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GAIN AND LOSS ANALYSIS FOR PENSION
FUND VALUATIONS

WILLIAM A. DREHER

HE actuary concerned with valuation of liabilities under self-
administered retirement plans and retirement plans funded
through group annuity contracts of the Deposit Administration
or Immediate Participation Guarantee (IPG) type has three paramount
problems, namely:
(1) testing the mathematical correctness of his periodic actuarial valua-
tions,
(2) examining changes in liabilities and contribution levels from one
valuation date to another, and
(3) reviewing the valuation assumptions to assess their continuing ap-
propriateness for estimation of the retirement plan liabilities.

Analysis of each element contributing to an actuarial gain or loss be-
tween two valuation dates is useful for solution of these problems. Gain
and loss analysis aids in solving the first problem by providing an inde-
pendent check of the actuarial technique and mathematics. The gain or
loss related to each valuation assumption can be computed independently
of the current valuation; an aggregate gain or loss can be computed by
comparing a projection of the unfunded accrued liability from the previ-
ous valuation with the unfunded accrued liability calculated on the cur-
rent valuation date. By measuring this aggregate gain or loss against the
sum of the individual gains and losses, a significant error will be revealed
if the two are not equal or within an acceptable tolerance. If they are
substantially the same, either the valuation is mathematically correct or
any crrors are offsetting and presumably negligible. The second problem
originates with the valuation review, which is more effective if changes
in the liabilities and contribution levels can be traced and identified with
precision. Also, subsequent explanation and interpretation of results to
the client or policyholder are simplified and made more meaningful by the
gain and loss analysis. Finally, by interpreting the aggregate financial
effect of each valuation assumption, gain and loss analysis provides a
quantitative measure of its validity for estimation of future liabilities, as
well as a means of gauging the adjustment required if the assumption is
to more reliably predict future experience.
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The growing importance of retirement plans, as a major segment of
national savings, a vital subject of labor-management negotiations and
the object of intensive commercial interest by banks and insurance com-
panies, demands that gain and loss analysis and other tools of actuarial
science, such as experience studies of termination rates, mortality, and
salary scales, be employed in the estimation of retirement plan liabilities
and the calculation of pension fund contributions.

The British Institute of Actuaries textbook! makes brief reference to
gain and loss analysis and most actuarial offices probably are familiar
with the technique, but there is only brief treatment of the subject in
American actuarial literature.? It is hoped that this paper will stimulate
discussion and interest and lead to a broader knowledge and appreciation
of gain and loss analysis among students and practicing actuaries.

Purpose
This paper will attempt:

(1) to outline the theory of gain and loss analysis for pension fund valua-
tions by defining each element which contributes to the gain or loss
and by demonstrating numerically and by general reasoning that the
sum of these parts equals the total gain or loss emerging during the
valuation interval,;

(2) to indicate the practical problems met in applying the theory to two
model plans, one self-administered and the other insured, and to
comment on the presentation of results to the policyholder or client;

{3) toshow, by analogy with the classical Fackler accumulation formulas,
the similarity between gain and loss analysis for pension funds and
analysis of reserve techniques familiar to insurance actuaries;

(4) to provide a reference for students and other actuaries concerned
with this problem and to propose a notation suitable for general usage.

Gain and Loss, tn General

If each valuation assumption exactly anticipated the experience under
a retirement plan from year to year there would never be an actuarial
gain or loss. Since this will not happen, the actuary’s valuation is in
error to the extent that his chosen valuation basis in aggregate overstates
or understates the retirement plan liabilities. The consequence of an

! Pension and Widows’ and Orphans® Funds, by R. J. W. Crabbe, F.I.A. and C. A.
Poyser, F.I.A., Cambridge University Press.

% ““Gain-and-Loss Analysis in a Self-Insured Retirement Plan,” Gabriel M. Hellman,
The Proceedings, Conference of Actuaries in Public Practice, 1956-1957. ““A Method of
Allocating Gains and Losses in a Pension Fund,” Jack M. Elkin, The Proceedings, Con-
ference of Actuaries in Public Practice, 19571958,
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aggregate overstatement is an actuarial gain; conversely an aggregate
understatement produces a loss.

The actuarial gain equals (g) excess of net actual release of liability
over the release predicted by the valuation basis plus (b) the excess of
expected disbursements over actual disbursements. (This general state-
ment considers that salary increases produce a negative release of liability;
that interest earnings on invested funds are a negative disbursement; that
an actuarial loss is a negative gain; etc.)

Elements of Gain and Loss

The principal elements of an actuarial gain or loss can be grouped
under three headings:
1. Events during the valuation period which influence the pension fund,
such as:

@) Payment of benefits upon death before or after retirement; annuity
benefits to retired and disabled members and their beneficiaries;
refund and severance benefits upon termination of employment

b) Payment of administrative expenses—actuarial, legal, investment
and accounting fees; taxes; commissions; other amounts not paid
to a participant or beneficiary under the plan

¢) Receipt of investment income—dividends, interest, amortization of
premium or discount, etc., in self-administered funds; guaranteed
interest or investment income credits under group annuity con-
tracts

d) Capital gains or losses, both realized and unrealized

¢) Group annuity dividends

2. Events during the valuation period which affect the future liabilities
under the retirement plan, such as:

8) Deaths, withdrawals, disabilities and retirements among active
employees

&) Deaths among retired employees

¢) Salary changes affecting benefit liabilities

d) New entrants into the eligible employee group

3. Ttems which affect the estimated actuarial liabilities, but are not di-
rectly related to experience during the valuation period, such as:

a) Errors in reporting or processing the valuation data

) Changes in amounts and types of benefits provided under the re-
tirement plan

¢) Changes in the actuarial valuation method

d) Changes in the pension fund asset valuation method

¢) Changes in the actuarial assumptions underlying the valuation,
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+ B (payments to retired employees and their benefi-
ciaries).

Under Deposit Administration plans, Bf* and possibly B}
and Bf” would include the full purchase price of annuity
benefits vesting or commencing during the year, rather than
dollar amounts of expected benefit payment during the year.
This procedure focuses the analysis of gain and loss on the
Deposit Administration fund rather than on the policyholder
dividend account. Recognitions of gains or losses attributable
to participants for whom annuity benefits have been pur-
chased will be retarded until dividends are declared under the
contract amd credited to the Deposit Administration fund.
Means of reflecting and allocating these factors, as well as
excess interest credits and expense savings related to active
employees, are discussed hereafter.

Actual amount of benefits due and accrued during valuation
year ¢

= B{*+ B + B + B/".

These symbols are diréctly analogous to the symbols in Bf
above.

Expected release of lability due to change of participant
status during the year, computed as of the end of valuation
year ¢

= R+ R+ RF + RP.

Again, these symbols and those of R below are analogous
to Bf.

Actual release of liability due to change of participant status
during the year, computed at end of valuation year ¢

= R} + R+ R + R

Expected increase in accrued lability at end of valuation year
¢ because of anticipated salary increases during the year.
Actual increase in accrued liability at end of valuation year
¢ because of salary changes during the year.

Expected addition to accrued liability at end of valuation year
¢ because of partictpants who enter during the year and sur-
vive as active employees to the year end.

Actual addition to accrued liability at end of valuation year
¢ because of new entrants during the year who continued as
active employees to the year end.
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Factors affecting benefits to widows, children and other dependents,
of the type included under the Federal Old-Age, Survivors, and Disability
Insurance Act (OASDI) and many state and municipal retirement sys-
tems, have not been mentioned specifically. The analysis of gain and loss
attributable to these benefits can be constructed by analogy with the
basic principles governing gain and loss analysis for participants’ benefits.

Definitions
The definitions set out below presume annual actuarial valuations. The
extensions for biennial or quinquennial valuations are obvious.

(AL} = Actual accrued liability as of the beginning of valuation year
{, in accordance with funding method and valuation assump-
tions then in use.

For example, under the aggregate cost method, this would
be the present value of all future expenses, refunds and benefit
payments; under the entry age and attained age normal cost
methods, it would be the present value of all future expenses,
refunds and benefit payments less the present value of future
normal costs; under the unit credit normal cost method, it
would be the present value of benefit credits earned prior to
the valuation date. When one of the frozen initial liability
methods is in use, it is desirable to define (4 L){* as the present
value of all future expenses, refunds and benefit payments.

(NC); = Normal cost for valuation year ¢ as defined by the funding
method, calculated on the assumption that it is due at the be-
ginning of year ¢.

Under the aggregate cost and frozen initial liability meth-
ods, (NC), will be zero for the purpose of analysis, since
these methods are analogous to single premium or paid-up
policies.

(NC), will reflect all death, retirement and other benefits,
as well as expenses paid from the pension fund.

BF = Expected amount of benefits for which Hability will be incurred
during valuation year ¢

= BF4 (death benefits prior to retirement for active em-
ployees and for terminated employees with vested
rights)

-4 Bfv (withdrawal benefits)
+ BF (payments to disabled employees and their benefi-
ciaries)
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Ef = Expected noninvestment expenses during valuation year I
This item is included within (NC), for the unit credit, at-
tained age and entry age normal cost methods, but is part of
(AL)# for the aggregate cost and frozen initial liability
methods.

E# = Actual noninvestment expenses during valuation year 2.

I¥ = Expected interest earnings on the pension fund during year
t, accumulated to the year end and net of investment expenses.

I = Actual interest earnings on the fund during valuation year
t, accumulated to the year end and net of investment expenses.

CF = Expected net realized and unrealized capital gains and losses
during valuation year ¢ if assets are valued at market; expected
net realized capital gains and losses during the year, if assets
are valued at cost.

C# = Actual net realized and unrealized capital gains and losses
during valuation year ¢ if assets are valued at market; actual
net realized capital gains and losses during the year, if assets
are valued at cost.

(AL)F,, = Expected accrued liability at end of valuation year ¢, if all
valuation assumptions are exactly realized.

(AL){,; = Actual accrued liability at end of valuation year ¢, based
upon active and retired members at that date, with same
benefit design, funding method and valuation assumptions
underlying the valuation at beginning of year .

(AL)A, = Actual accrued liability at end of valuation year f, including
any modification of benefit design, funding method or valua-
tion assumptions.

(AL)?,, = Accrued lability at end of valuation year £ if the population
at the beginning of year ¢ is static (i.e., if all active and retired
participants survive the year without change of status, if
salary scale assumptions are exactly realized, and if the ex-
pected new entrants come into the eligible group).

(AL)Y,; = Accrued liability at end of valuation year ¢ if contingency V'
occurs during the year to entire population at the beginning
of year ¢.

F; = Fund at the beginning of any year ¢, valued on an initial cost,
amortized cost, or some other book basis,

F; = Fund at the beginning of any year ¢, valued at market.

1 = Valuation interest rate.
There may be more than one interest rate assumed in the
valuation, e.g., when funds attributable to active employees
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are invested by a corporate trustee, annuities are purchased
from an insurance company when employees retire, and dif-
ferences between the yield rate of the pension fund segment
held by the trustee and that held by the insurance company
justify a distinction in the actuarial valuation.
4 = Assumed rate of capital appreciation during valuation year.
k = Fraction of the year between any date of payment and the
valuation year end.
P# = Actual employer and employee contributions during valuation

year ¢.
Pf = Expected employer and employee contributions during valua-
tion year &.
Elemenis of Gain

Each of the elements composing the total gain or loss during the valua-
tion year is analyzed below,? with comments about practical problems of
calculation and presentation to the client or policyholder. Numerical ex-
amples are included as Appendix A. It should be observed that all of the
‘“‘expected” items can be computed at the beginning of the valuation year,
as a by-product of the valuation then being made. The “actual” items are
unknown until the end of the valuation year, but their calculation can be
made part of the basic valuation procedure for the succeeding year.

(1) Gain from expenses
= EtE - E;‘ ’

where EF might be zero (if administrative expenses are not
paid out of the trust fund) or a percentage of con-
tribution or a percentage plus a dollar amount,
Under a Deposit Administration group annuity con-
tract this item typically would be a percentage of
contributions plus the contract administration
charge.
and Ef is a cash accounting item furnished by the trustee or
the retirement plan committee, if the retirement
plan is self-administered, or the total expenses
charged against the fund under an IPG contract. For
3 The effect of each dependent variable has been isolated arbitrarily. Other divi-
sions are equally defensible. For example, if we have as, bo at the beginning of the year
and aj, b, at the year end, the effect of a and b can be computed as f(ay, by) — f(80, bo)
and f(a1, &) — f(a, bo), respectively. The allocation between a and & might equally
well be f(ar, b)) — flao, br) and flas, b)) — f(ao, bo), respectively. See Hellman for an
expanded treatment of this point.
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Deposit Administration plans, this item should theo-
retically be adjusted by a fraction of any dividend
paid during the valuation year.

(2) Gain from interest earnings

where I{ is an accounting item equal, for self-administered
plans, to the gross income reported by the trustee of
the fund, adjusted for due and accrued income and
reduced by the investment expenses. Under an IPG
contract, it is the investment income credited by the
insurer; under a Deposit Administration group an-
nuity contract, it is the sum of contractually guar-
anteed interest credits to the Deposit Administration
fund and that portion of any dividend which is de-
rived from excess interest earnings.

If dividends have been anticipated by introduc-
tion of a valuation interest rate higher than that in-
corporated in the annuity purchase rates or guar-
anteed on the Deposit Administration fund, there
may be merit to the inclusion of the entirety of any
dividends in I{'. However, the interpretation of these
results to the policyholder should point out that
dividends represent the cumulative effect of expe-
rience and are not simply the result of one year’s
operation of the pension fund.

and If = Fji + PF[(1 + i)* — 1] — BF[1 + i) — 1]
— Ef[(1+9F — 1]

PF suggests a scheduled amortization of unfunded
accrued liabilities or fixed contributions and pre-
sumes prior knowledge of the amount and date of
employer contributions for the year. It has three ele-
ments: employer normal cost contribution, employer
contribution to amortize unfunded accrued liability,
and employee contributions. It is simpler to wait
until the year end and define P§ = P§, rather than
speculate about Pj; this has practical appeal and,
furthermore, avoids some complicated interest ad-
justments when the total gain or loss is equated to
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the sum of its elements. (See section entitled “Equa-
tion of Aggregate Gain with Net Gain from Al
Sources.””)
The fractional interest calculations may be based
on simple interest or, if size and distribution justify,
k may be taken as 3.
Excepting small funds, the gain from interest earnings will
generally be more meaningful to the IPG policyholder or the
client with a self-administered pension fund if presented as:

2I¢ . 21 .
F¥F,, —1% ’J% or 100[F;+F’,ﬂ—1,4 ‘]%'

t+1

100[

For a Deposit Administration plan the analogous device for
presenting the gain from interest earnings is:

214 ;
100] et — 3| %,
[V&kmﬂ—lf ]0

where V, is the total of actuarial and contingency reserves on
active and retired employees at the beginning of year ¢, or

100 (' — )%,

where ¢’ is the credited interest rate provided by the current
year’s dividend formula.
(3) Gain from appreciation of fund

=C¢A_"C¢E)

where C{ = F|,, — F’y— P + B + Eff — I}, if assets are
valued at market, or Fyyy — Fe — P + B + E* — I2,if
assets are valued at cost.

This element of gain will probably be more properly related

to the mean assets, in the same manner as the gain from in-

terest earnings described above.

Even though the pension fund is valued on a book basis
and only realized capital gains are reflected directly in the
gain and loss analysis, it may be informative to the client if a
subsidiary calculation identifying the unrealized gains is in-
cluded in the valuation report. The net unrealized gains and
losses are equal to

(Fios = Fual ~ [Fy = F))
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and C} depends on the method, if any, used to discount capi-
tal gains. Capital gains on equity investments can be dis-
counted by modifying the valuation interest rate. For ex-
ample, if a trustee intends to invest 25%, of the assets in com-
mon stocks and an average annual appreciation of 29, is
deemed reasonable, the valuation interest rate could be in-
creased § of 1%, in anticipation of these capital gains. Since
this assumption implies increases in productivity and/or in-
flation and, consequently, rising salary levels, it is imperative
that it be coupled with an adequate salary scale if Hiabilities
are to be properly estimated. In consideration of this relation-
ship it is more common that no allowance for capital gains is
included in the valuation and a somewhat flatter salary scale
is adopted. However, if the technique is employed,

CF=Fi() + Pt + i)* — 1] — Bt + 5 — 1]
— Ef (14— 1],

on a market basis, or

Fj) + P+ )k — 1] — BAI(L +5)% — 1]

— Ef[(1 + )k — 1],
on a book basis.
This formula presumes no capital appreciation on investment
earnings during the year. There is a simpler method of com-
puting CF since it is closely approximated by
11z
(4) Gain from deaths prior to retirement, gain from withdrawals, gain

from disabilities and gain from retirements

= R{” — Bf** — R’ + B;*, where v is the contingency under

analysis.

R is calculated with respect to each participant under the
plan whose status has changed because of contingency v
during the year and equals the excess of the accrued lia-
bility at the end of year ¢, if the status had not changed,
over that on the new status.

B{” is an accrual accounting item supplied by the retirement
plan administrator, the trustee or the insurance company.
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RP" is calculated either as [(AL){11 — (AL){ 1lg} or as
AL f — A ¢+ (NO) ) A+ D+ BF U+ o + EF 1 + )

depending upon the number of decrements and the
complexity of benefits.

RE» could be computed as of the assumed date of decrement
and increased by interest at the valuation rate for the
remainder of the year; a parallel revision of R#* would
be required. The suggested definition is easier to calculate
and either definition should give approximately the same
value to the aggregate quantity [Ri** — R}

BF? is By X g} for refund and severance benefits and B} X 2}
for survivor benefits, where Bj is the benefit payable if
the contingency » materializes during the valuation year.

The gain from nonvested withdrawals and disabilities which

occur before eligibility for annuity benefits may be combined

with the gain from deaths prior to retirement.

If postponements of retirement have a significant effect on
the actuarial liabilities of the retirement plan, it may be per-
tinent to separate the gain or loss due to election of retirement
and the gain or loss due to deaths after retirement.

The gain from each of these elements will often be more
pointedly communicated to the client or policyholder if related
to the effect on the contribution level. For instance, if the
normal cost is presented as a percentage of eligible compensa-
tion and a frozen initial liability or aggregate cost funding
method is used, the actuarial gain or loss from any element
can be divided by the present value of 19, of future eligible
compensation, It is not theoretically correct that (NC),, as a
percentage of eligible compensation at time ¢/, plus each element
of gain or loss (related to the eligible compensation at time
t+ 1) equals (NC) .41 as a percentage of the latter base, but the
relation holds approximately and it will indicate the general
influence of each valuation assumption.

(5) Gain from salary changes

= S — S

The formulation of SF and S# is complicated when benefits
are integrated with or offset by OASDI benefits, when an »
year average salary determines the benefit and the participant
is within the » year range; or when past service and future
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service benefits are not determined by the same formula. In
the simple case where the benefit credit is a constant percent-
age of salary during the last # years of service and the par-
ticipant is more than # years from retirement,

SE= (AL Fye
Sy+1
Sy, (As)v+1_ (AS)II

St = (AD) 5, —L
H ( )l+l 3y+1 (AS)y b

where
y = Valuation age at end of valuation year ¢

(AS), = Annual salary rate for (y) at end of valuation year ¢
sy = Salary scale factor for (y) at end of valuation year ¢.

During the n years before retirement, the benefit can be
divided between a fixed benefit, based on earnings since the
commencement of the » year period, and a prospective benefit,
based on the estimated future earnings. Only this prospective
benefit is affected by salary changes after age y. A plan with
past service benefits determined from some known earnings
base would present similar problems of analysis.

For plans with different benefit credits above and below
some salary level, such as the maximum wage level upon
which OASDI taxes are paid, S¥ and S also must be modi-
fied for those employees whose salaries have crossed or are
expected to cross this breaking point during the year. It would
probably be simplest to consider the benefits of these plans as
a “total salary’’ benefit less an “OASDI tax base’’ benefit; in
which case the analysis reduces, as above, to consideration of
a “prospective benefit” and, for employees over the breaking
point, a “fixed’’ benefit.

This gain or loss from salary change can be related to the
normal cost by the same device outlined above for gains from
death, withdrawal, disability and retirement.

{6) Gain from new entrants
=N tE -~ N¢ ’
where N¥ is generally ignored or taken as zero. However, if
the employer wishes the total contribution, in-
cluding the normal cost and a contribution toward

the unfunded accrued liability, to remain a level
percentage of eligible compensation or if the age



600 GAIN AND LOSS ANALYSIS FOR PENSION FUND VALUATIONS

distribution of new entrants is likely to change
significantly in the future or, in a plan with fixed
or legislated contributions, if the covered group is
expected to enlarge, the valuation may include an
estimate of the liabilities for new entrants, their
future salaries and future contributions on their
behalf,

In practice there is often an implicit assumption
about new entrants. For example, if the normal
cost is computed according to the aggregate cost
funding method as a percentage of eligible com-
pensation at the beginning of any year ¢ and this
percentage is applied monthly to all eligible com-
pensation (including compensation of new en-
trants into the eligible group), the contributions
related to salaries of new entrants are probably
greater than the value of benefit credits earned
during the year unless the age distribution of new
entrants resembles the attained age distribution
of active participants at the beginning of the year.
In practice this is unlikely and the resulting excess
contributions result in a gain.

Niis (4L1){, for participants at the end of year ¢
who were not included in the previous valuation.

(7) Gain from miscellaneous errors
= A,

This item arises when there are errors in the reporting of cen-
sus data, such as misstatements of ages or incorrect benefits,
or errors introduced because of valuation techniques, such as
grouping of attained ages, use of a single average entry age,
adjustments of the valuation entry age to account for breaks
in credited service, etc. Also included in this element would
be the combined effect of approximations used to calculate
the expected or actual figures composing the various elements
of gain.

(8) Gain from change in benefits, funding methods or valuation assump-

tions

= (AL)lA+l - (AL)f-ﬁfl'

This element of gain is derived by duplicate valuation of all
survivors to the end of valuation year ¢, incorporating the
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revised benefits, computed according to two funding methods
or reflecting two sets of valuation assumptions, as the case
may be. It may be desirable, if several elements of the vaiua-
tion basis are shifted, to isolate the effect of one or more of
the revised assumptions.

(9) Gain from change in asset valuation method

= F2 1
= Fig— Fl.

If valuation is changed from book to market, Basis 2 is market
and Basis 1is book; if the change is from matrket to book, vice
versa.

Analogy with the Fackler Formulas

The traditional Fackler accumulation formulas offer a useful test of the
logic supporting any element of the actuarial gain or loss. This compari-
son gives one a refreshing reminder that the various branches of actuarial
practice stem from the same discipline.

The fundamental Fackler accumulation formula is

Vo4 Pl 4+ (Va4 PLY — d, = Vopalon 1)

or, in words,
Reserves at age x plus Premiums due at age z plus One year’s
interest on premium and reserves at the valuation rate less
Expected death claims (paid at year end) equals Expected re-
serves at year end.
But, since the experience rates vary from valuation assumptions, the
annual accumulation is
Voo + Plo + (Vole o+ PL) — di = Voudon + Gain,  (2)

where ¢, d, and [_,, are the experience results and V_, is the unit reserve
on the valuation basis adopted for the year end. By subtraction,(2) — (1),

Gain = (Vol, + PLY(# — i) — (@} — do) + Vesdon — Vialin . (3)
Butl,y =1, — d, = l..1 + d, — d. and therefore,
Vordors = Vidon = Van(de — ) + (Vouu— Vi) lin. @)
By substitution,
Gain = (V1. + PLYE — 4) — (dl — do)

+ V:H-l(d; —d)+ (Vapa — Va,:+l)l;+1 ; (8
which is to say,
Gain = Excess interest earnings
less
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Benefit payments in excess of those expected

plus
The difference between actual release of reserves and
expected release of reserves, using the former valuation
basis,

plus
Reduction in reserves on survivors due to change of
valuation basis.

Now, from (1),

Vol:(1 + 49+ Pl(1 43 —d: = Vou(le — da)
and by transposition
Vinds = Vauls = [Vl + Pl 4 (Vi + Pl)i — d. ©6)

or, in words,
Expected release of reserve = The reserve if all survive
less
The sum of initial reserves and premi-
ums increased with interest and re-
duced by expected benefit payments
(or, expected reserves at the year
end).
These fundamental equations have analogies in all retirement plan fund-
ing methods and the gain or loss attributable to each actuarial assump-
tion can be computed and examined by direct reference to them. Some of
these analogies are set out in the following paragraphs.
If there were no actuarial gains or losses, the progressions of retirement
plan accrued liability would be (cf. Equation {1])

(AL)! + (NC). + [(AL)¢ + (NCO)eli — BF(1 + i)*

o )
— BN+ i) = (4D,

r, in words,
Accrued lability at beginning of valuation year ¢
plus
Normal cost assumed due during valuation year ¢
plus
Interest at the valuation interest rate on (AL){, (NC), and all
transactions, accumulated to end of valuation year ¢,
less
Expected benefit payments during valuation year ¢
less
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Expected expenses during valuation year ¢
equals
Expected accrued liability at end of valuation year .
However, experience departs from the assumptions and, from Equa-
tion (2),

(ALY 4+ (NC), + [(ALY + (NO)WJ — B (1 + i)* ®)
— EA(1 4 )¢ = (AL)A, + Gain.

This Gain, by extension of Equation (5), is

Gain = (I{! = If) + (CI' — CF) + (R — R¥) + (5¥ — Siyy)

+ Vi — N + (BF — EN + (B7 — B 9)

+ A + [(AL);‘-}-I - (AL):‘\&] + (th+1 - F¢1+1)
or, in words,
Gain is the sum of

a) the differences between actual and expected results for those
elements which reduce the accrued liability, such as interest
earnings, capital gains and changes of status within the cov-
ered group,

b) the differences between expected and actual results for those
elements which increase the accrued liability, such as salary
increases, new entrants, expenses and benefit payments, and

¢) changes in accrued liability due to errors, shifts in valuation
basis, funding method or benefit formula and shifts in the
asset valuation method.

Another useful relationship, derived from Equation (6), is
RE = (AL)yy — {(AL)} + (NC)e + [(AL){ + (NC)i)i
— BF (1 + i) — EF (1 + 0¥}

or, in words,
Expected release of accrued liability due to changes of status
during valuation year ¢
equals
Accrued liability if all participants at beginning of valuation
year ¢ survive without change of status, expected salary changes
occur and new entrants as predicted enter the covered group
less
The algebraic equivalent of expected accrued liability at the end
of valuation year ¢, i.e., (AL){y. (See Equation [7].)
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Another pertinent relationship is
Voridort = Vepdd: — Vaud,

or, in words,
Actual reserve at year end

equals
Reserve if all survive
less
Actual release of reserve.
From this identity it follows that

(AL, = (AL — R + S = S+ [NV — NP1 — A, (12)

Equation of Aggregat Gain with Net Gain from All Sources

Appendix A demonstrates the numerical equivalence between the total
actuarial gain or loss and the sum of its elements, as defined in the body
of the paper, for two hypothetical employee groups. By analogy with the
Fackler formulas, the total gain defined in the Internal Revenue Service
Bulletin on Section 23(p) of the 1939 Internal Revenue Code can be
equated generally with the sum of the individual gain and loss elements.
The necessary sequence of equations is outlined below.

1. Gain, according to the principles underlying the IRS Bulletin on Sec-
tion 23(p) of the 1939 Code and assuming a shift from market to book
value of assets,

= [(AD)}¢ — Fi 4+ (NC)J(1 4 4) — P& (1L + i) = CF
— {(AL); — Fiyal-
2. Gain, according to Equation (9) in the preceding section,
= ([ ~IF) + (C! = CO + (R — RO + (S — SP)
+ (N¢ — N + (BEf — Ef) 4+ (B ~ B) + A,
+1ADA — (ALK + Fla - Fiy)
3. F/ = F{,, — P# — [B} — E! + I + C?], by general reasoning.
4, F,, = F}yy and Fuy = Fly, by definition.
5.0 = (AL){4, ~ (ALY, .

6. (A&, = (A0S, — R} — [SF — S — Nf — Nl — A, from
Equation (12).
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. (AL)igH = Rf+ (AL){ + (NC)e + [(AL){ + (NC)Je
— BF (1 4+ i) — EF(1+ 4)*, from Equation (10).

CFi=1IF - P+ 0F — 11+ BP[(1 + 9 — 1] + EF[(1 + 9)* — 1],
from (2) under “Elements of Gain.”

. Gain, by successive substitution from Equations 3, 4, 5, 6, 7, and 8
into Equation 1

= = IF) + (C! = CO + (R — R + (SF — S1)
+ WVF— N + (BF — B + (Bf — B + A
+ (AL — (ADH + (FEy — Fly)

= Gain, according to Equation 2 above.

APPENDIX A

NUMERICAL ILLUSTRATIONS
. Introduction

The principles of gain and loss analysis were applied to two small
hypothetical groups, one with benefits funded through a self-adminis-
tered pension trust and another with benefits funded through a De-
posit Administration group annuity contract. The results of those
analyses are set forth in the following sections.

It will be observed that the self-administered example combines the
entry age normal cost funding method and a salary scale, while the De-
posit Administration example provides for the unit credit normal cost
funding method and no salary scale. This was done in an effort to illus-
trate a variety of problems in compact form and does not imply that
one set of techniques is used by self-administered plans and the other
by insured plans,

Notation is consistent with the Socicty Study notes for Part 8.

2. Example 1:

A. Summary of Characteristics
1) Funding medium—a self-administered pension trust
2) Effective date—July 1, 1950
3) Valuation date—July 1
4) Benefits and eligibility requirements
@) No employee contributions



606 GAIN AND LOSS ANALYSIS FOR PENSION FUND VALUATIONS

b) Normal retirement—at age 65. Postponement of retirement
at the option of the employee. Normal and postponed retire-
ment benefit—19%, of average salary in 10 years prior to age
65 for each year of service, payable 1/12 monthly for life.

¢) Early retirement—at the employee’s option after attainment
of age 55 and completion of 15 years of service. Early retire-
ment benefit—the actuarial equivalent of a normal retire-
ment benefit based on service to the date of retirement and
average earnings in the 10 immediately prior years.

d) No death benefits and no disability and withdrawal benefits
other than early retirement benefits.

B. Statement of Actuarial Assumptions and Valuation Methods
1) Funding method—entry age normal cost
) With immediate recognition of actuarial gains and losses, and
b) With gains spread by frozen initial liability method
2) Asset valuation method—amortized cost for bonds and pre-
ferred stocks; market for common stocks.
3) Interest rate—39; capital gains rate—1/29,; total investment
yield rate, net of investment expenses—3 1/29.
4) Administrative expenses—$500 a year
5) New entrants—one per year at age 25 and salary $3,600

(1.02) %0 where ¢ = calendar year of employment.

6) Service table. (Copies of commutation functions are available
upon request to the author.)

a) Sources
(1) Mortality rates—1951 Group Annuity Experience Table,

projected by Scle C for year of birth 1917. For males,
“experience’ rates in 1951 are 10/9 of basic rates in the
1951 Group Annuity Table.!

(2) Withdrawal rates—based on historical study of reserve
released upon employment terminations among clerical
and management employees.

(3) Salary scale—based upon examination of secular trend
among bank employees. Combines allowance for merit
and seniority increases with provision for increases due
to inflation.

(4) Retirement rate—arbitrarily selected. Approximately
equivalent to retirement at average age 67.

5) Rates and values

1TSA 1V, 279.



TABLFE 1

X 1,000¢% 1,000%" %‘J
20....... .684 180.0 1.0636
250 .842 88.0 1.0688
30....... 1.101 50.0 1.0613
35....... 1.508 23.0 1.0538
40... .. .. 2.061 9.0 1.0468
45....... 3.463 1.0 1.0409
50....... 5.883 0.0 1.0341
55..... .. 8.903 0.0 1.0274
60....... 12.462 0.0 1.0208
o4....... 16.812 0.0 1.0193
TABLE 2
vl/zagl:)n
x 1 1,000 (1,000 22 "
i=3,25% i=3.5%
65......... 0 18.370 400 1.000 1/2 11.5335 11.2808
66......... 1 20.202 250 1.000 1/2 11.1301 10.8928
67......... 2 22.091 300 1.000 1/2 10.7265 10.5037
68......... 3 23.898 350 1.000 1/2 10.3212 10.1128
69......... 4 25.714 450 1.000 1/2 9.9121 9.7128
0......... 5 27.767 1000 .000 0 4. 8628 9.6839
t = duration since first eligible for normal retirement.
7% = average time of retirement within duration ¢,
TABLE 3
a2
X 1,000q,
$=3.25%, $=3.57,
70....... ..., 27.767 9.8628 9.6829
5. ... 45.938 7.7784 7.6524
80........... 81.408 5.8602 5.7649
85 . ... 137.644 4.3295 4.2272
90........... 222.882 3.3127 3.0930
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C. Hypothetical Employee Data
1) Active employees (all males)

Employee Entry Attained Pension Base
N pmbyr Age 7/1/59 (AS)y Earnings Prior
urmbe X ¥ to 7/1/59
Al..... 25 25 $3,500 |.............
A2 ... 25 30 4000 |.............
A3..... 25 35 4200 §.............
Ad.. ... 35 40 5000 |.............
AS.. ... 30 50 7,000 ...
A6.. ... 45 60 10,000 $47,000
A7..... 30 64 4,000 32,000
A8.. ... 40 68 8,000 76,000
2) Retired employees
Attained
Retired Age Vonthly
Member 7/1y/59 171759
Ri......... 70 $175.00
R2......... 75 200.00
D. Valuation on July 1, 1959
1) Active employees
Estimated
Annual
Em- R P. V. of . P. V. of "
Retirement "Ny (ALY
pé«;y;e.z y (AS)y Benefit at Ret.ﬁliene- W0z, Dy ((‘;V)C;i?"; (2)—(:)
- 65 or y, if
ber
Greater
[¢V] (2) €)] )] () (6
Al...{25 83,500 | %$6,090 |8 6,471 | § 224 | $28.94 | § 6,471 0
A2...]1 30 4,000 5,174 9,486 256 ¢ 31.36 8,013 | $ 1,473
A3...| 35 4,200 4,158 11,096 268 29.63 7,949 3,147
A4...| 40 5,000 2,923 10,315 340 25.24 8,593 1,722
AS5...1 50 7,000 3,211 16,827 469 15.38 7,180 9,647
A6...| 60 10,000 1,982 16,720 708 67.86 4,806 11,914
AT...| 64 4,000 1,260 12,331 264 | 32.99 871 11,460
A8...| 68 8,000 2,128 20,597 553 16.05 887 19,710
$45,700 | $26,927 | $103,843 | $3,080 |........ $44,770 | $59,073

01 (48 ,'% = Present Value of 1% of Future Compensation
¥
= 6,789
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2) Retired employees

. : (ALs
Retirement y Monthly Benefit| a3 12% (2)”
Number XG)
) ) 3) (4)
Ri....... 70 $175.00 9.683 $20,334
R2....... 75 200.00 7.652 18,365
$375.00 [............ $38,699

3) Future entrants

a) Present Value of Benefits

©

]

t=1960

01X 3,600

036

0140565

S gy (45) - S

=36X1.1778X184.87X69

= 540,870

b) Present Value of Normal Cost
= Present Value of Benefits

= 540,870

(40Mz+Rz— Rp)

10 S ra L. Rra_ Rr6
(1.02) 10‘§D‘_-25 (4’0M65 + RGE - R7°)

(1.02)¢

«©
t
X 2 g
=0

¢) Present Value of Liability for Future Entrants
= (Present Value of Benefits) — (Present Value of Normal

Cost)
=0

d) Present Value of 19, of Future Entrants’ Compensation

@

t=1960

=.01X3,6000

D 019510 (45)

035

(1.02) 1.

SNas
¢ ‘S'D25

=]
SNas
“Das t=0

=36X1.1778X28.938X69

=84,663

v, (1.02)*

.036
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4) Present Value of Future Expenses

[==]

=500 v,

t=0

= 14,786

5

5) Normal Cost, (NC)ss
6) Immediate Recognition of Gains

(LVC)W = 500 + E(ATC)I, v

= 3,580

7.839% of S(AS),

b) Frozen Initial Liability Method
Assume:
1. Assets = $78,400
2. Frozen Initial Liability = $85,000
3. Unfunded Frozen Initi-
al Liability, 7/1/59 = $25,000

Then
(NC) 59

_ P.V. of Benefits — Assets — Unfunded F.IL., 7/1/59
P.V. of 1% of Future Compensation

XZ(4S8),+500
= 3,398

=17.44%0of Z(4S5),

6) If no allowance for new entrants is included in the set of actu-
arial assumptions, (NC)s would be $3,135, 6.86%, of payroll.
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E. Expected Release of Reserve, Rf,, and Expected Benefits, B

1) Active employees

Lo

(ADn (8)+(9) X1.035/2

—[(3)-+(6)11.035

Euprovee y Dy BE» )
Nuprr Dy+ Frozen Immediate Frozen I:nml;dl-
Initial Recognition Initial ate 't.ec-

Liab. of Gains Liab. ognition

of Gains

(7 (8) 9) {10)

Al......| 25 1.1359 $ 7,350 $ 254 ... ... $ 653 $ 22

A2......] 30 1.0907 10,346 1,886 |....... 528 96

A3......| 35 1.0610 11,773 3,623 |....... 289 88

Ad... | 40 | 1.0466 10,796 2,158 |... ... 120 23

AS......| 50 1.0411 17,517 10,531 |....... 103 62

A6......] 60 1.0481 13,524 13,229 |....... 219 165

A7......| &4 1.0527 12,981 12,341 |....... 218 207

A8......| 68 1.6531 21,153 20,601 386 228 22

.......... $109,440 $64,846 |.......0 $2,358 $685

Notes:
D
1. (AL)8, = (Col. 2) - =%
(A1) = ) Dyt
D,
— [(Col. 5) = (Col. 3)] =X, 4 <65
Du+l
—-x4+1 G/
=[ (col. 2) = (Col. 1) 222 EL.0r )
y—x Dy
. — [(Col. 5) = (Col. 3)] -.-* <65
Du+x [ Dy-H ! 4

2. BFr=0, y< 65;
—x+4+1
BFr= 1 (Col. 1) -z—y—:_—xm- v, 65<y<70

3. Bj? and B} are zero; By is zero since ¢i° = 0 for y > 55
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4, With the Frozen Initial Liability method of spreading gains
and losses, set (Col. 3) = (Col. 5) = 0 and substitute (Col.

2) for (Col. 6).

TMMEDIATE RECOGNITION
or GAINS
Ene- ad qa qar ,
PLOYEE | ¥ ¢ il 7 (4L)en1 5d 20
Ry R Rf
Nowszz : ® | ® [w@-am
X(11) | X(12) X(13)
1) (12) (13) (14 asy | (6 an
Al... 25 .000842 088 f....iiifieieniinn, 0 22 |eeennnnn.
A2... 30 .001101 050 |l 2 94 |.........
A3....| 35 001508 12X T I P 5 8 |.........
Ad... 40 002061 009 |, 4 19 |.........
AS... 50 005883 0.0 ) I O D . (47 2 R I
A6... 60 .012462 000 [ 165 |[....... vt
A7.. 64 .016812 000 ... e, 207 |ooooiieenn. .,
AS8.. 68 023898 .000 .35 21,944 492 i....... —470
.................................... 937 218 —470
2R = TRF? + ZRM 4 ZREr
2(9) = =(15) + =(16) + =(17)
685 = 937 4 218 — 470
= 685
Frozen Initial Liability =
ZRM = 1,103; ZRM* = 1,532; TR = —277
2) Retired employees
Blr
12X(2) ( (AL RE
e [P w XUi-1/2 S| axaxm | ©xe
X
) 6) ) (8) 9)
Ri....... 70 .027767 2,071 9,273 19,473 541
R2....... 75 045938 2,345 7.256 17,414 800
............. 4,416 |...........| 36,887 1,341
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3) Total
Bfy = ZBJ" (active) + ZB/" (retired)
= 386 -+ 4,416
= 4,802

F. Expected Expenses, Efy, Expected Interest, I%, and Expected Capital
Gains, CE,
1) EE = 500
2) If, and C§, are not known unless Pf is known, and will be cal-
culated at the year end with PZ = P&
G. Expected Liability Increase Due to New Enlrants, N5, and Salary
Changes, SE,
1) N§
a) Immediate recognition of gains
5 =0

b) Frozen Initial Liability
NE=.01X3,600(1.02) w-ls—"[:;g (40M;g+ Ry — E;g)
=36 X 1.219 X 184.87 = 8,113

£0, ¥1
2) SE: 65"‘)’ E Sy+1— Sy
u - 10 (AL)y ¢ Sy+1

A precisely correct calculation would separate (4L)F between
liability for benefits based on actual earnings from age S5 to
age y and liability for benefits based on estimated earnings be-
tween ages ¥ and 65 and compute SZ with reference to the latter

expression,
(AL)jn
(8)—(10) ,
Sy
EMPLOYEE J—:li »1
NUMBER ~ Immediate v+ 65—y
Im:i;ulzle‘?ab Recognition [ T ]X(HS)X[I — (19}
' of Gains
(18) (19) (20)
............. $ 6,697 $ 232 9356 431 1§
............. 9,818 1,790 .9423 566 103
............ 11,484 3,535 .9489 587 181
............. 10,676 2,135 .9553 477 95
............. 17,416 10,469 .9670 575 345
............. 17,305 13,064 9797 175 133
............. 12,763 12,134 9811 23 23
............. 20,918 20,579 1.0000 0 0
$107,077 $63,938 ............ 2,834 895
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H. Valuation on July 1, 1960
1) Changes during valuation year

a) Funding method—no change

b) Benefits and eligibility requirements—no change

¢) Asset valuation method—change to cost basis of valuing
common stocks

d) Actuarial assumptions—change to 3 1/49, net investment
yield rate

¢) Hypothetical employee data
(1) Active employees (all males)

Attained Pension Base
Employee Status Age . .
Number 7/1/60 1/1/60 (48)y+1 | Earnings Prior
to 7/1/60
y+1
Al Active 26 $3,800 |............
A2 Quit e e
Al Active 36 4300 ... ... ...
Ad. ... Dead  {..... .. .| ... e,
AS.. ... Active 51 7,500 |............
A6..... e Active 61 11,000 $58,500
AT.. ... .. Retired |........[............ 36,000
A8.. ... ... Active 69 8,000 76,000
A9 ... New 30 3,800 ...
AlO....... New 45 4,680 |............
All.. ... .. New 25 3,600 [............
(2) Retired employees (all males)
{
) Attained
Retirement Status Age
Number /1760 1700 | (ASwn
y+1
RI........ Retired 71 $ $175.00
R2... ... Dead ...
R3 (A7). .. Retired 65 1 102.00
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2) Valuation
a) Active employees
ESTIMATED
ANNUAL 31/2%
RETIRE-
EMpLOYEE (48) MENT
NuMner v | Bewgrrr | P.V. of sy P.Voof |
aT6SORY,[ Ret. |(NClzys] g3 | (NOhryu (2)_';;;
IF GREATER| Benefit v (3)X(4)
(1 (2) 3 (4) (5} (6)
Al......... $3,800 | $6,187 | § 7,466 |8 243} 829.69 | 87,208 | % 258
A3.. . 4,300 4,039 | 11,436 275 28.82 7,917 3,519
AS... ... ... 7,500 3,327 18,152 S00 | 14.47 7,241 10,911
AbG......... 11,000 2,059 18,206 751 5.941 4,462 20,601
A8. 8,000 2,204 21,155 554 1.000 554 0
A9. ..., .. 3,800 4,301 7,946 253 1 31.36 7,946 0
A10...... .. 4,600 1,453 6,357 324 20.45 6,557 0
All........ 3,600 6,265 6,655 230 | 28.94 6,655 0
$46,680 | $29,835 ! $97,573 | $3,130 (. ... ... $48,540 | $49,033
Present Value of 19 of Future C.ompensalion = 7,352,
31/4%
EMPLOVEE| P
NumBeR | P.V." of NOL INp 1 (I:;c‘;. of (ALYl
Ret. Benefit NOM, y41 Dy ‘(8);'(;’;“ (1)~ (10)
(7 (8) (9) (10) (11)
Al. $ 8,411 8262 $31.08 $ 8,133 $ 278
A3.. ... 12,575 296 29.85 8,839 3,736
AS..... 19,248 533 14.74 7,886 11,362
A6..... 18,846 789 5.981 4,716 14,130
A8. 21,589 585 1.000 585 21,004
A9, 8,865 271 32.70 8,865 0
A10 7,055 340 20.76 7,055 0
All 7,515 248 30.31 7,515 0
$104,104 $3,326 $53,594 $50,510

Present Value of 19 of Future Compensation = $7,596
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b) Retired employees

. Monthly 121 ) A+ A
Retire- N iy dyi1 (AL} (AL)g+1
ment | YT1 | Redretiont at 055 at 0325 | RX@XG) | 12X %W
Number enefit ‘
: (1) (2) (3) (4) (5) (6)
R1..... 71 $175.00 9.273 9.441 $19 473 $19,826
R2..... 65 102.00 11.674 11.925 14,289 14,596
$277.00 | ... 833,762 $34,422
¢) Future entrants
31/2% 31/4%
Present Value of Benefits = $551,687 8747 ,538
Present Value of 19 of Future
Compensation = 86,356 108,549
d) Future expenses
31/29% 31/49%
Present Value of Future Ex-
penses =§ 14,786 $ 15,885
1. Actuol Release of Reserve, R,
RESERVE ON
ORIGINAL STATUS Ry
1y —(2)
EMPLOYEE . .
NUMRER Cavsz Frozen Immediate ALyt 3)
v Initial Recognition
Liab. of Gains
(1) (2) (a) (b)
Ao w §9,749 $ 1,777 0 $9,749 § 1,777
Al | ad 10,313 2,062 0 10,313 2,062
AT 12,981 12341 | $14,289 | — 1,308 | — 1,948
RI.... ... rd 17,414 17,414 0 17,414 17,414
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J. Actual Change in Liability Due to Salory Change,, S4

€0, 31
Sh= [gg—y] I apys, (A4S (45)
v L 10 Sy+1 vl (AS)y
= s
(ADS (12) X (13) X (14)
{Cor. 8) 1959 &L,
Eu- X[——m ]
PLOYEE (Cot. 19) | (4S)y41—(48),
Nux- 1959 (AS)y
BER Frozen Immediate Frozen Immediate
Initial Recognition Initial Recognition
Liab. of Gains Liab. of Gains
(12) {13) {14} (15)
Al....| $ 7,350 $ 254 .9356 .0857 $ 589 $ 20
A3.... 11,773 3,623 .9489 .0238 266 82
AS5.. .. 17,519 10,531 .9670 0714 1,210 727
A6. ... 17,524 13,229 9797 .1000 858 048
AS8.... 21,153 20,601 1.0000 . 0000 0 0
$75,319 $48,238 ... e $2,923 $1,477
K. Trustee’s Reports
1) Statement of Assets
Old Valuation Basis New Valuation Basis
July 1, 1959
Bonds................ .. .. $50,300 $50,300
Stocks. ................... 24,700 20,000
Cash.. ................ .. 3,000 3,000
Accrued Income. .. .... . ... 400 400
Total................... $78,400 $73,700
July 1, 1960
Bonds.................... $52,800 $52,800
Stocks........ ... .. 28,000 23,000
Cash....... ... ... .. 3,100 3,100
AccruedInc me........... 500 500

Total................ $84 400 $79,400
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2) Operating Statement: 7/1/59-6/30/60

Cash, 7/1/59.............. $ 3,000
Contributions: 9/1/59...... § 3,000
1/1/60. ... .. 3,500 $6,500
Proceeds of Sales........... 4,500
Income................... 2,950 13,930 $ 16,950
Administrative Expenses. . . . 515
Benefits. .................. 3,300
Investment Expenses....... 410
Purchase of Securities...... 9,590
Accrued Interest onPurchases 35 —$13,850
Cash, 6/30/60............. $ 3,100
L. Calculation of By, Efy, P, Its, Cte, 15, and CE,
1) B = $3,300
2) EA = 515
3) P4 = 6,500
4) If,
Gross Income................... $ 2,950
Accrued Interest, 7/1/60....... .. + 500
$ 3,450
Accrued Interest, 7/1/59........, — 400
$ 3,050
Investment Expenses............ — 410
14 < 2,640
5) Cg
a) Fg, common stocks at market... $84,400
Fi, common stocks at market... —78,400 $6,000
By 3,300
By + 3515 43,815
9,815
Pl 6,300
D + 2,640 -9,140

Ca . . . $ 675
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b) Fgo, common stocks at market ... $84,400

Fsy, common stocks at market... —78,400 §6,000

Feo, common stocks at cost... ... 79,400
Fss, common stocks at cost...... —73,700 5,700
Net Unrealized Capital Gains. , ... $ 300
OCHh. o 675
Net Unrealized Capital Gains. .. .. 300
Net Realized Capital Gains. . .. .. $ 375

6) It
a) Fsg X 030 .................. .. $2,352
b) Pg

(1) $3,000 x .03 x 10/12...... .. $ 75
(2) $3,500 X .03 X 6/15......... + 53 4+ 128
$2,480

& BEX .05, ... ... 50
d) EE X015, . .................. -+ g8 — 58
e If. .. o $2,432

005

M. Calculation of Gain
1} Gain from expenses

Immediate Frozen
Recognition  Initial
of Gains Liab.

) Efy $ 500

B BN — 515 $—-15 $-15
2) Gain from interest earnings

@) I o $ 2,640

O IE. .. —2,432  $208 $208

3) Gain from appreciation of fund

by C& . . — 405 $270 $270
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4) Gain from deaths and withdrawals before retirement
a) Tmmediate Recognition of gains

Immediate  Frozen
Recognition  Initial

of Gains Liab.

() REE.......... $ 2,062
(2} REZ.......... 1,777 § 3,839
(3) B =B ... 0 $3,8%9
@) RE ... $ 937
(5) RE¥.......... 218 § 1,155
(6) BES = BE» 0 $1,155
(7) Gains from deaths and withdrawals before re-

tirement. . ........... i $ 2,684

&) Frozen Initial Liability method

() R ... $10,313
2 REP.......... 9,749 $20,062
(3) Bif = B&».... 0 $20,062
(4 REE ... ... $ 1,103
(5) REe.......... 1,532 § 2,635
(6) BE¢ = BEr ... 0 $2,635
(7) Gain from deaths and withdrawals before re-

Urement. .. ... vttt $17,427

5) Gain from retirements and deaths after retirement
a) Immediate recognition of gains

(O RY......... $—1,948

(2) RES........ 17,414 $15,466

(3) By ......... — 3,300 $12,166
(4) REr......... — 470

(5) REM........ 1,341 $ 8N

(6) BE......... 4,802 — 3,931

(7) Gain from retirements and deaths after re-
trement. . ... e $16,097
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b) Frozen Initial Liability method

Immediate Frozen
Recognition Initial
of Gain Liab.
0 Ry ... $—1,308
(@) RES........ 17,414 816,106
(3) B&......... 3,300 $12,806
(4) REr ... .. - 277
(5) RE4........ 1,341 § 1,064
(6y B&r ... ... 4,802 — 3,738
(7) Gain from retirements and deaths after re-
tirement. . ... ..o $ 16,544
6) Gain from Salary changes
@) Immediate Recognition of Gains
() SE................ $ 895
(2) S& . —1,477 $ — 582
b) Frozen Initial Liability
(0 S&.............. $ 2,834
(2) Sty 2,923 % —89
7} Gain from new entrants
a) Nipooo oo 8 8,113
b) Ng . ............... 21,158 $ —13,045

8) Gain from change of valuation interest rate
a) Immediate Recognition of Gains

(D) 4D)g............ $82,795
(2 Ang ........... —84,932 $-2,137
) Frozen Initial Liability
(1) (AD)§. ... ........ $697,808
(2) QD& ............ —901,949 $—204,141

9) Gain from change of asset valuation method
b) Fogooovvon... e —84,400 $-5,000 § —5,000

10) Netgain................ $ 11,525 $—~187,841



622 GAIN AND LOSS ANALYSIS FOR PENSION FUND VALUATIONS

N. Check of Net Gain from Section M against Aggregate Gain from A p-
Dlication of Principles Underlying IRS Bulletin on Section 23(p) of
the 1939 Internal Revenue Code

1)

2)

23(p) Gain
Immediate Frozen
Recognition Initial
of Gains Liab.
Q) (ADA. $97,772 $ 698,198
B) Fag. o oo 78,400 78,400
¢) (a)-(B)..... ... ... $19,372 $ 619,798
d) (NCsa. oo $ 3,580 § 64,142
€ Plo e
(1) $3.0000n 9/1/59 .. ... ........
(2) $3,50o0n 1/1/60.... ... ........
(3) Total ... ..... ... .............. $6,50 % 6,500
f) Interest at 3 1/29 on
€0 I (2 $ 678 § 21,693
D@ 125 0
Gy @) . .o 88 88
@ @), ... 61 61
(5) (© 4+ @) =)+ (2)...... 654 21,544
g CE . 405 405
B (AL . . 84,932 901,949
’L) Foo oo 79,400 79,400
oW =@ $ 5,532 § 822,549
k) ©) + (@ — @3+ (NG — @ -0
=Gamn. ... $11,169 $—188,112
Reconciliation
@) B $11,169 —$188,112
b) Net gain from SectionM............. 11,525 — 187,841
G) A et 356 271

The absolute value of the gain elements, exclusive of the losses
from changes in the asset valuation method and actuarial as-
sumptions, is $19,856 for the immediate recognition of gains
method and $47,598 for the frozen initial liability method.
Ag is approximately 29, and 1/29, respectively, of these
amounts. It therefore is reasonable to accept the correctness of
the valuation and allocate Agq arbitrarily among the individual

gain elements.

An acceptable solution would be to split g proportionately be-
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tween gain from deaths and withdrawals before retirement and
gain from retirements and deaths after retirement. The revised
items would be:

Tmmediate Frozen
Recognition Initial
of Gaing Liab.
Gain from deaths and withdrawals before
retirement. ... $ 2,684 $ 17,427
- 5 - 137

$2,628 $ 17,290

Gain from retirements and deaths after re-
tirement. .............oiiieiia... $16,097 § 16,544
- 300 - 134

$15,797  § 16,410

O. Reporting the Analysis to the Client
1) The gain, per the Bulletin on Section 23(p), would be computed.
2) The dollar amount of gain or loss from each valuation assump-
tion would be tabulated.

Immediate Frozen
Recognition Initial
of Gains Liab.
(1) Loss from expenses. ............... $ (15) $ (15)
(2) Gain from interest earnings......... 208 208
(3) Gain from appreciation of pension
fundassets....................... 270 270
(4) Gain from deaths and withdrawals be-
foreretirement.................... 2,028 17,290
(5) Gain from retirements and deaths
after retirement. .................. 15,797 16,410
(6) Loss from salary changes........... (582) (89)
(7) Loss from new entrants...... .. .... 0 (13,045)
(8) Loss from change of valuation interest
FALE. ..ttt e $(2,137)  (204,141)
(9) Loss from change of asset valuation
method............... ..ol (5,000) (5,000)
(10) Net gain (loss) for year............. $11,169 $(188,112)

3) The source of each gain or loss would be discussed. (See Example
2 for elaboration of this peint.)

4) Itis meaningful to trace the change in the normal cost contribu-
tion rate for the frozen initial liability method. However, if the
valuation basis has been changed the present value of future
compensation may change sharply and distort a comparison



624 GAIN AND LOSS ANALYSIS FOR PENSION FUND VALUATIONS

6)

with the previous years’ contribution rate. That is the result
with the example being considered here. To illustrate the tech-
nique the change of valuation interest rate was ignored; the re-
sulting normal cost contribution rate is analyzed below.

As Per-
centage of
Payroll
a) Normal Cost Contribution Rate for 1959........... 7.449,
b) Normal Cost Contribution Rate for 1960 (Assuming
no change of valuation basis). .................... 7.28
¢) Decrease of Contribution Rate. ... ... ... ..... .. .. 1697,
d) Effect of Actuarial Gains and Losses (Dollar amount
of gain and loss divided by Present Value of 19, of
Future Compensation)
(1) Loss from expenses. . .........oouviiiiiion. .009,
(2) Gainfrom interest......... .. ... .. ... .. — .00
(3) Gain from fund appreciation. ................. — .00
(4) Gain from deaths and withdrawals before retire-
ment.. ... e - .18
(5) Gain from retirements and deaths after retire-
s L=t ~ .17
(6) Loss from salary changes..................... .00
(7) Loss from new entrants . . .................... 14
(8) Loss from change of asset valuation........... .05
(9) Total Effect .. ........... ... ... ... ....... — .169%

The effect of the change in valuation interest rate would be il-

lustrated.

Valuation Interest Rate Normal Cost Contribution Rate
31/2%. oo 7.289%, of Payroll
3949, . 7.839, of Payroll
Increase.. ... ... ... . ... ... .. .55% of Payroll

The experience interest and capital gains rates would be pre-
sented.

a) Net Investment Income........................... $ 2,640
Assets, 7/1/59 (market). . ... ... ... ... ......... 78,400
Assets, 7/1/60 (market).. ... ... ... ... ..., ... 84,400
Mean Assets. ... .. ... . 81,400
YieldRate........ ... ... 3.309,

b) Capital Gains.... ... . .. ... ... e $ o675

Realized. ... ... ... ... ... .. ... ...... $375
Unrealized . ....... ... ... ... ........... 300
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7) Expenses would be related to an index understandable to the

client, such as current contributions.
3. Example 2:
A. Summory of Characteristics

1) Funding medium—a Deposit Administration Group Annuity
Contract

2) Effective Date—July 1, 1950

3) Valuation Date—July 1

4) Benefits and Eligibility Requirements

a)
8)

%)

d)

¢)

)

Employee contributions—39, of salary.

Normal retirement date—Age 65. No postponement of re-

tirement. Normal retirement benefit—1 1/49, of career

average salary for each year of service, payable 1/12 month-

ly for life.

Early retirement benefits—available at employee’s option

after attainment of age 55 and completion of 15 years of

service. Benefit—the actuarial equivalent of a normal re-

tirement benefit based on service and average earnings to

the date of retirement.

Death benefits

(1) Before normal retirement date—return of contributions
with 3%, interest.

(2) After normal retirement date—pension guaranteed for
120 months.

Disability retirement benefit—upon completion of 15 years

of service and total and permanent disability persisting

for six months. Benefit—an early retirement benefit with-

out actuarial reduction. Disability benefits and 5%, expense

charge by insurance company Ppaid out of Deposit Adminis-

tration fund until normal retirement date.

Withdrawal benefits—same as death benefit before qualifica-

tion for early retirement benefits.

B. Statement of Actuarial Assumptions and Valuation Methods

1) Funding method—Unit Credit Normal Cost.

2) Asset valuation method—book value determined by insurance
company,

3) Investment yield rate, net of investment expenses—3 1/4%.

4) Administrative expenses—$500 a year.

5) New entrants—none.

6) Service table (copies of commutation functions are available
upon request to the author)
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a) Sources
(1) Mortality rates—1951 Group Annuity Experience
Table, projected by Scale C for year of birth 1917.

(2) Withdrawal rates—based on historical study of reserve
released upon employment terminations among hourly
paid employees.

(3) Salary scale—none.

(4) Disability rates—selected from Period 2 experience un-
der Benefits 1 and 2, as reported in the 754 1952 Re-
ports, Table 2.

(5) Disability annuity values—interpolated from Period 2
experience under Benefit 5 with 39, interest, as reported
in 7.S4 1952 Reports, Table 14.

(6) Retirement rate—100%, at age 65.

b) Rates and values

b ¢ 1,0002¢ 1,0009%% 1,0004%° it
20.......... .684 289.0 .3 2.96
25, .842 156.0 .3 2.91
30.......... 1.101 96.3 4 2.96
35.......... 1.508 52.2 .5 3.17
40.......... 2.061 28.6 N 3.54
45.......... 3.463 11.5 1.0 4.07
50.......... 5.883 0.0 1.8 4.70
55l 8.903 0.0 3.6 5.46
60.......... 12.462 0.0 9.0 6.29
6A.......... 16.812 0.0 22.2 7.05

C. Hypothetical Active Empioyee Data (all males)

Accrued
Active X Y Benefit (AS)y Cy
1.. 25 25 0 $ 3,500 [
2.. 25 30 $ 225 4,000 $ 510
3.. 25 35 220 4,200 495
4.. 35 40 240 5,000 510
S.. 30 50 1,600 7,000 4,800
6.. 45 60 1,440 10,000 3,500
7 30 o4 1,210 4,000 3,600
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D. Valuation on July 1, 1959
1) Valuation

P.V. or AccruEp NoRMAL EvployEr
En- BENEFIT Cost CONTRIBUTIONS
PLOYEE AS ACCRUED
Now- | ¥ (45)y BENEFIT
BER Ret. Dis. Ret. Dis. PS.L.* [N.C.
(1) (2) 3) 4) (5) (6) @) (8) 9)
Al...| 25 |$ 3,500 I$ 0% 0f$ 018 25 2% 0[$ 0881
A2..,130 | 4,000 225 307 26 68 6 510 309 i
A3...} 35| 4,200 220 524 44 125 1 495 208 | St
Ad...] 40 5,000 240 842 63 219 16 510 146 | 42
A5. [sof 7,000{t1,600( 9,363 704! 512 39| 4,80} e672( 29
A6...] 60 | 10,000 | 1,440 [ 13,144 | 629 | 1,141 | 55| 3,500 | 240 20
A7...| 64 4,000 ] 1,210 | 14,019 186 579 8 3,600 61 2
$37,700 184,935 838,199 |$1,652 [$2,669 [$137 [$13,415 |$1,637 |$296

* Past Service Liability.

2) Normal Cost, (NC)sy
(NC)ss = $500 + =(5) + Z(6) + =(9)
= $3,602
Employee Contributions = $1,131
Employer Normal Cost = $2,471
= 6.55% of Z(AS),

E. Calculation of Expected Release of Reserve, Ry, and Expected Bene-

fits, By
Ex. D,
PLOYEE, y T);i (AL)jn Bfd By By
Nuuszr (10) an (12) (13) (14)
Al.... 25 1.2250 120 0 8 0
A2.... 30 1.1444 838 1 55 0
A3.... 35 1.0917 1,019 1 29 0
Ad.... 40 1.0659 1,397 1 17 0
AS.... 50 1.0405 11,733 29 0 0
AG6.... 60 1.0551 15,933 45 0 0
A7.... 4 1.0744 15,601 62 0 0
............ 46,731 | 139 | 109 0
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ad aw ai T Rid R#" Rai
E;PU:E! y M w [ (AL)ipr AN X(14) | (1)XAS) [(1;()(_16()17)]
(14) {15} {16} {17) (18) {19) (20)
Al...... 25 0 0 19 0
A2 30 0 1 81 0
23 ...... 35 0 2 53 1
4...... 40 0 3 40 1
As. so | Sec Table on 7,023 9 0 7
A6.... .. 60 page 9.466 199 0 58
AT...... 64 8,657 264 0 155
26,046 538 193 222
Notes:
1. (AL)S, = [(Col. 3) + (Col. 5)] (Col. 10)
.0125 C,*
+1(Col. 4) + (Col. 6) — [522(Col. 1)+(Col. 2) | Z~{(Cal. 10)
v

+1 (Col. 8) + (Col. 9) — [ﬂ,; (Col. 1) + (Col. 7)]

.C:d_*_é:w_{_éa;'f

5 %(Col. 10)

2. BEé = [-02—3 (Col. 1) + (Col. 7) ]q;“

3. o= [2Col 1) + (ol ) [ gz

4, BE = [.03(Col. 1) + (Col. 1) ] g5
for x+ 15< yor y< 55
= 0, since waiting period is six months,

for x+152 yand y2 55—

5. BEr = 0, since all employees are under age 63.
. 0125
6. (AL):,, =[5 (ol 1) + (Col. 2) [ oy,

* I eligible for disability retirement benefit.
t If not eligible for disability retirement benefit.
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F. Expected Expenses, Efy, and Expected Interest, It
1) EE = $500
2) If) is not known unless P is known and will be calculated at
the year end with PE, = P2,

G. Valuation on July 1, 1960
1) Changes during Valuation Year
@) Funding method—no change
b) Benefits and eligibility—no change
¢) Asset valuation method—no change
d) Actuarial assumptions—no change
) Hypothetical employee data

Emploveel  x vo| swws |oavr |5 asn |G
Al.....] 25 25 Active 26 $ 45 $3,800 $105
A2..... 25 30 Quit; Refund Benefit—$550
A3..... 25 35 Active | 36 273 $4,300 $635
Ad. ... 35 40 Dead; Refund Benefit—$610
AS..... 30 50 Disabled 9/1/59; Benefit—8$125 per month
A6..... 45 60 Dead; Refund Benefit—$3,625
A7..... 30 64 Retired 6/1/60; Benefit—$10S per month
A8..... 29 |...... New 30 | $45 $3,800 $ 90
A9. .. .. 45 §...... New 45 0 4,600 0
A10....{ 25 |...... New 25 0 3,600 0
P.V.orP.S. Em-
Bft. N.C PLOYEE
PSL.| N.C
EMPLOYEE +1 (45 P.S. Con-
Numsez | 7 v BFT. TRIBS.
Ret. Dis. Ret. Dis.
(1) (2) 3) 4) (5) (6) n 8 ()]
Al.. ... 261 $3,800 |45 % 32 $3 (834 8% 3 (%105|880 (%84
A3...... 36 4,300 | 273 710 60 | 140 121 635 | 246 49
A8...... 30 3,800 45 61 5 63 S 90 55 67
A9...... 45 4,600 0 0 0 269 13 0 0 30
Al10.. ... 25 3,600 0 0 0 26 2 0 0 34
$20,100 | $363 | $803 | $68 | $334 | § 35 | $830 | $381 | $314
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li

2(3) + =@ + =(8)
= 1,252

(AL)&, (actives)

3

0 10 10
NA= ;‘ (3 + E (4) + Z (8)

= $121

Disabled Employees (being paid from D.A. Fund)

Monthly _m/ (AL)‘*.,.x
Retirement y+1 Disability | aéfiii/hmay v
Number Benefit ' 2X2X(3)
(1) (2) 3) 4)
Dl....... 51 $125 4.82 $7,230

(AL)4 = $1,252 + 87,230 = $8,482

H. Calculation of Actual Release, R,

(AL » By
Eﬁ";‘;}’;‘ Cause | (Col. a)ﬁfoso (AL (1 z @

u v (1) @ 3)
A2... ... w $ 838 $ 0 $ 838
Ad L d 1,397 0 1,397
AS........ i 11,733 7,230 4,503
A6........ d 15,933 0 15,933
A7........ r 15,691 0 15,691
$45 502 $7,230 $38,362

1. Calculation of Actual Change in Liability Due to Salary Changes, S5y

.0125 (Col. 1)s» _ +@ .03 (Col. 1)ss _ )
E;;;‘:‘:;j;? +(Col. )0 | 1 <1o)1[ D ] $1.03 (Col. 1) | 1P (‘2”[(7)]
(10) (1) (12) (13)
Al ... $43.75 $1 $105 $0
A3......... 272.50 1 636 0
............. $2 $741 $0

S4 = (1) + 2(13) = $2
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1. Insurance Company Report
a) Deposit Administration Fund Report

Fund Balance, July 1,1959. ... ... ... ... . $24,000
Contributions ........................... $ 6,500
Guaranteed Interest Credits............. .. 825
Dividend........... ... ... ... ..., 955 8,280
$32,280
Contract Administration Charge, Deducted
June 30, 1960.. .. .. T A 500
Cost of Retirement Benefits, Deducted June
1,1960 .. ... .o 17,110
Refunds of Employee Contributions........ 4,785
Disability Benefits, Paid Out of Fund. . . ... 525 22,920
Fund Balance, July 1,1960....... ...... ... $ 9,360

K. Calculation of B, Ef,, Pfy, Iy, and IE,
1) Bf = $17,110 + $4,785 + $525 = $22,420

2) Eg = $500
3) Pf = $6,500
4) If, = Guaranteed Interest Credit......... $ 825

The apportionment of the dividend is discussed in Section N.

5) Iy

a) Fog oo $ 780
b) Py
(1) 3,000 X 0325 X 3§.................. $ 8t
(2) 3,500 X 0325 X 5. .ooviiiiiis + 57 $+138
$ 918
¢ Bf

(1) $17,110 X .0325 X 1/12
(2) $ 4,785 X .0325 X 6/12

(3% 525X.0325X2/12.............. $ 127
d) EE X .0325%0/12. .. ... ... ... . - 0 $ 127
€ oy . $ 791

L. Caleulation of Gain
1) Gain from expenses

@) Efy. $ 500
) Efg. .o -0 $ ©
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2)

3)

4)

5)

Gain from interest earnings

O T $ 825
b IE 791

Gain from deaths and nonvested withdrawals

@) REE....... .. ... $17,330
R oo 838
R ... 10 $18,168
b B&. ... $ 4,235
B . 550
Bi*Y L. 0 $—4,785  $13,383
) REE. ............. $ 538
REP . ............. 193
RE= ... 2 8 133
d BEE. .. .......... $ 139
BEr. . 109
BEi« .. ... 0§ 248 —~ 485

¢) Gain from deaths and withdrawals before
retirement . . ......... ... vein it

Gain from disability retirementst

) Ref.. ..., $ 4,503
b) B ..., 525 $ 3,978
o RE ..., $ 220
d BE.............. 0 220

Gain from retirements and deaths after retirement

a) Ry .. $ 15,691

BA . 17,110  $-1,419
B RE ... $ 0

BE - 0 - 0

¢) Gain from retirements. ... ...

* Disability before eligibility for disability retirement benefits.
 Disability after eligibility for disability retirement benefits.

$12,898

$ 3,758

$-1,419
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6) Gain from salary changes

@ SE .
B SA. .

7) Gain from new entrants

$— 13

$— 121

$ 15,137

M. Check of NetGain from Section L against Aggregate Gain from Appli-
cation of Principles Underlying IRS Bulletin on Section 23(p) of

1939 Internal Kevenue Code

1)

2)

23(p) Gain

(1) $3,000 0n9/1/59
(2) $3,5000n 1/1/60

f) Interest at 3 1/4% on

@) @OW)..............
@ ©@©Q@. ..o
() @+ @) — (o) + (& (2)]

D@ =k

Reconciliation

a) VG ...
b) Net gain from Section L

) @D—=@® ..o
d) Dividend...............
¢) Unreconciled difference Asg

US 8t

.............. $568

117

57

$41,488
24,000
17,488
3,602

6,500

$ 547

8,482
9,360
— 878

$16,015

$16,015
15,137

$ 878
955
1
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This difference is less than 1/29, of the total gain for the year and
can be ascribed to the approximate methods of calculating the in-
dividual elements. The correctness of the valuation therefore is
confirmed.

N. Interpreting and Reporting Results
1) Apportionment of Dividends

2)

The dividend declared under a Deposit Administration group
annuity contract reflects the composite of all past years’ experi-
ence and an analysis of its components is necessarily approxi-
mate.

The components of the dividend are:

1. Excess interest earnings,

2. Expense savings,

3. Mortality profits on retired employees.

The excess interest earnings will be a percentage of all re-
serves under the contract; expense savings are not a function
of any one index, but may reasonably be related to current an-
nual contributions; mortality profits will depend on the con-
tingency reserve and mortality pooling practices of the insurer,
but may be expressed as a percentage of retired life reserves.

The $955 dividend might be allocated in the following man-
ner:

1. Excess interest—3/4 of 19, of contract reserves, assum-
ing 4.009, was credited to the dividend account. Assume
contract reserves to be $80,000...................... $600
2. Expense savings—3 1/29%, of contribution ........... 230
3. Mortality profits—1/4 of 19, of retired life reserves, as-
suming 1009 pooling of mortality for this contract and
that actual mortality on pooled experience was 1/4 of
19, below tabular. Assume retired life reserves to be

$955

The simplest and most practical means of treating Ag, is to ar-
bitrarily decrease one or more of the elements of gain. Since the
gain due to deaths and nonvested withdrawals is greatest by a
wide margin and As; is less than 19, of this item, there will be
no risk of misinterpretation if the entire $77 is subtracted from
this element of gain.
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3) The report to the client might include this information:

a)
b)

c)

a)

e

/)

8

The actuarial gain for the year was............ $16,015
This gain is the net effect of gains and losses from

each assumption underlying the actuarial valua-

tion, as tabulated below:

(1) Gain from interest earnings.................... $ o634
(2) Gainfromexpenses........................... 230
(3) Gain from terminations of employment without

vested rights............ e 12,821
(4) Gain from disability retirements................ 3,758
(5) Loss from election of retirement and mortality

among Pensioners. ...........vuvnt i, (1,294)
(6) Loss from salary increases.............. e ( 13
(7) Loss from newentrants. ...................... ( 121)
(8) Netgainforyear..............coovvvvei.nn... $16,015
Expenses for the year were $270, $500 deducted from the De-

posit Administration fund and $230 returned through a
dividend. The net expenses of administration were 4.19, of
contributions.

The interest credited to the dividend account was 4.009%,.
Three employees terminated service; two died and one quit.
Refunds of $4,785 in employee contributions were paid, but
the liabilities of the pension fund were reduced more than
$18,000. The net effect, after allowing for expected termina-
tions, was a gain of $12,821.

One employee was retired under the disability retirement
provisions of the plan. The liability for benefits to this em-
ployee has been reduced approximately $4,500. After adjust-
ing for expected disabilities, the net gain from disability re-
tirements was $3,758.

One employee elected to retire shortly before his 65th birth-
day. The amount deducted from the Deposit Administration
fund, in accordance with the purchase rates specified in the
group annuity contract, was $1,419 more than the actuarial
reserve for this employee’s benefits. $130 of the current
year’s dividend is due to mortality among retired employees.
The net effect of these items is an actuarial loss of $1,294.

k) There were negligible losses due to salary increases and addi-

tion of new employees with partial benefit credits.




DISCUSSION OF PRECEDING PAPER

J. PERHAM STANLEY:

Mr. Dreher’s paper presents a timely analysis of a topic which is be-
coming of increasing interest to actuaries, particularly those in the con-
sulting field. I should like to comment on one particular aspect of this
rather broad field—the question of how gains and losses, having been de-
termined, should be reflected in subsequent contributions to the retire-
ment plan.

On the one hand, it might be argued that gains arising out of a par-
ticular year of experience under the plan could be offset in full against
current contributions due for the subsequent year. An alternative would
be to spread any reduction in contributions over the remainder of the past
service funding period, or even over the remaining future working life-
times of active employees, In general, the latter approach will be of most
appeal to the conservative actuary, assuming that the valuation assump-~
tions have been set at a level such that gains (rather than losses) are most
likely to arise. Not only does “spreading the gains” tend to result in a
more fully funded plan at any given point of time, but also it avoids wide
fluctuations in year-to-year contribution requirements under the plan.

The employer, however, will not always be guided solely by considera-
tions of actuarial conservatism. For example, in many union negotiated
plaps containing a minimum funding requirement which is expressed in
actuarial terms rather than in cents-per-hour or like terms, the employer
will want to know his contractual minimum contribution, and may even
wish to pay this amount regardless of considerations of actuarial sound-
ness. Even where the employer pays a greater amount, he may wish to be
advised of the extent of his overpayment (in terms of the contractual
plan requirement) in order that he will be in a position to draw upon it in
the event of hard times in the future, When actuarial *“gains” arise out of
favorable plan experience, spreading gains naturally reduces the surplus
contributions which might otherwise be available to the employer in time
of need.

The question thus presents itself: To what extent is it proper to offset
actuarial gains against minimum current contributions, in a plan where
the minimum contribution is loosely defined in terms of payment of cur-
rent service costs and amortization of past service on a level basis over a
long period of years?

636
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My personal view is that the answer to this question depends in part
on the source of the gain. For example, I believe a good case can be made
for offsetting against contributions the full amount of any gains arising
from interest earnings in excess of the valuation assumption. On the other
band, if for example a reduction in the work force occurring in the first
year of operation of a plan causes a gain from excess withdrawals equal
to several years’ normal contributions, it hardly seems proper to permit
suspension of contributions for several years on this account.

I believe that the various possible sources of gains can be grouped into
four categories, wherein varying proportions of the gain might be applied
against contributions. These are as follows:

Group I: Gains from expenses
interest
capital appreciation
delayed retirement.

These gains are fully reflected by actual additional cash in the pension
fund. A good argument can be made for offsetting such gains in full
against current contribution requirements.

Group II: Gains from withdrawals
deaths, both before and after retirement
salary changes
current service credit losses by employees.

Gains from these sources are not reflected in additional cash in the
pension fund, but by a reduction in the prospective liabilities of the pen-
sion fund. (There may be even a reduction in the cash assets of the fund,
if the plan contains lump sum death or severance benefits.) It can be
argued that only a portion of such gains might properly be offset against
current contribution requirements, such portion not to exceed the ratio
that the assets of the fund bear to the gross actuarial deficiency for plan
benefits.

Group III: Gains from new entrants.

Under the entry age normal cost method of valuation, if an arbitrary
fixed entry age is used, or in fact if any departure is made from the use of
exact individual employee entry ages, then substantial actuarial gains or
losses will arise if the actual entry ages of new participants into the plan
differ from this source in Group II above. On the other hand, it can be
argued that no portion of this type of gain should be used as a current off-
set against contributions.

Group IV: Gains from change in valuation method
change in actuarial assumptions.
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The use of even a part of the gains arising from these sources as a cur-
rent offset against contributions is equivalent to a refroactive change in the
valuation method or assumptions.

The questions raised here are troublesome ones to the pension con-
sultant. It may well be that no precise answers can be given, but the sub-
ject would appear to warrant attention by the profession.

DOUGLAS C. BORTON:

Mr. Dreher’s paper is particularly timely because of the recent intro-
duction of electronic data processing machines in consulting offices and
insurance compauies. A detailed analysis of gain and loss is a logical by-
product when an electronic computer is used to prepare the actuarial
valuation of a pension fund. In the past, actuaries often have felt the
need for such an analysis but have been thwarted by the time and expense
involved in making the necessary calculations by desk calculator or con-
ventional tabulating equipment.

The consulting office by which T am employed has done considerable
work toward the development of a gain and loss analysis in connection
with pension fund valuations on a 650 computer. The formulas we have
developed are substantially the same as those presented by Mr. Dreher,
However, our procedures differ in a number of ways, the most important
of which are as follows:

1. The experience for retired and active members is analyzed separately.
This is suggested by Mr. Dreher as a possible alternative to obtaining the gain
and loss for the fund as a whole. By isolating the experience after retirement, it is
possible to determine the adequacy of the pensioners’ mortality tables and to
obtain breakdowns of the results by sex and type of benefit. In our office the
gain and loss analysis for retired members is calculated as a part of the valuation
and is self-checking. For each recipient of a pension, the liability as of the pre-
ceding valuation date (or as of the middle of the valuation year for new retir-
ants) is calculated and brought forward by formula to determine the liability as
of the current valuation date. The liability so calculated is then compared with
the results of an independent calculation of this liability. Pension recipients who
have died or returned to active service also are processed, so as to determine the
actual liabilities released. In making the calculations the correct formula for
each type of case is selected in the computer by utilizing information on the
input data cards.

2. For level funding valuations our gain and loss analysis for active members
is based on the actuarial reserve at the end of the analysis year, i.e., the current
valuation date. This reserve is equal to the present value of future employer-
provided benefit payments to the member (employer liability) less the product
of the employer’s normal contribution rate for the analysis year and the present
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value of the member’s future compensation, To isolate the effect of the compen-
sation experience during the year, the reserve is determined for each survivor
and separation from active service by projecting the member’s compensation
for the preceding valuation up to the present valuation date by means of the
salary scale.

The use of this method necessitates a second valuation for survivors, based
on the actual compensation as of the valuation date, which is used to determine
the liabilities of the fund for survivors. The effect of actual compensation
changes on the normal contribution rate for survivors is shown by the difference
between the actual rate for survivors and the rate computed by assuming that
compensation follows the salary scale.

The gain or loss arising from each of the various decrements, including re-
tirement, is computed by formulas similar to those used by Mr. Dreher except
that the reserves are based on the projected compensation rates. The results
usually are expressed in terms of an increase or decrease in the normal contribu-
tion rate.

Members joining the plan during the year are valued separately. The effect
of new members is shown by the difference between the normal contribution
rate for all members and that for survivors only.

3. An analysis of actual and expected separations from active service by
each type of separation and of actual and expected deaths among pension re-
cipients also is prepared by number of lives. This information is valuable in
reviewing the results of the gain and loss analysis for reasonability.

As Mr. Dreher has suggested, we believe it is more satisfactory to
analyze independently the gain or loss from interest earnings and capital
gains or losses.

It is important to emphasize that the development of suitable methods
requires careful preparation and considerable judgment, even with the use
of an electronic computer, if the calculations are not to become unduly
burdensome. Where appropriate, approximations may be made or minor
benefits ignored. However, even if an exact reconciliation is impossible, a
gain and loss analysis of this type can be very useful in checking the
underlying actuarial assumptions and verifying the reasonability of the
results of a pension fund valuation.

HARRY D. MORGAN:

T would like to express my compliments to Mr. Dreher for having
added to our American actuarial literature his treatise on pension fund
gain and loss analysis, The paper is well organized and covers the subject
matter rather thoroughly.

A critical analysis of this paper, however, leads me to take exception
to the proposed formula for determining the gain from salary changes.
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His expected increase in accrued liabilities because of anticipated salary
increases,

E % Sy+1— {!!
t+1 Syt

SF= (AL)

is taken as a salary scale function of the expected accrued liability at the
year end if all assumptions are exactly realized. This is then compared
with
(AS) y+1 ™ (AS) v

(A48, '

Si= (AL)5+ X2 x
Sy+1
which represents the actual increase in liabilities due to the salary changes
considering all participants at the beginning of the year. Under this for-
mula, or under another formula

(A8)y1— (48),
(48)yh '

which represents the actual increase in liabilities due to the salary changes
considering only the active employees remaining at the year end, an
error is introduced because S¥ and St are based upon different employees.
In the case of the formula in the paper, the error results from the fact
that ST is based upon expected survivors while Sf is based upon all
participants at the beginning of the year. In the case of the other formula,
the error results from the fact that assumptions in areas other than the
salary scale (s.e., deaths and terminations) were not exactly realized.
Special care should be exercised in the analysis of this source of gain so
that both the expected and actual increases are based upon the same
group of employees. I believe that the gain from this source may be better
measured by the formula:

Sa= (AL A X

(48)y XL (AS) 4y
v

A
(4D X EE P !

i.e., the actual accrued liability at year end multiplied by the percentage
of error contained in the salary scale assumption.

Concerning the gain from various decrements, Mr. Dreher offers two
alternatives for the calculation of the expected liability releases Rf”.
The second alternative obtains these releases as a balancing item. Such
a calculation method does not always permit a solution to the first para-
mount problem quoted by the author, namely “testing the mathematical
correctness of periodic actuarial valuations.”” Although in some cases it
may be expedient to employ the balancing method with caution, the
author’s first alternative method should be preferred because of its ac-
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curacy and ease of calculation, especially when punch card equipment is
in use.

My final comment concerns the calculation of the expected interest
earnings I7. Mr. Dreher wisely states that it is simpler to wait until the
year end and obtain the actual contributions rather than speculate about
the expected contributions. I propose that a similar theory be employed
in regard to both benefits and expenses since the client, in measuring his
interest gain, is accustomed to thinking in terms of actual income and
disbursements rather than those expected by the actuary. The expected
interest on the difference between actual and expected benefits and ex-
penses may be included as part of the benefit or expense gain or alterna-
tively included as part of the miscellaneous gains.

SHEPHERD M. HOLCOMBE:

Mr, Dreher has made an outstanding contribution to the technical and
practical aspects of pension funding. My main purpose is to compliment
him but, incidentally, I should like to make a few comments.

In some gain and loss work that I have done on a unit credit cost
basis, I have found it convenient to consider the effect of new entrants as
an offset to terminations. This appears logical if it is assumed that the
total number of employees should remain constant and, therefore, that
every termination is replaced by a new entrant.

In view of the fact that one of the purposes of a gain and loss analysis
is to test the mathematical corrections of the valuation, it would seem ap-
propriate to do such an analysis on the present value of normal costs in
the case of an entry age normal method of funding with immediate
recognition of gains; or such analysis should be performed on the present
value of 19, of future compensation where a frozen initial liability method
is being used. The development of the proper approach follows very close-
ly the same principles as those presented in the author’s paper. To sim-
plify the problem, if we consider a union type plan on the frozen initial
basis where the present value is in terms of $1 per employee per year to
retirement, the basic reconciliation (which can be modified to a gain and
loss with little additional work) is:

Previous year’s present value
less Present value for deaths among active lives
less Present value for terminations among active lives
less Present value for retirements
less $1 for each employee who is active at both the
beginning and the end of the year
Balance
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(where x is taken at an appropriate
average age)

Balance times (1 44) 7—— TFT + T

plus Present value for new entrants
plus Corrections to data
Expected Present Value
Actual Present Value
A

1 agree with the author that under a frozen initial liability method it is
desirable to show the effect of gains and losses on the normal cost or on
the accrual rate. I also agree that this is a distinct problem. I think an
adequate answer can be arrived at by developing a series of normal cost
accrual rates, each one showing the successive effects of each element.

The first step in such development is to arrive at the expected accrual
rate:

4Rz,

_ (P.V. of Benefits), (1+3) — [(Assets); + (Unfunded F.I.L.), + (NC)] (1 +1)
[(P.V. of 1%, of Future Compensation), — Z(A4S)] (1 + 1) :

It can be shown that
(AR) E

ca=(4R) 2.
For simplicity we may write the above as:

_ (Numerator)f,,
t+17" (Denominator) %,

(AR) §
Also, it can be seen that

(4R) 4,

(Numerator)f,.; + = Gains in Numerator
(Denommator),+, 4+ 2 Gains in P.V. of 19, of Future Compensation

If we define

(AR) £! 49 a5 Expected accrual rate adjusted for mortality gains,

(AR) F 49+ 4w 5 Expected accrual rate adjusted for mortality and with-
drawal gains,
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etc.,, and RPV as decrease in P.V. of 1%, of Future Compensation, then
we can arrive at progressive accrual rates:

(AR) E+Ad = (Numerator)?,, — (R4 — RF9)
1 (Denominator)¥,; — [((RPV)# — (RPV)79)"

(AR) E+ Ad+ 4w

(Numerator)¥,, — (R{¢ — RF) — (Rf* — R¥»)
(Denominator)ﬂ, - [(RPV);1d —_ (RPV),E"] — [(RPV)E"" . RlE'w] ’

etc.
Now we can say the gain in accrual rate from mortality gain is:

(AR) f1 44— (AR)

E
t+1
and the gain from withdrawals is:

(AR) ¢E+-4;Ad+Au — (AR) ‘E:’:;Ad ,

and so forth for the other elements of gain until the final actual accrual
rate is reached.

It is obvious that a different order of injecting the elements of gain will
affect the apparent gain in the accrual rate.

In closing, I should like to compliment Mr. Dreher on the verbal inter-
pretation he has given to some of the formulas. I believe it makes the
paper more readable and is something of which we should see more in
technical papers.

HARRY M. SARASON:

The importance of actuarial valuations and gain and loss statements is
illustrated by the fact that there is a fifteen page form prescribed for
valuations for Scotland—Statutory Instrument 1954 No. 1260 (S.123)
Pensions Local Government Superannuation Acts (Actuarial Valuations)
(Scotland) Regulations, 1954—which is a revision of an earlier form and
is available for 6d from Her Majesty’s Stationery Office, London.

The pension fund gain and loss, as Mr. Dreher indicates, can be broken
down into an analysis of increase in reserves and a general statement, as
is done in the life insurance statements. It can be broken down by “lines
of business”: disability, death, retirement, males, females, etc. It can be
prepared by regular double entry methods on columnar work sheets such
as are described in elementary bookkeeping and accounting texthooks.

Any gain and loss analysis tests numerous assumptions. Thus, in life
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insurance accounting we expect a first year loss because first year “load-
ing” is not adequate for first year expenses. In pension fund accounting,
the opposite is true in many cases. Thus early withdrawal rates which
produce gains may be higher than assumed while later withdrawal rates
are less than assumed: the deaths immediately after retirement in many
plans are likely to show a “selection’’ the opposite of the selection in life
insurance; that is, there is likely to be a gain from annuity mortality im-
mediately after the first retirement date even though the mortality later
may be below the tabular. This is due to impaired lives retiring and to
other reasons as has been discussed almost every time a retirement plan
experience has been published.
Mtr. Dreher’s paper gives every promise of proving to be useful.

(AUTBOR’S REVIEW OF DISCUSSION)

WILLIAM A. DREHER:

In the course of writing this paper it became apparent to me that the
practical problems associated with the daily application of gain and loss
theory were so numerous that a book length treatment would be needed if
one expected to touch all the bases. Thereupon I decided to set forth the
theory with a few examples and Jook to those who contributed discussions
for an elaboration on the practical problems. I am grateful that this expec-
tation was realized so fully; would that the expectation of our actuarial
valuations were always so close to the realization!

The appendix to the paper would still be incomplete if T had not had the
benefit of thoughtful criticism and prodigious effort by my friend and
associate, William A. Ferguson. I am deeply appreciative of his assistance.

1 congratulate Mr. Borton for the procedures used in his office to
analyze actuarial gains and losses. Theirs is an enviable situation. It
should be noted that the appendix of the paper was not available when his
discussion was prepared; a review of the examples set out in the appendix
will illustrate that we agree on several of the points which might have been
thought, from a reading of the paper alone, to involve a different proce-
dure.

We are indebted to Mr. Sarason for bringing the form prescribed for
actuarial valuations of local government plans in Scotland to our atten-
tion. This form is an excellent check list for anyone preparing a valuation
report. It requires, in addition to a detailed balance sheet and statement
of assets and security transactions, an analysis of changes in the member-
ship group by age, cause and sex. Without specifically requiring a gain and
loss analysis, the regulations state:
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9.~—(1) The following information shall be furnished in the fourth part of the
report—

(a) If a surplus is disclosed in the valuation balance sheet, a statement
indicating generally the factors which have caused the surplus and
certifying the amount (if any) which may probably be regarded as
disposable . . . .

(b) If a deficiency is disclosed, a statement indicating generally the fac-
tors which have caused the deficiency and a recommendation of the
allocation of the deficiency . . . .

Mr. Stanley poses an intriguing and, as he rightly states, important
question. Three points occurred to me during a study of his comments.
If benefits in the pension plan are based upon earnings, particularly final
average earnings, and the salary scale is presumed to make inadequate
allowance for the effect of economic inflation on future salaries, capital
gains from equity investments—which are related to the same inflationary
forces—will be needed to offset losses due to salary increases in excess of
those predicted by the salary scale. If capital gains—either realized or
unrealized—are full offsets to current contributions and the loss due to
salary increases is only partly reflected in the contribution level, the
employer could be fooling himself badly.

Second, if the ratio of assets to gross actuarial liability is high and siz-
able gains or losses in Group II emerge and if the actuarial assumptions
are, in fact, well chosen, the “minimum contributions” from year to year
would fly around solely because of chance fluctuations in the experience
withdrawal and mortality rates. This could be thoroughly misleading.

Finally, if the experience justified a revision of the valuation assump-
tions, the effect of this change could be partially incorporated in the
“minimum contribution.” For instance, if the accrued liability had been
estimated at $1,000,000 and the normal cost at $90,000 and the revised
valuation basis indicated that the accrued liability was $800,000 and the
normal cost $80,000, the minimum contribution could be dropped from
$120,000 (assuming a 3% valuation interest rate and a minimum con-
tribution toward the accrued liability) to $104,000. This could be done
even though the basis used to determine tax deductions under the Internal
Revenue Code was not changed.

Mr. Holcombe’s comment that the effect of new entrants is an offset to
the effect of terminations in a valuation using the unit credit funding
method is well taken. The same is true of the aggregate cost method.

He also outlines a method of relating the various gain and loss elements
to the normal cost accrual rate which is more refined than that suggested
in the appendix of the paper. This difference in technique is another illus-
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tration of the important fact that some clients will understand and appre-
ciate an elaborate analysis while others will be satisfied with less detailed
methods. If the gain and loss analysis were programmed on one of the
medium or large sized computers, the functions described by Mr. Hol-
combe could be prepared quite simply and would be at the disposal of the
actuary.

Mr, Holcombe states, “It can be shown that (AR)f{ = (AR){.” Mr.
Trowbridge! has shown us that this is true in a stationary group, the ex-
perience of which follows the service table assumptions, but I wonder
whether the equation holds if gains or losses have emerged in the past. In
the aggregate cost or frozen initial liability funding method, the effect of
past gains or losses on the current accrual rate depends upon an average
annuity value related to the present value of future compensation; this
annuity value will change from year to year as a function of the current
distribution of salaries and ages, even if there are no further gains or losses
in the future.

1 am particularly pleased by his comment about my verbal interpreta-
tion of some formulas in the paper. Most of us who work closely with
pension valuations have frequently despaired of explaining satisfactorily
to a client what an entry age normal cost or an accrued liability is. One is
reminded of the five blind men describing an elephant. But, if we cannot
make our point with the public, it is at least gratifying to know that we
can still talk intelligibly to one another.

I must apologize for confusing Mr. Morgan. The formula for S¢* is not
clear, although my intention is, I think, clarified by the examples in the
appendix. ST is based on all employees in the valuation at the beginning
of the year and measures the portion of the expected Lability which, ac-
cording to the salary scale, will be atiributable to salary changes during
the year. Sf* is based on survivors to the end of the valuation year and
includes the quantity (AL){.q * 5,/Sy+1, which was computed at the begin-
ning of the year, instead of the quantity, (4L){,, which is calculated at
the year end and would have destroyed the independent check of the
valuation. It should be noted that this treatment of salary increases is
entirely consistent with the handling of gains from withdrawal, death,
interest, capital gains, etc,

His comments about /¢ illustrate again that the valuation report must
be written with the client’s expectation and understanding well in mind.

Mr. Conrad M. Siegel was unable to prepare a discussion in time for
presentation, but has set down some pertinent remarks in a letter which
I should like to summarize briefly and comment about.

1“Fundamentals of Pension Funding,” 754 IV, 17.
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First, he notes that the formula on page 595, relating to a means of
presenting the gain from interest earnings on a Deposit Administration
contract, is incorrect because it ignores interest at the valuation rate on
the retired life fund. This is quite correct; I¢ should have been redefined
to be the entire amount of interest credited to the dividend fund account
for the year in question.

He makes two other points. First, he questions that the gain and loss
analysis would have much significance for the average employer and points
out that it might, in fact, either confuse him or raise a question in his mind
about the competence of the actuary in selecting the valuation assump-
tions. Second, he is skeptical of the value of gain and loss analysis for pur-
poses of reviewing the appropriateness of the valuation assumptions and
feels that a mortality or withdrawal study of the “conventional type”
would be a better guide for this purpose.

M. Siegel’s first point is well taken; not every client will understand or
appreciate a summary of actuarial gains and losses. That does not mean
that we should not present many clients with a gain and loss analysis. In
the first place, some of them are quite astute and respond with interest to
such an analysis; this can be a very effective means of educating the client
to the abilities and limitations of the actuary and his methods. Further-
more, we consulting actuaries would be unwise to predict the future level
of knowledge among clients by projecting our experience of the last 10 or
15 years. Intelligent men are not going to be fooled forever by the ac-
tuarial gibberish sometimes ladled up; ask the actuary who has taken over
the client of another actuary or who has dealt with experienced labor
negotiators. But it is certainly correct that the gain and loss analysis has
to be presented with the client in mind. For one, a very elaborate presenta-
tion will be necessary; for another, a gain and loss analysis would be re-
stricted to a comment about the change in the normal cost accrual rate
and the effect of one or two principal sources of gain and loss.

A mortality or withdrawal study of a “conventional type” does not give
proper rates of mortality or withdrawal for a valuation using an aggregate
service table. The rates must be based upon the reserve released and these
rates are often dramatically different from the unweighted rates of a “con-
ventional” study. The effect of salary increases must be similarly modi-
fied. R and S¢i—the relevant quantities for this analysis—can be ac-
cumulated within quinquennial age groups. Then, for example, the ratio
of R{* to [(AL); + Rf] will give a crude ¢4 the ¢5* from the service
table can then be evaluated. This will remove the necessity for a with-
drawal study, at least for the purpose of reviewing valuation assumptions.

I am sympathetic with the views expressed by Mr. Siegel; it is entirely
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proper to approach cautiously a proposal that much additional work be
done as a routine part of the actuary’s annual valuation. But the avail-
ability of competent and efficient machinery can, as Mr. Borton has de-
scribed, permit us to make these gain and loss analyses without a fantastic
cost or effort. We may find, however, that the slope of our fee schedules
will flatten, since this analysis is most likely to be valuable and necessary
for the larger groups.

Let me thank again those who offered discussions of this paper. Their
remarks will be extremely beneficial to those of us who put into practice
the theory of gain and loss analysis.





