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INTRODUCTION 

I 
N T~E conduct of the life insurance and annuity business, practical 

questions arise from time to time concerning the determination of 
limits of insurance or income which may be accepted with respect to 

any one life or in determining the magnitude of a contingency reserve 
which is to be established to provide for fluctuations in the expected mor- 
tality rates. In order to answer questions of this type and also possibly 
others, an actuary would want to have available for his study a frequency 
distribution of the expected costs, for the particular benefits guaranteed 
under the contracts, deemed to be applicable to the class of lives under 
consideration. 

If the guarantees provide for widely varying benefits, he would nor- 
mally encounter difficulty, first, in developing formulas theoretically ap- 
propriate for the specific situation and, secondly, in making the appro- 
priate calculations to obtain a numerical solution as required for his 
guidance in the matter of making decisions. The first of these difficulties 
often stems from the subtleties in the reasoning process required to ana- 
lyze the unique distributions of the important variables of age, plan, 
death benefits and amounts of income which are deemed to exist for the 
specific situation. The second of these difficulties arises from matters con- 
cerning time, expense and personnel. 

The purpose of this paper is twofold. First, it presents an outline of how 
these difficulties may be overcome, at least in part, by applying the con- 
cept of using a series of random numbers with a view of making mortality 
studies for each life in a group of annuitants. From such mortality studies 
emerges the means to compute, with reference to the guarantees attribut- 
able to each life, the specific values which are required to form a frequency 
distribution of costs. The second purpose is to present the results of some 
experiments which were designed to discover whether or not the concept 
could be practically conducted on one of the IBM No. 650 electronic data 
processing machines installed in the John Hancock Mutual Life Insurance 
Company. 
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BASIC CONCEPT 

Let  us first consider this question: Wha t  conditions determine whether 
or not a unit  annui ty  paymen t  will be made at  the end of one year  to a 
par t icular  annui tan t  now at  ratable  age x? 

Suppose a random number  is selected from a series of numbers  composed 
of 10. numbers ranging from 0 to 10 ~ --  1. Call this random number ~N, 
and suppose further tha t  it is compared with 10 0 q,, where g is the num- 
ber  of decimal places in the series of mor ta l i ty  rates qz. In  the text  which 
follows, the assumption is made  tha t  each par t icular  life is a sample from 
a paren t  universe for which the tabular  rates of mor ta l i t y  qz are the true 
rates  of mortal i ty .  

If  ~N, _> 10. qz, the assumption may  be made tha t  the annui tant  lives 
one yea r  and that ,  therefore, the annu i ty  payment  will be due. On the 
o ther  hand, if uN, < 10. qx, the assumption m a y  be made that  the 
annui tan t  dies within one yea r  and that ,  therefore, the annui ty  payment  
will not  be due. 

I f  an electronic da ta  processing machine can generate  a series of ran- 
dom numbers in a small fraction of a second, it  m a y  be programmed to 
make a great  number  of comparisons of selected values of 10" q, for the 
range x < z < ¢o with such a series. In  effect, as will be outlined in the 
following text,  a hypothet ical  cost computat ion for a par t icular  life or a 
group of lives may  be made in a re la t ively short  t ime.  With  successive 
repet i t ions of the process, a pa t t e rn  will develop to indicate the range of 
probable  costs within a given confidence limit. 

Let  us consider how this concept of using random numbers may  be used 
to calculate the present  value of annu i ty  payments  of 1 per annum to an 
annui tan t  a t  ra table  age x under  a hypothet ical  cost  computat ion for this 
par t icular  life alone. The  following steps designed to accomplish the 
desired computat ion have been programmed for an I B M  No. 650 machine. 

1. Generate a random number °N, and compare it with 10 ° qx. If oN, < 10 u q, 
we may assume that the annuitant dies before attainment of age x + 1 and 
the cost for the annuity will, therefore, be a0q = o. 

2. If oN, > 10 ° q,, we may assume that the annuitant lives to age x + 1 and 
the cost for the annuity will be at least a~. Generate another random number 
gN,+b and compare it with I0 ° q,+a. If, as a result of the second comparison 
the annuitant is assumed to die, the cost for the annuity will be all. On the 
other hand, if the annuitant is assumed to live to age x + 2, the operation 
of comparing a new random number *N~+2 with 10 a q,+2 will be performed to 
establish whether the annuity cost will be greater than or equal to a~ i. 

3. In general, if at the rth trial the assumption first may be made that the 
annuitant dies, then the cost of the annuity for this particular life will 
be a~_f I. 
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A repetition of the above operation performed, say, n times, with each 
repetition using a different series of random numbers, will provide the 
means of constructing a frequency distribution of costs for a single life. 
Any set of n repetitions will, of course, have its own statistical charac- 
teristics since, under sampling theory, each sample drawn at random from 
a homogeneous parent universe would have its own sample statistical 
values. If  n were large, one would expect that the characteristics of the 
frequency distribution of costs therefor would not differ materially from 
those which would emerge under the classical approach of analysis. 

An experiment designed to conduct a limited number of 100 mortality 
studies for an annuitant with entry age 65 was performed on an IBM No. 
650 machine to give the results shown in Table 1. 

TABLE 1 
100 MORTALITY STUDIES FOR A SINGLE LIFE 

ENTRY AGE 6 5 - - A N N U I T Y  PAYMENTS OF 1 PER ANNUM 

0 . . . . . .  

1 . . . . . .  

2 . . . . . .  

13 . . . . . .  
14 . . . . . .  
15 . . . . . .  

25 . . . . . .  
26 . . . . . .  
2 7  . . . . . .  

28 . . . . . .  

(l) 

Unit Cost 
ai7 

.00 

.98 
1.93 

10198 
11.69 
12.38 

18142 
18.95 
19.46 
19.96 

Number of 
Studies with 
Unit Cost all 

(3) (4) 
Acc~muis- 

tion of Accumulated 
Entries in Cost 
Col. (2) 

1 .00 
3 1.96 
5 5.82 

47 330112 
51 376.88 
54 414,02 

9i 1018132 
95 1075,17 
97 1114.09 

100 1173,97 

The machine time required to make the complete experiment of 100 
trials was approximately 5 minutes. A rate of interest of 2½~ was used 
in connection with the Annuity Table for 1949, Males, without projec- 
tion. The average annuity unit value of 11.74 as indicated by the final 
entry in column (4) of Table 1 is reasonably close to the expected tabular 
value of a~ = 11.50. The entry in column (1) of the unit annuity cost 
corresponding to entry 95 in column (3) does not differ greatly from the 
theoretical value established by the classical theory for the 95cy~ confi- 
dence limit. 
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A second and parallel experiment of conducting 100 mortality studies 
for a single life was performed for the same stated conditions, except that 
different random numbers were generated. This second run produced an 
average annuity of 11.68; it showed a maximum unit annuity cost of 
21.40 as compared to the maximum unit annuity cost of 19.96 shown in 
the first run. 

Appendix B discusses the method used to generate the series of random 
numbers. 

THE GENERALIZED CASE FOR COMMON AN~NUITIES 

Let us now consider how to apply this concept of using random num- 
bers to make mortality studies for a particular class of n annuitants in 
order to obtain a distribution of present value costs for specified annuity 
payments and associated death benefits. For a particular numbered life 
j within this class of n lives, let xs = age at entry and I s = annual income 
payable. Three common plans of annuities may be present: life annuity 
with no refund; life annuity with Bj years certain at issue; or life annuity 
with Bs years of decreasing death benefit at issue, the yearly decrease 
being Is  for each year of curtate duration to date of death. For practical 
reasons, I s and B s are taken as whole numbers. 

Chart I, which of necessity eliminates some details, will suggest to the 
interested reader how an electronic data processing machine may be 
instructed to perform the necessary steps required to produce rn different 
mortality studies and cost computations for the entire group of n lives. 
Reference should be made to Appendix A, which defines the various 
symbols used in Chart I. 

An experiment designed to test the practicality of the concept with 
respect to the life annuity with no refund plan for a group of 10 lives was 
performed on an IBM No. 650 machine. I t  was assumed that the entry 
age was 65 for each life, that the income was unity for the first 9 num- 
bered lives within the group, and that the income for the 10th life varied 
for each of the six trials conducted for the group as a whole. One hundred 
mortality studies for the group as a whole were performed in each of six 
trials. Table 2 presents certain data obtained in this experiment with 
respect to each of the six trials for the group as a whole, each trial requir- 
ing 1,000 individual life studies. 

The 6,000 individual mortality studies performed for the 6 trials result- 
ed in an average annuity value of 11.54 which compares closely with the 
expected tabular value of ae~ = 11.50. I t  is to be observed that as 110 
increased in successive trials from 1 to 50, the minimum unit cost encoun- 
tered gradually diminished while the maximum cost, in general, increased. 



C H A R T  1 

FLOW CHAP.T FOR COMMON ANNUITY PLANS 

step 1 [ 
S e t j f S = r f f i l  

,l. 

3- ' step s i Generate random number 
"1 oN, i+,_ , 

L 
I slcp 4.0 I step 4.1 I 

~1¢ Ste Steps I I '  p a.o I sl ,  p 6.t I 
Increase r by unity ] ] I f r i < B i  ] I f r i  >Bi  [ 

[ncrease xi h - ,  -- 1 by unity[ L I_ " I " 
Go to S tep3  I t  ' • , I 

I I step 7.o L .... step Z , l .  I I 

" ~ - + .  . ~  
I s,epB.o I I  step,.~ I I  stepB.z I 
[ Compute Cost I [ Compute Cost I [ Compute Cost I 
[Ki  = l i[~'i+l(Bi- r i) a t- a,i-~ [ [ K i = It alriq [ [ Kt ffi Ii a n [ 

Step 10.0 Step 1 
I f j < n  If j~,  

4, 
Step 11 

I 

Increase j by Unity R~ 

4r 

Step 1:2 
' R e s e t r t o l  

Go to Step 2 

Form Accumulated Cost m 

Step 13 [ 
Record Output Data 

for Study S 

Reset Kt to 0 

/ 

Step 15.0 t Step 15.1 [ 

InCGo to Ste y 12 ity ] 
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Column (6) shows the approximate values for the confidence limit of 
95%. In  the case of trial No. 1, a contingency fund of 2.57 per unit pay-  
ment (14.07 - 11.50) would be required if one desired to be able to estab- 
lish an approximate theoretical 95% chance of meeting all the payments  
due with respect to the selected group of 10 annuitants. When we observe 
the entry in column (6) for trial No. 6, we notice that  the theoretical con- 
tingency fund would have to be materially increased approximately to 
6.88 per unit payment.  Column (5) similarly gives approximate values for 
confidence limits of 90%. 

TABLE 2 

SIX TRIALS OF | 0 0  MORTALITY STUDIES FOR A GROUP OF l0  LIVES 

n = I0 Bi = 0 forj = 1 to 10 inclusive 
ra = 100 I i  = 1 forj = l to 9 inclusive 

Ii0 is a variable, per column (1) 

TIlAL 
N~MBER 

Average. 

A/CNUAL 
INCOME lte 
PAYABLE 
TO 10am 

LIFE 

(1) 

I 
2 
5 

10 
25 
50 

UNIT ANNUITY COST 

Average Maximum Minimum 
(2) (3) (4) 

11.61 
11.11 
11.28 
11.52 
11.97 
11,74 

11.54 

15.21 6.68 
15.36 6,65 
16.21 5.36 
17.32 4.74 
20.77 3.23 
20.06 2.49 

APPROXIMATE UNIT AN- 
/qEITY COST POR 

CONF1DEN (:E LIMIT 

9o% 95% 
(5) (6) 

13,61 14.07 
13,49 14.37 
14,56 15.01 
15,61 16.03 
16,67 17.63 
17.28 18.38 

Each of the six trial runs of 100 mortality studies for 10 lives required 
about 45 minutes on the IBM No. 650 machine. The author believes tha t  
the time required for making each trial run could be considerably reduced 
by applying more refined techniques in programming the operation. 

A concluding experiment, which was designed primarily to estimate 
the time required to conduct a single mortality s tudy for a group of 100 
lives, indicated that  one such study would require approximately 5 min- 
utes of machine time. As far as the machine is concerned, the time required 
for a single s tudy for a group of 100 lives is the same as that  required for 
100 studies for one life. 

CONCLUSION 

The foregoing experiments, designed to test the practicality of using a 
series of random numbers to make a hypothetical cost computation, have, 
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I believe, indicated that new techniques for many types of problems are 
made available to actuaries by the power of new electronic machines. 
These tests immediately suggest that frequency distributions of costs can 
be obtained not only for the analysis of closed groups of annuities but also 
for various classes of insurances. Limitations on the number of lives to be 
studied and the number of variables to be considered will depend on the 
type of available equipment, the ingenuity of programmers, and the 
expense of performing the tests in terms of time and money. 

The writer wishes to caution the reader that the technique described 
herein will not produce sound results unless random and not pseudo- 
random numbers are used in the comparisons. He also wishes to state an 
assumption made throughout that no correlation in the rates of death 
exists among the members of any group. Modifications in the program- 
ming suggested by Chart I may, of course, be made to place controls on 
input and output data or to account for other conditions possibly present 
in a stated problem, such as the effect of select mortality rates. 

Finally, the writer wishes to express his indebtedness to Mr. Ralph E. 
Traber, F.S.A., who transmitted the germ of the idea which inspired the 
experiments described herein, and also to Mr. George E. V(allace, A.S.A., 
for his technical aid. 

APP*ENDIX A 

DEFINITIONS O1 • SYMBOLS 

n = number of lives in class of annuitants 
m = number of mortality studies to be performed for the class 

of n lives 
S = numbered study within the total number of m studies 

which are to be made 
j = numbered life within the class of n lives 
g = number of decimal places to which q, is recorded 
co = limiting age in mortality table; i .e. ,  q,,_t = 1 

xi = age at entry of life j 
l j  = annual income payable to life j 
Be = number of years certain at issue in the case of a life annuity 

plan providing for a certain period; or 
= number of years following issue during which a decreasing 

death benefit is payable in the case of a cash refund annuity 
plan under which the decrease in death benefit each year 
is I i ;  or 

= 0 in the case of a life annuity with no refund 



r i = 

x j + r -  1 =  

g,V~:+,-1 = 

i 

t ~ l  
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r ---- duration at which the trial is being made to see if the 
annuitant is to be assumed to die 
duration from date of entry to the beginning of year during 
which life j is assumed to die 
~. = attained age of annuitant  at beginning of contract 
year r 
random number composed of g digits generated for com- 
parison with 10 ~ q,i+r_l 
present value of annuity payments  and death benefits for 
life j 
I t  a,~j in event no death benefit is due at end of r~ + 1 
years; or 
I t  [v','÷l(B1 -- r j) + a T ]  in event the cash refund period has 
not expired at date of death; or 
I j  aH)-i in event an annuity certain is payable after the date 
of death 

accumulated cost for the first j lives 

APPENDIX B 

GENERATION OF RA~/OOM NUMBERS 

In the described experiments the IBM No. 650 machine was pro- 
grammed to produce a series of " random"  numbers. The quote indication 
("random")  is used because no proof can be given at this time that the 
numbers produced by  the method do in fact represent a series of random 
numbers. The following outlines the steps of the method used to generate 
a series of " random" numbers for the case where q~ is recorded to five 
decimal places: 

1. Select a ten digit number greater than 109 from an arbitrary source such 
as the central ten digits of an entry in a column of interest functions having 
fourteen digits. Call this number l°Nt and commence the following cycle. 

2. Square t°/Vt to form a twenty digit number. Without changing the sequence 
of digits, extract the l l th  to 20th high order digits (i.e., the first ten digits) 
of Q°Nt): to form a new ten digit number, which we will call l°N,+~, of which 
the highest order digit (i.e., the first) may be 0. 

3. Similarly, extract the 6th to 10th high order digits of Q°N~)2 to form a 
five digit number, which we will call ~Nt, to become the first of the desired 
series of random numbers for direct comparison with 10 ~ qz. 

4. Examine the magnitude of l°N~+t to test for one of three conditions: (1) if 
l°Nt+t > 109, repeat the cycle, generating in the process the next desired five 
digit random number; (2) if '°N,+l <: 109, add 9 .  l0 g to t°Nt+t to produce a 
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revised value of 1°N,+1 for continuing the cycle; (3) if ~°N,+I = 109, select a 
new ten digit number from the source indicated in step 1 as the revised value 
of I°N,+~ for continuing the cycle. 

The reader may possibly speculate as to the degree of bias which step 
4(2) above introduces into the operation by the relatively frequent addi- 
tion of 9 • 109. A possible alternative approach could be attempted by per- 
forming a cyclical permutation of digits when ~°A:,+I < 109; i.e., extract 
the high order digit, place it in the low order position and let the digit in 
the old 9th order position take the new 10th order position, etc.--repeat 
until a ten digit number is formed which has a nonzero high order digit. 

A more satisfying method of generating random numbers could per- 
haps be devised by programming the machine to use combinations of a 
commonly accepted table of random digits such as the one published in 
Volume 24 of Tracts for Computers (University of London, University 
College). The sequences of the digits there published have been subjected 
to rigorous tests to determine if their choice has been biased. The results 
of these tests have generally been accepted as proof that they may be 
deemed satisfactory for most problems which require the selection of 
random numbers. 


