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CECIL J. NESBITT:  

The Lidstone theory concerning the effect on reserves of a change in 
the interest or mortal i ty  basis, as presented in Spurgeon's text, is a fine 
example of actuarial  reasoning. Most  students, however, will be some- 
what happier with an algebraic discussion such as is presented in this 
note. We have used such an algebraic presentation at  Michigan for several 
years but  have not acquired complete ease of mind concerning the subject. 
Difficulties exist in regard to the limiting ages in the mortal i ty  tables and 
also in regard to the final year under an endowment  insurance. 

An example of this latter difficulty is the si tuation in formula (7) when 
t - m - 1. For  this value of t, 1 -- t+~V -- 1 --  =V -- 0; and then from 
(7), P '  = P and, for t < m - 1, q' = q, and the two reserve bases are 
identical with the possible exception of the rate of mortal i ty in the final 
year. The same d i~cu l ty  appears in formula (8), where for t = m -- 1 a 
denominator may become zero. 

Sometimes the difficulty may be avoided by limiting the range of ages 
involved, as indicated in my discussion of Mr. Gershenson's note. For ex- 
ample, it is not  quite correct to say (as I have sometimes done) tha t  a 
necessary and sufficient condition for terminal reserves on the two bases to 
be thesame for n years is R, = 0, (t = 0, 1, 2, . . . , n -- 1). (Students will 
recognize R, = 0 as the famous Equation of Equilibrium). The correct 
s tatement would include some proviso about D,+~' being assumed dif- 
ferent from 0. Without  the proviso the condition may  not be sufficient. 

For an m-year endowment  insurance, with premiums payable for the 
whole term, some premium inequalities can be obtained. The trivial case 
where m - 1 is excluded. 

I. Let  us assume tha t  q' = q but i '  < i. Then R, = (tV + P)( i '  -- i) 
+ (P'  -- P)(1 + i ') constantly decreases and hence, as shown in the 
note, R, must start  positive and end negative. From R0 > 0, we have 

P ( i ' - - / )  + ( P ' - - P ) ( I + i ' )  > 0 
o r  

p , > P ( l + i )  
1 +i '  
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From P~_~ < 0, we have 

v (/' -- /) + (P' -- P) ( l  + i ')  <0 
o r  

i - i '  p '  < p +  
(1 + i ) ( 1  + i ' )  " 

Putting these together we obtain the bracketing relation 

pq i - - i '  > p , > P ( 1  + i )  
( l + i ) ( l + i ' )  l + i '  

II. For this second case assume that i '  = i and q,+' t = qz+t + It, 
h > 0. Then Rt -- (P' -- P)(1 + i) -- h(1 - v~IV) constantly increases 
and so Rt must start negative and end positive. 

R0 < 0 yields 
( P ' - - P ) ( I + i )  - - h ( 1 - - , V )  < 0  

so that 
P ' < P + v h ( 1 - - , V )  < P + v h .  

R,,_.~ > 0 leads to the obvious relation P'  > P. 
The complete relation then is 

P +  v h > P ' > P .  

The author's note should serve to stimulate thinking on the subject. 
His treatment of the limited payment case is new to me and will help to 
round out my ideas. 

FRANK A. W E C K :  

Mr. Baillie's excellent note is of importance because it helps the stu- 
dent to understand and use an important actuarial tool. I should merely 
like to show that another equation, which may be called the reserve equa- 
tion, is also useful in dealing with the type of problem discussed by Mr. 
Baillie, and, incidentally, also discussed by Mr. Gershenson in his Actuari- 
al Note on page 68. For some problems the reserve equation with its vary- 
ing premium would seem to be an easier tool to use than the equation of 
equilibrium with its remainder term. 

What I have called the reserve equation may be expressed in the follow- 
ing general form, covering policy durations from s to t: 

k ~ t  .v+ ,'f'.+hwh+f, .+hP"h " 

(O<k<_t-- s) J 

(Continuous functions are used here for simplicity of analysis, but the 
equation can, of course, also be expressed in traditional form using dis- 
crete functions.) Primed functions designate a particular mortality and 
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interest assumption which may differ from the mortality and interest as- 
sumption used in determining the continuous reserves, V, in the equation. 
The equality between the right and left sides of the equation is preserved 
by letting the premium, o+hl 5', vary with duration. The symbol ,+~P 
represents the annual rate of premium at duration s + h. 

As the usefulness of this equation is perhaps most easily shown by con- 
sidering a few specific questions, some examples will be taken based on the 
whole life policy. The general method of approach, including applications 
to other questions and to other plans of insurance, should then be ap- 
parent. 

Accordingly, let the reserves, V, in equation (1) be for the whole life 
plan at a particular age at issue, and let s be zero and t = o~ - x, so that 
equation (1) reduces to 

k ~ ' f0  gh(1-hV) dh kWg, (0<__k<o~- x) (2) , '  fo aVdhq- fo aP dh- -  k , = 

where o~ is the limiting age of the mortality table. 
Here it should be observed that if the mortality and interest assump- 

tion in the primed functions is identical with the mortality and interest as- 
sumption in the reserves, V, then ~-~' becomes a constant and equals the 
net level premium P on the reserve assumptions. If the mortality and in- 
terest assumption for the primed functions is changed, hP' will generally 
differ from 1 ~ and vary by duration. 

As the first example, consider the question of finding a new mortality 
table, g"  ~ g, such that  the reserves on a net level premium whole life 
policy are the same as when calculated on the original table, the interest 
rate remaining unchanged. To answer the question we need only put  
~" = 6 in equation (2) and determine u"  so that hl 5'' is a constant. Remem- 
bering that a consequence of making both ~' m $ and ~z' ~ g is that 
hP' ~ P, it follows that a necessary and sufficient condition for a mor- 
tality table u"  to produce the same reserves as mortality table tt is that 

(#~' - uh) (1 --hV) = Constant,  (0<h<o~ - x ) .  (3) 

That  is, that 

, ,  a0 c ( o < h < ~  - x ) .  (4) 

The converse is immediately evident by substitution of the value of 
#~' from (4) in equation (2). 

As another example based on the whole life plan, consider the effect 
on equation (2) of a' > ~ when g' ~ tt. If hV~" (using T to indicate in- 
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crease with duration and ~, decrease) then hPr~. This shows that the de- 
creasing premium hl ~' derived from the assumption of an interest rate ~' 
and mortality table ~' ~ # produces reserves equal to V. Therefore, the 
level premium on the same basis and corresponding to hi ~' must produce 
net level premium reserves V' that are smaller than V, because reserves 
accumulated by a premium that decreases with duration are necessarily 
larger than the reserves accumulated by an equivalent level premium. 
Therefore, for net level premium whole life policies, the higher the inter- 
est rate the smaller the reserve. 

Similarly, it may easily be shown that, with respect to level premium 
reserves generally, if hP'~ then V' < V, and if hl~'~ then W' > V. 

Also worth noting is the fact that equation (1) does not require that 
the reserves V be based on any specified mortality and interest assump- 
tion. Any continuous function may be used for V. In particular, asset 
share values or cash values may be used in place of reserves values. Modi- 
fications of equation (1) along these lines are sometimes useful in connec- 
tion with dividend and surplus analyses. 

(AUTHOR'S REVIEW OF DISCUSSION) 

DONALD C. BAILLIE: 

In the last paragraph of my Note, I put forward the hypothesis that 
many other readers of Spurgeon (or Lidstone) had worked out the equi- 
librium equation to their own satisfaction. Besides Dr. Simonsen's pub- 
lished work, there now seem to be masses of other evidence supporting 
this hypothesis. 

First, I learnt that Professor C. W. Jordan of Williams College had 
clone it in the course of writing a textbook on life contingencies. Then I 
saw Mr. Gershenson's Note, smack alongside my own. Finally, I learn 
that Dr. Nesbitt has been uneasy about some of my results for a number 
of years! As he has pointed out so politely, they just aren't true. 

When one comes to think of i t - - ra ther  belatedly--i t  is perfectly ob- 
vious that if two m-year endowment policies, at the same rate of interest, 
have identical reserves at a/l durations, then they must have identical 
premiums also. The reserve at duration m -- 1 is just ~ -- P in each case. 
I t  follows that the constant k,, to which I devoted nearly half a page of 
the Transactions, is unhappily zero. And this is of course the only way 
that gv:~----] and a~:~-] could be in a fixed ratio for all ages y, since both 
annuities equal 1 when y = z -- 1. Plainly "things are seldom what they 
seem, skim milk masquerades as cream"-- too hastily skimmed in this 
case. On the other hand, things are seldom as bad as they seem, either, 
and I may be able to wriggle out of my fraudulent position if Dr. Nesbitt 
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will accept two m-year endowment policies with different premiums and 
identical reserves at  all durations except m - 1. 

First, let the ratio a,-2:i~/~,'-2:~q be called 1 + c, where c is assumed 
positive. Then a,--3:~q/~,'-s:rl = 1 + c also, provided that  

that  is, if 
1 + i  1 + i  

+ P.'-3 . . . . .  ~- P':-~ , ~-~:~- ~ - ~ : ~  

that  is, if 

Similarly 

1 + i  c ( l + i )  
q~-a--  q,-3 = - - - - ( 1  + c - 1) - 

i iz-2:~- ~i z -~:2  

- - - - - =  l + c  
a~-4:ii 

also, provided that  
c (1 + i )  

q',-4 - q ,-~ - 

a . . . .  ~ / a  . . . .  ~-, 1 f o r n  = 2, 3, Proceeding in this way we can have . . . .  ' = + c 
. . . .  , m. This is a necessary and sufficient set of conditions for tV ' :~  to 
equal tV,:m, where x = z -- m and t = 0, 1, 2 , . . . .  , m -- 2. (Q.E.D.) 

The connection between q'-2 and q,_~ is determined by  

1 + v p . _ ~  = (1 + c) (1 + vp;-2), 

which leads to the odd-looking result 

q , _ s +  c ( 2  + i )  
q ; - 2 =  1 +  c 

The difference q'-2 --  q,-2 is approximately c(2 + i - q,-2), rather than 
the c(1 + i) tha t  the other differences would suggest. Finally q~-i and 
q,_~ can be anything we like since they have no effect on the endowment.  

One may ask how closely this compromise situation agrees with the 
equation Rt = 0. Using the definition of R~ on the right side of my  original 
equation (3), we see that  all Rt will be zero except those involving 
(..--xV' -- =-iV), namely R=._~ and R,._I. Using ,.--IV' --  ,..-1V = P - P ' ,  
we have R.,--2 = p'_~(P -- P ' )  and R,.-I = (P '  -- P)(1 + i). I t  is easily 
verified that  m y  original equations (5) and (6) are true for this set of 
R/s .  As for my equation (8), it has a bat t ing average of .900 for a twenty 
year  endowment. 

This compromise can be extended to the whole life case by  making 
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z -- 1 the last age to which anyone survives in each table. Then we define 
(1 + c) to be ~, -2/~-2 and, as before, we choose 

c ( 1 + i )  q;-8 = q,-a ~t 

to make "" "'  1 + c a,_s/a,-3 = also. When we finally reach a~/a=' we have 
tV='-- W, for t = 0 ,  1, 2 , . . . . , g -  2 -  x. For t =  z - - x - -  1 we 
have ,V~ = v - P~ while ~Vz = v -- P~. As before 

q,-2 + c (2 + i) 
q'~-2= 1 +  c ' 

and we can take q,-1 and q,-1" to be 1. 
Another way to avoid trouble at the end of the table is to have the table 

with the higher mortal i ty  stop one year  before the other table. Then 
q;_~ can be defined as 

c (1 + i )  
q~-2 q 

d z _  I ' 

which will be 1 if c = vp,_2. We can then proceed as before to construct  
a table of q, such that  the ratio " "" + c 1, ~z/a, = 1 for all ages except z --  
where g;-1 in the denominator is meaningless. Whole life reserves by  these 
two tables will be identical at  all ages and durations for which they both 
exist. 

Dr. Nesbi t t ' s  premium inequalities are interesting. Of the four tha t  he 
gives, I think tha t  P(1 + i) < P ' (1  + i') is the only one whose t ru th  
could not  be seen just as readily without  the use of R,. The second in- 
equality in his Case I can be written P + d -- d '  > pt, tha t  is, 1 /a  > 
1/a', which follows at once from i' < i. The first inequality in his Case I I  
would be an equali ty if q were constant,  in which case P = vq and P '  = 
vq + vh = P + vh. Here vh is the constant  extra premium to cover the 
constant  extra morta l i ty  on an amount  at  risk equal to unity.  The amount  
a t  risk is, however, generally less than unity,  owing to the positive reserves 
tha t  develop when q, increases with x. Hence a constant  extra premium 
of vh is generally more than adequate to cover the extra risk, i.e., 
P + vh > P'. 

Mr. Weck has introduced a novel reserve equation with a continuously 
varying premium. In  the first example of its use the result would, I think, 
follow just as well if the integral equation were written as a differential 
equation. I n  the second example, the s tatement  is made that  if hV T then 
hP' must  ~. Since this conclusion is equivalent to 
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it would seem to me that the integral equation should be differentiated 
twice before we can study the sign of (d/dh)(~v~'). 

One differentiation of Mr. Weck's equation (2) gives 

~V 4 7 "  ~ g'  = ~ k  ' k v  T ~-r  - ( 1 - k~¢)  (k~¢ )  

which can be compared with the ordinary level premium differential 
equation, 

3 k V + P - u ( 1 - , . 9 )  = (k9), 

to obtain, if u' = ~t, the equation (~ '--  ~)k~¢ + kP' -- P = 0, and the 
final conclusion then follows after one more differentiation. Had we kept 
the u terms we should have in the same way 

~F' = ~ -  ( v -  ~)r¢+ (u ' -u ) (1  -k%,  

which equals P' -- RE, where Rt is the continuous Remainder correspond- 
ing to Rt in the discrete case. The continuous equation of equilibrium is 
perhaps most easily developed by writing the ordinary level premium dif- 
ferential equation in both primed and unprimed symbols, subtracting one 
equation from the other, and multiplying through by D~+t to obtain 

d D' ( , ? ' - - , V )  D_'+tR, 
dt x+t 

where 

k , =  ( 6 ' -  ~),~+ ( ~ ' -  ~) - ( u ' - u ) ( l  - , v ) .  

The fact that R~ and ~P' add to a constant means that ~k]" or ~ will 
be equivalent to kP'~ or T, as Mr. Week has observed. 

In my Note the first six equations still hold true for a varying P so 
that they could be applied to asset shares or cash values about as readily 
as Mr. Week's Reserve Equation, I think. 

Finally, I am grateful to both Dr. Nesbitt and Mr. Week for taking 
the trouble to wade through a pretty unexciting Note and then to write 
down their observations. Their discussion certainly has clarified my own 
thinking on the subject. 


