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INTRODUCTION 

T 
HIS note presents a short method of calculating without approxi- 
mation substandard annual extra premiums based on the standard 
net amount at risk. Realistic values of such extra premiums can be 

obtained if the net amount at risk is taken as the face amount less the 
standard valuation table reserve and the extra mortality is measured 
against a standard experience mortality table. The exact calculation of 
extra premiums on such a basis by the usual method is a tedious process 
involving lengthy summations. For this reason, values are seldom obtained 
at more than a few representative points. 

The method proposed in this note, by means of specially constructed 
auxiliary commutation columns, eliminates the need for any summation 
and produces exact values of any extra premiums by relatively simple 
formulas. The method applies to all of the usual plans of insurance and can 
be used if the extra mortality is constant, a percentage of the standard 
table, or entirely independent of the standard table. Formulas are devel- 
oped in the appendixes which are applicable if the net amount at risk is 
based on the cash value (computed by the standard nonfodeiture method) 
or if continuous functions are used. 

One large company has used this method to obtain experience extra 
premiums which were used as a guide in establishing the level of sub- 
standard extra premium rates. 

The saving in calculations offered by the proposed method is illustrated 
for an ordinary life plan by the following formulas for the extra premium 

c o  

Usual Method 7rx Nff 

NY 
Proposed Method 7rz = ~ [P~ -- pC ] 
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where the superscript indicates that the actuarial function is to be deter- 
mined on the particular mortality table as defined below: 

A - s t a n d a r d  experience table 

B--substandard experience table 

C--valuat ion table for standard business 

D--special  auxiliary mortality table 

An approximate method of calculating extra premiums based on the net 
amount at risk is given by Bassett in his paper, "Extra Premiums Based 
on the Net Amount at  Risk. ' ' I  The method given there, while shorter than 
the one presented in this note, is applicable only if the extra mortality is 
constant and is measured against the valuation table. 

A P P L I C A T I O N  OF THE M]ETIIOD 

The first step is the construction of a special mortali ty table D by means 
of the following equations, starting with an arbitrary radix l~, a being 
the lowest age needed: 

d D o c = l~q~ + l~(q~ -- qA) (1) 

t,n+x = l~, - d • .  ( 2 )  

Equations (1) and (2) are followed in a strictly algebraic sense and any 
negative values produced by these equations are used in succeeding steps. 
Thus, it is possible for values of l D and d D to be negative. Equation (1) 
can be simplified for calculation purposes if a simple relationship exists 
between tables A and B. For example, if the extra mortality is constant we 
have 

qff = q) + k 

d D D C = z~ q~ + kl~', 

while if the extra mortali ty is a percentage of the standard table, we have 

q~ = ( l + k ) q ~  

dD l° ( l ~ )d~  = . q C +  1 1 +  " 

Commutation functions for table D are constructed by the usual for- 
mulas and may be negative. Net  premiums on table D are expressed in 
terms of commutation symbols in the usual manner. 

~TSA II, 1. 
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With the necessary commuta t ion  functions for tables B, C and D avail- 
able, lr can now be obtained from 

N D N D 
x - -  X +n 

1 r = N B  N B [pD_pC]  (3)  
x x + n  

which reproduces exactly, for any plan of insurance with a death benefit of 
one, values given by  

m - - 1  
v ~=o D L , ( q L  _ A q,+,) (1 - t+lV c) (4) 7r= B _TNB ~ 

N x  -1$ ~ 

where the following definitions apply  to the particular plan of insurance 
being considered: 

r = level annual extra premium based on the net amount  a t  risk 
x = age a t  issue 
n = number  of years in premium paying period 

m = number  of years  of coverage 
t+IV = terminal reserve for year  t + 1, net level premium method 

P = net level annual premium 

MATHEMATICAL P R O O F  

Equat ion (1) used in constructing table D can be transformed as fol- 
lows: 

l~q~ = l~qC~ + IB(_B 

lr2(q~ _ qC) = lB(q~ _ qL') • ( 5 )  

Replacing x in (5) by x + t, multiplying both sides of the equation by  
v ~ t  and substituting in (4), we have 

m - - I  
7' 

r r - N B Z N  ~ ~ D ~ + , ( q g , - - q C ~ , ) ( 1 - - , ~ N c ) .  (6) 
X x T n  t ~O  

Hence, if we can show tha t  

m - - 1  

v ~  Dx+t(q~+t--D D q~+t)C (1 t+xV c)  (N D _  D -- = N~+.) ( p D _ p C )  , (7) 
t = 0  

substitution in formula (6) will prove formula (3). 
Proof  of (7) is as follows: 

I D~- t + l  * / + i V  D = l~I)+t • ,VO(1 + i) + I~+,PD(1 + i) - l w ,.D (8) x +  t t l x +  t 

• +iV c = ,VC(1 + i) + pc(1 + i) c 1 - q ~ + , (  - -  ~_,V c) (9) 
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Subtracting qD, . ~_IVC from both sides of (9) and rearranging, 

,+,vc(1 - qK , )  
( l o )  

= ,VC(1 + i) + pc(1  + i) - q L ,  - ( q ~ ,  _ q~+c ,),+lVC. 

Multiplying both sides of (10) by lP+t, 

I D + I .  ,+iV c D . = l ~ - t  ,VC(1 + i) 
( 1 1 )  

+ ID~pC(1 + i) -- l D~ t~+-c t _ it),+ ~/,+r°D t -- qC t),+lVC. 

Subtracting (11) from (8), 

t~°+ ~+,[,+N D - ,+iV cl 

= l D~+,t,~ v "  - ,vc l (1  + i) + & , [ p ,  - pc](1 + i) ( 1 2 )  

- ID¢+, v~*+("v t _ qC+ ,)  ( I  - -  , + I V C ) .  

Multiplying both sides of (12) by v *+t+~ and summing over the life of the 
plan, 

m--1  ra--1 

D "  r v D - ' + x v C )  --- E D D E x÷t+l k t + l  D~+, (,V ,V c ) 
t~O t~O 

(13)  
n--1  m--1  

+ Z  D° '°° ° " , + t ~ -  - - P C )  D,+t(q~+t--q,+,) ( I = , + I V  e )  
t ~ 0  t ~ 0  

(The range of the summation in the premium term is only over the pre- 
mium paying period as pD and pc  drop out of equations (8) and (9) for 
t>n.) 

The first summation in (13) expanded is 

DDI(tV D - 1V c) 4- D Dx+.v2*J xm _ 2V c) 
( 1 4 )  

+ . . .  4- D~_=_,(=_~V D _ ,,_(~,c) 4- Dp+=(=V o _ ,,VC). 

The second summation in (13) expanded is 

DD(oV D - oV c) + D~+I(,V D -- ~V c) 
( 1 5 )  

_ . . . D D t V D m _ l V C ) .  + D.D+2(~V v W c) + + ~+~<~m--, -- 

Since 0V D - oV c = 0 and =V D - .,V c = 0, it follows that  (14) - (15) = 
0, and (13) reduces to (7) which proves formula (3). 
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Equat ion (7) states tha t  the present value of payments  of the appropri-  
ate net amoun t  at risk to the extra deaths is equal to the present value of 
the extra premiums. 

A P P E N D I X  1 - - S P E C I A L  PLANS 

Plans with Varying Death Benefits 

For such plans we have 

Usual Method  
m - -  1 

~' ~ D  B A q x ~ - l )  / + 1  V C  ) ~ ' -  N ~ --  N~+,, ~ ~+,(qB+,__ (F~+-I-- ( lO)  

N~ -D -- .Nx+,, _ p C  
Proposed Method v - .N B~ ~ N~+n [pD ] (3) 

where Ft+I = death benefit in year  t + 1 

P = net level annual premium for the plan. 

By introducing Fe+I into equations (8) and (9) and making the neces- 
sary changes in the succeeding equations, it can be easily demonstrated 
tha t  formula (3) is applicable here. 

Plans with Nonlevel Net Premiums 

For these plans we have 

m--1 

~' t~__o D~+, (q~T, - A q=+,) ( 1 - , + l V  c)  (4) Usual Method 7r - N8 _ N ~  
x ~1 = 

n--1 

,~o - D~ (17) 

Proposed Method lr = NB -- N l{ 
x T n  

where t+IV c -- actual reserve on the plan (not the net level premium re- 
serve) 

P,  = net premium payable  at  t ime t. 

Formula  (17) is a more general form of formula (3). By making pD and 
p c  in equations (8) and (9) functions of duration and modifying the suc- 
ceeding equations accordingly, it can be shown that  formulas (4) and (17) 
produce identical results. 
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A P P E N D I X  2 - - - - C A S H  V A L U E  B A S I S  

If the net amount  a t  risk is based on the cash value (computed by the 
standard nonforfeiture method)  we have 

Usual Method 
m -- 1 

72 ~ D B A . V  C 
• +t ( q ~ - t -  ( 1  - -  q~+~) ,+1C ) (18)  

Proposed Method 

xY D k,',? 
- -  N x + n  __ p C  . .C .. D 

7 r - N l  ~ N i~ [pn ] + N I ~ Z ~ B  [a i i - -  a ;1] (19)  
x x + n  x X X~ n 

where t+~CV c = t+~V c - kaC+~+~:,_t_~, 

k = constant  for any  given plan and age at  issue. 

s -- number  of years  at  the end of which the cash value is 
first equal to the reserve. 

Formula (19) can be derived as follows: 

Substituting the above expression for ~+~CV c in (18), 

q.+,) (1 - ,~IV c)  
7 r -  NI ~ Z N2+ 

x n 

(20) 
~ ' k  s - - I  

qz+l) a.+t+l:i:~_i !. 
x x + n  

The first term in (20) is equal to the right hand side of (4) and hence is 
equal to the right hand side of (3), 

N~ N D I P °  - P c  I " (21~ 

The  second term in (20) can be rewritten as 

d ( y , i ~ N n  ~ E D z B ~ t ( q ~ , - - q . A + , )  (1 - -Af t+ , . -_~- i l )  . (22)  
• z x + n  ~ t = O  
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The expression in brackets is a special case of the right hand side of (4) 
with m = s, n = 1, ,+iV c = AC+t+~:,-t-=v~N, and is therefore equal to the 
right hand side of (3) with P = A=:71 and n = 1. Therefore (22) reduces to 

d ( N ~  -r~ . . . . .  - N.+,,)  D ~  ( ~g' ) 
(23)  

k D ~  AD A c 
= d ( N ~  u ( ~.,~-- -) --  N . + . )  . ' =:~ ' 

which can be written as 

k l)~ ..c ..° 
N~ ~ _ N t  ~ [ a : ~ : - a : < ]  . ( 2 4 )  

x * x ~ u  

Formula (19) can now be obtained by combining (21) and (24). 

APPENDIX 3- - -CONTINUOUS FUNCTIONS 

When continuous functions are used, we have 

f ~  ~+t.~ a xTC 

~ + ' )  - '  ) ( 2 5 )  

The method proposed in this note yields the following close approxima- 
tion for ~:  

~ D  - D 

- -  N x +  n 

x + n  

where table D is the table defined in this note. Proof  of (26) is as follows: 
For any two mor ta l i ty  tables, C and D' ,  we have 

d ID I ~ ° '  l D' ~D' D' ' n' 
dt ~ - "  ' ,+, + M**,.  ,9  D' - t ~ +  (27)  

d ,Vc pc d l = _}_ ~ f¢.c c - -  - m + ,  ( 1 - f cC  ) . ( 2 8 )  

Subtracting ~ + ,  , tV from both sides of (28) and rearranging, 

D' ~- ~ C  D' d ~Vc _ ~*~+," ,Vc + ~ ,9c c c 
- -  (~*~+, ~ + t )  ~¢c ( 2 9 )  - -  - -  - - ~ x + t -  dt 

I f  both  sides of (29) are multiplied by l.t~t, the left hand side becomes 

ll)" d , l  D" D' , 1 D' d - d l D' d l~2,.  tV e 
• + '  a7 , V  - , V  t . + , m + .  = .+,  35 ,v  ~ + ,9°d7 ~+, = ~  
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Therefore, 

d l D '  ~¢c D' c . '  - c  ~' D' c 

1 D '  c 
- -  x +  l ~ x +  t . 

Subtracting (30) from (27), we obtain 

d l D' ' D' pC 
- - -  • = I x +  t - -  a t  [ *"'  'v~'' - l~+ , .  , 9  c )  (pD'  ) 

(30) 

(31) 

+ a t S , ( , 9 " '  - ,9 c) - 5 + , ( m , , - , , ~ , ) ~ '  " '  ( I - , 9 c ) .  

Multiplying (31) by v ~+t and integrating over the life of the plan, we 
obtain 

f o  " Vx+ ~ d lD' VD' D' ~C fo  " ~ ~ t,D ' , -di [ ~+'" - l .  ~ , . ,  ] d t  = (pD' _ pc)  ~ ~ , , , t  

f 0  m x~-t D' + 8  v I ~ + t ( , V D ' - N C ) d l  (32) 

o m  z + t l D '  t D' C 

(In the premium term the integral runs only over the premium paying 
period.) 

The integral on the left of (32) can be integrated easily by parts, giving 

f°' v~+q~_ t(t~7 D" --  ~gC)dt, which cancels the identical term on the right. 

Therefore, we have from (32) 

( ~ '  _ ~ e  ) ( ~ "  _ N ~+,,) 
(33) 

fO m ~ + [ . D '  D' C = - la~+,) - ) z' l~+,(U~+, (1 N c d r .  

In order to make use of equation (33) in simplifying (25), we must first 
construct a special mortality table D'  such that 

D' D'  x4 tki~z+t l,~+,(U,~+, - u c , )  = l ~ I .~  - ~ ,  ,), (34) 

If such a table can be constructed, ~ will be given exactly by 

--D'  --.D' N, -- N,+. 

Proof of this is analogous to the proof given in the traditional case. 
However, the construction of table D' would be somewhat formidable 

and therefore it is shown by the following arguments that table D as de- 
fined in this note is an excellent approximation to table D'. 
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Equation (34) is really the following differential equation: 

d in '  D' C l B + t  B A - -  = -- (~+~--  ~ ~) (36) d l  ~+t -- l~+~ x+~ 

Each of the tables A, B and C assumes a uniform distribution of deaths 
over each year of age; hence, for each of these tables, #~+t = q~/(1 - tq~) 
(0 <_ t < 1). If this value of t*~+~ is substituted in (36) for each of the 
tables A, B and C, (36) can (with a little spade work) be integrated exact- 
ly between t = 0 and t = 1, giving the unfortunate result 

) B t  B A x  A 

1,~+t=l~ ( 1 - - / q ~ )  c x ( 1 - - t q ~ )  loge 1--tq~'- (37)  qx - -  % 

(0<_t<_-1). 

However, by making use of the approximation 

A C A C A 
log,, 1 - l q x  =log~ [1-} l ( q ~ - - q , ) ]  l ( q ~ - - q = )  

(o___ t_< 1) 
equation (37) becomes 

l ~ t  '=. l~' - t[lD,'q c + l~(q~ -- qA)] (0 < ! < 1) (39) 

which says that the deaths on table D'  are approximately uniformly dis- 
tributed over each year of age and that 

d p ' ~  D,c l~ q~ + l~(q~ - qA). (40) 

The approximate table D'  defined by (40) will be identical with table 
D defined by (1) if the radix lp' is chosen equal to Ip. Hence table D may be 
substituted in (35) as an approximation for the exact table D'  defined by 
(37), thus proving (26). Tests indicate that the approximate values ob- 
tained from (26) are within one percent of the true values defined by (25). 

Continuous function formulas for the special cases considered in ap- 
pendixes 1 and 2 can be developed in an analogous manner. 


