,7507 97,8292 901,4919 6,07798 80,14264 
57, .130334 7.4861 90,3431 803.6627 5.89566 74.24698 
58. ,123494 7.2137 83.1294 713.3196 5.70607 68.54091 
59. .116729 6.9317 76.1977 630.1902 5.50727 63.03364 

50. .110047 6. 6412 69. 5565 553. 9925 5.30049 57. 73315 
61. .103455 6.3402 63.2163 484.4360 5.08372 52.64943 
62. .096962 6.0331 57.1832 421.2197 4.8603,3 47.78910 
53. .090576 5.7206 51,4626 364.0365 4.63037 43.15873 
64. .084306 5.4024 46.0602 312.5739 4.39396 38.76477 

65. .07816~ 5.0793 40.9809 266.5137 4.15125 34.61352 
66. ,072159 4.7515 36.2294 225.5328 3.90254 30.71098 
67. .066304 4.4227 31.8067 189.3034 3.65059 27.06039 
68, .060610 4.093~ 27.7128 157.4967 3.3960~ 23,66433 
69. .055090 3,7658 i 23.9470 129.7839 3.13972 20.52461 

70. .049758 3.43991 20.5071 105.8369 2.88247 17.64214 
71. .044630 3,117ff 17.3901 85.3298 2.62531 15.01683 
72. .039720 2.8020 14.5881 67.9397 2.3721~ 12.64470 
73. .035041 2.4965 12.0916 53.3516 2.12424 10.52046 
74. .030609 2.2016 9.890~ 41.2600 1.8830~ 8.63743 

75. ,026439 1.91941 7.970~ 31.3700 1.6499£ 6.98753 
76. .022548 1.65061 6.320~ 23.3994 1.4262~ 5,56128 
77. .018949 1.4007 i 4.919,3 17.0794 1.21644 4.34484 
78. .015651 1.1708 i 3.7485 12.1601 1.0218C 3.32304 
79. .012667 .9615' 2. 7870 8.4116 .84342 i 2.47962 

80. .010003 .7740 2.0130 5.6246 .68226i 1. 79736 
81. .007666 .6086 1,4044 3.6116 .538961 1.25840 
82, ,005660 .4652 ,9392 2.2072 ,41391, .84449 
83. ,003983 ,3436 .595d 1,2680 ,30711~ .53738 
84, .002630 .2430 .3526 .6724 .21828, .31910 

85. .001590 .1628 .1898 .3198 .1466~ .17241 
86. .000841 .1007 ,0891 .1300 .09131 .08110 
87. .000357 .0559~ .0332 .0409 .05074i .03036 
88. .000095 ,0255 .0077 .0077 .0232(; .00707 
89. .0000(~ .0077 .00013 .0000 .00707 .0000~ 

NorE.--AI1 of the supplementary commutation co|um.~ are equal to 0 at ages 90 and over. 
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74 ANNUITY VALUES "WITH IMPROVING MORTALITY 

APPENDIX III 

BASIC I~ORMTdLAE 

The following summary of basic formulae will explain how to obtain the 
approximate value of any expression in standard commutation column 
symbols on the basis of the Annuity Table for 1949 (ultimate) with Pro- 
jection Scale B and 2½% interest by using the supplementary commuta- 
tion columns in Appendix II. The numbers on the left indicate where 
these formulae are derived in the text. 

III, (50) "5°+7N*~ - N*+ '(N*~ + kA(N*'~ 
\D,/ D, \DJ \ D J  

\ D J  D~ 

D x  ° 

1,o0+7c.' ~ c , . , / c , \ ,  kyc.'~ 

' (  c :~  = o 
\ D J  

"( C__r.,'~ D,+I 
\ D  J - -  D~ (E - F,+~). 

tg'°+k(M~,~-M. '/M~,\ ka(M.5 
III, (64) \ D , /  E + ~-D-~)q- \ D J  

,(M:~= - d  S~ 
\ D J  D, 

\ D . /  D." 

1 ~ + 7 R :  ~ • R , + ' ( ~ ' ~ +  k y R . ' ~  
III, (82) \~)-:,2 = D ,  \ D d  \ D d  

, (R:~ = 2dK.-z. 
\ W , ]  D. 

"-{R..R~ = _ d  ( S , + J , )  - Y ,  
\ D , /  D, 
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III, (84) \D,/=D, \D,/+k \D,/ 

,(S,)= 2~,+½(J-- z-) 
k DJ D. 

H.+ J,+I(H~ - Y.) 
y s . ' ~  = 
\DJ D. 

l"s°+'(D.+.,'~. D,,+,, ' D.+,, 

'(D.+.'~ n,+. 
\--D-~-~ ] = ~ (G. - G.+. - nF.+.) 

~(D,+.'~ D,+. 
\ - - 3 7 / =  --D7 (F, - F,+,). 

ni ,  (47) If we let Q~ denote any one of the standard commutation col- 
umn symbols (i.e., C., D., M., N., R., or S.), then the formula for the 
approximate value of xo5°+k(Q~+./D.) may be obtained from the preceding 
formulae by multiplying the approximate formula for x95°+k(D~+./D.) by 
the approximate formula for 195°+~-"(Q~+./D.+.) and eliminating any 
terms involving products of two supplementary commutation columns 
(i.e., any products of two expressions with superscripts i or A). This pro- 
duces the following generM formula: 

. : 

where 

Q.+. 
\-D-7-: = .D.+.: .DWZ.. o. \---fiT/b--~+. 

and 
yQ,+_.) yQ,+,'~D,+.+ yO,+.'~ Q,+. 
k, D, / = k,D---~+~,/~ \--D~/D,+,," 

Any one of the standard commutation column symbols (C., Dz, M., N., 
R., S.) may be substituted for Q. in this general formula. The formulae for 
I(Q.+./D.+.) and a(Q.+./D~..), with a standard commutation column 
symbol substituted for Q~+~, and the formulae for I(D~-./D.) and a(D~+./ 
Dr) are shown at the beginning of this Appendix. 


