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CLASSIfiCATION O~ RErNsw~ANCE m~raoDs 

En~S~ANCE methods can be divided into the following general 
classes determined by the procedures for sharing the claims by 
the original insurer and by the reinsurer: 

A. Each claim for each insurance risk is shared in a proportion deter- 
mined in advance. 

B. For each claim for each insurance risk, the original insurer pays the 
amount of the claim up to an amount determined in advance and the 
reinsurer pays any amount of the claim in excess of that amount. 

C. For each insurance risk, the original insurer pays the total amount of 
all claims in a specified period (such as one policy year) up to a total 
limit determined in advance for the period and the reinsurer pays the 
total amount in excess of the limit for the period. 

D. For a collection of insurance risks which have a number of claims, as 
the result of one event or occurrence, the original insurer pays the total 
amount of all claims up to a total limit determined in advance for one 
event and the reinsurer pays the total amount in excess of the limit. 

E. For a collection of insurance risks, the original insurer pays the total 
amount of all claims in a specified period (such as one calendar year) 
up to a total limit determined in advance for the period and the re- 
insurer pays the total amount in excess of the limit for the period. 

These classes have more meaning for kinds of insurance (such as 
hospital insurance) for which the amount of each claim can be a variable 
and for which one risk can have more than one claim. For individual life 
insurance (which can have only one claim for a predetermined amount 
for each risk), there is no difference between Classes A and B, and Class C 
reinsurance does not apply. The kinds of reinsurance defined in Classes 
D and E can be used for life insurance for a collection of individual risks 
such as a group insurance policy or the Ordinary risks insured by one 
company. 

Dr. S. Vajda (1)* refers to the method of Class A as "proportional re- 

* Each number in parentheses is the number of the reference in the list at the end 
of this paper. 
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insurance" and uses the name "nonproportional reinsurance" for Classes 
B, D, and E, having in mind primarily insurance for which the amount of 
the claim is a variable. He further classifies methods of Classes B and D as 
limited nonproportional reinsurance and the method of Class E as com- 
plete or fully collective nonproportional reinsurance. The writer prefers 
the descriptive terms of Dr. Vajda. In this paper the term "nonpropor- 
tional reinsurance" will mean complete nonproportional reinsurance 
unless a limited form is clearly indicated. 

S. Bjerreskov (2) uses four titles in his discussion of reinsurance meth- 
ods. Three of his titles can be applied to classes listed in this paper as 
follows: 

Class A Excess reinsurance 
Class B Loss excess reinsurance 
Class E Stop-loss reinsurance. 

Mr. Bjerreskov uses the title "Quota Reinsurance" for reinsurance in 
which the reinsurer takes over an equal part of the insurance so that the 
original insurer and the reinsurer share equally in all claims. This seems 
to be his excess reinsurance with the proportion for reinsurance 500/0 of 
the amount of insurance for each risk. He does not consider reinsurance 
of the Class D type in his paper. 

Names used in the field of property reinsurance in the United States 
can be assigned as follows: 

Class A (1) Pro-rata contributing and (2) Quota share 
Class B Specific excess of loss 
Class D Single occurrence excess of loss 
Class E (1) Excess of loss ratio and (2) Aggregate excess of loss. 

In this field of property reinsurance, nonproportional reinsurance is 
referred to as excess of loss reinsurance. This classification of names is 
based on the writer's interpretation of terms used by Harold C. Crawford 
in his paper (3) published by the Conference of Actuaries and by Ran- 
dolph C. Collins, an expert in the field of property insurance, in cor- 
respondence with the writer. 

The name stop-loss reinsurance which is used by Mr. Bjerreskov for the 
kind of reinsurance for Class E is also given as a second title for this 
class by Dr. Vajda and Mr. Crawford. 

Reinsurance of the kind included in Class D is sometimes referred to 
as catastrophe reinsurance. 

The discussions that follow in this paper will deal primarily with the 
subject of nonproportional reinsurance for insurance benefits issued by 
life insurance companies in the United States and Canada. 
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REINSURANCE METHODS I~ THE UNITED STATES 

Practically all reinsurance among life insurance companies in the 
United States has been proportional reinsurance. By common usage, when 
reinsurance of benefits issued by a life insurance company is mentioned 
without any qualifying phrases, proportional reinsurance is indicated. 

This regular proportional reinsurance is the subject of several papers 
that have been included in publications of the Society and of its prece- 
dent organizations. Among these papers are Irving Rosenthal's frequently 
referred to paper in The Record (4) and Edward A. Dougherty's more 
recent paper in the Trar~actio~ (5). 

Life insurance companies have used proportional reinsurance for group 
insurance as well as for individual insurance. This reinsurance for group 
insurance may be for the excess amount for each person with insurance 
above a fixed retention limit or may be a proportion of the total insurance 
for the group, in which case the retention limit varies with the variations 
in the amounts of insurance for the individuals insured. 

Stuart J. Kingston (6) has suggested proportional reinsurance for 
larger amounts of individual pensions granted by trusteed pension plans. 
It appears that there has not been any application of this reinsurance pro- 
cedure to pension plans or to any other trustee-insured benefits. 

There has been some catastrophe reinsurance (Class D method) for life 
insurance companies in the United States. This is the type of reinsurance 
discussed in Edward A. Green's recent paper in the Transaaicns (7). Some 
life insurance companies have sought this type of limited nonproportional 
reinsurance for group insurance policies to protect the company against 
excessive claims from one accident such as the Texas City disaster. It does 
not appear that any life insurance company in this country has ever 
granted or secured fully collective or stop-loss nonproportional reinsurance. 

Both limited and complete nonproportional reinsurance have been used 
much more extensively for kinds of insurance other than life. Mr. Craw- 
ford's paper (3) contains information on this use and indicates some of 
the problems involved in the determination of premiums. Some casualty 
reinsurance companies are providing catastrophe accident insurance of 
the Class C type for group insurance and for workmen's compensation 
insurance. 

Workmen's compensation cases have secured complete nonpropor- 
tional reinsurance as well as the limited form of nonproportional reinsur- 
ance. The experience of some of the reinsurance companies providing the 
complete form has not been satisfactory. The causes for this probably 
should be studied and analyzed by any insurer that seriously considers 
providing nonproportional reinsurance, One possible source of diificulty 
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may have been deficient premiums based on the results of a few favorable 
years for a case without sufficient consideration of probability distribu- 
tions for the averages and deviations involved. 

PURPOSE Or ~EmstrgANCE 

The principal purpose, or at least one of the principal purposes, of rein- 
surance is to eliminate excessive fluctuations in insurance costs. An exces- 
sive fluctuation is one which reduces surplus earnings to an extent that is 
objectionable to management. 

Proportional reinsurance does this only to the extent that excess claim 
payments in any one year are the result of claims for the larger amounts 
of benefits. Proportional reinsurance does not protect against excess 
claims due to accidental or fortuitous variations in the claim rates and 
claim costs. 

Catastrophe reinsurance and other forms of limited nonproportionai 
reinsurance provide more protection against such variations, but this re- 
insurance protection is limited and thus deserves the name used by Dr. 
Vajda. 

The kind of reinsurance that protects against all fortuitous variations 
in claim rates and claim costs is complete nonproportional reinsurance. 
The maximum amount of claim costs that an insurer can conveniently 
pay in one year for a specified collection of risks can be established in ad- 
vance as the retention limit for the nonproportional reinsurance. This 
amount can be expressed as a percentage of the expected claim costs for 
the insurance benefits in force during the year. The amount paid by the 
reinsurance company is based on the excess claims over this limit. This 
amount can be all of the excess, all of the excess subject to a maximum 
limit, or a percentage of the excess. Any reduction below 100% of all 
excess claims does limit the effectiveness of nonproportional reinsurance. 
This reinsurance can be said to be no longer complete, but  for purposes of 
this paper fully collective reinsurance, except for reasonable percentage 
and maximum claim limits, will be classed as complete nonproportional re- 
insurance. 

A reinsurance contract which requires the payment of a small portion 
of the excess losses by the original insurer may be helpful as a deterrent 
for any tendency to liberalize claim procedures after the claim cost reten- 
tention limit is passed. The original insurer can offset the financial effect 
to some extent by reducing the maximum claim limit to be paid before 
the nonproportional reinsurance becomes effective. 

The limits for nonproportional reinsurance included in the previous 
discussion will be defined for the purposes of this paper as follows: 
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"Maximum retention limit" is the factor to be applied to the expected 
losses to determine the maximum losses that the original insurer will 
pay before the nonproportionai reinsurance applies. 

"Excess losses" are the amount of actual losses in excess of the maximum 
retention limit. 

"Percentage reinsurance limit" is the percentage of the excess losses that 
will be paid by the reinsurer. 

"Maximum reinsurance limit" is the factor to be applied to the expected 
losses to determine the total losses (maximum retention limit plus 
excess losses) that will be considered in the nonproportional reinsur- 
ance payments to be made by the reinsurer. Losses in excess of the 
maximum reinsurance limit must be paid entirely by the original 
insurer. 

GENERAL CONSIDERATIONS 

Nonproportional reinsurance can be used for all types of life, accident 
and sickness insurance and can be used by trustees of self-insured trusteed 
groups as well as by life insurance companies. In theory, nonproportional 
reinsurance can be used for any number of individual risks in a group or 
company, but  if the number is very small the uncertainties involved in 
determining premium rates do not make such reinsurance a practical 
solution. 

For life insurance, the claim costs for a given claim rate canvary only by 
having the amount of benefits vary for the individuals included in the 
group. For sickness insurance, claim costs can vary not only because of 
variation in the number of units of insurance (such as the daily allowance 
for hospital care) but also because the cost for each unit can be a variable 
(for example, the number of days in the hospital). In order to keep the 
nonproportional reinsurance premium rate at a lower level and in order to 
keep the probability distribution formulas reasonably simple, other rein- 
surance methods should be used so as to limit the maximum amount of an 
individual claim that is included in the nonproportional reinsurance. 
Another reason for doing this is that it is not desirable to have the nonpro- 
portional reinsurance premium unduly influenced by very large amounts 
of insurance on a comparatively small number of lives. The traditional 
proportional reinsurance methods (Class A) should therefore be con- 
tinued for a very large amount of life insurance or for a very large number 
of units of sickness insurance on one life. Limited nonproportional reinsur- 
ance of Class B also could be used for health insurance, but a market for 
such reinsurance would need to be developed in the United States. A 
company that secures complete nonproportional reinsurance can, of 
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course, adopt a considerably higher retention limit for proportional rein- 
surance of standard risks than would be considered advisable if the non- 
proportional reinsurance were not to be used. 

In order to simplify the probability distribution formulas for the mean 
claim rates, it is necessary to have an accurate determination of the ex- 
pected mean claim rates for a collection of risks. Uncertainties in the claim 
rates for some c]asses of risks can add to the problems of nonproportional 
reinsurance. An example is a class of extremely substandard lives for 
which little experience is available for determining claim rates. For such 
risks, a larger amount of regular reinsurance may be advisable so as to 
reduce the amount of insurance that will be subject to nonproportional 
reinsurance. Irving Rosenthal was considering such risks in his discussion 
of Edward Dougherty's paper (5). 

Under nonproportional reinsurance, the group of individual risks is con- 
sidered as a collective risk subject to a variable amount of total claim pay- 
ments. The original insurer of the group does not need insurance against 
average losses because he can provide for such losses in the original cost 
calculations. It is excess losses in a short period of time for which the 
original insurer needs protection. 

There is no extensive discussion of nonproportlonal reinsurance in the 
publications of actuarial organizations in the United States. Two papers 
dealing with the subject have been submitted to the Conference of Ac- 
tuaries in Public Practice, but neither paper includes any information on 
the mathematics of premium calculations. Portions of American papers on 
experience rating for group insurance and for workmen's compensation 
apply to this subject, and Mr. Rosenthal's paper on reinsurance (4) gives 
useful information on the problems of calculating the standard deviations 
for mean claim rates for life insurance. 

Papers directly on the subject of nonproportional reinsurance have been 
published in Europe, and the subject has been a frequent topic of an In- 
ternational Congress of Actuaries. Much of the discussion in these papers 
is for kinds of insurance other than those issued by United States life 
insurance companies. The kinds of insurance usually considered in these 
papers can have a large variation in the amount of each claim and are 
subject to a considerable catastrophe hazard. An example is fire insurance. 
The writer found that the mathematical statistical discussions in these 
papers were not easy to follow. 

The bibliography lists the papers, both European and American, that 
have been consulted in the writing of this paper. 

The two most important statistical problems for nonproportional rein- 
surance are the determination of the expected mean claim rate for the col- 
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lection of risks and the measure of the variation in that rate. These prob- 
lems are essentially sampling problems, with each period d insurance 
(usually a year) for each group being a sample of the experience for the 
very large generalized collection of risks. Claim rates will vary during one 
year among the groups and will vary for the same group from year to year 
because of chance variations. The causes of these chance variations are 
large in number, are substantially independent, and are unpredictable; 
and the variations resulting from each cause are a relatively small part of 
the total variation. 

There are also causes of variation in insurance claim rates and costs 
from year to year for a group of risks that do not meet the requirements 
for chance variations. Among these causes are the following: 

1. Age and sex. 
2. Occupation. 
3. Geographical location. 
4. Change in group exposure. 
5. Variations in individual claim costs. 
6. Long term improvement in mortality or morbidity rates. 
7. Countrywide variations in claim rates and claim costs. 
8. Monetary inflation. 
9. Concentration of risks in a limited area. 

Actuarial procedures should be used that will either eliminate or great- 
ly reduce the effect of such causes of variation so that the effect of each 
cause on claim rates is comparable to that of each of the many unpre- 
dictable causes of chance variations in claim rates. The first requirement 
is, of course, satisfactory actuarial investigations to determine the exact 
effect of the larger measurable and predictable causes of variation in claim 
rates. The results combined with an accurate census of a group can be 
used to determine an accurate estimate of average claim cost for each 
unit of exposure. This average is the true net premium (or pure net 
premium) per unit of exposure for the insurance and is also the mean claim 
cost rate per unit of exposure. With the mean claim cost rate calculated 
accurately for a group, the formula for measuring the possible variations 
in that mean rate can be simplified and the premium for nonproportional 
reinsurance can be determined more accurately. 

Much of the complication in formulas developed for nonproportional 
reinsurance and the resulting comparatively high premium rates for this 
reinsurance appear to be due to use of a mean claim cost rate (true net 
premium rate) that is not calculated so as to accurately reflect these 
measurable causes in total claim costs for a group. Premium rates that 
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have been quoted for nonproportional reinsurance of group insurance 
cases in the United States (primarily by European reinsurers) are sub- 
stantially equal to the group insurance charges quoted for the cases by 
domestic life insurance companies. The group insurance charges are fre- 
quently referred to as "group retentions" which gives a different meaning 
to the word "retention" than is true in the reinsurance business. A proper 
group insurance retention limit must not only provide for a nonpropor- 
tional reinsurance charge but also for costs of administrative services and 
forms and for commissions and taxes. Apparently the formulas used for 
the quoted nonproportional premiums are based on assumed variations in 
claim costs that are greater than are justified by selectively determined 
average claim costs per unit of exposure. 

Let us assume that all group life insurance in the United States is com- 
bined as one large population and the average claim cost per year is deter- 
mined for each individual in the group regardless of age, occupation, 
amount of insurance on each individual and similar factors. Let us further 
assume that random samples of individuals are taken from this large 
population and the claim cost for each group determined by multiplying 
the number of individuals in each group by the average claim for each 
individual in the large population. Nonproportional reinsurance pre- 
miums based on such estimated claim costs will involve complications 
that will lead to complex formulas unless the samples are very large. 

Because of underwriting limitations for group life insurance, the actual 
group cases that would he combined into the proposed total population 
would not be random samples from the generalized population. For ex- 
ample, the maximum amount of insurance for one life and the variation 
in amounts of insurance for individuals has a substantial correlation with 
the number in each group and this would not be true of random samples. 
The average ages of the individuals in random samples theoretically will 
also vary more than the average ages for group insurance cases issued in 
accordance with the underwriting rules used for most of the group insur- 
ance in the United States. 

The suggested treatment of major causes of possible variation from the 
estimated true claim cost rates can be compared with the procedures used 
by scientific public poll takers. The professionals in this field do not deter- 
mine changes in public sentiment by questioning the first 1,000 people 
they meet on two different days separated by a period of time. By use of 
stratified or representative random sampling procedures, these profes- 
sionals in sampling make sure that the two samples properly represent the 
same generalized population. 
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DETERMINATION O~" PILEMIUMS 

In this discussion, the nonproportional reinsurance premium will be 
expressed as a percentage of the true mean claim cost rate (the true net 
premium) per unit of exposure. Consideration will first be given to a group 
of 6,319 persons insured for life insurance with each life in the group in- 
sured for the same amount. The age distribution for this group by 5 year 
age groups is given in Table 1. Having the same amount of insurance on 
each life simplifies the calculation and the explanation of the nonpro- 
portional reinsurance premium. 

The determination of a nonproportional reinsurance premium for this 
group is not difficult to explain. Ignoring interest, the insurance cost for a 

TABLE 1 

6,319 PERSONS IN LIFE INSURANCE GROUP 
AGE DISTRIBUTION 

8 .  
3. 
8 .  
3. 
8 .  
3. 

Attained Attained 
Percent Percent Age Age : 

0.1% 
2.2 
5.3 
8.1 

13.6 
14.6 

48. 
53. 
58. 
63. 
68. 
73. 

Total . . . . .  

17.8% "i .' 15.3 
• 12.0 
• 7 . 8  
• 2 . 7  
• 0 . 5  

100.o% 

risk is the product of the probability of a loss times the amount of the loss. 
For nonproportional reinsurance, the amount of the loss is measured by 
the amount of the actual mean claim cost rate in excess of the true mean 
claim cost rate. In terms of statistics, the claim rate is the mean rate and 
the excess of the actual claim rate over the true mean rate is expressed in 
terms of the standard deviation of the true mean rate. 

If the specified amounts of deviations are taken at sufficiently small 
intervals, an approximate differential nonproportional reinsurance pre- 
mium can be calculated by use of the basic insurance cost formula for 
each interval of deviation. The total of the differential premiums so deter- 
mined for the deviations above a specified amount of deviation will give 
the reinsurance cost (or premium) for the desired nonproportional rein- 
surance. 

For the group of 6,319 persons being considered, it has been assumed 
that the true mortality rates are 120°~o of the 1946-1950 group life insur- 
ance experience mortality rates. This gives a total of 58.87 deaths in one 
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year for the group. The annual mean death rate per person in the group is 
.00932. Since the amount of insurance on each life is the same, the varia- 
tion in insurance costs is the same as the variation in the number of 
deaths. Using the standard formula 

"¢'Npq+ N 

as the measure of deviations, the standard deviation in the mean claim 
cost rate is determined to be .00121. This standard deviation equals 
13.0% of the mean claim cost rate. Table 2 gives examples of excess claim 
cost rates and of probabilities that actual claim costs will exceed the 
expected costs in accordance with the expected rate. 

TABLE 2 

LIFE INSURANCE GROUP 

PROBABILITIES THAT ACTUAL CLAIM COST RATES WILL 

EXCEED EXPECTED CLAIM COST RATES BY AMOUNTS 
or EXCESS SPwCn~IED 

(Expected Claim Cost Rate  m .0093 2) 

Percentage of Amount of 
Excess Excess Rate Probability 

o% . . . . . . . . . . . . . . . .  ooooo .sooo 
J3 . . . . . . . . . . . . . . . . .  00121 .1587 
20 . . . . . . . . . . . . . . . . .  00186 .0618 
25 . . . . . . . . . . . . . . . . .  00233 .0268 
35 . . . . . . . . . . . . . . . . .  00326 . 0036 

The number of deaths for this group for one year is sufficiently large to 
justify the use of the normal distribution for measuring the possible varia- 
tions in the annual mean claim cost rate. The nonproportional reinsurance 
premium that is to be determined is to be for a maximum retention limit 
equal to 113% of the expected death claim costs. This is equivalent to an 
excess of one standard deviation above the expected annual claim cost 
rate. The first interval that  will be used for the calculation will be for 
excess losses between one standard deviation and 1.3 standard deviations. 
The probability that the actual mean claim cost rate for one year will ex- 
ceed the expected rate by one standard deviation is .1587 and by 1.3 
standard deviations is .0968. The probability that the excess will be be- 
tween one and 1.3 standard deviations is the difference in these two prob- 
abilities, or .0619. The actual claim cost rate will be .00121 above the 
expected claim cost rate if the excess is one standard deviation and will 
be .00157 above the expected death rate if the excess is 1.3 standard devia- 
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tions. Assuming an even distribution of claims over the interval, the aver- 
age excess for the actual claim rate will be the mean of these excess 
figures, or .00139. This is .00018 in excess of the proposed limit for the 
commencement of nonproportional reinsurance. Multiplying this excess 
by .0619 gives a differential premium cost factor of .0000111 for this inter- 
val. 

Following similar assumptions for other intervals so as to cover all 
possible claim rates and adding the resulting differential cost factors for 
the several intervals gives a total cost factor of .0001026. This total is 
1.10% of the expected claim cost rate of .00932. The nonproportional re- 
insurance premium rate for this case for a retention limit of 113% for 
one year on the basis of the assumptions used in this discussion is there- 
fore 1.10% of the net one year term insurance premiums for this group of 
risks. 

TABLE 3 

NONPROPORTIONAL REINSURANCE PREMIUMS FOR 

LIFE INSURANCE GROUP 

MAXlMUMPG~TINTION 
LI~T 

100°/o . . . . . . . . . . . . .  
113 . . . . . . . . . . . . . . .  
120 . . . . . . . . . . . . . . .  
125 . . . . . . . . . . . . . . .  
135 . . . . . . . . . . . . . . . .  

AS PERCZNTAC~ oy EXPECTED 
C ~ C o s T s  

Finite Method 

5.21% 
1.10 
0.36 
O. 14 
0.01 

Continuous Method 

5.18o/o 
1.08 
0.35 
0 13 
0.01 

The nonproportional reinsurance premium rates for this case for five 
different minimum retention limits are given in Table 3. 

The same procedures can be used to secure premiums for nonpropor- 
tional reinsurance with a percentage reinsurance limit and with a maxi- 
mum reinsurance limit. 

An approximate procedure using finite differences has been used be- 
cause (for the writer at  least) the method is easier to follow and thus helps 
to make clear the basic principles of nonproportional reinsurance net 
premium calculations. 

A more exact procedure using continuous functions is given in the illus- 
tration for life insurance that follows: 

N = Total number of lives. 
S = Total amount of insurance for N lives. 
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nor = Number of lives included in N who are in rating class r, each of 
whom is insured for s dollars of life insurance. 

q# --- Average annual expected claim rate for each dollar of insurance 
for the N lives. 

M --- Expected amount of claims for N lives in one year. 
qor -- Average annual expected claim rate for each dollar of insurance 

for the lives in rating classification n,,. 
#~ = Standard deviation for M, the expected amount of claims. 

l = Maximum retention limit. 
h -- Maximum reinsurance limit. 
L - Absolute amount of retention limit = ~ X M. 
H = Absolute amount of maximum reinsurance limit -~ h X M. 

t = Actual amount of claims. 
R -- Percentage reinsurance limit. 

RP~ ---- Nonproportional annual reinsurance premium rate expressed as 
a proportion of the true annual expected claim cost rate for the 
group for nonproportional reinsurance with a maximum reten- 
tion limit of l, a percentage reinsurance limit of R and a maxi- 
mum retention limit of h for a group of N lives with M expected 
amount of claims. 

f(t) --- The frequency function for distribution of t, the actual dollars of 
death claims for S dollars of insurance for the N lives. The mean 
and the standard deviation for this distribution are respectively 
M and ~ .  

These symbols are established so as to permit variations by amounts 
of insurance and by rating classes as normally occurs for Ordinary insur- 
ance issued by life insurance companies in the United States. For group 
insurance that is issued under underwriting rules that prevent individual 
selection, the division of the individuals by rating class other than occu- 
pation is not available and is not needed. 

Irving Rosenthal's paper (4) includes an extensive and valuable dis- 
cussion of the determination of standard deviations for each n,, classifica- 
tion by rating and amount of insurance and for the total grouping of N 
lives insured for S dollars of insurance. This discussion applies directly 
to the calculations for nonproportional reinsurance. 

The mean expected claim cost rate for each n,, classification is deter- 
mined from a distribution by age of the amounts of insurance for the 
lives in the class. For Ordinary insurance, the distribution should also 
be by duration during the period that selection is effective. If there 
are significant differences in mortality by amount of insurance, this can 
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also be reflected in the calculations. The amount of insurance for each 
life in each n,, classification is not exactly the same, but the groupings of 
amounts of insurance for each classification must be such as not to sig- 
nificantly affect the calculations. The accurate determination of the mean 
expected claim cost rate is necessary so that the variations between the 
actual claim costs and the expected claim costs will be the result of a large 
number of small chance causes. In the opinion of the writer, this point 
is not adequately developed in most of the discussions of nonproportional 
reinsurance. 

The formula for calculating nonproportional reinsurance premiums 
with continuous functions is as follows: 

f+_, . ,-n ( t - L )  / (t) d t X ~ .  (1) 

The integral expression can be changed to two integral expressions as 
follows: 

R f,'-® 1 RP~ = M L J , - L  ( t - - L )  f ( t ) d t - - J , _ u  ( t - L )  f ( t ) d t j .  

The first term gives the nonproportional reinsurance premium for a re- 
tention limit equal to l and the second term gives this premium for a 
retention limit equal to h. The further development will be for the first 
term but the results will apply to both expressions. 

The function f(t) is assumed to be the normal curve and can be con- 
verted to the standard form by use of the relationship z = (t -- M) + a~. 
With this change the first integral becomes the following: 

fo  1 [O'M (Z) +M--L]  ~¢,~ e-"'/~d z. 
O'M L--M)/¢ M ff M 

This expression can be changed to the following: 

(f--II"ZI(D--M)IaMI'~ L--M f ~  e-+'l~dz. 

This equals the following: 

ff M A ( L--M)/¢ M -- ( L -- M)  B( L-M)/cvI • (2) 

In this formula A is the ordinate and B is the area from a table of 
values for the normal curve with the number of standard deviations for 
the standard form taken as (L - M) + eu. 

Mr. Jackson's paper (8) gives a more complete discussion of the 
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mathematical development of this formula for nonproportional reinsur- 
ance. His final form with the normal curve used for f (0  is somewhat differ- 
ent from the one given above, but the two forms are equivalent. 

Mr. Jackson gives an approximate method for determining the 
standard deviation for the average probability of death for a group of 
lives. The writer prefers the more extensive and more exact procedure 
provided in Mr. Rosenthal's paper (4), especially for collections of risks 
involving considerable variation in the amounts of insurance and in the 
rating classes for the individual risks. 

Mr. Larson determines a nonproportional reinsurance premium for his 
paper (9) based on the Poisson distribution, but he does not give his 
formula for this premium nor for the statistical factors that he used in his 
calculations. Herbert J. Stark and Arthur G. Weaver in their discussions 
of Mr. Larson's paper pointed out that proper consideration should be 
given to differences in amounts of insurance and in rating classes for indi- 
viduals included in a group. Mr. Rosenthal's methods should meet the re- 
quirements of these gentlemen. 

Mr. Larson's maximum mortality cost is 150% of the basic premium. 
His charge is therefore for nonproportional reinsurance with a maximum 
retention limit equal to 150% of the basic premium. 

As Irving Rosenthal demonstrates in his paper (4) and as Herbert 
Stark and Arthur Weaver indicated in their discussions of Robert Larson's 
paper (9), the standard deviation of a specified number of lives increases 
with increase in the distribution by size of the amounts of insurance for 
the lives in the group. Mr. Rosenthal's method does not permit the 
amount of insurance on each life to be a sampling variable. 

Formula (2) has been used to calculate nonproportional reinsurance 
premiums for the case used in our approximate procedure based on finite 
differences. The results are given in Table 3. 

The comparison in Table 3 of the nonproportional reinsurance pre- 
miums calculated by the two procedures indicates that the finite differ- 
ence procedure is substantially accurate. This accuracy would be in- 
creased if the number of divisions were increased. For the approximate 
calculations reviewed in this paper, 17 divisions were used for all excess 
over the expected claims and only 6 divisions for the excess over 135% of 
the expected claims. 

This suggests that the function selected to represent the distribution of 
mean claim cost rates can be broken into units and a commutation column 
system developed for the calculation of premium rates. Such a system 
will be particularly helpful if the mathematical function is a complicated 
one. Some of the functions that have been listed for nonproportional rein- 
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surance premium calculations are very complicated. As a practical  matter ,  

it is as difficult to calculate premiums with some of them as it  would be to 

calculate regular life insurance premiums by use of an integral expression 

for the mortal i ty and interest rates involved. 

I rving Rosenthal 's  paper (4) contains illustrative calculations for the 

life insurance in force in a life insurance company. The s tandard deviation 

and mean claim rate figures of this paper have been used to calculate 

nonproportional reinsurance premiums. These premiums are given in 

Table 4. 

TABLE 4 

NON]PROPORTIONAL REINSURANCE PREMIUMS 
FOR A LIFE INSURANCE CO.'VlPANY FOR 
AMOUNTS OF INSURANCE AT RISK 

PREMIUMS AS PERCENTAGES OF TRUE ONE YEAR TERM 
COSTS FOR AMOUNTS AT RISK 

Maximum Amounts of Insurance at Risk on One Life 
and Number of Lives as Specified 

~A XIMUM I~TI~/TION 

LIMIT 

A. 10,000 Lives 
100% . . . . . . . . . . .  
113 . . . . . . . . . . . . .  
120 . . . . . . . . . . . . .  
125 . . . . . . . . . . . . .  
135 . . . . . . . . . . . . .  

B. 50,000 Lives 
lOO% . . . . . . . . . . .  

113 . . . . . . . . . . . .  
120 . . . . . . . . . . . .  
1 2 5  . . . . . . . . . . . . .  

C. 

MAx~m~ I~S~NC~ os Ox~ LI~ 

$25,ooo 

7.4818% 
2.7105 
1.3747 
0.7957 
0.2261 

3.3459% 
0.2191 

.0237 

.0034 
135 . . . . . . . . . . . . . . . . . . . . . . . . .  
100,000 Lives 
100% . . . . . . . . . . .  2.3659% 
113 . . . . . . . . . . . . . .  0296 
120 . . . . . . . . . . . . . .  0005 
125 . . . . . . . . . . . . . .  0001 

$50,000 

8,98o7% 
3.9380 
2,30~0 
1,5127 
0,5816 

4.0161% 
0.4667 
0.0884 
0,0211 
0.0006 

2.8398% 
0.1145 
0, 0052 
0.0005 

$1oo, ooo 

10.4148% 
5.1802 
3.3297 
2.3560 
1.0897 

4.6575% 
0. 7800 
0. 2068 
0.0673 
0.0044 

3. 2934% 
0. 2035 
0.0209 
0.0029 

135 . . . . . . . . . . . . .  , . . . . . . . . . . . .  , . . . . . . . . . . . .  , . . . . . . . . . . . . .  

IZEALTH INSURANCE 

The previous section of this paper has been primarily in regard to de- 

termination of nonproportional reinsurance premiums for life insurance 

issued by companies in the Uni ted States and Canada. 

Nonproport ional  reinsurance is also applicable to heal th insurance 

benefits issued by these companies. Heal th  insurance differs from life 
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insurance because for health insurance the amount of a claim is a vari- 

able and also because for health insurance an individual insured can have 
more than one claim. 

Because of the resulting variability in claim costs, health insurance 
reinsurance can be by the limited nonproportional methods of Classes B 
and C as well as by the complete nonproportional method of Class E. 
Because of comparatively low maximum limits for benefits, there has 
been little reinsurance of health insurance in the United States. This is 
true of the limited nonproportional methods of Classes B and C as well 
as the traditional proportional method of Class A. The catastrophe type 
(Class D) limited nonproportional reinsurance has some appeal for health 
insurance, especially for a group of risks concentrated in a limited area. 

A deductible health insurance policy can be compared to the Class B 
reinsurance method. The deductible limit, the maximum claim payment, 
and the coinsurance ratio are similar respectively to the amount of reten- 
tion limit, the amount of maximum reinsurance limit, and the percentage 
reinsurance limit. The procedures for determining the reinsurance 
premium for a Class B kind of reinsurance agreement are the same as 
those for determining premiums for the deductible health insurance 
policies such as the major medical policies. 

The procedures for securing premiums for complete nonproportional 
reinsurance are similar to those discussed in the previous topic for life 
insurance. Calculations have been made for a group of employees and 
dependents. The employees have benefits numbered 1 to 4, inclusive, and 
the dependents have benefits numbered 1 to 3 and 5 in the following list: 

1. Hospitalization with a daily benefit of $13 for a maximum of 31 days 
(no maternity). 

2. Hospital extras to a maximum of $220 (no maternity). 
3. Surgical benefits based on a standard $250 maximum schedule. 
4. Weekly disability income of $35 per week for a maximum of 13 weeks 

after the first day for an accident and after the eighth day for an 
illness. 

5. Maternity benefits of $100 for hospital costs and a $75 schedule for 
surgical costs. 

Information for the above benefits has been secured from a group of 
1,000 employees and 745 dependent units. Figures are not available for 
the number of children and wives in the dependent units. The age 
distribution of the employees is given in Table 5. This distribution is not 
the same as the age distribution for the life group of 6,319 lives con- 
sidered previously, as can be seen by a comparison of Tables 1 and 5. 

The calculations for this paper were based on the original group of 
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1,000 employees and 745 dependent units and also on an assumed group 
of 6,300 employees and 4,700 dependent units. This larger group has 
approximately the same number of employees as the life insurance group, 
so that a more direct comparison can be made for the nonproportional 
reinsurance premiums for the two kinds of insurance. 

The rates and averages selected for this group are satisfactory for the 
illustrative purposes of this paper. For an actual nonproportional rein- 
surance contract, a much more extensive investigation of experience is 
needed in order to have reliable figures for the true expected claim costs. 

TABLE 5 

1,000 EMPLOYEES IN HEALTH INSURANCE GROUP 
AGE DISTRIBUTION 

A t t a i n e d  A t t a i n e d  
Pe rcen t  P e r c e n t  

A g e  A g e  

1 8  . . . . . . . . . . . .  
2 3  . . . . . . . . . . . .  

28 . . . . . . . . . . . .  
33 . . . . . . . . . . . .  
38 . . . . . . . . . . . .  
4 3  . . . . . . . . . . .  

0.1% 
3.0 
8.0 

14.5 
19.7 
21.0 

4 8  . . . . . . . . . . . .  
53 . . . . . . . . . . . .  
58 . . . . . . . . . . . .  
6 3  . . . . . . . . . . .  

6 8  . . . . . . . . . . .  

Total . . . .  

17.2% 
9.0 
4.8 
1.7 
1.0 

10o.0% 

In  determining claim costs and rates, all benefits were grouped to- 
gether for the employees and for the dependents. The four types of bene- 
fits (for each of the two classifications for employees and for dependents) 
were grouped together because the claim costs for the benefits are not 
statistically independent. 

The following statistical averages were assumed to apply to this group: 

Employees Dependents 

Annual Claim Cost Rate . . . . . . . . .  1583 .4349 
Average Claim Cost . . . . . . . . . . . .  $237.17 $158.94 
Annual Claim Cost per Unit . . . . .  $ 37.54 $ 69.12 

The method of calculation for these health insurance claim cost rates 
differs from that  for life insurance claim cost rates used in this paper. The 
q, rate for life insurance claim costs is the ratio of the amount  of claims 
to the initial amount  of exposure for the year, assuming no additions to 
the original risk. The  r ,  annual claim cost rate for health insurance is the 
ratio of the amount  of claims for the year to the average exposure for the 
year. The number of employees and the number  of dependent units 
given previously are actually the average number  included in the e x -  
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posure for one year and not the initial number at  the beginning of the 
year. 

A ratio of the annual claim costs to initial exposure can be calculated 
for health insurance, but that ratio is not satisfactory for calculating 
nonproportional reinsurance premiums. For life insurance, if there are l~ 
people alive at age x subject to an annual mortality rate of 4 ,  the number 
of people alive at the end of the year is/x(1 - ~) .  For health insurance, 
if there are l~ people alive and well at age x subject to an annual morbid- 
ity rate of q~, the number of people alive and well at the end of the year 
will not be/~(1 -- q'-'). 

The reason for this (apart from the fact that there is another decre- 
ment, death) is that some of the individuals who become sick and qualify 
for health insurance benefits can recover and return to the exposure. I t  is 
because of this return to the exposure that one individual can have more 
than one claim under a health insurance policy. 

The annual claim cost rate for health insurance is the sum of a very 
large number of small interval claim rates. For example, if the interval is 
assumed to be one day, the annual claim cost rate is 365 times the daily 
claim cost rate for average daily exposure for the year. 

Arthur Bailey develops this point in his paper (11). He explains that  
the binomial distribution, (q + p)", cannot properly be used for health 
insurance and demonstrates that the Poisson distribution is satisfactory 
for measuring the variability in the health insurance claim cost rates 
when all claims are for the same amount. Each small interval claim cost 
rate under these assumptions has a second moment of hr ,  with r, equal 
to the claim cost rate for the small interval and n equal to the exposure. 
Since the total annual rate r is equal to the sum of the r, rates, the second 
moment for the annual rate is taken as the sum of the second moments 
for the small interval rates, or as hr .  

The individual claim costs for health insurance do vary and for the 
illustrative case of this paper the claim costs are assumed to be distributed 
as shown in Tables 6 and 7. The claim cost rates and average claim costs 
in the list of statistical averages are based on some experience, but the 
distributions in Tables 6 and 7 are based entirely on the writer's ideas 
secured from discussions of fire claim distributions in Mr. Beard's paper 
(16) and of auto property damage claims in Mr. Bailey's paper (11). No 
at tempt  was made to secure mathematical formulas to represent the claim 
distributions. The distributions produce the average claim costs given 
above and the maximum claim amounts appear reasonable. 

A distribution of claims by amounts similar to Tables 6 and 7 but  based 
on actual experience would be very useful in determining premiums for 
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d e d u c t i b l e  h e a l t h  i n s u r a n c e  policies.  T h e  c la ims  cons ide red  in t he  d i s t r i b u -  

t ion ,  of course,  m u s t  be  for  t he  benef i t s  to be  g r a n t e d  b y  the  d e d u c t i b l e  

c o n t r a c t .  

T h e  dol la r  u n i t s  of exposu re  were d e t e r m i n e d  as  t h e  ave r age  e m p l o y e e  

c l a im  a m o u n t  t i m e s  t h e  a v e r a g e  n u m b e r  of employees  for  t h e  yea r ,  a n d  

as t h e  a v e r a g e  d e p e n d e n t  c l a im a m o u n t  t i m e s  t h e  a v e r a g e  n u m b e r  of de -  

p e n d e n t  u n i t s  for  t h e  yea r .  I g n o r i n g  i n t e r e s t ,  t h e  a n n u a l  c la im cost  r a t e  

TABLE 6 

EMPLOYEE BENEFIT CLAIMS 

Individual Claim Claim Annual Average 
Payments Distribution Claim Rate Claim 

Below $75 . . . . . . . . . .  
$ 75-$ 125 . . . . . .  

125- 175 . . . . . .  
175- 225 . . . . . .  
225- 275 . . . . . .  
275- 325 . . . . . .  
325- 375 . . . . . .  
375- 425 . . . . . .  
425- 475 . . . . . .  
475- 525 . . . . .  
525- 575 . . . . . .  
575- 625 . . . . . .  
625- 675 . . . . . .  
675- 725 . . . . .  
725- 775 . . . . . .  
775- 825 . . . . . .  
825- 875 . . . . . .  
875- 925 . . . . . .  
925- 975 . . . . . .  
975- 1,025 . . . . . .  

1,025-|'1,075 . . . . . .  
1,075 -~ . 1,125 . . . . . .  
1,125-~'1,175 . . . . . .  
1,175- 1,225 . . . . . .  
1,225- 1,275 . . . . . .  
1,275 and over . . . .  

All Claims . . . . . .  

1,870 
1,182 

650 
509 
432 
389 
364 
341 
322 
305 
290 
276 
263 
252 
242 
253 

100,000 

• 033014 
• 021456 
.020918 
.018317 
• 015552 
.012122 
• 008988 
• 006709 
• 004888 
• 003770 

$ 42.41 
99.31 

149• 59 
199.56 
249.39 
299.06 
349.11 
399.16 
449.04 
499.32 

20,855 
13,554 
13,213 
11,571 
9,824 
7,658 
5,678 
4,238 
3,088 
2,381 

• 002961 549.13 
• 001871 596.91 
• 001028 648.86 
• 000805 699.40 
.0O0684 749.57 
• 000616 799.75 
• 000573 849.76 
• 000540 899.84 
.000510 949.85 
.000483 999.87 
• 000459 1,049.79 
.000437 1,099.81 
.000417 1,149.89 
.000399 1,199.82 
.000383 1,249.83 
.000400 1,287.43 

• 158300 $ 237.17 

is t h e  n e t  a n n u a l  p r e m i u m  p e r  dol lar  of  e x p e c t e d  c la ims,  a n d  t h e  a n n u a l  

c l a im  cost  p e r  u n i t  is t h e  n e t  a n n u a l  p r e m i u m  for one  y e a r  of exposu re  for  

o n e  e m p l o y e e  or  for  one  d e p e n d e n t  u n i t .  

T h e  c l a im cos t  r a t e s  a n d  t he  d i s t r i b u t i o n  of c l a im  costs  h a v e  b e e n  

e s t a b l i s h e d  as  e x p l a i n e d  in  p r e v i o u s  p a r a g r a p h s .  T h e  s t a n d a r d  d e v i a t i o n  

m u s t  ref lect  t h e  v a r i a t i o n s  in  c l a im cos t s  as  well  as v a r i a t i o n s  in  t h e  

n u m b e r  of c la ims .  T h e  ca l cu la t ion  is m a d e  b y  a mod i f i ca t ion  of t h e  t h i r d  

f o r m u l a  in I r v i n g  R o s e n t h a l ' s  p a p e r  (4). I n s t e a d  of d iv id ing  t h e  i n d i -  
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v idua l s  in t h e  g roup  in to  subgroup  a m o u n t s  wi th  each  subgroup  of indi -  

v idua ls  exposed  for t he  en t i re  c la im cost  ra te ,  t he  c la im cost  r a te  is sub-  

d iv ided  as shown  in Tab les  6 a n d  7 a n d  the  en t i re  g roup  is exposed  for 

each cla im a m o u n t  subdiv is ion  of t h e  to ta l  claim rate .  

TABLE 7 

DEPENDENT BENEFIT CLAIMS 

Individual Claim 
PaymentS 

Below $60 . . . . . . . . . .  
$ 6o-$ lOO . . . . . . .  

100- 140 . . . . . .  
14o- 180 . . . . . .  
180- 220 . . . . . .  i 
220- 260 . . . . . .  i 
250-- 300 . . . . . .  
300- 340 . . . . . .  
340- 380 . . . . . .  
380- 420 . . . . . .  
420-- 460 . . . . . .  
460-- 500 . . . . . .  
500- 540 . . . . . .  
540- 580 . . . . . .  
580- 620 . . . . . .  
620- 660 . . . . . .  
660-- 700 . . . . . .  
700- 740 ...... 
740- 780 . . . . . .  
780- 820 . . . . . .  
820- 860 . . . . . .  
860- 900 . . . . . .  
900-- 940 . . . . . .  
940- 980 . . . . . .  
980- 1,020 . . . . . .  

1,020 and over . . . . .  

All Claim* . . . . . .  

Claim 
Distribution 

24,757 
15,426 
14,487 
11,972 
9,582 
7,032 
4,900 
3,433 
2,347 
1,695 
1,247 

740 
379 
277 
220 
185 
168 
156 
146 
137 
130 
123 
117 
112 
107 
125 

1(30,000 

Annual 
Claim Pate 

• 107669 
• 067087 
• 063002 
.052067 
.041671 
• 030580 
.021310 
• 014932 
• 010206 
.007373 
• 005424 
.003217 
• 001649 
.001206 
• 000958 
• 000806 
• 00073 2 
• 000680 
.000636 
• 000597 
.000564 
• OOO535 
• OOO5O8 
.000485 
.000464 
• OOO542 

.436900 

Average 
Claim 

33.74 
79.33 

119.53 
159.50 
199.38 
239.09 
279.13 
319.16 
359.06 
399.29 
439.16 
477.37 
518.94 
559.39 
599.43 
639.64 
679.84 
719.90 
759.77 
799,86 
839.77 
879.79 
919,98 
959,91 

1,000.00 
1,041,69 

$ 158.94 

A n o t h e r  modi f ica t ion  of M r .  R o s e n t h a l ' s  fo rmula  is t h a t  t he  s econd  

m o m e n t  for each subdiv is ion  is a]n,r, a n d  n o t  a]n,q,p,. Thi s  is correc t  be-  

cause  t h e  Po isson  d i s t r ibu t ion  appl ies  to  each r ,  subd iv i s ion  of t h e  t o t a l  

annua l  c la im r a t e  in t he  s a m e  w a y  as to  t he  to ta l  annua l  c la im cost  ra te .  

Since the  n u m b e r  of lives ( the  n ,  of M r .  R o s e n t h a l ' s  formula)  is t h e  

s a m e  for each mul t ip l i ca t ion  u n d e r  t h e  radical ,  th i s  n u m b e r  can  be  

f ac to r ed  out .  T h e  modi f ica t ions  change  the  fo rmula  to  t h e  fol lowing:  

v ' a ~ q  + , : , q  + .  . . + , : . , . .  
, , =  ~ / - ~ x  

A C  
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In this formula the a's are the average claim figures and the r's are the 
claim cost rates of Tables 6 and 7, and AC is the symbol for the value of 
the average claim. The long expression under the second radical does not 
involve the number of individuals in the group. I t  is therefore necessary 
to calculate this function only once for different numbers of individuals 
if there is no change in the distribution of claim amounts. 

In order to show the effect on the standard deviation of the distribu- 
tion of claim amounts, values have been calculated with the above 
formula using the values in Tables 6 and 7 and using the formula x/Nr 
on the assumption that all claims were for the average amount. The 
standard deviations calculated by the two procedures are as follows: 

CI.AS.$IYlt~aTION Ntm~zx 

Employees . . . . . . . . . . . .  1,000 
Employees . . . . . . . . . . . .  6 ,300 
Dependent Uni ts  . . . . . . .  745 
Dependent Uni ts  . . . . . . .  4 ,700  
Combined Group . . . . . . .  1,745 
Combined Group . . . . . . .  11,000 

STANDARD DKVIATION'$ 

Clalm Average 
Distribution Claim 

16.86 12.58 
42.32 31.58 
23.86 18.00 
59.93 45.21 
29.86 22.39 
74.96 56.23 

The standard deviations for the combined group (employees plus de- 
pendents) were calculated by the following formula: 

( A C X  ~)2 e = ( A C X  ~)~ + ( A C X  a)~ . 

This comparison brings out that with claim amounts distributed as as- 
sumed by the writer, it is necessary to calculate the standard deviation 
with the longer formula using the distribution of claim amounts. 

Table 8 gives examples of excess claim cost rates and of probabilities 
that actual claim costs will exceed the expected costs in accordance with 
the expected rate. The variations for these values were determined by use 
of the standard deviations calculated with the claim distributions. 

Using formula (2), nonproportional reinsurance premiums have 
been calculated for the health insurance benefits for the group of 
risks we have been considering. The premiums were calculated for both 
the standard deviations calculated with the long formula and those calcu- 
lated with the short formula. The premiums secured are given in Table 9. 

The premiums for nonproportional reinsurance are expressed as per- 
centages of the expected annual claim costs which are the same as per- 
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c e n t a g e s  of t h e  a n n u a l  one  y e a r  t e r m  n e t  p r e m i u m s .  I t  is obv ious  f r o m  

these  p r e m i u m s  t h a t  if t he  c l a im  a m o u n t s  a re  d i s t r i b u t e d  as a s s u m e d  for  

T a b l e s  6 a n d  7, ignor ing  these  d i s t r i b u t i o n s  c a n  r e su l t  in  ser ious  u n d e r -  

s t a t e m e n t  of t he  p r e m i u m s  for  n o n p r o p o r t i o n a l  r e in su rance .  

T h e  n o n p r o p o r t i o n a l  r e i n s u r a n c e  p r e m i u m s  for  h e a l t h  i n s u r a n c e  in  

T a b l e  9 for  6 ,300 emp loyees  a re  obv ious ly  less t h a n  t he  c o r r e s p o n d i n g  

p r e m i u m s  for  life i n s u r a n c e  in  T a b l e  3 for  a g r o u p  of s imi la r  size. 

TABLE 8 

HEALTH INSURANCE GROUP 
PROBABILITIES THAT ACTUAL COST RATES WILL EXCEED EXPECTED 

CLAIM COST RATES BY AMOUNTS OF EXCESS SPECIFIED 

I 
Percentage of Amount of [ Amount of Probability Probability 

Excess Excess Rate I Excess Rate 

Employee Benefits 
(Employee Expected Claim Cost Rate ~.1583) 

0 . . . . . . . . . . . . . . . . .  
13 . . . . . . . . . . . . . . . . .  

25 .................. 

35 ................. 

0 . . . . . . . . . . . . . . . .  
13 . . . . . . . . . . . . . . . .  
20 . . . . . . . . . . . . . . . .  
25 . . . . . . . . . . . . . . . .  
35 . . . . . . . . . . . . . . . .  

0 . . . . . . . . . . . . . . . .  
13 . . . . . . . . . . . . . . . .  
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The standard deviation for the health insurance for the 6,300 em- 
ployees also is smaller than the standard deviation for the life insurance 
for the group of 6,319 lives. This agrees with the comparison of standard 
deviations for life insurance and for weekly indemnity policies as given in 
Arthur Weaver's discussion of Paul Jackson's paper (8). 

The premiums calculated for nonproportional reinsurance do not allow 
for the catastrophe hazard resulting from concentration of risks in a 
limited area. A separate determination is needed for this cause of variation 
if this cause is sufficiently large as compared with other causes of varia- 

T A B L E  9 

NONPROPORTIONAL REINSURANCE PREMIUMS 
FOR HEALTH INSURANCE GROUP 
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tion. Edward Green's paper (7) provides procedures for evaluating the 
catastrophe hazard. Catastrophe hazards are also considered in William 
T. Fee's paper (20) submitted to the Conference of Actuaries, but he 
does not explain the methods used by his company for determining the 
cost of catastrophe (or disaster) reinsurance. 

The function, f(0,  of formula (1) was assumed to be the normal 
distribution for nonproportional reinsurance calculations for health 
insurance. This is the same assumption as used for the life insurance cal- 
culations. This assumption is justified for the collections of risks used for 
this paper because of the number of claims involved. 

~I~EQUENCY DISTRIBUTIONS FOR NONPI~OPORTIONAL 

REINSURANCE PREMIUMS 

A frequency distribution is necessary for measuring the variation in 
the claim costs. The normal curve has been used for the calculations of this 
paper on the assumption that all measurable causes of variation among 
different groups or collections of risks have been eliminated so that any 
variation in the actual claim costs from the expected claim costs is due to 
a large number of small causes. This requires an accurate determination 
of the expected claim cost rate and the standard deviation must be calcu- 
lated to reflect the variation in actual claim payments. 

The normal curve is sufficient and proper under these conditions if the 
number of claims involved is sufficiently large. The problem is essentially 
the same as the one for determining the probable error in mortality rates 
for the 1951 Impairment Study. The rule adopted for that Study appears 
to give a satisfactory standard, at least until further investigations can be 
made. Use the normal distribution if the number of claims in one year is 
more than 35 and the Poisson distribution if the number of expected 
claims is less than 35. 

The writer would question the second part of this rule more than the 
first part. Pearson's Type IH  distribution probably is better for a small 
number of claims when claims are grouped in amount groups as is done in 
Irving Rosenthal's paper (4) and as is done in this paper for health in- 
surance claims. If the number of expected claims is less than I0, a more 
complex formula is probably needed. One of the Gram-Chariier distribu- 
tions may be satisfactory for such a small number of expected claims. The 
Gram-Charlier distributions discussed in most statistical books are 
Type A using the normal distribution and Type B using the Poisson dis- 
tribution. A third type using the Pearson Type HI  distribution probably 
is better than either of these two usual types. The discussion and tables 
prepared by Dr. Louis R. Salvosa and published in a book (21) in about 
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1935 will be of great help to anyone desiring to use the Type I I I  distribu- 
tion or a Gram-Charlier series based on this distribution. The Type A 
series cannot satisfactorily represent a distribution of relatively large 
skewness as is true when the number of expected claims is less than 10. 
The Type I I I  distribution is a skewed distribution and this distribution 
or a Gram-Charlier series using this distribution provides a better ap- 
proximation of these skewed distributions. 

Paul Jackson in his paper (8) indicates that /or  large exposure size cases 
the normal curve provides a satisfactory measure of the dispersion of 
actual mean claim rates. Robert Larson used the Poisson distribution in 
his paper (9) and Ralph Keffer a Pearson's Type I I I  distribution in his 
paper (10). William R. Williamson, in his discussion of Mr. Keffer's 
paper, explains that the true expected mean mortality rate for a group 
depends on many factors, such as age, industry and geographical location. 
In his reply, Mr. Keffer states that if, by taking all of these factors into 
account, he determined the true expected mean claim rate for a group, the 
probability of the occurrence of d deaths when the true expected is c is 
given by the Poisson distribution. Hans Ammeter uses the compound 
Poisson (also called the negative binomial) distribution for the distribu- 
tion of the number of claims in his theoretical development. In his paper in 
the book (1) edited by Dr. Vajda, his calculations are based on a Type A 
Gram-Chariier distribution formula with two terms. In his paper (15) pre- 
sented to the XV International Congress of Actuaries he used the 
Poisson distribution. The tables in this second paper illustrate six cases 
with the number of expected claims from zero to ten, plus one case with 
an infinite number of claims. As can be demonstrated mathematically, the 
Poisson distribution, the Type I I I  distribution and the compound Poisson 
distribution all approach the normal distribution as the exposure is in- 
creased, and become the normal distribution when the exposure is infinite. 

As pointed out by Dr. Vajda in his paper published in Finland (14), 
actual experience for a period of years (such as 10 years) does not provide 
a satisfactory basis for estimating the variations in claim cost rates and 
for calculating nonproportional reinsurance premiums. A proper pooling 
of the experience for all companies or groups in this country will give a 
much more reliable answer based on actual experience than is indicated 
in this paper. Until such an investigation is made, a theoretical curve 
based on probability theory must be used. 

Mr. Whitney in his paper (12) states that his problem is to find the 
probability that x is the real hazard of the risk if P is the hazard indicated 
by experience for the hazard of the class, and p is the hazard indicated by 
the experience for the hazard of the risk within the class. On the assump- 
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tion of a reasonably large exposure so as to reduce the skewness of the 
distribution, he then produces the normal distribution as the answer to 
his problem. 

T. Pentik~inen, in his Fourteenth International Congress paper (18), 
investigates the use of the normal distribution for determining nonpro- 
portional reinsurance premiums. He concludes from his examples that the 
normal distribution is satisfactory for the usual cases that arise in practice 
although it is easy to find extreme examples where this distribution does 
not apply. 

For insurance for which the amount of a claim is also a variable, a fre- 
quency distribution is needed for the number of claims by amounts of 
benefits. In his article in the publication (1) edited by Dr. Vajda, Hans 
Ammeter indicates that this frequency function can be based on observed 
distributions of sums paid out in recent years, but suggests graduation 
with a mathematical formula involving a geometrical factor. He uses a 
simplified form of this formula in paper (15) submitted to the XV Inter- 
national Congress. R. E. Beard in his paper (16) for this Congress uses a 
cumulant generating function which is a complex exponential function 
and tests some approximations for this function. Arthur Bailey in his 1942 
paper (11) for the Casualty Actuarial Society uses a normal logarithmic 
distribution for his distribution of property damage liability claims by 
amount of claim. C. O. Segerdahi, in his paper on reinsurance retentions 
(17) submitted to the XV Congress, uses the sum of two functions, each 
involving a geometrical factor, for his distribution of Swedish nonindustry 
fire insurance claims by amount of claim. 

As stated previously, no attempt was made to fit a mathematical 
formula to the distributions of claims by amounts as given in Tables 6 
and 7. These distributions are satisfactory for the illustrative calcula- 
tions of this paper, but cannot be taken as a correct representation of the 
actual distribution of claims based on experience for health insurance as 
issued by the life insurance companies in this country. As indicated by the 
calculations for this paper, it is not necessary that the distribution of 
claims by amounts must be expressed as a mathematical formula, al- 
though such a formula can provide an adequate means for graduating a 
set of distribution rates calculated from actual experience. 

CO~CLW~O S T A ~ m ~  

One of the fidds in which nonproportional reinsurance can properly be 
used is that of employee benefit programs. This comment applies to in- 
sured plans as well as to self-insured or trusteed plans. The retention al- 
lowances for group cases should include an insurance charge equivalent 
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to an adequate nonproportional reinsurance premium. Competition has 
reduced these retention allowances so low that some companies may 
find that there is more profit in providing nonproportional reinsurance 
together with administrative and claim services for self-insured groups. 

The reinsurance business of life insurance companies is another field for 
nonproportional reinsurance. Many companies are finding that present 
proportional reinsurance methods are expensive both because of the 
premiums paid and because of administrative costs. 

Considerable additional research is needed to establish a nonpropor- 
tional reinsurance business on a satisfactory basis. The powerful calculat- 
ing machines that have been developed today can be used to make in- 
vestigations that previously were not possible. Such investigations can de- 
termine the usefulness of all the mathematical distributions that have 
been suggested for the claim rates and for the distribution of claims by 
size. 

The emphasis in this paper has been on the fundamental principles of 
nonproportional reinsurance. Except for the comments in the preceding 
section on frequency distributions, the development has used general 
basic statistical functions, and advanced and complicated mathematical 
statistical formulas have been avoided. The writer hopes that the subject 
of nonproportional reinsurance has been introduced in this paper in such 
fashion as to provide a basis for a full and considered discussion of the 
subject. 
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