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Theoretical Background

Data variables

yt =


log(mIP

t )
log(mCancer

t )

log(mCirculatory
t )

log(mRespiratory
t )

log(mExternal
t )


I Data dimenstion: n = 5, t = 1, ..., 55-65 years

I Cause-specific mortality rates are not stationary

I ∆yt = yt − yt−1 are stationary, but loss of information

I Cointegration relation = linear combination of
non-stationary variables that is stationary

I Information on the long-term equilibrium between the causes
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Theoretical Background

Model

Error Correction Model representation for the cause-specific
mortality rates vector yt :

∆yt = c + dt + αβ′yt−1 +

p∑
n=1

Γi∆yt−i + εt

I Equation valid only if αβ′yt−1 is stationary
I β is a matrix of rank r where r is the number of cointegration

relations
I α is a loading matrix

I Long-term dynamics via the cointegrated term αβ′yt−1

I Short-term dynamics via the matrices Γi
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Applications

Algorithm

Following procedure was applied to every dataset :

I Test formally for unit roots

I Test for the number of lags in a vector ECM

I Test for the number of cointegration relations r and the form
of the deterministic elements (Johansen, 1994)

I Calculate the matrices α, β and Γi

I Check the residuals for autocorrelation and normality
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Applications

Example of a vector ECM - US males

The following model was chosen as the best describing the data:

∆yt = c + dt + Γ1∆yt−1 + αβ′yt−1 + εt =

=


-2.772
−0.150
−0.243
-2.057
0.156

+


0.010
0.000
0.000
0.005
0.000

 t +


−0.121 −0.707 −0.188 0.174 0.323
−0.004 0.015 -0.166 −0.008 0.133
−0.043 −0.121 0.034 −0.089 0.196
−0.135 −0.294 −0.085 -0.381 1.119
0.042 −0.323 0.198 -0.146 0.227

∆yt−1

+


-0.033
−0.002
−0.003
-0.026
0.002

 [1.772 −5.499 −18.602 13.217 14.132
]

yt−1 + εt

Significant coefficients (at 5% significance level) are in bold.
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Applications

Impulse-response analysis (1)
I What is the response of every cause-specific mortality rate to a

shock from a particular cause (e.g. IP)?

→ Vector of starting values: y0 = (sdt.dev(IP), 0, 0, 0, 0)

→ All causes show weak reaction to the shock from IP mortality rate
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Applications

Impulse-response analysis (2)

I Alternative way: how sensitive is a particular cause-specific mortality
rate (e.g. IP) to a random shock from other causes (one at a time)?

→ IP mortality rate shows important reaction to the shocks from every
other cause
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Applications

Short- vs. long-term dynamics

What drives this behavior of the IP mortality rate?

I Not the short term: the corresponding coefficients in the Γ1

matrix are not significant

I Long-term: the cointegration relation enters the equation for
the IP mortality rate with a significant coefficient α1
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Applications

Overview : impulse-response analysis

I Same procedure applied to the rest of the datasets

I High-level summary of responses of the mortality rate Y to
the shock given to the rate X:

X \ Y IP Cancer Circulatory Respiratory External

IP — Low Low Low Low

Cancer High — Med High High

Circulatory High Low — High Med

Respiratory Med Low Low — Low

External High Low Low High —
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Applications

Overview: the short term

Γ1 coefficients which are significantly different from zero, significance
level of 5%:

Dataset ∆IPt ∆Canct ∆Circt ∆Respt ∆Extt
US/M - Circ,Ext - Resp,Ext Resp

JP/M - Canc Resp Circ,Resp -

FR/M - - Resp Circ,Resp Circ,Resp

E&W/M Ext - - IP,Circ, Resp Ext

AU/M IP Canc, Ext Circ - Ext

US/F Canc,Ext Ext Canc Resp Canc,Resp

JP/F IP,Resp - Resp - Circ,Resp,Ext

FR/F Canc,Circ - - Canc,Circ,Resp IP

E&W/F - - Resp Resp Resp

AU/F IP,Resp Canc Circ Circ,Resp -
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Applications

Overview: the long term

Equations to which the long-term component (i.e., cointegration relation)
enters with a coefficient αi significantly different from zero, significance
level of 5%:

Country Males Females

US αi ∆IPt , ∆Respt ∆IPt , ∆Canct ,∆Circt , ∆Respt
JP α1i ∆IPt , ∆Canct ∆Circt , ∆Respt

α2i ∆IPt , ∆Canct , ∆Respt ∆IPt , ∆Canct ,∆Circt , ∆Respt
FR αi ∆IPt , ∆Canct , ∆Respt -

αi - ∆IPt , ∆Canct , ∆Respt
E&W αi ∆Canct , ∆Respt , ∆Extt ∆IPt , ∆Circt , ∆Extt
AU αi - ∆IPt , ∆Circt , ∆Extt

αi ∆IPt , ∆Circt , ∆Respt -
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Conclusion

Concluding remarks
In the short term

I Development of Circulatory, Respiratory, and External mortality rates
depends on other cause-specific mortality rates;

I IP and Cancer mortality rates seem to be less impacted by other causes.

In the long term

I IP and Respiratory mortality rates are the most impacted by the
cointegration relation;

I Cancer and Circulatory mortality rates are less impacted;

I External causes seem to be totally independent from it.

Objective

I Set more informed assumptions on the future development of mortality.

Next steps

I Study common stochastic trends shared by the cause-specific mortality
rates.
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Introduction
• If human lifetimes are three years longer than 
expected (in line with underestimations in the 
past), costs of aging will increase by 50% of 
GDP in advanced economies and 25% of GDP  
in emerging economies (IMF, 2012). 

• Mortality forecasting is invaluable for actuaries. 
• Model assumptions may make a huge difference 
in the long run! 
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Contents
1.  Time-invariance assumption of the  

Lee−Carter (1992) model 
2.  Rotation of the age pattern of mortality 

improvements (Li−Lee−Gerland, 2013) 
3.  Proposed methodology to assess rotation 

(Vékás, 2019) 
4.  Results on EU data 
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Lee−Carter (1992) model 
• “Gold standard” of mortality forecasting. 
• Log-mortality rates modeled as 
                                  . 
• As kt declines over time, the coefficients bx 
regulate the rates of improvement by age. 

• Age-specific improvement rates bx assumed to be 
independent of time (not bxt)!  

5 

lnmxt = ax + bxkt + "xt



Rotation
• Rotation of the age pattern of mortality 
improvements (Li−Lee−Gerland, 2013):         
mortality improvements tend to slow down in 
younger ages and speed up in older ages. 

• Possible reasons:  
•  little room left for spectacular advances in preventing child 
mortality, 

•  improved, costly medical technology to cope with serious 
illness and extend life. 
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Illustration
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Rotation in theory and practice
• Plenty of sporadic evidence for rotation in the 
literature, mostly based on ad hoc methods. 

• Li−Lee−Gerland (2013) have created the LC 
model including rotation (LCR variant). 

• Applied by Vékás (2018) on Hungarian data to 
see the long-term impact of rotation. 
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Rotation of bx in LCR model "
(Hungary, 2018-2100)!
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Projection with and without rotation 
(Hungary, 2018-2100) 
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Substantial impact! "
(Hungary, rates in 2100 with/without rotation)
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To rotate or not to rotate?
• Forecasts ignoring rotation systematically 
underestimate longevity risk! 

• Errors may be tremendous in the long run.  
• It is crucial to assess whether there is rotation. 
• Vékás (2019) proposes a methodology to 
measure and statistically test rotation and applies 
it on historical data of 28 EU countries. 
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Mortality improvement rates"
and acceleration rates

• Mortality improvement rates                         
(x: age, t: period, c: country, g: gender) 

 
 

• Long-term acceleration = slope of linear trend of 
mortality improvement rates over time: 
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Strength of rotation
• Measured by Spearman’s ρ between acceleration 
and age, weighted by population sizes of age 
groups: 
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Data

• UN World Population Prospects 2017 
• Mortality rates, life expectancies at birth and 
population counts 

• 22 age groups, both genders 
• 13 periods (1950−1955 up to 2010−2015) 
• 28 member states of the EU 
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Strength of rotation "
by country and gender
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Strongest rotation: Cyprus "
(earliest vs. latest periods)
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Potential predictors of rotation
• Gender 
• Former political bloc (East or West) 
• e0 (Li−Lee−Gerland, 2013: rotation is more 
prevalent in low-mortality countries) 

• Possibly also e60, or improvement of e0 between 
1950 and 2015 

18 



Impact of gender and political bloc
• Significantly more rotation in women’s data!  
• More rotation in the former Eastern bloc, but 
difference is not significant. 

19 



Rotation only correlated with e0 in the East

20 



Conclusions
• New, simple, data-driven methodology to 
assess rotation and its relationships with other 
variables. 

• Rotation is far from universal: only in some 
member states. 

• More rotation in women’s data. 

21 



Conclusions
• Somewhat more in rotation in former Eastern 
bloc. 

• Only related to e0 in the East. 
• Methodology may be used to decide whether to 
use LC model or LCR variant. 

22 



 
 

Thank you very much
for your attention!
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