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Introduction

Volatility

» Important factor in Risk Management.
Volatility modeling provides a simple approach to calculating Value at
Risk (VaR) of financial position.

» Important factor in Option Trading.
Black-Scholes formula for European options - Conditional variance of
log return of the underlying stock (volatility) plays an important role.

» Modeling the volatility of a time series can improve the efficiency in
parameter estimation and the accuracy in forecat intervals.
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Introduction

Characteristics of Volatility

Stock volatility is not directly observable. The characteristics that are
commonly seen in asset returns:

> Volatility clusters exist.
> Volatility jumps are rare.
» Volatility varies within some fixed range.

» Volatility react differently to a big price increase/decrease.
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Some Definitions
Properties
Fuzzy Random Variable

Fuzzy Coefficient

Some definitions

Let A be a fuzzy subset of X. Then the support of A, S(A), is
S(A) = {xeX:pa(x)>0}
The height h(A) of A'is

h(A) = supha(x)

xe X

If h(A) =1, then A is called a normal fuzzy set.
The a-cut (interval of confidence at level-«) of the fuzzy set A

Ala] = {x€ X :pa(x)>a}, a€l0,1]
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Fuzzy Random Variable

Fuzzy Coefficient

Some definitions

A fuzzy number N is a fuzzy subset of #: and

(i) the core of N is non-empty;

(i) a-cuts of N are all closed, bounded intervals, o € (0,1]; and
(iii) the support of N is bounded.
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Some Definitions
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Fuzzy Coefficient

Properties

Extension Principle: Any h : [a, b] — R may be extended to H(X) = Z as
follows

Z(z) = sup {X(z)] h(x)=2z, a<x<b}
z1(a) = min{h(x)|x € X(a)}

n(a) = max{h(x) | x € X(a)}

for0 < o <1.
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Some Definitions
Properties
Fuzzy Random Variable

Fuzzy Coefficient

Properties

Properties: Let A and B be two fuzzy numbers such that

,E\[a] = [a1(a), az(a)]
Bla] = [bi(«a), bo(a)]-

Then, for all « € (0,1],

(a) Cla] = Alo] + B[]
(b) Cla] = Alo] - B[]

() Cla] = Ala].Blo]

Ald]

@ Blo] _

provided that zero does not belong to B[a] for all « € (0, 1].

d Cla] =
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Some Definitions
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Fuzzy Coefficient

Mean, Variance and nth Moment

EC-wlal = { [ 6= w7 o oDk | € flal.o? € 7ol

—0o0
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Some Definitions
Properties
Fuzzy Random Variable

Fuzzy Coefficient

Kurtosis and Fuzzy Paramer

E(X —)*[o]
(VIa))*
{75 = )" Fxi . 0% | e € ila), 02 € 5o}

{7 = i) | lal o2 € 07(al) )

Fuzzy Parameter: Place the confidence intervals, one on top of the other,
to produce a triangular shaped fuzzy number 6 whose a-cuts are the
confidence intervals.

0(a) = [01(a),02(a)], 0<a<l
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Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

Class of Volatility Models
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ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

ARMA(I,m) with GARCH(p,q) Errors

— o] 1
where t);/s are such that > [ (7 (y) + ¥5(v))y dvy < .
j=0Jo
The series {a:} is a GARCH(p,q) process given by

a = htEt,
P 9

he = w4+ @iar i+ Y Bihe
i=1 j=1

with mean zero, variance 5§ and kurtosis K(2),
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ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

ARMA(I,m) with GARCH(p,q) Errors

Let u; = a2 — h; and 02 = Var(u;), then

p q
af —u = cTJ—i-Z@ia%,;-i—Zﬂjht—j,
i=1 j=1
p . q -— . -— .
1—ZQ;BI—ZﬁJBJ a? = (D—Z jBJu,-,
i=1 j=1 j=1
®(B)a; = &+ [B(B)u,
r
ar = w+ Wiut—la
i=1
ro__ i o _ q _ 3
where, ®(B) =1—-> &;B', ®;=(gi+ i), B(B)=1—- > ;B and
i=1 Jj=1

r = max(p, g).
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ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

Stationary Assumptions

(1) all the zeroes of the polynomial ®(B) lie outside of the unit circle.
(This assumption ensures that u;s are uncorrelated with zero mean and
finite variance).

o0 1
—2 —2 )
(2) ZO A (Vir(7) + Via(7))y dy < oo, where W(B) &(B) = 3(B) with
W(B) = Y52, UiB',
We can show that

oo
Var(y:) = 52 Z wf, where 52 = ——
J=0 1-> o

16 /35



ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

Kurtosis of {y;} and Forecast Error

K& [0 165 5202
2;%’¢U +6 Egzlbi (r o
K») = /= 5 ’ , provided Zf.io @Dj‘} < 00, where
j=0
K@ — E(e?)

E(e) ~[E(H -1 % v

Let yn(/) be the /-steps ahead forecast of y, ;. Then

/-1
Elyn+i — NP = ) f ® 72
[y+/ )/n()] 1—d; — b, — ...¢rj§)/(/}'l

17/35



ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

FC-GARCH(1,1) Model

The classical GARCH(1,1) model takes the form

Yr = p+ ay, ar = \/ hee,
hy = w+ 803%_1 + Bhi—1,

where E(e;) =0, Var(e:) = 1, E(e}) = K(9) + 3.
K(©) is the excess kurtosis of e;.

Var(ar) = E(h;) = w%ﬂ; E(af) = (K +3)E(h?)

(== B)1 - 2K +2) — (¢ +5)?
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ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

Kurtosis of GARCH(1,1) Model

Kurtosis of {a;}:

E(a) _  (KY943)[1—(¢+5)
[E@P ~ 1-202— (p+ B2 — KOG’

K (2

When ¢, is normally distributed K(9)=0.

3[1— (¢ +5)]
1-2¢2 —(p+p)*

K@ —

With fuzzy Coefficients,

g — Sl (p+ 5)21
1-2¢2—(p+ ()
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ARMA(I,m) Model with GARCH(p,q) Errors
Class of Fuzzy Coefficient Volatility Models FC-GARCH(1,1) Model

UNCV and Forecast

With fuzzy Coefficients, the UNC variance of {a;} is
- - w
Eh) = E(7) = 1——
At the forecast origin n the one-step ahead volatility forecast is given by
GaDla] = @+ gz, + 5o,
The (-step ahead volatility forecast is
Fa(0la] = o+ (p+P)aa(l—1), £>1

The starting value of 2 is set to zero or E(02).

20/35



Monthly Log Return of IBM Stock
UNCV and Kurtosis

Fuzzy Forecasts
Numerical Example Call Option

Numerical Example

21/35



Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

Monthly Log Return of IBM Stock

Figure: 1

Monthly Log Return of IEM Stock
January 1926— December 1997
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

Monthly Log Return of IBM Stock

Monthly Log Returns of IBM Stock - Fitted GARCH(1,1) model. Assume
€+ are i.i.d standard normal.

» Fuzzy Parameters.
» Fuzzy UC variance.
» Fuzzy kurtosis
» Fuzzy Forecast.

» Fuzzy Call Option Value.
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

Parameter Estimators

Monthly Log Returns of IBM Stock - Fitted GARCH(1,1) model. Assume
¢t are i.i.d standard normal.

Y& = p+ay At = 0tE¢
he = of =w+pa;_1+ o7,
i = 0.0130(0.0023)

& = 0.00035(0.00011)

$ = 0.0999(0.0214)

B = 0.8187(0.0422)
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

UNC Variance and Kurtosis

. 0.00035
(he) (08) = 55 10099908187
Ko (@2
1-232 — (p+ B)?
. 2
3[1 — (0.0999 + 0.8187) 34396

1 — 2(0.0999)2 — (0.0999 + 0.8187)?
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

Fuzzy Estimation

Fuzzy Coefficients with their a-cuts:

[wi (@), wa(a)] = [0.00035 ~ 75(0.00011), 0.00035 + Z& (0.00011)]

o =
5 = [pi(a), pa(a)] = [0.0999 ~ 75(0.0214), 0.0999 + Z§(0.0214)]
B = [Ala)Ba(a)] = [0.8187 ~ 7:(0.0422), 0.8187 + Z& (0.0422)}
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Monthly Loo
UNCV
zzy F orecasts
Numerical Example C II Optio

Fuzzy UNC Variance and Kurtosis

E[h] = [E(he1), E(he2)] = 1—p1(a) = Bi(a)” 1—po(a)—Fa(a)]

K = (K1), K ()]

_ 3[1 — (¢1(@) + Br ()] 3[1 — (¢2(@) + B2(e))?] }
1-2¢3(er) = (p1(a) + B1(@))*" 1 —2¢3(a) — (pa() + B2(a))? )
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
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Numerical Example Call Option

Fuzzy UNC Variance

Figure: 2

FUZZY UNCONDITIONAL VARIANCE:
IBM Stock — GARCH (1,1) Model
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

Fuzzy Kurtosis

Figure: 1

FUZZY KURTOSIS OF GARCH(1,1) MODEL:
Monthly loq returns of [BM Stock
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Monthly Log Return of IBM Stock
UNCV and Kurtosis
Fuzzy Forecasts

Numerical Example Call Option

Fuzzy Forecast

At the forecast origin n, the one-step ahead volatility forecast is given by

03(1) = w—i—goa,z,—i-ﬂo,z,
= 0.00035 + 0.0999(0.00342) + 0.8187(0.00569)
= 0.00535

With the fuzzy coefficients,

Ga(Dle] = &+ @3, + B,
= [01(a) + §1(a)3; + (155, @a(@) + P2(a)as; + Fad)-
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Monthly Log Return of IBM Stock
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Fuzzy Forecasts
Numerical Example Call Option

Figure: 3

FUZZY FORECAST OF GARCH(1,1) MODEL
Monthly Lag Return of [BM Stock

alpha
1.03

0.93
0.83
0.73
0.63
0.53
0.43
0.33
0.23
0.19

0.01

0.0042 0.0044 0.0046 0.0048 0.0050 0.0052 0.0054 0.0056 0.0058 0.0060 0.0062

forecast
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Numerical Example Call Option

Black-Scholes Formula

European Call Option Value:

C = SN ('°g(i°) ot “22”) X TN (IOg(SXO) (- f)r)

oV'T

where

1 t Z2
N(t) = \/%/ e 2dz.
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Monthly Log Return of IBM Stock
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Numerical Example Call Option

Fuzzy Call Option Values

The « - cuts of call option value:
Cla) = [G(a), G(a)]
Ci(a) = Min {so/v (d1)) — Xe TN (d2)| o € a[a]}
and
Co(a) = Max {so/v (d1) — Xe TN (d2)| o € 6[a]}

where

_ log(2) + (r + %) T _
dl = ( Xaﬁ 2 ),Uea[a]

 _ (Iog<sx°)+(r—2>r>’ -

oV'T
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Figure: 4

FUZZY CALL OPTION VALUES:
IBM Stock — GARCH (1,1) Model

(S =80,X =90,r =0.08,andT = 3months)
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Thank you for your attention!
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