Macroeconomics-Based Economic

Scenario Generation




Macroeconomics-Based Economic Scenario
Generation

SPONSOR Financial Reporting Section AUTHOR Kailan Shang, FSA, CFA, PRM, SCJP
Joint Risk Management Research
Committee

Caveat and Disclaimer

The opinions expressed and conclusions reached by the authors are their own and do not represent any official position or opinion of the Society of Actuaries or its
members. The Society of Actuaries makes no representation or warranty to the accuracy of the information.

Copyright © 2020 by the Society of Actuaries. All rights reserved.

Copyright © 2020 Society of Actuaries



CONTENTS
ACKNOWIEAGMENTS.......ceeeeeeeiiiiiiicneeteneiisssnere s s ssnr e e s s ssssssssnsssesssssssssnnsssnssssssssnnnsessssssssssnnseesssssssssnnsessssssssssnnnansssns 4
EXECULIVE SUMMATIY cevruuiiiiiiiiiuuiiiiiiiienniiiiiiiiesmmiiiiimmmmessossimmmsssssssttmsssssssssssssssssssssstsessssssssstssssssssssssssessssssssssssssssssssss 5
SECtION 1: INErOAUCTION ....... it rreneeeeeesteesnnsssesesessnsssssssssssnnsssssssssnnnssssssssssnnnsssssssssnnnsssssssssnnnnns 9
SECtiON 2: DSGE MOMEL ...uueeiiiiiiiiiinnniiiiiiiiiiinniiiiiiisssiseneesssssssssssseesssssssssssssssssssssssssssnssssssssssssnnsessssssssssnnsessssssssssnnnnns 10
2.1 VORI SEIUCTUIE .ottt ettt ettt ettt ettt ettt ete e 11
2.2 SOUICE OF RISK ..ttt ettt ettt eaa s 13
2.3 IMOAEI ESTIMAION ... ittt ettt ettt ettt ettt et s st et s et ettt e b teent et ete et eaeaneas 14
SECLION 31 ESG ..eeeiiiiiiiieiniiiiiiiieennnsietitennnssesssteenassssessesssnsssssssssssnsssssssssssnnssssssssssnnsssssssssssnnssssssssssnnsssssssssssnnnsssssssnnnn 16
SECHION 4: EXAMPIE ..eeeeeeeeeeeeeeeeeenennnnnnensmsmsnssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss 18
A1 DSGE MOGEI .o et 18
4.2 MUIITACTOT MO .. .ottt ee e 23
o ol o F- T To W CT=T =T o= 4o L [PPSR 27
Section 5: Model Validation and AdjUSEMENT..........ccccceiiiiiiiiiiiniiiiiiiisnereesesssssssssnsesesssssssssnsssssssssssssnnsessssssssssnnsasans 29
Section 6: FUrther DeVeIOPMENT ..........cceeeeeeeeeeeeeeeeeeeenennemmmmmmsmssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnns 38
SECHION 7: CONCIUSION .....eeeeeeeeeeeeeeeeeeeeeeeeennnnennnnnnanssnsassssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnsssnssnnnnnnnnnnnnnn 38
REFEIEINCES ....uiiiiiiiiiiiiiiiii i e i et ettt et e et e e e e e e e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e et eeeeeaeeeeeeesaeeaeeeeeaseeataaaasaasaaaasaasanaaanaaansnnnnanannsnnnssnnnnnnnn 40
Appendix A: DSGE Model DEtails.........ccceriiiiiiiiiiiiiiiiiiiiiiiiiiiisiisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnss 41
AL FINAl GOOAS PrOGUCEIS ...ttt et ettt ettt et e et ete et eaeanaen 41
A2 Intermediate GOOAS PrOGUCETS ... ...iiiieiiee ettt ettt ettt ettt ettt ettt et e reets et e ebeesseseeteaneans 43
AL2. D PrOQUCTION oottt ettt et e e e et e et e ete e et e e e e ete e et e e ete e eteeenteeeteeeteeenteeereeans 43
AL2.2 DBEIENTINEG .ottt ettt ettt ettt ettt ettt bt ettt b ettt b ettt ebeett et eteete et b eneen 44
A.2.3 Intermediate Goods Producer Cost Minimization..........ccccoviiiiiiiiiiie e 45
A.2.4 DOMESTIC PriCE SETLING ..ttt ettt ettt sttt ettt et e st e erb e e beesbeeenbeenaee e 47
JANC I 0] ool (=] TSR RPTR 53
JA g oY =T TSRO 55
ALS HOUSENOIAS ..ottt ettt ettt ee e 56
ALS. T ULIHEY FUNCHION 1ottt ettt ettt ettt ettt ettt steett et e eaeeaseaeereeneen 56
A.5.2 Consumption ......... .57
AL5.3 LabOr AZBIrEEAtION (..iiuiiiiieicei ettt ettt ettt ereene e 58
F R VAV o LI ] o = USSR PPPUTRPRTUR 58
AL5.5 BONA INVESTMENT L.ttt ettt et ettt et e e et e et e te e e teeetteeeteeeteeenaeeeaee e 65
AL5.6 EQUILY INVESTMENT 1.ttt ettt ettt e st e et e e s te e s tb e e beestaeesbeesteestseanseesaee e 66
AL5.7 BUAGET CONSTIAINT 1.ttt ettt ettt ettt ettt ettt et et e b e ebeete et e ebeeneeneeeaeeneans 68
A8 OPEIMIZATION 1.ttt ettt ettt ettt e e te et e e be e etaearbeeteentreenbeentee e 68
LD GOVEINIMENT Lottt ettt e et e ettt e e et e e et e e oo ab e e e e ate e e e tb e e e eabe e e eat b e e e tb e e e eab e e e enbb e e e tae e e atbeeeataeeeatreeaaaes 76
A7 CENTIAI BANK ..ottt ettt ettt ee e 77
A8 MATKET ClEAIINEG.....viieiiiiite ettt ettt ettt ettt ettt ettt e e te et e b e e te et e et e e te et e eaeete et e saeets et e sbeensesseateeneen 77
ALD REIATIVE PIICES ... e e ettt ettt ettt eeeaaan 80
JAN O o T =T T4 o I ={olo] aT o] 4 1V APPSR 81
F NS B R D ] - T R T T T R s O TR TSROSO UPUTR S PR PPPRPUUPRRIOt 81
AL STEAAY STATE oottt h ettt ettt he ettt eae et e e n b e be ettt ebeere et eteereen 87
A.13 Calibration
Appendix B: Multifactor Model Details..........cciiiiiirrreeiiiiiiiiiiieiiiniiiisssseneeseissssssssnsssssssssssssnsssssssssssssnsssssssssssssnnsanss 103
B.1 REGIESSION MO ...viiiiiiiiii ettt ettt ettt ettt ettt e et et e et e ae et e ebeeae et saeere e 103
B.2 COrrelation AQJUSTMENT ...c..iuiiuiiei ittt ettt ettt ettt ettt et ettt b et essebe et e eteebe st e s s 103
AbOUL The SOCIEtY Of ACTUAIIES.....cceiiiiiiiiiienetiiiiiiscrerrereiiss s ssssrresesssssssssnsesesssssssssnsssssssssssssnnsessesssssssnnssesssssssssnnaans 106

Copyright © 2020 Society of Actuaries



Acknowledgments

The author would like to thank all members of the Project Oversight Group (POG) tasked with providing governance
on this research project. The POG’s guidance, feedback and insightful input have been very helpful, especially on the
testing and potential usage of the models. Help was also provided to improve the documentation of the R codes and
modernize the presentation of source codes.

“Macroeconomics-Based Economic Scenario Generation” POG members are the following:

e  Erica Chan

e Yvonne Chueh

e Andrew Harris

e Leonardi Mangini

e Hal Pedersen (Chair)
e Allen Wu

e Victoria Zhang

The author thanks Hua Su for his extensive review of the report and the accompanying Dynare and R codes. Most of
his suggestions have been incorporated in the report.

The author would also like to thank the sponsorship and administrative support from the Society of Actuaries and

the funding support of the Financial Reporting Section of the Society of Actuaries and the Joint Risk Management
Research Committee.

Copyright © 2020 Society of Actuaries



Executive Summary

Economic scenario generators (ESGs) are used in the insurance industry to assess the uncertainty of economic
conditions. Many real-world ESGs model asset returns and yield curves directly based on historical data. Others may
model systemic risk separately using a macroeconomic model. However, some macroeconomic models can be data-
driven as well. They may reflect the historical realization of an economic system but not necessarily how the
economic system really works and other possible outcomes.

As a unique part of this new type of ESG, dynamic stochastic general equilibrium (DSGE) models are complex
macroeconomic models and have been increasingly popular in central banks for analyzing monetary policies.
Behaviors of economic agents such as households, firms, central banks and governments are usually defined
explicitly, as shown in Figure E.1. Based on that, observable economic variables such as real GDP growth rate,
inflation, imports/exports and employment are estimated while acknowledging economic shocks to the causes, such
as labor supply and technology development, but not to the results, such as unemployment rate and GDP growth
rate. With the given nonlinear cause-and-effect relationships defined, historical data are used to calibrate the
models. As a potential candidate for modeling macroeconomic factors in an ESG, DSGE models are well equipped for
maintaining economic patterns in individual scenarios and explaining the causes behind individual scenarios.

Figure E.1
Sample DSGE Model Structure
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This report builds an ESG that uses a complex macroeconomic model type to generate macroeconomic factors. The
ESG consists of two parts: a DSGE model that generates macroeconomic factors (see Figure E.2) and multifactor
regression models that generate asset returns and bond yields.

Figure E.2
Sample Structure of DSGE Model-Based ESG
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With this structure, sources of risk are used to generate scenarios for modeled variables, instead of using the
features of the modeled variables directly. The ESG is a real-world scenario generator that tries to model systemic
risk based on macroeconomic models. Therefore, it is not mark to daily market conditions but reflects economic
patterns that persist in a longer time horizon. That means it is not suitable for hedging, financial option pricing,
market consistent valuation and tactic asset allocation. It is more suitable for real-world strategy analysis such as
strategic asset allocation, business planning, economic forecasting and long-term capital management. It may be
used for reserving and capital management with an ongoing view of the business. As a rule of thumb, the ESG is not
preferred for any decision-making that considers patterns that persist only less than a quarter to be important.
While this may seem to be a disadvantage of this ESG, it allows users to incorporate their own forward-looking views
by adjusting the input data, the models or the scenarios.

The U.S. economy is used as an example to demonstrate the DSGE model. The Bayesian Monte Carlo Markov Chain
(MCMC) method is used to calibrate the model based on historical macroeconomic data, while some model
parameters are determined based on additional economic analysis to overcome the difficulties in model calibration.
Economic factors generated by the DSGE model govern the systemic risk in the remaining ESG process. Asset
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returns and bond yields are simulated using multifactor regression models, reflecting both systemic risk and
idiosyncratic risk.

Several regression models are tested, including linear regression, Lasso, ridge regression, Elastic Net, K-nearest
neighbors (KNNs), classification and regression trees (CARTSs), artificial neural networks (ANNs) and gradient-
boosting machines (GBMs). Given the data volume, overfitting is a critical issue in the example. ANN models showed
very good estimation on the training data but the worst estimation on the validation data. With only 103 data
records and many more model parameters, the superficial performance of ANN models is caused by overfitting with
too many parameters compared with other models. CART models face the issue of overfitting as well but less
severe. In addition, the possible values predicted by CART models are limited given that the estimation is based on
the average of a subset of historical data. KNN models had similar issues as CART models with limited possible
values and unsatisfactory prediction accuracy based on validation data. Linear regression models, especially Elastic
Net models, did a good job predicting government bond yields, credit spreads and dividend yields. For public equity,
REITs and commodities, idiosyncratic factors contribute much to the volatility. GBM models have better prediction
accuracy than linear regression models for REIT equity returns. However, the improvement of accuracy may not
justify a much more complicated model type. For succinctness, Elastic Net models are used for multifactor
regression in this example. These models show relatively high prediction accuracy in most cases. Therefore, they are
chosen to describe the relationships between asset returns and economic factors. Additional adjustments to the
correlation among idiosyncratic risks are made to incorporate nonlinearity in the capital market during economic
recessions.

Generated sample real-world economic scenarios can be compared to historical data as in Table E.1 or market
predictions to assess their reasonableness and identify areas of further improvement.

Table E.1
Moments of Asset Returns and Bond Yields

Standard Deviation (%)

Mean (%)

Asset Class Historical Simulated Historical Simulated
Treasury 1year 2.62 2.12 2.18 1.21
bond, 0
rate (for 2 years 2.93 2.39 2.24 1.27
giventerm) | 3 eqr 3.25 2.52 2.25 1.28

5 years 3.49 2.98 2.18 1.20
7 years 3.93 3.34 2.02 1.16
10 years 4.26 3.60 1.90 1.15
20 years 4.51 3.92 1.75 1.18
30 years 4.82 4.11 1.56 1.12
AAA-rated Credit spread 0.47 0.60 0.58 0.64
corporate
bonds Default rate 0.00 0.00 0.00 0.00
AA-rated Credit spread 0.58 0.71 0.78 0.68
corporate
bonds Default rate 0.02 0.03 0.08 0.34
A-rated Credit spread 1.04 1.08 0.93 0.65
corporate
bonds Default rate 0.06 0.05 0.11 0.35
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BBB-rated Credit spread 1.83 1.80 1.08 0.67
corporate
bonds Default rate 0.18 0.15 0.25 0.30
Public Dividend yield 2.00 1.93 0.54 0.60
equity -
Capital return 2.04 2.28 9.33 5.49
REITs Cap rate 1.56 1.21 0.44 1.51
Capital return 1.43 1.49 9.09 5.58
Crude oil Total return 2.37 2.48 16.18 11.99
Gold Total return 1.37 1.45 6.75 5.92

Because of the complexity of the DSGE model, efforts need to be made to mitigate model risk. Although we can rely
on traditional measures such as loglikelihood and the Akaike information criterion to compare the model against
others, it assesses only the goodness of fit to data inputs. It does not guarantee that generated models are
reasonable. Sensitivities to the sources of risk can be examined to make sure that expected economic patterns are
reflected in simulated scenarios. The range of forecasts can be compared with those provided by the Fed and
professional forecasters. Individual scenarios can be checked to see if they preserve economic cycles and the
coexistence of a low GDP growth rate, low interest rates, higher credit spreads and a bear equity market during
economic recessions.

If the ESG is used as a tool for regular tasks such as reserving and asset allocation, the calibrated model can be
updated with new data or recalibration if deemed necessary. The existing calibration may have already covered a
long history, and so an additional quarter’s data may not have a material impact on the calibration, and, therefore,
recalibration frequency does not need to be quarterly but could be semiannual or yearly. However, with new data
coming in each quarter, the starting point of the projection will be changed. The data input for the simulation part
includes the latest two quarters’ economic data and capital market data. They need to be updated before the
scenario generation.

Overall, this research contributes to existing literature in three ways. First, it contains a step-by-step derivation of
the DSGE model and details on model calibration. The purpose is to provide enough information for people to
understand and be able to customize the DSGE model to reflect their own economic views. Second, it embeds DSGE
models into economic scenario generation. DSGE models have been used for analyzing monetary policies but are
seldom used in other areas. With a DSGE model-based ESG, users have the flexibility to incorporate prior knowledge
of the economic system and the potential to analyze the causes of individual scenarios. It may be attractive for users
who need to make decisions based on individual scenarios. The author is not aware of any previous efforts made in
this area. Third, sample codes are made available for educational purposes; they are hosted at:
https://github.com/Society-of-actuaries-research-institute/LP152-Macroeconomics-based-ESG.

The ESG presented in this report serves as an example of DSGE based on scenario generators. By no means is it
perfect and can be used directly without adjustment. More efforts are needed to improve the ESG and make it
attractive for practical applications.
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Section 1: Introduction

Economic scenarios are used by insurers for many purposes, including pricing, valuation, hedging, business planning
and risk assessment. Deterministic scenarios, either expected or stressed, can be used to assess their financial
impacts on insurance portfolios. In other situations where options are embedded in the portfolio, or when the range
of possible outcome is of interest, stochastic scenarios are used to generate distributions. Most existing economic
scenario generators (ESGs) used in the insurance industry model asset returns and yield curves directly. The
underlying assumption is that the historical data of modeled variables are enough to explain their changes by time.
It is mainly a data-driven process. This approach is reasonable when the generated scenarios are used for short-
term exercises such as hedging or fair valuation. In both hedging and fair valuation, current market conditions are
the driving factor. Historical development and future evolving do not matter much, and models are calibrated to
perfectly match current market conditions.

For other usages with a longer time horizon, modeling an economic variable by assuming it evolves based on recent
history, and randomness can be problematic. This approach does not investigate the causes of an individual
scenario. Is a bear market scenario caused by an unsatisfactory labor market condition, high financial leverage or
international trade? Is this a one-time shock or a persistent long-term structural change? Being able to answer these
guestions give modelers advantages to capture cause-and-effect relationships, explain individual scenarios, easily
adjust for new forward-looking economic views and, most importantly, help inform decision-makers under what
scenarios decisions are being made. However, answering these questions can be difficult by looking at yield curves
or asset returns because they are the outcomes, not the causes. For example, it is difficult to explain the movement
from a high-interest-rate regime to a low-interest-rate regime using interest rate data. Is the movement a trend or a
cyclical phenomenon? More details of the economic system need to be considered. A reasonable explanation is the
increase in money supply by central banks through stimulating policies such as quantitative easing (QE). More
money supply lowers marginal utility of money and therefore the borrowing cost.

The cyclical pattern of the economy is not always considered in existing scenario generators as well. The economic
cycle is an important part when designing investment strategies. The market shock such as in the 2008 financial
crisis may be deemed significant. But with a diversified equity portfolio and a long time horizon, the losses can be
recovered, as evidenced by the new highs of U.S. stock indices. It is better to reflect the cyclical pattern in real-world
scenarios.

Interest rate, inflation rate, credit spread, credit default and equity return are linked in the economic system.
Reflecting their dependency is important for maintaining the logic of economic development and economic policy-
making in the scenarios. However, linear relationships based on correlation coefficients are usually used in existing
scenario generators. This could significantly underestimate the tail risk, where correlation is much higher than
normal.

This research goes one level deeper than most existing ESGs to explore cause-and-effect relationships in the
economic system and reflect them in economic scenarios. Macroeconomic models are used to describe the
economic environment, reflect economic cycles and nonlinear relationships, and govern the generation of yield
curves and asset returns for the systemic risk part. Dynamic stochastic general equilibrium (DSGE) models are
introduced as a modern macroeconomic model type. DSGE models have been widely used by central banks when
setting monetary policies. They include details such as households, good and service producers, investment, trade,
monetary policies and fiscal policies. These details are helpful for explaining the economic system and economic
scenarios that are generated according to economic conditions. Asset returns, yield curves and other variables of
interest can be mapped to modeled macroeconomic factors.

However, the complexity of DSGE models makes them unlikely to be accessible outside the academic world. This
report tries to achieve the following goals:

Copyright © 2020 Society of Actuaries
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e Introducing DSGE models to actuaries in a nontechnical way

e  Providing step-by-step model derivation in the appendices for modelers

e  Building a sample ESG based on a medium-scale DSGE model and testing its reasonableness
e Developing open-source codes for a DSGE model-based ESG

The report proceeds as follows:

e Section 2 (DSGE Model) introduces DSGE models focusing on concept and structure.

e Section 3 (ESG) discusses a new ESG built upon DSGE models and how to map asset returns to macroeconomic
factors generated by DSGE models.

e Section 4 (Example) illustrates the application of the new ESG to the U.S. economy. It will touch on data, model
calibration, validation and results interpretation.

¢ Section 5 (Model Validation and Adjustment) discusses the challenges of using the new ESG and measures that
can be taken to mitigate model risk. If users want to adjust or incorporate their own economic views, this
section also discusses the possible ways to do that.

e Section 6 (Further Development) discusses potential research that can improve the ESG and make it more
appropriate for insurance applications.

e Section 7 (Conclusion) summarizes the key points of this research and concludes the main body of the report.

o Appendix A contains a detailed derivation of the DSGE model used in this report for educational purposes.

o Appendix B provides details on the multifactor regression model used to simulate asset returns, bond yields and
default rates.

Section 2: DSGE Model

DSGE models are a modern type of macroeconomic model. DSGE models use econometric models to explain
observed economic phenomena and predict the impact of monetary policies. A typical DSGE model studies
equilibrium conditions of multiple markets through supply, demand and prices by analyzing the behavior of market
participants: producers, importers, exporters, households, central banks and others. While DSGE models vary by
scope and complexity, they share a few features:

1. DSGE models are dynamic models. They study the evolving of economies. What is the current status of an
economy? How do business cycles affect future business development? How will the economy develop
from the current status to long-term equilibrium?

2. DSGE models are stochastic models. They study how an economy reacts to random shocks with respect to
technology improvements, labor market conditions, monetary policies, international trades and changes in
household preference.

3. DSGE models follow the general equilibrium theory that studies the equilibrium states of multiple
correlated markets rather than a single market. This enables DSGE models to reflect cause-and-effect
relationships within economic systems.

4. DSGE models are built on microeconomic foundations. An economic system is described with three pillars:
demand, supply and monetary policies. These pillars are defined based on the behavior of economic
agents: household, producers, importers/exporters, the central bank and the government. How does a
household choose between work and leisure? How does a company set price to maximize profit? How does
the central bank determine monetary policies?

Copyright © 2020 Society of Actuaries
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This section introduces a medium-scale DSGE model for open economies in a nontechnical way. Model details are
provided in Appendix A.

2.1 Model Structure

Unlike most exiting ESGs that model interested variables directly based on their historical values, autocorrelation,
mean-reverting process and volatility, DSGE models go another level deeper to consider decision-making in
economic activities and their interactions. This enables us to explain the volatility with causes: technology shock,
labor market instability, supply, demand, work/leisure preference shock, producer markup shock, monetary policy
shock, fiscal policy shock, exchange rate and so on.

Figure 1
Sample DSGE Model Structure

Wage

Labor Demand Interest Rate

Labor

Technology shock ™

Inflation shock

Intermediate
Good = = ===

Price Markup shock

Final Good
Producer

Monetary Policy

Interest Rate shock

< Tax
Foreign Government
Economy Transfer/Spending
Fiscal policy shock Fiscal Policy

Exchange Rate shock

Figure 1 shows the economic agents and their interactions that are modeled in the DSGE model to be introduced in
this report. The DSGE model follows the new Keynesian theory that emphasizes the role of central banks. The model
includes the following economic agents:
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Final goods producer. Final goods producers change immediate goods into final goods to be directly
consumed by households. The goods produced can be consumption goods or investment goods. The final
goods market is assumed to be a competitive market. The amount of goods that can be sold by an
individual producer is determined by the price the producer charges and the level of market competition.
The level of market competition is defined by the elasticity of substitution. If a producer’s products can be
easily produced by other producers, the elasticity of substitution is high.

Given the demand function determined by the elasticity of substitution, individual producers set prices to
maximize profit.

Intermediate goods producer. The intermediate goods market is assumed to be monopolistic competitive.
In a monopolistic competitive market, many producers sell products that are differentiated from one
another. Therefore, the intermediate goods market is assumed to be less competitive than the final goods
market. The intermediate goods market is defined by four components: production function, cost function,
choice of production inputs and price setting.

e  Production of intermediate goods utilizes three basic factors: capital, labor input and technology.
The production level is determined by these factors and their relative importance in the
production process. The impact of technology is separated further into permanent technology
development and transitory technology change.

e  Producers need to pay the cost of using capital and labor for production. The cost is composed of
wages paid to employees and cost of capital. In general, technology is assumed to be available to
all producers. The potential cost of accessing advanced technology can be captured by transitory
technology shock.

e Unlike final goods producers whose production is solely driven by market demand based on the
level of market competition, intermediate goods producers need to determine how much capital
and labor they should use. To achieve the same amount production, a producer can use a
different combination of capital and labor. The balance between capital and labor can be solved to
minimize the cost of production. The optimization happens when the marginal return of capital
equals that of labor.

e  Producers set the price of their products to maximize their profit. However, not all producers have
the opportunity to set prices each time. For producers that cannot change prices to maximize
profit, they are assumed to increase the price based on a weighted average of the actual inflation
rate in the previous period and target the inflation rate set by the central bank. The profit
optimization process leads to a version of a new Keynesian Phillips curve that describes the
dynamic process of the inflation rate. The domestic inflation rate is a function of expected
inflation, target inflation rate and marginal cost of intermediate goods production.

Importer. Importing firms are assumed to buy a homogeneous good at an international price and to turn
the good into differentiated consumption goods or investment goods. Like final goods producers, the
demand for individual importing firms depends on the level of market competition and goods prices. Like
intermediate goods producers, importing firms may also change prices to maximize their profit with a
certain probability. The optimization results in a new Keynesian Phillips curve for importing price inflation.

Exporter. Exporting firms purchase final goods and investment, differentiate them and export them to
households in foreign countries. Like intermediate goods producers and importers, exporters can reset
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prices with a certain probability. However, for exporters that cannot reset prices, the domestic inflation
target is not considered when adjusting export goods and investments prices. This is different from
domestic firms and importers.

5. Household. Domestic households consume domestic goods and imported goods, make investment, work
and pay taxes. They need to make decisions on consumption, working and investment to maximize their
utility. Utility is higher with more consumption, less work and more asset holdings:

e Households provide labor services in a differentiated way. It is assumed that households have
monopoly power setting a nominal wage with a certain probability. The optimal wage level is
determined to maximize future wage income reduced by the disutility of working. For households
that cannot reset a wage during a period, the wage is adjusted according to the actual inflation
rate, target inflation rate and permanent technology development.

e Households allocate wealth among cash, domestic bonds and foreign bonds. For simplicity, bonds
are assumed to have a one-year maturity. Foreign bonds holding is adjusted with a risk premium
that depends on the domestic economy’s indebtedness in the international assets market and
expected depreciation of domestic currency to reflect credit risk and foreign exchange risk.
Households also make capital investment and own all the firms in return of profits. Capital stock
grows with new investment and decreases by depreciation and investment adjustment cost.

e Households face a constraint function based on their income, wealth and consumption.
Households make consumption and investment decisions by maximizing their life-long utility
subject to the constraint function.

6. Government. The government collects taxes, redistributes income through transfer payments and spends
money. Fiscal policy is assumed to be an exogenous process given its uncertainty due to political reasons. A
budget can be either a surplus or deficit.

7. Central bank. The central bank sets domestic short-term interest rates based on its recent history, target
inflation rate, economic growth and foreign exchange rate. It is a rule-based process estimated based on
historical data.

8. Foreign economy. The foreign economy is assumed to be exogeneous governed by three related variables:
GDP growth, inflation and short-term interest rates.

To ensure the modeled economic system is consistent, some market-clearing conditions need to be met as well.
Total output cannot be greater than consumption. The net position of the foreign bond market should be consistent
with international trade and investment.

2.2 Source of Risk

DSGE-based ESGs take a very different approach from other ESGs when describing the sources of economic risk.
Many ESGs used by insurance industry consider interest rate risk, equity risk, credit risk and volatility risk as the
sources of economic risk. Although it is reasonable to decompose aggregate economic risk in this way, these are just
categories of economic risk, rather than its causes. DSGE models want to better understand the causes at the
macrolevel. Given the model structure described in the previous section, Table 1 lists the sources of risk that are
included and used to generate stochastic economic scenarios.
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Table 1
Sample Risk Sources
Source

Permanent technology

Transitory technology

Investment specific
technology

Labor supply
Consumption preference

Risk premium
Domestic markup*

Imported consumption
markup

Imported investment
markup

Exported consumption
markup

Exported investment
markup

Fiscal policy

Monetary policy
Foreign output

Foreign inflation
Foreign monetary policy

Economic Agent

Producer

Producer

Household

Household

Household

Household
Producer

Importer

Exporter

Government
Central bank

Foreign economy

Model Component

Production and wage
level

Production

Capital stock change

Disutility of working

Preference of
consumption

Foreign bond holding
Domestic price setting

Importer price setting

Exporter price setting

Government spending
Interest rate decision

Foreign economy

*Markup is the difference between price and marginal cost of production.

14

By modeling sources of risk rather than their outcomes, DSGE models are expected to better capture cause-and-
effect relationships in our economic systems. Economic scenarios generated with shocks to these sources are able
to maintain relationships among economic variables. The relationships can be linear or nonlinear and contemporary

or intertemporal.

2.3 Model Estimation

In general, historical data of observable economic variables can be used for model calibration. These economic

variables are part of DSGE models and are publicly reported on a regular basis:

e  Real gross domestic product (GDP)

e  Private consumption
e Total fixed investment
e Total exports

e Total imports

e Nominal effective exchange rate

e Nonagricultural employment
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e Compensation of employees

e  Policy interest rate

e Fixed investment deflator

e  Consumer price index (CPI)

e  Producer price index (PPI)

e Target inflation rate of central bank
e  Foreign real GDP

e Foreign CPI

e  Foreign policy interest rate

Some economic variables are affected by changes in population. Real GDP, consumption, investment, imports,
exports and employment may grow at the economy level but deteriorate at the per capita level. These variables are
detrended to reflect the improvements in economic efficiency, not economic volume.

Maximum likelihood estimation (MLE) can be used to determine every model parameter by maximizing the
likelihood of historical observations. However, DSGE models are not purely data-driven but have some behaviors of
economic agents defined ahead. Given that the number of parameters is large, relying solely on MLE may lead to
unstable model calibration results. In addition, some parameters such as disutility of working are behavior related
and are better analyzed separately based on economic agents’ characteristics. Therefore, additional data and
analysis are needed for model calibration. For example, to determine how a central bank will react to changes in
GDP growth rate, recent inflation rate and exchange rate movements, parameters may be calibrated using historical
data of policy interest rates, GDP, inflation rates and exchange rates. Alternatively, the existing literature in
economics can be relied on to set the values of these parameters.

After setting a subset of model parameters based on separate analysis, Bayesian Markov Chain Monte Carlo
(MCMC) estimation is used to derive posterior distributions of model parameters that are not calibrated. Bayesian
MCMC estimation has several advantages compared to other methods for DSGE models:

e Bayesian estimation ensures model consistence by fitting model parameters to historical observations in
general. Relationships among economic variables implied from historical data can be kept in calibrated
models. This makes DSGE models more suitable for practical uses.

e  DSGE models are high-dimensional models with many local maxima and minima. Bayesian estimation is less
prone to local optimization because it estimates the posterior distribution rather than a single point.

e Bayesian estimation allows users to provide prior distribution of model parameters. Prior distributions are
additional inputs and can be helpful for optimization as well.

e  Posterior distributions of parameters derived using Bayesian estimation can be used to model parameter
risk separately from process risk. This is useful for model risk quantification and management.

Although in theory Bayesian estimation will be able to converge to the global maximum of likelihood, the
optimization algorithm is not always effective. Setting appropriate priors, especially with a reasonable mean value, is
important. Like parameter calibration, empirical analysis and the existing literature can be leveraged to set priors.

Modeled macroeconomic factors set economic conditions that can be used to govern the generation of asset
returns and yield curves. This approach maintains the consistency of systemic risk among returns and yields within
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each economic scenario. Observable economic variables are usually chosen as DSGE model outputs or inputs to
ESGs. These variables reflect basic macroeconomic conditions and are publicly available. Economic agents and
investors use these variables to make informed decisions. Therefore, it is reasonable to use them as the driving
factors behind systemic risk.

Section 3: ESG

With the outputs from a DSGE model, economic scenarios can be built using the relationships among
macroeconomic factors, asset returns, bond yields and other modeled variables. Figure 2 shows the structure of a
sample DSGE model-based ESG. The DSGE model generates macroeconomic factors driven by sources of economic
risk. Based on these macroeconomic factors, multifactor models that capture both the systemic risk defined by
macroeconomic factors and the idiosyncratic risk based on individual asset classes can be used to generate asset
returns and yields that are readily used in stochastic analysis or stress testing.

Figure 2
Sample Structure of DSGE Model-Based ESG

Source of Risk

DSGE Model

Macroeconomic Factors

I

Multifactor

Regression Model

Asset Returns/Yields

The DSGE model has been discussed in Section 2. The remaining step is to use the macroeconomic factors
generated by the DSGE model to simulate asset returns and bond yields. Different types of regression models may
be used for this purpose, including linear regression, Lasso regression, ridge regression, classification and regression
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trees, K-nearest neighbors, gradient-boosting machines and artificial neural networks. An example of linear
regression model is as follows:

Ye = fVe-1,Ve-2Fe, Feq, Fe_3) + €,
where

¥,: A column vector containing asset returns during period t or yields at time t

f: A regression function that is determined by the chosen model type

F,: A column vector including all the macroeconomic factors at time t or during period t generated by a DSGE
model

e;: A column vector including random numbers at time t or during period t that represents idiosyncratic risk. The
components in this vector are not necessarily independent but may show different correlations during
different phases in an economic cycle.

In the function above, it is assumed that information on the current quarter and previous two quarters will be used
for simulation. The data may imply otherwise, and more or less history can be used as inputs to the function.

Model selection depends on model accuracy, ease of explanation and model robustness. Some sophisticated
nonlinear models have a high accuracy but face the problem of overfitting. The volume of historical macroeconomic
data may not justify the use of complex nonlinear models in this research. A longer history may be used for
calibration, but the model may become less relevant to current economic structure. Section 4.2 shows an example
of model selection.

The dependency among modeled variables is governed by the ESG, which generates scenarios of macroeconomic
factors that determine the phase of the economy: expansion or recession. Based on the economic phase, asset returns
and other factors are generated. It is important that the ESG can maintain the dependency among all the economic
variables observed in the historical data. It is achieved by the following:

e Intertemporal dependency among macroeconomic factors is built into the DSGE model. These
macroeconomic factors jointly determine the phase of the economy: recession or expansion.

e The macroeconomic factors in the DSGE model are not independent from each other. Their contemporary
correlations are reflected when generating the random part of macroeconomic factors.

e  Both contemporary and intertemporal dependency between asset returns and macroeconomic factors are
governed by the regression models used to generate asset return scenarios.

e The error terms (idiosyncratic factor) of modeled variables are not independent from each other. Their
contemporary correlations are reflected when generating the random part of the asset returns.

o Toincorporate nonlinear relationship, the volatility of idiosyncratic factors, their interdependency and their
dependency on macroeconomic factors vary by the status of the simulated economy. Higher volatility and
dependency are used when an economic recession is simulated.

The ESG is a real-world scenario generator that tries to model systemic risk based on macroeconomic models.
Therefore, it is not mark to daily market conditions but reflects economic patterns that persist in a longer time horizon.
That means it is not suitable for hedging, financial option pricing, market consistent valuation and tactic asset
allocation. It is more suitable for real-world strategy analysis such as strategic asset allocation, business planning,
economic forecasting and long-term capital management. It may be used for reserving and capital management with
an ongoing view of the business. As a rule of thumb, the ESG is not preferred for any decision-making that considers
patterns that persist only less than a quarter to be important.
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The DSGE model and ESG are applied to the U.S. economy. The entire process, including data selection, model
calibration, simulation and result interpretation, is discussed. This section focuses on practical implications rather
than technical details, which are included in the appendices. Open-source programs used in this section are publicly

available at: https://github.com/Society-of-actuaries-research-institute/LP152-Macroeconomics-based-ESG.

4.1 DSGE Model

The DSGE model is applied to the U.S. economy and calibrated to historical data from 1992 to 2018. Quarterly data
are used because the quarter is the highest frequency at which most economic data are reported. This selected
period includes three economic cycles and moved from high interest rates to low interest rates. Therefore, it
contains some patterns and volatilities that the DSGE model can represent. As in most economic scenario
generation models, data selection is important for DSGE models. A longer period of data may capture volatility and
extreme events better, while a shorter period of data can reflect recent structural changes in the economy. Table 2
lists the economic data used for the estimation of the DSGE model.

Table 2
Data Source (2Q1992-2Q2018)

Variable
Real GDP

Private consumption
Total fixed investment
Total exports

Total imports

Nominal effective exchange
rate
Nonagricultural employment

Compensation of employees

Policy interest rate
Fixed investment deflator

CPI
PPI

Foreign real GDP
Foreign CPI

Foreign policy interest rate
Population

Note
Real gross domestic product

Personal consumption expenditures
Private nonresidential fixed investment
Exports of goods and services
Imports of goods and services
Broad effective exchange rate for the United States

All employees, thousands, total nonfarm
Employment cost index: wages and salaries, private
industry workers
Effective federal funds rate, percent, monthly
Gross private domestic investment: fixed investment,
nonresidential
CPI, all urban consumers

PPI industry group data for total manufacturing
industries, not seasonally adjusted
Weighted average of 10 major U.S. trading partners

Weighted average of 10 major U.S. trading partners

Weighted average of 10 major U.S. trading partners

U.S. population and foreign countries’ population for
per capita calculation

Source
Fed economic data

Fed economic data
Fed economic data
Fed economic data
Fed economic data
Fed economic data

Fed economic data
Fed economic data

Fed economic data
Fed economic data

Bureau of Labor
Statistics
Bureau of Labor
Statistics
Fed economic data
Bureau of Labor
Statistics
Fed economic data

Fed economic data

Calibration and estimation details are summarized in Appendix A.13 Calibration. To have a glance of how the
calibrated DSGE model works, the impulse response function (IRF) is a good starting point. An IRF describes the
evolution of a variable after a shock of another variable. For example, what will the economy change if the central
bank raises interest rate? Figure 3 shows the IRFs of monetary policy shock. By increasing the policy interest rate
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(R_) by its standard deviation at time zero, the model predicts a decrease in inflation rates, real GDP growth rate,
consumption, investment, employment, real exchange rate and imports and exports. The impact of the shock will
dampen over time to a steady state. This is consistent with economic patterns observed in the past. A rising interest
rate normally cools an economy.

Figure 3
Impulsive Response Functions: Monetary Policy Shock

Notes:

R_: policy interest rate

e pi_c_:inflation rate based on CPI

e dy :changein real GDP per capita

e dc_:change in consumption per capita
e di_: change in investment per capita

e dE_: change in employment per capita
e dS_:change in exchange rate

e dex_:change in export per capita

e dimp_: change in import per capita

e dw_:change in wage index

e pi_i_:inflation based on fixed investment
e pi_d_:inflation rate based on PPI

This analysis can be performed for all risk sources, such as labor supply, government spending, consumption,
investment, risk premium and technology development, as listed in Appendix A.13 Calibration.

Statistical models usually compare actual values with estimated values to assess model accuracy. For example, R?
indicates the percentage of variance that can be explained by a model. DSGE models are dynamic models that
acknowledge that the path to the equilibrium state is abundant with shocks, and some shocks have a long-lasting
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impact on the path. Shocks are usually applied to endogenous variables that are not observable. The equilibrium
state may be hardly achievable, but the economy tends to revert back to equilibrium if no further significant shocks
occur. Figure 4 shows the historical data and model estimation. Model estimation uses calibrated models and
shocks to reconstruct historical time series. For all the observable economic variables, model estimation matches
historical experience perfectly.

Figure 4
DSGE Model Fitting: Historical and Estimated Value
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Notes:
e pi_cbar_: central bank target inflation rate
e dy star_:change in foreign real GDP per capita weighted by trade
e pi_star_:foreign inflation rate weighted by trade
e R star_:foreign policy interest rate weighted by trade
e Otherterms are the same as in Figure 3

Models can be compared using the log-likelihood function. By maximizing the log-likelihood, the observed data are
most probable given the calibrated model. Bayesian estimation tries to maximize the log-likelihood function as well
using the Markov Chain Monte Carlo (MCMC) method to simulate from posterior distributions and adjust these
distributions to get a higher log-likelihood function. By running three chains with each chain containing 40,000
replications using the Metropolis-Hastings algorithm, the log-likelihood function reduces to —973.0. Here the log-
likelihood function (log posterior) is adjusted by a multiple that equals the number of estimated parameters divided
by the number of observable variables. The adjustment is made to facilitate comparison with other models.

The value of the log-likelihood function is not very meaningful if not compared to that of another model. A vector
autoregressive (VAR) model is used as a benchmark to evaluate the performance of the DSGE model. The VAR model
describes the intertemporal relationships among 16 macroeconomic factors of the U.S. economy, as in the DSGE
model. The input data to both models are the same. The VAR model is as follows:

Ft =C+ AlFt—l + et

where

F, is a column vector with macroeconomic factors at time t or during period t
cis a column vector representing the constant terms of the macroeconomic factors

Copyright © 2020 Society of Actuaries



22

Aj is a square matrix containing the model parameters describing the linear dependence of macroeconomic
factors and

e; is a column vector to store the error terms of macroeconomic factors that cannot be explained by linear
models

A similar VAR model was used in Shang and Hossen (2019) and showed some quite good prediction power. Table 3
shows the log-likelihood function, number of parameters to be estimated and the Akaike information criterion (AIC).
The normal distribution is used to calibrate each macroeconomic factor individually. This can be seen as a lower
bound of macroeconomic models because it considers that all the factors are random. The DSGE model has a
relatively high log-likelihood function in this case.

Table 3
Log-Likelihood Function

Log-Likelihood No. of Parameters
Independent normal -2336 32 4736
distribution
VAR(1) -1022 \ 256 \ 2555
DEGE -976 | 59 | 2071

Simulated macroeconomic factors are compared to historical data to assess model reasonableness. Table 4 shows
the mean and standard deviation of each observed variable based on historical data and simulated data. One
thousand simulations of 120 quarters are used, and the difference in mean is not material in most cases. The
simulated interest rates have a lower standard deviation than implied from the historical data. This is likely to be
caused by the low interest environment at the beginning of projection.

Table 4
Moments of Observed Economic Variables

Historical Simulated

Standard Standard

Variable Historical Mean Simulated Mean Deviation Deviation
R_ 0.66 0.68 0.55 0.12
pi_c_ 0.56 0.54 0.59 0.53
pi_cbar_ 0.50 0.53 0.00 0.03
pi_i_ 0.09 0.08 0.42 0.69
pi_d_ 0.51 0.56 1.97 0.83
dy_ 0.4 0.46 0.57 0.66
dc_ 0.93 1.09 0.59 0.41
di_ 1.06 1.28 1.99 0.99
1.28 1.55 3.48 1.27
1.12 1.21 2.89 2.33
0.07 0.03 0.43 0.22
0.33 0.27 2.67 2.80
0.81 1.06 0.99 0.48
0.94 1.16 3.68 1.71
-—0.02 0.01 0.44 0.84
1.34 1.42 0.85 0.24
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Understanding the sources of volatility and how they contribute to the violability of observable macroeconomic
factor is also helpful. Figure 5 shows the variance decomposition of the calibrated DSGE model.

Figure 5
Variance Decomposition
100% - .
90%
80%
70%
60%
50%
40%
30%
20%
10%
= A C
R pi_c dy dc di dE R_star S dex dimp | X

msupply mdemand ®labor supply technology M monetary policy  mforeign factors M risk premium

In this model, employment, inflation rates (CPI and PPI) and imports are heavily affected by supply, which includes
domestic firms, importers and transitory technology. Investment are driven by supply, permanent technology and
foreign economies. Consumption is driven by technology development, supply and demand, which includes
consumption, investment and government spending. Foreign factors have a big impact on exports, policy interest
rate, real GDP per capita growth rate and real exchange rate. The risk premium is the main contributor to real
exchange rate volatility.

4.2 Multifactor Model

With macroeconomic factors ready, the next step is to determine the economic status of each simulated period.
Historical data of U.S. economic cycles (1991Q1-2016Q4) from the National Bureau of Economic Research (NBER)
and economic factors are used to calibrate the logistic model, with parameters shown in Table 5. Current and the
previous two quarters’ values of macroeconomic factors are used to determine the current status of the economy.
The calibrated logistic model has 100% accuracy in matching the history of the past 26 years. Changes from quarter
to quarter are more important than the absolute value of economic factors for predicting the economic status.
Other models such as K-nearest neighbors (KNN), classification and regression tree (CART), artificial neural network
(ANN) and gradient-boosting machine (GBM) are tested as well but did not show higher accuracy than the logistic
model.
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Table 5

Economic Recession Prediction: Logistic Model Parameter

Parameter

(@)

Intercept
CPI growth rate

Real GDP
growth rate

Consumption
growth rate

Investment
growth rate

Employment
growth rate

Current quarter t
Previous quartert - 1
Previous quarter t - 2

Current quarter t
Previous quartert-1
Previous quarter t — 2

Current quarter t
Previous quartert - 1
Previous quarter t - 2

Current quarter t
Previous quartert -1
Previous quarter t — 2

Current quarter t
Previous quartert - 1

Previous quarter t - 2

-78.9
58.4
4.1
50.8
-85.7
-0.9
1.6
1.3
8.8
-75.0
-3.8
-5.0
-17.2
-158.0
-68.3
86.5

Asset returns, bond yields and other modeled variables are mapped to macroeconomic factors and idiosyncratic

factors. Table 6 lists the historical data used for multifactor regression analysis.

Table 6

Asset Return Historical Data

Asset Class
Treasury bond
yield curve (terms:
1,2,3,5,7, 10, 20
and 30 years)
AAA-, AA-, A- and
BBB- rated
corporate bonds

Public equity

REITs

Crude oil

Gold

Return Type
Yield

Credit spread

Default rate

Dividend yield
Capital return
Cap rate
Capital return

Total return

Total return

Time Period
1991Q1-2016Q4
except for 20-year
bond yield starting
from 1993Q4
1996Q4-2016Q4

1991Q1-2016Q4

1991Q1-2016Q4

1991Q1-2016Q4

1991Q1-2016Q4

1991Q1-2016Q4

Data Source
U.S. Department of the Treasury

Bank of America Merrill Lynch U.S.
Corporate AAA, AA, A, BBB Effective Yield
(BAMLCOA3CAEY, BAMLCOA2CAAEY,
BAMLCOA1CAAAEY, BAMLCOA4CBBBEY)
Federal Reserve Economic Data
2016 S&P Annual Global Corporate Default
Study and Rating Transitions Report
S&P 500 Index (*GSPC)

Yahoo Finance

FTSE NAREIT US Real Estate Index—All REITs

WTI Crude Oil Price (DCOILWTICO)
Federal Reserve Economic Data
London Bullion Market Association (LBMA)
Gold Price (GOLDPMGBD228NLBM)
Federal Reserve Economic Data
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Eight model types are tested to build the relationships among modeled variables and macroeconomic factors: linear
regression, Lasso regression, Ridge regression, Elastic Net regression, K-nearest neighbors (KNN), classification and
regression tree (CART), artificial neural network (ANN) and gradient-boosting machine (GBM).

Linear regression assumes a linear relationship between macroeconomic factors and asset returns/bond yields.
Lasso, Ridge regression and Elastic Net are variations of the linear regression model with different methods of
regularization to prevent overfitting. In addition to minimizing the squared errors, Lasso models add the sum of the
absolute value of parameters into the error function. Ridge regression uses the sum of squared parameters as the
regularization term, and Elastic Net models use both. The weight of the regularization term is determined by cross-
validation to get the highest model accuracy.

KNN is a type of nonparametric models that predicts the explained variable based on the values of the k closest
neighbors. In this report, the closeness is measured by the Euclidean distance based on macroeconomic factors.
Different numbers of neighbors are tested, and five nearest neighbors are used for all models for relatively better
performance. The average return of five nearest neighbors in historical data is then used to predict the asset return.

CART models build trees to split the data based on macroeconomic factors. At each split, a factor is used to separate
the data into two subgroups. The factor and split rule are chosen to provide the best split that improves the purity
of the data in the subgroups. In the calibration of CART models for asset returns, two criteria are used to limit the
size of the tree and avoid overfitting.

e The minimum number of data points in a node for splitting is 10
e  The minimum improvement of data purity is 0.001 for each split

Each terminal node has an estimation based on the average value of the explained variable. For example, if the
terminal node has 10 historical data records, the asset return is calculated as the average return of the 10 data
records.

ANN models mimic biological neural networks to make predictions based on a large amount of data. Unlike
traditional predictive models such as linear regression and logistic regression, the mathematical function that
describes the relationship between the explained variable and explanatory variables is unknown. With enough data
and appropriate training, ANN models are believed to mimic any complex relationships. The ANN model used in this
study has four layers: the input layer that includes all the macroeconomic factors and the intercept, the first hidden
layer with 10 neurons, the second hidden layer with five neurons and the output layer that is the modeled variable
such as the asset return and bond yield. Neurons are linked with the tangent hyperbolic function. For crude oil, an
extra hidden layer is used to improve model accuracy.

GBM is a decision tree—based ensemble method. Each tree is a weak estimator trying to estimate the residual error
that the estimation of previous trees has caused. Gradually with a sufficient number of decision trees, the
estimation error will decline to a very low level. GBM is usually proven to have better accuracy than many other
methods when presented with nonlinear relationships. The model is also faster to train compared to neural
networks. In this example, 70% of the training set were randomly selected each time to fit the next tree. The depth
of the trees is set to be six, and 50 trees were used. The minimum observations in each node are set to be two,
given the limited amount of training data.

For all the model testing, the data are randomly split into a training dataset (80%) and a validation dataset (20%).
The training dataset is used to find the parameters that minimize the sum of squared prediction errors for the
training data. The validation dataset is used to measure the prediction accuracy based on out-of-sample data. Table
7 shows the aggregate performance of the eight model types.
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Table 7
Multifactor Model Aggregate Performance

Training Data Validation Data

RMSE R? RMSE R?
LM 1.43 0.85 2.69 0.44
Lasso 2.09 0.68 2.42 0.61
Ridge 1.51 0.79 2.47 0.56
Elastic Net 1.77 0.75 1.90 0.70
KNN 1.98 0.56 2.83 0.24
CART 1.07 0.88 2.52 0.17
ANN 0.17 0.97 4.49 —4.57
GBM 0.30 0.99 2.16 0.57

Notes:

RMSE: Root-mean-square error
R?: Coefficient of determination

Given the data volume, overfitting is a critical issue in this example. ANN models showed very good estimation on
the training data but the worst estimation on the validation data. With only 103 data records and many more model
parameters, the superficial performance of ANN models is caused by overfitting with many more parameters than
other models. CART models face the issue of overfitting as well, but less severe. In addition, the possible values
predicted by CART models are limited given that the estimation is based on the average of a subset of historical
data. KNN models had similar issues as CART models with limited possible values and unsatisfactory prediction
accuracy based on validation data. Linear regression models, especially Elastic Net models, did a good job predicting
government bond yields, credit spreads and dividend yields. For public equity, REITs and commodities, idiosyncratic
factors contribute much to the volatility. GBM models have better prediction accuracy than linear regression models
for REIT equity returns. However, the improvement of accuracy may not justify a much more complicated model
type. For succinctness, Elastic Net models are used for multifactor regression in this example.

The relationship between asset returns and fundamental economic factors is not always linear. During an economic
recession, higher volatility and correlation are often observed. Asset return economic scenarios need to be further
adjusted to reflect the nonlinear relationship. Table 8 shows the volatility of idiosyncratic factors (error terms) and
the correlation between systemic factors (prediction by Elastic Net models) and idiosyncratic factors, using data
either in expansion or in recession. Volatility and correlation behaved quite differently in recession. These values
capture second-order impact in addition to the linear relationships built into linear regression models.
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Table 8
Linear Model Idiosyncratic Factors: Volatility and Correlation

Correlation With Systemic Factors
Expansion Recession

Idiosyncratic Factor Volatility (%)

Expansion Recession

Asset Class

Treasury bond, 0 | 1year 0.1 0.5 19% —75%
rate (forgiven | 5 year 0.2 0.4 17% —~68%
term)
3 years 0.2 0.4 15% —56%
5 years 0.2 0.5 14% —50%
7 years 0.2 0.3 13% —39%
10 years 0.2 0.3 13% —34%
20 years 0.2 0.2 13% —32%
30 years 0.1 0.1 7% —25%
AAA-rated Credit spread 0.1 0.1 13% —24%
corporate bonds | pofayit rate 0.0 0.0 0% 0%
AA-rated Credit spread 0.1 0.3 21% 29%
corporate bonds Default rate 0.0 0.0 25% 22%
A-rated Credit spread 0.1 0.4 21% 23%
corporate bonds Default rate 0.0 0.0 14% —35%
BBB-rated Credit spread 0.2 0.3 15% 38%
corporate bonds | pefyyt rate 0.0 0.0 14% ~41%
Public equity Dividend yield 0.0 0.2 18% 2%
Capital return 43.9 62.8 23% 49%
REITs Cap rate 0.0 0.1 17% —26%
Capital return 61.1 157.8 27% 61%
Crude oil Total return 160.1 139.3 20% 45%
Gold Total return 37.1 30.7 21% 28%

Details of the regression models and correlation adjustment can be found in Appendix B.

4.3 Scenario Generation

With the DSGE model and multifactor models, economic scenarios can be simulated in the following steps:

e Simulate macroeconomic factors using the DSGE model.

e With the simulated macroeconomic factors, economic conditions (expansion or recession) are determined
for each period under each scenario.

e Depending on the economic condition, asset returns and bond yields are simulated based on the
multifactor models.

Table 9 compares the simulated scenarios with historical data in terms of mean and standard deviation. One
thousand simulations with each covering 30 years of data are used in the analysis.
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Table 9
Moments of Asset Returns and Bond Yields

_ Mean(%)  Standard Deviation (%) |
Historical Simulated Historical Simulated
Asset Class
Treasury 1 year 2.62 2.12 2.18 1.21
bond, 0
rate (for 2 years 2.93 2.39 2.24 1.27
giventerm) | 3,05 3.25 2.52 2.25 1.28
5 years 3.49 2.98 2.18 1.20
7 years 3.93 3.34 2.02 1.16
10 years 4.26 3.60 1.90 1.15
20 years 4,51 3.92 1.75 1.18
30 years 4.82 4.11 1.56 1.12
AAA-rated Credit spread 0.47 0.60 0.58 0.64
corporate
bonds Default rate 0.00 0.00 0.00 0.00
AA-rated Credit spread 0.58 0.71 0.78 0.68
corporate
BeEk Default rate 0.02 0.03 0.08 0.34
A-rated Credit spread 1.04 1.08 0.93 0.65
corporate
BeEk Default rate 0.06 0.05 0.11 0.35
BBB-rated Credit spread 1.83 1.80 1.08 0.67
corporate
BeEk Default rate 0.18 0.15 0.25 0.30
Public Dividend yield 2.00 1.93 0.54 0.60
equity -
Capital return 2.04 2.28 9.33 5.49
REITs Cap rate 1.56 1.21 0.44 1.51
Capital return 1.43 1.49 9.09 5.58
Crude oil Total return 2.37 2.48 16.18 11.99
Gold Total return 1.37 1.45 6.75 5.92

Simulated scenarios have similar means to historical data except that the bond yields are lower, which is likely to be
caused by starting the simulation from a low interest rate environment. Therefore, the volatility of bond yields is
lower than historical data as well. Volatility of simulated public equity capital returns and REIT capital returns is
lower than historical data. Other differences are not material in this example. The differences may be attributed to
the following reasons:

e The DSGE model is a combination of predefined economic system and historical data. While historical data
play an important role in calibration, assumptions about behaviors of consumers, firms, the central bank
and government and their interactions may indicate a different pattern than the historical pattern.

e Less volatile inflation rates, investment activities and imports are generated by the calibrated DSGE model|,
compared to historical data.
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e  Multifactor models (linear regression) that generate asset returns based on macroeconomic factors do not
have a perfect prediction power. Sampling errors may contribute to the differences as well

With these differences in mind, more tests can be done to assess the reasonableness of generated scenarios and
make adjustments if necessary, as discussed in the next section.

Section 5: Model Validation and Adjustment

DSGE models can provide a detailed analysis of an economy considering cause-and-effect relationships and business
cycles in a structured way. However, their complexity leads to high model risk. The model requires specification of
general preference and decision-making processes of economic agents. A good understanding of the behavior of
economic agents is necessary for setting a reasonable model structure. Even with a correct model structure, model
calibration is a challenge given so many parameters. Each parameter needs a separate analysis to determine its
value or its prior distribution. The mapping from asset returns and yield curves to macroeconomic factors in a DSGE
model also requires material modeling efforts.

In addition to model calibration, data collection and selection need to be considered carefully. Many economic
variables are reported on only a quarterly, if not yearly, basis. For example, 20 years of data can provide only 80
data points per time series. The data volume may not be considered sufficient for a fully credible DSGE model.
Longer-period historical data may cause a different issue. Economic structural changes in the past can make older
data irrelevant for future prediction.

Model implementation requires robust optimization algorithms and extensive programming. Therefore, these
models have a deep learning curve and are more error prone.

A few tests can be used to mitigate the high model risk of ESGs built on DSGE models:

1. Sensitivities to economic shocks. Responses of economic variables to certain economic shocks can be
quantified by DSGE models. For example, what is the impact of a labor market shock on next year’s real
GDP growth rate? By comparing the model result with historical observations or forward-looking
expectation, ESGs can be validated against existing economic patterns or views of future economic
development. Impulsive response functions in Figure 3 and Figures A.3 to Figure A.7 show the impact of
shocking an individual source of risk by one standard deviation at time zero. Table 10 lists the immediate
impact on inflation rate, real GDP growth rate, wage and employment given a shock to an individual source
of risk modeled in the DSGE model.
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Table 10
Immediate Impact on Economic Factors
Shock Inflation Real GDP

Source of Risk Size Rate Growth Wage Employment
Consumption 0.83 0.003 0.05 —0.007 0.01
preference
Investment-specific 0.17 0.0002 0.002 0.0004 0.00
technology
Fiscal policy 0.98 0.02 0.15 0.004 0.007
Monetary policy 0.11 —0.02 —0.05 —0.002 —-0.02
Transitory 1.01 —0.55 0.06 0.03 —0.19
technology
Labor supply 0.72 0.09 —0.005 0.16 —0.002
Exported 0.21 —0.0004 —0.003 0.0001 —0.0005
consumption
markup
Domestic markup 1.07 0.43 —0.09 —0.04 —0.0004
Imported 0.26 0.0003 0.00 0.00 —0.0001
consumption
markup
Imported 0.23 0.00 0.0005 0.01 0.00
investment markup
Permanent 0.48 0.07 0.44 0.45 0.02
technology
Foreign monetary 0.11 —0.02 —0.15 —0.0007 —0.003
policy
Foreign inflation 0.64 0.01 —0.04 —0.02 0.04
Foreign output 0.84 —0.09 —0.74 —0.01 —0.05

The shock size is the standard deviation of risk source based on its posterior distribution. The value of the
shock size may not be meaningful by itself but needs to be viewed with the corresponding model
parameter. Viewing the shock size as one standard deviation is more convenient. In this example, the
calibrated model contains some expected relationships. For example, expansionary fiscal policy has a
positive impact on real GDP growth. A shortage of labor supply leads to higher wages. When domestic
producers have a higher profit margin, the inflation rate will increase. It may slow real GDP growth even
though the nominal GDP growth rate is higher. Permanent technology improvement boosts GDP and wages
materially. An increase in the foreign interest rate will cause more overseas investment and drags down the
domestic economy. An increase in foreign output also means less domestic production and therefore a
lower GDP growth rate. More in-depth analysis can be made to evaluate the magnitude of the impact and
the speed of reverting back to the equilibrium based on the impulsive response function.

With the impact on macroeconomic factors determined, the impact of systemic risk on asset returns/bond
yields can be quantified. Following the example in Table 10, the short-term impact on the 10-year bond
yield, credit spread of AA-rated corporate bonds, S&P 500 capital returns and REIT cap rates is listed in
Table 11. In general, some impacts are not very intuitive because the size of change is small and only the
immediate impact is reflected in the model. For some risk sources such as permanent technology
development and foreign GDP growth, the impact is consistent with that on economic factors. This can
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serve as a quick check to identify potential problems in the model. To understand the long-term impact,
the ESG needs to be used to simulate scenarios based on these shocks.

Table 11
Immediate Impact on Asset Returns/Bond Yields
10-Year AA-Rated S&P 500
Treasury Bond  Bond Credit Capital REIT Cap
Source of Risk Shock Size Yield (%) Spread (%) Return (%) Rate (%)
Consumption 0.83 0.009 —0.01 0.15 0.14
preference
Investment-specific 0.17 0.003 —0.004 0.05 0.05
technology
Fiscal policy 0.98 0.02 -0.02 0.41 0.03
Monetary policy 0.11 -0.01 -0.01 -0.03 -0.03
Transitory technology 1.01 -0.04 -0.02 0.31 -0.30
Labor supply 0.72 -0.01 -0.01 0.18 -0.01
Exported consumption 0.21 -0.005 -0.003 0.01 0.01
markup
Domestic markup 1.07 0.03 0.02 -0.40 0.19
Imported 0.26 0.01 0.01 -0.16 0.07
consumption markup
Imported investment 0.23 0.01 0.002 -0.05 0.02
markup
Permanent technology 0.48 0.07 -0.04 1.02 0.60
Foreign monetary 0.11 0.01 0.01 -0.06 0.07
policy
Foreign inflation 0.64 0.02 0.03 -0.24 -0.08
Foreign output 0.84 -0.08 0.05 -1.41 —0.61

Forecast range assessment. DSGE model results can be compared to forecasts by economists. If the
estimates align with the range of expert estimates, that indicates a reasonable model. Figures 6, 7, and 8
compare the median of the simulated real GDP growth rate, inflation rate and Fed rate to some publicly
available forecasts.
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Figure 6
Real GDP Growth Rate Forecast

Notes:
FMOC: Forecasts by U.S. Federal Market Open Committee: Federal Reserve Bank of St. Louis, “Release
Tables: Summary of Economic Projections,”
https://fred.stlouisfed.org/release/tables?rid=326&eid=783029&od=#

SPF: Federal Reserve Bank of Philadelphia, “First Quarter 2019 Survey of Professional Forecasters,”
https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-
forecasters/2019/survg119

NY Fed DSGE: Federal Reserve Bank of New York, “The New York Fed DSGE Model Forecast—January

2019,” https://libertystreeteconomics.newyorkfed.org/2019/02/the-new-york-fed-dsge-model-forecastjanuary-
2019.html

Report DSGE: Example DSGE model in Section 4.
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Figure 7
Inflation Rate Forecast

Figure 8
Fed Rate Forecast

The example DSGE model predicts a higher real GDP growth rate in 2019 than other forecasts but
converges to the average forecast later. Forecasts of the inflation rate and Fed rate seem more aligned
with other forecasts.

Table 12 shows the range of forecasts. The FMOC forecast range is small because its purpose is to get not
the full distribution but the likely range. The example DSGE model has a similar real GDP forecast range
compared to the New York Fed DSGE and the Survey of Professional Forecasters. The example DSGE model
generated a wider range for the inflation rate.
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Table 12
Forecast Range Comparison

FMOC SPF N.Y. Fed DSGE Report DSGE

Variable low High Low High Low High Low  High |

Real 2019 | 21| 24| -3 6| -3 6 -3.0 5.3
GDP 2020 | 1.7 | 23| -3 6 -3 6 -3.2 4.9
f:t’;"th 2020 17| 21| -3 6 -3 6 -35 5.0
2022 | 16| 21| -3 6| -3 6 -34 6.1
TNiEu 2019 | 1.4 | 1.7 0 4|-05| 35 -2.2 45
rate 2020 | 1.7 | 21 0 4| -05| 35 -2.0 5.0
2021 | 18| 23 0 4|-05| 35 -2.6 45
2022 | 18| 2.2 0 4|-05| 35 2.4 4.4
N EIC 2019 1.6 2.1 0.8 3.3
2020 | 17| 24 1.1 4.1
2021 | 16| 26 1.4 43
2022 | 14| 29 1.2 43

Scrutiny of individual scenarios. In a DSGE-based ESG, each scenario is expected to maintain economic
patterns such as business cycles and nonlinear relationships among generated outcomes. By viewing
sample scenarios to check the existence of these patterns, users can understand how well generated
scenarios match model assumptions. Figure 9 shows a sample scenario generated by the example DSGE
model. It is quite obvious that economic cycles exist in this scenario. During economic recessions, it shows
lower GDP growth rates, lower employment growth, lower bond yields, higher credit spreads and default
probabilities, lower equity returns, lower REIT returns, lower oil prices and higher gold prices. Sometimes
the policy interest rate drops near the end of the recession period, reflecting that the monetary policy is
reacting to economic data. Lower inflation rates are usually observed during and after recessions.
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Figure 9

Sample Scenario
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4.  Alternative models. Although building a customized DSGE model gives flexibility and better understanding,
existing models and calibrations used by central banks may be relied on to reduce model development
efforts. Akinci et al. (2019) published quarterly updates of the New York Fed DSGE model forecast of key
economic variables such as the GDP growth rate, inflation rate and natural rate of interest. Comparing the
current interest rate with the natural rate of interest can help assess the position of monetary policies.
These variables can be used as the macroeconomic factors based on which asset returns and bond yields
are further generated using multifactor models. The New York Fed DSGE model is also open sourced using
Julia as the programming language. The codes are hosted at: https://github.com/Society-of-actuaries-research-
institute/LP152-Macroeconomics-based-ESG.

Using the Fed model gives more credibility and less effort. It may also take the potential monetary policy
decision-making logic into consideration when generating economic scenarios. Central bank models may
serve as benchmarks to assess the credibility and reasonability of a DSGE model. Parameter values and
patterns can be compared to validate results. However, it has some downsides as well. The Fed DSGE
model is used for analyzing monetary policies, and it may omit factors that are important for the capital
market. Efforts are still needed to understand the model and codes. To use the New York Fed DSGE model
for economic scenario generation, users need to do recalibration themselves because only a summary of
the quarterly forecast is published.

Even with these model risk mitigation methods, more efforts are likely to be needed to improve the DSGE models
before they can become a serious candidate for economic scenario generation in the insurance domain. If the ESG is
used as a tool for some regular tasks such as reserving and asset allocation, the calibrated model can be updated
with new data or recalibrated if deemed necessary. Since the existing calibration may have already covered a long
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history, an additional quarter of data may not have material impact on the calibration, and, therefore, the
recalibration frequency does not need to be quarterly but could be semiannual or yearly. However, with new data
coming in each quarter, the starting point of the projection will be changed. The data input for the simulation part
includes the latest two quarters of economic data and capital market data. They need to be updated before the
scenario generation.

In some cases, the DSGE model-based ESG may not generate desired patterns, and it is not obvious how to make
adjustments because model calibration is mainly data driven. In general, there are three ways to achieve this goal:

1. Adjust data inputs. The desired pattern may be present in recent historical data. During the ESG calibration
process, the pattern may be dominated by older historical data. Removing some older data may be helpful.
However, there is a risk that the data are not enough to get statistically credible conclusions. In addition,
users may have economic views that never happened in history, such as a prolonged period of negative
interest rates. In these difficult cases, predicted data inputs that reflect the economic views may be used
together with historical data. For example, if a low interest rate and inflation environment is expected in
the next three years, three years of future data may be created and used for DSGE calibration. The logic is
to add more weight to data that reflect the new economic views so that the model can learn and reflect it.

2. Adjust model parameters. For experienced users, adjusting model parameters may be convenient in some
cases. The calibrated DSGE model is a big linear system, as described in Appendix A.11. It is the sum of the
steady-state value and the impact of any deviation from the steady state caused by state variables. It is
possible to adjust the mean and volatility of some variables. For example, if the model generates higher
interest rates and inflation rates than expected on average, we can adjust the steady-state value downward
to reflect the trend. If higher volatility is observed in the simulated scenarios, we can lower the average
deviation from the steady state. However, it is not recommended to change the parameters that control
the interaction among modeled macroeconomic factors and state variables because they are complex and
not always intuitive. The behaviors of economic agents modeled in the DSGE model are interrelated, and
changing one parameter may have unexpected outcomes.

Adjustment of parameters in multifactor regression models is easier if the regression model is in simple
format. For example, the five-year Treasury bond yield is simulated using the following function:

Ve = 0.14 + 0'9yt—1 + 0.14’7th - 0.0027-[{-:_2 + 0'07Rf—2 + €
where

y;: Five-year Treasury bond yield at time t
7¢: Inflation rate based on CPI at time t
R;_,: Interest rate two quarters ago

The intercept term may be adjusted to reflect a level shift of average bond yields in the future. The
coefficient of the previous bond yield may also be adjusted if the autocorrelation is believed to be different
from 0.9. Other parameters may be changed, and new variables may be added to the function. The
idiosyncratic factor may be adjusted as well to reflect the different level of volatility.

3. Adjust the generated scenarios. Generated scenarios may be adjusted directly to reflect different views and
to remove unreasonable scenarios. Default rates need to be floored at zero. Credit spreads may also be
floored if sovereign risk is believed to be smaller than corporate credit risk. Interest rates and bond yields
may be floored at zero or a negative level if a negative interest rate is deemed possible. Modeled variables

Copyright © 2020 Society of Actuaries



38

may also be capped at the historical maximum, and scenarios may also be adjusted to change the average
value or add certain trends. But it is not straightforward to adjust the volatilities.

Although model adjustment is possible to embed a forward-looking view, it is important to understand the impact of
the adjustment and avoid adjusting the state variables that are not observable.

Section 6: Further Development

The ESG introduced in this report is a simple version that can be enhanced to better capture the reality of our
economies.

1. The behavior of entrepreneurs and banks is not explicitly modeled. The inclusion of the interest rate
decision-making process and 2008 financial crisis data in the DSGE model implicitly reflects economic crises
caused by credit events. For economies with an influential financial sector, modeling credit risk in terms of
loans and financial leverage can be beneficial.

2. ltis assumed that economic agents make decisions to maximize their utility or profit. Although in general
and in the long term it is a reasonable assumption, irrational behaviors exist in our economies. Assuming
only some economic agents can make decisions introduces some irrationality to the models to some
extent. However, these models can be enhanced to reflect irrational behaviors such as herding during
economic recessions.

3. Inthis research, nonlinear relationships are captured in a discrete way using different sets of correlation
assumptions for periods of economic expansion and periods of economic recession. Given sufficient data, a
copula may be used to better describe nonlinear relationships.

4. Most of the relationships modeled in this research are contemporary. This is reasonable given a quarterly
time step because the reaction time of economic agents is not expected to be much longer than a quarter.
For example, a central bank may change its monetary policy within a couple of months after the beginning
a financial crisis. However, modeling an intertemporal relationship directly can capture the timing of
economic events that lead to either an economic success or an economic crisis. This may better reflect
cause-and-effect relationships in the ESG. However, the decision is used made based on data availability.

These potential improvements may address issues that are important for the adoption of more advanced but not
necessarily more realistic macroeconomic models in economic scenario generation.

Section 7: Conclusion

DSGE models can be used to model a complex economic system with a predefined high-level economic structure
and supporting historical data. Embedding DSGE models in economic scenario generation provides an opportunity
to model cause-and-effect relationships in the economic environment explicitly. This can help maintain the “reality”
of individual scenarios in addition to the reality of their aggregate impact. Economic agents’ behaviors, high tail risk
correlation and economic cyclical patterns are something that can be observed in individual scenarios as well. This
may help explain individual real-world scenarios, especially when questioned for their reasonableness for
investment decisions.

Although potential benefits of using complicated macroeconomic models in ESGs are promising, they come with
risks. These models require more data than simpler macroeconomic models, such as a VAR model. Being able to
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define the interdependency of economic agents and their behaviors means microeconomic analysis is needed as
well. Efforts to learn and calibrate the models are not trivial. Model risk exists not only for DSGE models, but also for
the multifactor regression models that generate asset returns and bond yields based on economic factors. Tests can
be done to assess the reasonableness of generated scenarios.

Although challenges remain for using DSGE models in economic scenario generation, their adoption by economic
policy-makers, their flexibility to include customized views of the economy and a more holistic view in each
individual scenario may attract more users. This report provides the basics to understand, build and test such an
advanced and complex ESG.
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Appendix A: DSGE Model Details
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This appendix provides all the model specifications and step-by-step derivation of the DSGE model introduced in
Section 2. It covers the behavior of each modeled economic agent and the model calibration process. The author is
not aware of any other sources that provide such a detailed derivation. It is intended for educational purposes.

A.1 Final Goods Producers

Final goods producers change immediate goods into final goods that can be consumption or investment. The

production function assumes constant elasticity of substitution (CES):

1 1 1hat
=l v @
0

where

Aq: time-varying markup for domestic goods
e = (=Pl + prhaca +€° (2
where

e?d~N(0,a’1d)
Each individual producer i wants to maximize profit:

1
L = max {Pth — f Pl-_tYL-_tdi}
Yit 0

where

Y; - amount of immediate goods by producer i

P; ;: price of immediate goods by producer i

P;: price of the final goods

Y;: demand function for intermediate goods

Substitute Y; with (1) =>

1 L Ad,t 1
L = maxP; U Yl-_tld'fdi] - f P; .Y di
0 0

Yie
First-Order Condition (F.O.C.):

1

or R R
Y., = Play S Y tdedi Eyi,t a =P =0
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A.2 Intermediate Goods Producers

A.2.1 Production
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The intermediate goods market is assumed to be monopolistic competitive such that many producers sell products
that are differentiated from one another and therefore are not perfect substitutes. Individual intermediate goods

producer i has the following production function:
Yie = gt(Kift)a(ZtHi,t)l_a —z;¢ Q)
where

Y; ¢+ inputs for final goods producer

& transitory technology shock

K?,: capital services

z;: permanent technology shock

H; ;- homogenized labor input

¢: fixed cost

Permanent technology shock z; follows the patternin (6):

Zt z
Sk (1= pu2)u® + puzpiq + €t (6)

Transitory technology shock follows the patternin (7):
& = peéey €0 (7)
where

ge—1

(2
o~
Il

E(e) =1
K¢ = uK, )
where
u,: capital utilization rate

K;: available capital
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If the growth rate of permanent technology shock uZ > 1, all the economic variables will be nonstationary, which
can lead to failed convergence to economic equilibrium. Some variables are linked to a price index. The
nonstationary price index can also cause failed convergence. Therefore, economic variables need to be detrended to

be stationary. For example,

where

P2 is domestic price level, a nonstationary stochastic trend

W labor cost

Variables will be detrend before a function is loglinearized.

Loglinearize (8):

K¢ K;
= = ut_

Zt-1 Zt—1
= ktS = utkt

= ki=1,+k, (L.1)

Loglinearize (1):
1 1 1hat

Y, = [ | Yi,ﬂd.fdi] )
0

1 11
= ytld,t:f Yi’tld,tdl’
0

1 11
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0
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Right-Hand Side (R.H.S.):
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In steady state, the real profit is zero:
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A.2.3 Intermediate Goods Producer Cost Minimization
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RE: rent cost for capital services K%,

F.O.C.:
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= W,=01- a)ltpi‘,itztl_agt(Kift)aHi,t_a (11)
Marginal returns of capital/labor = cost of compensation

(10)/(11) =>

Copyright © 2020 Society of Actuaries



R? _ a Hi,t'
W, 1-ak§,
R¥ W, H;
t a t it
= —_—=
P* 1-azPt Kz,
Zt-1 Zt
a Hit'
= k _ Lt oz
Tt 1_a"t ks, M
k _ a ZHt 2
= ST Wik s (12)

= e =w,+ 07 +H —k; (L.3)
Nominal marginal cost MC; = /’ltPL-‘_it

Substitute A, P% with (10):

d Ré{ a-1 1 s\i-«@ a-1
= MCy = AP, = ?Zt = (Ki,t) Hi,
t
MC, Rk 1 1
= me, = ——=}, =——z% 1 (K512 %1
t Pgt t Ptd a t & ( t ) t
1 1 (HN\!
= me, = rtkazt“ 1£—<F>
t t
1 1 (HN\
= me, = (rtk)a(rtk)l_aazta_lg_<ﬁ>
t t

Substitute (r)1~% with (12):

1

1-a a—-1
1 a —a H 1 H
> ma =0 (1) (wal-“(uf)l-“(—kﬁ) ;zt"”(—t)
t

1-a

1-a a-1
1 a H 1 H
— kya 1-a(,,;z\1-a t a1 t
= me, = (1) & (1 — a) (W) = (uf) <_k;‘> 72t <_kut_1>

46
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1 e “ 1 k\a 1-a
> ma=(p) (G) peHwoe a3
Loglinearize (13):
_ 1 A\ 1%, JNT 1o
metem = (7=g) Q) gt () ey

Steady state:

() (@) F e

1l1—«a a

eMef — p—B+aff+(1-a)W,
= med =aff +(1—a)W, — &  (L.4)

A.2.4 Domestic Price Setting

It is assumed that intermediate goods producers set goods prices in a staggered manner as suggested by Calvo
(1983). Not all firms can set prices. A firm’s probability of price adjustment is 1 — 8,. The probability of being a price
follower is 8. Price followers will set the next-period price as follows:

Ptd+1 = (”g)x‘i(ﬁtcu)l_x‘iptd (14)
where
d
t

d
Pt I
= ——is the inflation rate
t-1

T

Tf,q: current inflation target
Xaq: degree of indexation to past inflation

For price setters, the optimal price P, is determined based on the following intertemporal price optimization
problem:

o s Xd s 1-Xa
mﬁi‘X EtZ(ﬁed)svHs (1_[ ”t+k—1> (1_[ ﬁtc+k> ﬁt Yitrs — MCi,t+s(Yi,t+s + Zt+s¢) (15)
s=0

According to (4)

1 1 11-2ae
P, = [ed((nt_lw (@E)VXap,_ ) e + (1 — ed)(ﬁt)ﬁm] (16)

where

Pt

Pt—1
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1 1 1
= P = 0, ((w,_q)Xa(mE) AP,y )1~ de + (1 — Bd)(ﬁt)l_ld't

1

1
P, \T74; B, \1-Aas
> (55) T = a(Gno ey R, Adr+(1—ed)( )
Pt—l Pf—l

Loglinearize (16):

1

1 ﬁ l_ld,t
()t ~Aat = 0 ()X () ~¥4)T- o +(1- 9d)< 1)

Steady state:
Ty=my,=af=n=1 P=P_ =P Agt=24

1

= ™t 7 (m)Ta ',
1 1 .
= {00+ =00 (5) |+ a0 (5) T @R - p)
1 1
(=0 (P (=) ) T (P = P)
0T () 0T Gy = )+ (1) Gt o — 7
= 1_1,1dA 1_9‘1(1% p) — (1_9)(1%1 p)‘*‘(ed)(;d)”t 1+9d<1_—i1(2)2

= iy = (1 = 0) (B = Pe—1) + Oaxafte—1 + 041 = x)Tf (L.5)
where

= pafty + €l

To derive the optimal price P, substitute Y; ¢4s With (3)in (15):

© s Xd ;s 1-xd Har
s —¢ = Prig \tae1
maxE, > (00 vess ([ [resn ) (][] BemMCiens (55 ) ™ Ves = MCiprsznstd
fe 5=0 Pi,t+s

k=1 k=1

— —=C =C =C 1— D
Piys = (T v M=) XA (T 41 Ty g oo Thfs) T X4P,

y!

w ot
(Tey Ter k1) X ([ Tzt Ty g ) XeP | 2ac-1
> L=E ;(ﬁed)%m o
A
(Tl o) (T 7Ey) 4P| Ta T
- MCi,t+s P Yt+s - MCi,t+sZt+s¢
t+s
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F.O.C.:
oL

=E, i(ﬁed)svms (1

_ A
Aa (M= Terk—1) X ([Thm1 g ) X4 | Aae=t ([Thoq Tea—1) X ([Thmy Tiy) X4
A1 Prr Pry Fess
) S S
Adt
_ [P - S _ _
Aqe (=1 Tesr—) X Timy Tl X2 2ae T (T[They Tepie—) ¥4 ([Thm e s ) 4
—MCypys _/1 1 P P Yiss
d,t t+s t+s
=0
o) Ad,
B 1 AT 2T G /0 e e a1
5 B (B0 v > P, e T ey
pd t+s
Adt
S o VXTI, 7€, )X Age—1 _ _ At
— AaMCirse [(Hk—l t+k 1)P (=1 Te4n) ] B rac Yy, Lo
t+s
Adt
o P _ Xd B _ _Ad,t_1+1
(5=1) Ml ) e 3
> B (800 S VersPes (LH.S)
Pt+s Pf
5=0 P,
__Aae
Ad,t_l

=} Pt+S—1 xd s = 1-xa
( P, (Ike=1TE41)
= EtZ(ﬁed)SVHs/ld,tMCi,Hs P
s=0 %
t

0d=0 = P=/1dMCn=AdMCTP

where
MC™: nominal marginal cost
MCT: real marginal cost
MC" = !
= P
MC™ = P
= »
YP = A;MCY

Loglinearize (15):
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L.HS.:

Et;(ﬁed)w +E, ;(ﬁed)sp(ms —Y) +E, ;(ﬁedw(ﬁf —P)

+Ef§(ﬁed)s(%)Xd(‘%“)ypxd(_ R [

- _ 2 Aa__
+IEtZ(ﬁ9a)SP Tty (Ad_dl) PAa=1 " (Pp s — P)
s=0

Aa
Ad -

oo Ag
+B, Y B0 P AT yp( ) (-
;) da da (

1
Ay

= 1\ Tg-1 A Ad
+Et2(ﬁ’9d)5 (—) T ype (——d )pad—l Y, —P)
’ 2 A1
P

Aa

B (B0 VP—x0) (-5 +1) D
s=0 a

= 1
+E, Z(ﬁ’@d)SYP(lnl) <— m) (—1) (Aqe — Aa)

s=0

= E, i(ﬁBd)SYP {1 F Oues =)+ G =2+ (- 725) Gess =9 + () G =)

s=0

Xd Aa Aa S ~c
+(575) Gees =2+ (-5 =) + ) (55 + 1) nm}
R.H.S.:

Ee ) (B0 AMC™Y + By ) (B0)°AaMC" (Fyys = V)
s=0 s=0

+E, i(ﬁed)sszc"Y (%)Xd(_%) to (- 2) P58 () s - 1)

a—1
- _ta oAy Ay
+Et2(ﬁ0d)sﬂ.dMCnYP Aa-1 (m) pta-1 (Pt+s - P)
s=0 d
- _ Mg A —ya) (=2 71
+8, Y @00 ameny P T ) (2 PAEE) () oy - )
L
s=0
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oo A
s n 1 _IE%I Ad Zli__l
+IEtZ(ﬁ0d) AMC Y(F) (— o= 1)P a1 (P, — P)
s=0

oo S
A ~
+E: ) (800" 2aMCY (1) (3 2) D 7
=1

s=0

FE, ) (B00)°Aa¥ (MCizys — MC™)

s=0

- 1
+E, Z(ﬁed)SYMCn (1 + 24(In1) (— m) (—1)) (A — Aa)

s=0

N N n Xdld Ad
= B ) (B0 2aME™ 1+ Gis = ) + (= ) Prass =9 + (s ) (evs =)
0 Ad - 1 ld - 1
s=
S
Xata Ag g R .
+ <Ad — 1) (Pe-1—pP) + (_ld — 1) (e —p) + (A—xq) (_Ad — 1)Zl7rf+j + (mci'HS —mc )
j:
Age — A
+< d,t d)
Aa

LH.S. =R.H.S. and YP = 1 MC™Y
> B (B0 (1)
s=0

(o] N
= B ) (B00)° ) (1) Prsss = D)+ XaPes = D) = (1=2a) ) Ry + Mess + Aaers

s=0 j=1

1
1-B6q

oo N
B =) = Ee ) (B0 () Prases = Peos) = (1=2a) Y Ry + v + Aars
s=0 j=1

N

(o] N
> pe= (= BOJE Y (B0 ~Xa ) Rerjr — (1=Xa) ) Fyy + Mss + Agvs +p
5=0 j=1 j=1

N

(1 - BOE, i(ﬁ@d)s —Xa Z feyj-1

j=1
= (—x)[BO47: + (ﬁed)z(ﬁt + fer) + (ﬁgd)3(ﬁt + e + Rpgn) +

_(.Bed)zﬁt - (ﬁgd)g(ﬁt + ﬁt+1) - (ﬁgd)4(ﬁt + ﬁt+1 + ﬁt+2) - ]
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= —XaBOE; Z(ﬁed)sﬁns
s=0

(1= BOE, Y (B00)° |-~ xa) ) 7.,
s=0 j=1
= —(1 = x)[BOafttr1 + (BOL)* (s + TEry) + (BOL) (TEyy + Tl + TEy3) + o

_(ﬁed)zﬁtcﬂ - (ﬁgd)S(ﬁtc+1 + 7'Q[t+2) - (ﬁed)4(ﬁtc+1 + 7'Q[tc+2 + 7'Q[tc+3) - ]

=—(1— x4)B8, Z(ﬁ%)sﬁf+s+1

= pe=(1- ﬁgd)IEtZ(ﬁgd)s(ﬁl\Ct+s + /Td,t+s + P)
5=0

— XaBOuE: Y (B9 Tss = (1 = XBOu Y (BO Tfrens
s=0 s=0

= Pe —pe—1 = (A — ﬁgd)IEtZ(ﬁed)s(ﬁl\Ct+s + Zd,t+s +p— pt—l)

s=0

= XaBO4E, Z(ﬁed)sﬁns — (1= xa)PBb4 Z(ﬁed)sﬁg+s+1
s=0 s=0

- 1 -
= (1= BO) (e, + 1q.) + (1 - ﬁGd)m (P — Pe-1) — XaPOaft — (1 — Xa)BOaTtis1

+ (1 - BOE, Z(/}Qd)s(ﬁl\cws + Aaes)
= XaBO4E, Z(ﬁed)sﬁns = (1 —xa)B04 Z(ﬁed)sﬁg+s+1
s=1 s=1

=1- ﬁed)(ﬁl\ct + /Td,t) + (P — Pr-1) — XaBOafte — (1 — xa)BO4TE L1

+ B0, [(1 — BOE, Z(ﬁed)s(ﬁl\ct+s+1 + /id,t+s+1)
= XaBO4E, Z(ﬁed)sﬁt+s+1 = (1 —xa)B04 Z(ﬁed)sﬁg+s+zl
s=0 5=0

=1- ﬁ@d)(n’l\ct + /id,t) + (@ — Pe-1) — XaPOafte — (1 — Xd)ﬁedEtﬁtCH + BOGE(Des1 — pe) — BO(p — D¢)
fte = (1 = 0) (B — Pe-1) + BaXafte—1 + 04(1 — x)Tf
=1-60,)1- .Bed)(ﬁl\ct + id,t) + (1 =0)P —pe-1) — A = 0)xaBOsTt — (1 — 0)(1 — xa) BOJETTf 14

+ BOE M1 N (1 =602)B0a(p — ) — BOabaxafte — BOaOa(1 — xa)fs + Oaxafte—1
+04(1 — xq)7s
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= BO4E M1 — BOaxafty — BOs(1 — Xa)EeTiiy + Oaxafte—1 + 04(1 — x)7f + (1 —6,)(1 — .Bed)(ﬁl\ct + /Td,t)
+ (1 =0 —pe-1) — (1= 0)B64(p — pr)

= BO4E M1 — BOaxafte + (1 —6,4)(pr — pt—l} +(1=0)@ —p)— (1 —-6)B04( —pr)
+(1-6,)1 - ﬁgd)(ﬁl\ct + Ad,t) = BOs(1 = xa)Eemtiiy + 0y xafte—q + 04(1 — xg)7t

= BOLE Rty — BOuxafte + (1 — 0)f, + (1 — 0,)(1 — BO) (0 — pr) + (1 — 0,)(1 — BO) (e, + Aqyr)
= BO,(1 — x)ETi + Oaxafte—1 + 0,(1 — x)7if

~ BOE R + (1 =604 —04Bxa)ft + (1 —60,)(1 — .Bed)(ﬁl\ct + /Td,t) — B0 (1 — x)EeTifyy + Oqxafte—q
+04(1 — xq)7tf

= 04(1 + Bxa)ft,
= BOE M + (1 —0)(1 - ﬁBd)(ﬁl\ct + Ad,t) —BO,(1 — x)ETiq + Oaxafte—n
+ 041 — xg)mtf

_ B E.A _3(1—)&1) Xd P 1-xa 2c
T4 Bxa Y 14 Bxa T4+Bxa ' 1+PBxq ©

(-000-00
Ball+ gy e Fhae) ()

> i E;f, +

***Coefficient of ¢ in (17)

B —Xa)  ~, 1—xa ﬁcz—pnb’+pnﬁ)(d+1—xdzc
1+Bxa © 1+ Bxaq ‘

=c =c =c =c
Tey1 = Prlly + Ex¢ = EcTis1 = prliy

=> New Keynesian Phillips Curve (NKPC)

PN )B PN Xd PN Xdlg(l_pﬂ,')a
fiy —f = —— (E/fiypy — poi) + —— (fp_y — f) — ——————T7IF
t t 1+ﬁxd(tt+1 PrTs) 1+:8Xd(t1 £) 1+ Bra t
(1-6,)1—pby) -
me, + A L.6
G0t et (L6)

***Coefficient of ¢ in (L.6) equals coefficient of £ in (17)

XaB(l—pa) . —paB+puPXa+1—Xa -,

2c ﬁpTL’ =c Xd 2c Bc = B
‘ 14+Bxa ° 1+ Bxa ‘

e — 7l — s
Y14 Bxg ¢ 1+ PBra

A.3 Importers

Importing firms buy a homogeneous good at international price P{. Import i turns the homogeneous good into a
differentiated consumption good C/f or investment good I7%.

J: € {C[", 1"} is defined as aggregated imported consumption and investment.

The final imported good is an aggregation of differentiated import goods based on CES:
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A

. 1 t
Jo = [ Ji,ﬂ""dil (18.2)
0

AT €[1, 00): markup shock
j€{c i}
Demand function for importing firm i:

m,j
A

P\
]i,t = It (18.b)

m.j
Pt

where
A’t"‘j: time-varying markup for imported goods
)LTJ = (1 - sz.j)/lm'j + sz'il?g + E?m'j (19)

Like domestic firms, importing firms face a Calvo probability when setting prices. Importing consumption firms
change prices with a probability of (1 - 9m,c)- Importing investment firms change prices with a probability of
(1 - Bm,i). For firms that cannot change prices, the price is set as follows:

mj _ (- mj\Am —c N1—yp i pmi
Pt+1 - (T[t ) (”t+1) Xm']Pt (20)
Importing firms’ optimization problem becomes
o s Xmj , s 1=Xm,j
s m,j —c sm,j
mﬁ%EtZ(ﬁem,j) Vts (l |T[t+k—1) <| |”t+k> B Jias
Pt s=0 k=1 k=1

- 5t+sPt*+s(]i,t+s + Zt+s¢m'j) (21)

where
S¢: nominal exchange rate (number of domestic currency units to buy one unit of foreign currency)
Aggregate imported goods price index:

m,j
1-2]
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m,j
1 1 1-2;

m,

P = |6 (B G ™ ey =ms )2 4 (1= ) (B ) @2

Like price optimization of domestic good producers, importing firm price optimization leads to its NKPC based on
the loglinearization of (21) and (22):

~m,j a ﬁ ~Am,j a ij ~m,j PN Xm,]ﬁ(l_pﬂf)c
ﬂ;’nj_n'g =W(Etﬂﬁ{—pnﬂt)+m ﬂﬁ{—ﬂg)—wﬂg
1-6,,;)(1—-p6,,; C
+( ms) (1= F m")(mgwu’g”) (L.7)
9m,j(1 + ﬁ)(m,j)
where
e = 8+ p; — B,

A.4 Exporters

Exporting firms purchase final goods and investment, differentiate them and export them to households in foreign
countries. Exporting firm i has a demand function )?i,t as follows:

i
7. = (Fie) g 23
i =|px t (23)
t
where
P foreign currency price of exports

K= (=) pukig + el (24)

Like domestic producers and importers, exporters face a Calvo probability when setting prices. Exporting firms set
prices with a probability of 1 — 6,.. For firms that cannot change prices, the price is set as follows:

Ph.=miPE (25)

Unlike domestic firms and importers, the domestic inflation target ﬁtc is not considered when setting export goods
and investment. The export price 133‘ is determined by maximizing the profit of exporters:

[o%) S
s x 5x | ¥ Prys o x
mﬁfglcx E, (BO) Veys Tevk-1 P8 | Kiprs —o— (Xi,t+s + Zpy s ) (26)
t s=0

N
k=1 t+s
where
P . 4
”S/S : nominal marginal cost
t+s

The aggregate export price index is determined as follows:
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1-2AF

S
P = f Pi),(tl_lfdi]
V0

X
1 1-2¢

P{ = |0 (PEymi )™

1

+(1—6,) ()4 (27)

m,j
t

Like domestic goods producer price optimization, exporting firm price optimization leads to its NKPC based on the
loglinearization of (26) and (27).

E,#%, +——#%
1+p T gl (1+ B)6,

x ﬁ 1 ~x (1 - Hx)(l - ﬁex) (‘ﬁl\(,‘x + ix) (L 8)

—~ x _ ad Py X
mcy =Pt — St~ Pt
In a foreign economy, exported goods are used for consumption or investment by households in foreign countries.

Foreign demand for exported consumption and investment goods is determined as

X Ptx _nf *
Gt = Pt*] Ce (28)
S e

where
C;: foreign consumption
I foreign investment
ny: elasticity for foreign consumption and investment

Aggregated demand for exports is then determined as

Ptx]—n -ng

_ i px
L=crr=E @@=z v eo
t t

A.5 Households

A.5.1 Utility Function

Households consume domestic goods and imported goods, hold cash, make investment, work and pay taxes. They
make decisions on consumption, working and investment to maximize their utility. Household j‘s expected lifetime
utility can be described as follows:
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[ee)

Q"t 1—O'q
) G)

ELY B|66 (G — bGe) - 04, + 4,

1+o0; 1-o0,

&£ consumption preference shock. & = p.&f_1 + &
Cj;: consumption

b: degree of habit formation in consumption

&P labor supply shock. &8 = pp&l, + el

A, disutility of supplying labor

h; ¢ labor

oy inverted Frisch elasticity of labor supply

Ag: utility of real asset holdings

Qj ¢ non-interest-bearing real asset

a4 elasticity of real asset holdings

. . &1
BE)=1 &=

A.5.2 Consumption

Households have access to the following aggregate consumption:

Nc
Ne—1

dc— - -1

1 1 11y
Ce = [(1=9)1e(CE) e + 0 ae(CI") e (32)
where
Ctd: consumption of domestic goods

C{™: consumption of imported goods

Y.: share of imported goods

Accordingly, the demand for domestic goods and imported goods is given below:

d

Cl=(1-96,) (P—

—Nc
t
Ptc> C; (33)

BD

57
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Pm,c —Nc
t
=19, (—PC > C; (34)
t
The inflation rate for aggregate consumption goods (CPI) is determined as

PE = [(1 = 9.)(PAY1-e + 0, (R™) 11T (35)

A.5.3 Labor Aggregation

Each household provides labor services in a differentiated way. The aggregate labor supply to intermediate firms is
determined as follows:

h; ¢+ labor provided by household j

By supplying a differentiated labor service, each household has monopoly power setting nominal wage W ;. The
demand for each household’s labor service is determined based on the wage level accordingly:

Aw

W; \T=2w
hje = (—W ) H (37)
t

1 1 1-2w
W, = [ f (W,-,t)mdj] (38)

where

W,: aggregate wage level

A.5.4 Wage Setting

Households face a Calvo probability when setting wages. Households set wages with a probability of 1 — 6,,,. The
remaining households set wages as follows:

W1 = (”tc)xw(ﬁtcﬂ)l_xwﬂtzﬂmlj,t (39)
where

_ Zt+1

== is permanent technology growth
t

zZ
Hita

Optimal wage I/T/}-‘t is set by maximizing the following equation:
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1+op,
( t+s)

maxIEfZ(ﬁew)s by —

Aw N
(1_[ uf+k> Welt @0

where
1 aggregate payroll tax rate
Lg’: aggregate income tax rate

Insert (37) into (40):

L=E, ) (B0,)°] —¢hsd,
s=0

) Aw
oL (14 0)h 007" y) Wiris\T2w + 1
= B ) (B6,)° A o () (T

Jt s=0

1+0, — A Wiss Wiss
s Aw s
(T Tt (nﬁg+k) (num)
k=1 k=1

1 - lg]_'_s /’{W W t+s 1- AW
+ + 1)( L ) H
Vets (1 T (1 1, Wies ts

k=1 k=1
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1-1,/) W,

C A 1
= B ) (B0u)"yons ] —Elislihyens™ (125 ) =
s=0

W N 1-xw
v 1- li}+s ( 1 ) Pfis_4 x —c Zits
S\ + ) \1 -2, Pc, 1 t+k Z

1_3’

1
= IEt Z(ﬁew)shj,Hs _Awfth+sAth,t+saL W— + Veys (
Jit

s=0

60

1-x

c Xw S w

Lt+s> (Pt+s—1) | | =c Zevs | _ 0
w c t+k -

1+t Py Zt

k=1

oo N 1-xw
Wit ZepsVess (1 — 10 Pe 1\ _
= e ) (B0 hess | —ElsALhy eyt + 2 ) [ T =0
A 14+ P,
- Zt w t+s t-1 _
s=0 k=1
= W, Prys (1-2 (P£+CS_1)XW ([Tm ) 2
h it Ze4sVerslews (L = iy Py Tt _
= EtZ(ﬁew)shj,t+s _€t+sAth,t+s + ﬁ Aw <1 + Lg—s) Pt+s =0
s=0 Pt
S B (B0 ARy
s=0
Ptc+s—1

)" e

R

Wit ZeysVersP, 1-0
_ EtZ(ﬁgw) t+s_ Zt+sVt+s t+s< t+s

) s

St AW 1+ l‘tﬂf"s Prys
Py
X Aw
Pres—1)™ = o Zeps W, -1,
LG o LS
Pjcrs = (—> Hes = Hiys
7 Wt+s \ Wt+s Pt+5/
Piys
Aw
Ptc+s—1 xw s —c 1w 1-1y
P, (=1 i) AW,
N - H
P, t+s
Wt+s( It)-:s)

Let I/T/j‘t = W, so that all households choose the same optimal wage:
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A 1+o0y,
® Pfigq w s =c \l—xwiy 1=Aw
Pt (=1 7Efk) Wi
= EtZ(ﬁew)SS(thﬂAL P, Hiys
5= \ wers (5) /

Pfs 1\ e Nt
Se=) ([ 700 00,
Pt 1

wees (%52) )

- ]EtZ(ﬁHW)S <(

Peys 1)XW s —c Vl-xw
X H,, W ZesVersPees (1~ LC+S (Ptc1 Ui R (41)
t+s"t /'{W 14+ Lt+s Pt+s
P
Loglinearize (41):
L.HS.:
oo AW
1 m(l-l—d’l)
Ee ) (B0,)¢" Ay {1+ () 14w g, )
s=0 W
1— l —3—(1+o) — - l — W (1+07)-1
+ W) 1_— (140w Weps —w)
Aw
1 me(lﬂu) Xwhwy oy g
+(5) e AL s R GO
Aw
+ (P))‘Wl—ﬂw““’”(—;(W)1 ~( o) G e, p)
Ay _
+ Py R (14 o)PT EAET I, p)
Aw
1\T-2,(1*oL) AW (1467)-1
+(3) (PR R - )+ (- ) T2 +aL)Zm+k
1+ O'L 1
T (Hews = H) + 5 (s — 67
- Ad+0) o —A,040)  xwrs(1+0)
=B, ) (RO, a 1 4 DO G e g BB T - )
4 1-21, 1-1, 1-1,
—Xwiw(l+0,) c —Ay(1+0,) Ay(1+a,)
T(pt—l -p)+ W(pt+s -p)+ ﬁ(pt -p)
Aw(1 = xw)(A +0,) 7 -
- 1 _W/l z T+ (1 + UL)ht+s + ft+s

Copyright © 2020 Society of Actuaries

61



62

R.H.S.:

) Aw
IEZ( 6.y H P<1—LY)+(1—¢Y)(1>1—AWHP< Aw +1) 1’_1_3/(~ )
t Oﬁw W/lw 1+ 1+ \w Aw \1 =2, v Wemw
s=

1-0 hyy P -2, w

T4 g Y T At -
* (1 ¥ lw) W) ,1-a" Wevs =w)
1—oy i) p o (724—+1) 1 yl
- Y Hw— P\ ( il 1)PC_—P
+(1+1W)<P) Y phw\i=, 1) Pesa = P)
10N (i), P (1 xn(21) 1 yl
PY*\1-a," g —(—) (= ( il 1) PE,—P
+(1+1W)() Y, \P p (T T 1) P =P
1—Ly A_W+1 1 -2 _A_W_l
P)I=Aw"  Hw ———"—P1-2w (P, —P
+(1+¢W)( ) YA 1=2, (Peys =P
A
F (22 (B y 1( Mo 1) pittoce P)
(1+¢W) F) Y, \1—a, ) G
+(1_Ly)H "a )(1+ Al )iﬁc +(1_Ly) " Heys— 1)
T+ov) W, T A 1- 4, k_ln“k 1+ %7, Vitts
1—0 P Py =1y,
o T

Tl P( 1—13’)W "
W/1W ™)

w

=E i( 0,,)°H P(l_ly) 1+< Ay +1)° + LT + ( Ay +1)( ¢ )
= Iog Oﬁw WAW 1+ -2, Wi 1-2 Wers T Xw 1—1, Pt+s-1—P
s=

2 (254 1) 0 =2+ (1) (ews =) + (254 1) e =)

1-2,
1 s —Y —v
w = T 5 B RN
+ 1= xw) (1 + 1— lw);nak + hevs + Zes + (1 _ ty) L¥+s + (1 + Lw) [
. zh 140y _ P (=Y _ zh — (=
Steady state: §"A H "L = Hw T (le) => AL HE = Y (1+LW)
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L.HS. =R.HS.:
Ee ) (B6,)° (Ao, — D,
s=0

= Et Z(ﬁgw)s {AWO—Lwt+s + (Xw - )fw/’lw(1 + O_L))(ptc+s—1 - p)

s=0

+ (lew(l + UL) - Xw)(ptc—l - p) + AWO—L(pt+s - p) + (1 - Aw(l + UL))(pt - p)

s
- (Aw + AWO—L - 1)(1 - Xw) Z ﬁtc+k - O—L(l - Aw)ﬁt+s - (1 - Aw)é\th+s + (1 - AW)ZAt+s

k=1
1-2 1—-2
() ()

N

(- ﬁew)mfi(ﬁew)s > #
s=0

k=1

= ﬁewﬁtu + (ﬁew)z(ﬁtcu + ﬁtc+2) + (ﬁgw)g(ﬁtcﬂ + ﬁtc+2 + ﬁtc+3) + o= (ﬁgw)zﬁtcu
- (.Bew)S(ﬁtcﬂ + ﬁt+2) - (ﬁgw)4(ﬁtc+1 + ﬁtc+2 + ﬁtc+3) - = .BHWIEt Z(ﬂgw)sﬁg+s+l
5=0
1= B6y N s .
= Wy = —EtZ(ﬁew) {AWULWC+S + (Xw - Xw)lw(l + O_L))(pHs—l - p)
/’{W+/’{WO—L - 1 0
Ss=

+ Owdw (X + 0) — x) PE-1 — ) + A0, (Pess — ) + (1 — 2,(1 + 0)) (o — )

_ . . 1=\ .y (1=,
= 00 = Ahers = (1= Ay + (= AVers = (T ) e = () s}

= B0, (1 — xy)E, Z(ﬂ@w)sﬁfﬂﬂ
s=0

= = l_ﬁew
R p—

y I_Aw ~y w 1_lw W = =
-t (1—L3’)Lt - (1+lw)Lt}_ﬁew(l_Xw)Etnt+1+ﬁ0wIEtWt+1

{woe + (1= 2@ =) = 0,01 = A, = (L= AE+ (L= )2

Aggregate wage index W;:

1 1 1w
W, = 00 (Cre_ )2 GO W, )T + (1 = 0,) T | (42)

Loglinearize (42):

Wy
Real wage w, = ——
Pezy

1 1 1
= (W)t = 0, ((mf_ )M (@) uiWe )= + (1 — 6, )W, 1w

1

1 1 SO

Wi \1-2w (e )X (@)W puf Wy g \ 12w W \1-4w
> (=) =0 1-6,)(—=
( ) w ( Pz, +( w) P,z,
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1

1 )XW (@) Aww,_y \ 12w 1
= (W) =ew<( o) (ﬂt) t ) + (1= 6,) (W) A
t

LH.S.:

(W)ﬁ + (1 —1

Aw
R.H.S.:
1 1 S 1y
W) 2w + (I_GW)(l—A )Wl—lw W, —w) +0W(1—A )wl Aw (wt 1= W)
w w
1 )
40, (T ) WR g @V (g — )
w

L.HS. =R.HS.:

we =(1- Hw)Vth + O xwhiog + 6, (1 — Xw)ﬁtc = 0, + 0, W4

_ BOw
= we=(1- w)m[)l oW + (1 = 4,) (e —p) — 0, (1 = AR — (1 = 2,)E + (1 = 4,)Z,
w
1- 1, 1-2 N -
- ‘y<1 — Ly)?év - (1 i 1:’/) i}”] = BOw(1 — 60,)(1 — xy)ETiys + BO, (1 — 60,)E Wiy

+ gw)(wﬁt—l + gw(l - Xw)ﬁtc - gwﬁt + gwwt—l
EeWers = e (1= 0,)Feis + 0t e + 0, (1= 2,)RE0s — Oy ftess + 0, )
= (1 - Hw)Etﬁ/Hl = IEt(WHl - ew wﬁg - gw(l - Xw)ﬁg+1 + Hwﬁt+1 - wat)

= Bo,, (1 — Hw)EtVth+1 =E(BOyWeiq — Bew)(wnt 3951(1 - Xw)ﬁtcﬂ + Be\f/ﬁt+1 - ﬁG‘f,Wt)

S =m0 e [+ (1= )= ) = 0,1 = A - (L= 28+ (=22
1=\ .y (1= .
_LY<1_Ly)Lty—L (1+ ) ] B6,, (1 —0,)(1 — x,)E7E.s

+ [BOWE W1 — ﬁgw)(w ﬁgz 1- Xw)Etﬁt+1 + ﬁevsztﬁtH - ﬁg\fiwf] + Oy xwiti—q
+ gw(l - Xw)nt - HwT[t + Hth—l

AWO-L(]' - Hw)(l B .ng)

2 _ ~
= <1+ﬁ9W 1A, aL—l Wy

( - w)(l w) ~ 2 N

= T A= A =P = (= AR~ (1= 20 + (=22
L

y 1=\ .y w(l =M\, . . e R

- (1—Ly)Lt - (1+lW)Lt]+9th—1+ﬁewEtWt+1+9want 1 ﬁew w”t — Oy,

+ ﬁe\f/EtﬁHl - 3951(1 - Xw)IEtﬁtCH +6,(1 - Xw)ﬁtc
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1 a2 A a2 A —% A a2
= wy = _¢— [¢1Wt—1 + GoWq + Gy — 1) + Gu(Beftprq — patty) + Gs(fioy — 7E) + P (RE — prtts)
0

+ ¢ 0F + Pgll + Polt’ + ProH, + P11l (L.9)
where
? = v, P, stationary Lagrange multiplier

_ AytAyo, -1
- (1-6,)(1 - B6,)

by,

$o = Awo, — b, (1 4+ B6S)

¢1 = by,0,
¢, = byBO,
¢3 = —by, 0y
b4 = b, P05
$s = by O Xw

¢6 = _bwﬁg\f/)(w

$;=1-4y,
e ()
—

10 =—1 - 4,)0;,

$11 = —(1 - Aw)

A.5.5 Bond Investment

Households allocate wealth among cash Q;, domestic bonds B; — Q; and foreign bonds B; with a one-year
maturity. The corresponding nominal interest rates are R, for B; and R} for B;.

The purchase of foreign bonds is adjusted with a risk premium that depends on the domestic economy’s
indebtedness in the international asset market and expected depreciation of domestic currency: Sti:
t-1

~Balar-0)-Fs[ (1)1 5,)

A ~
q)(z_z,st,d)t) = e{ T (43)
where
A, = Sti% (44): net foreign asset position
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a; — a measures foreign asset position

% = 1 is steady state of inflation differential

@, shock component that follows AR(1), a first-order autoregressive model.
®(0,1,0) =1

Equation (43) indicates that if domestic economy is a net foreign borrower, investors need to pay a premium for
foreign bond investment. If domestic currency is expected to depreciate, investment is also willing to pay a premium
because the expected investment return in domestic currency is higher.

A.5.6 Equity Investment

Households own the firms and make investment in domestic and foreign equity. They decide how much to invest I;
and may purchase domestic (I¢) or imported investment goods (I/):

i
1 ni—1 1 ni—10n;-1

Iy = (L= 9)MUD) ™ + @)™y m (45)

where
1;: substitution elasticity between I¢ and I
Y;: share of imports in aggregate investment

The demand for domestic investment goods and imported investment goods can be determined as follows:

Ptd i
IE=(1-9) (P—> I (46)
t
Pm_i -
12“=z9i( ;) . (47
t

The inflation rate for aggregate investment goods is determined as

Pi= |- 9P+, (Ptm'i)l‘”i]%’“ (48)
Given households’ investment decision, capital stock K; follows
Kevp = (1= 8K, + &F U Iey) + A, (49)
where
&liinvestment specific technology shock. E(¢f) =1 & =p &l +&f & = #T_l

F (I, I,_1): investment adjustment cost paid by households when the rate of change is not equal to uZ.
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A;: installed capital that households may purchase in the secondary market from other households. In
equilibrium A, = 0.
The investment adjustment cost function is assumed to take the following form:

F(,1,_,) = [1 -S (1—t)] I, (50)

Ity

where

$() = 2 (- )
SW?*) = S'"(u*)=0
S"Ww)=¢; ¢;>0

As (8) indicates, not all capital stock may be rented to firms. Utilization rate u; determines the effective capital stock
K = u.K,. Households are also required to pay capital adjustment cost a(u;) that meets the following conditions:

aD=0 adW)=0A-5p* a"O)=20 o,=2L>0

where
1*: capital gain tax rate

Loglinearize (49):

. . (] 2
Koo = (L= 00K+ 6F o) + 8= = 00K+ 6 (1= 5 (7 =) i,
t—-1

K i 2 A
= ”1_(1—5)——+§t<1—ﬁ<f—zt—,ﬂ)>it+z—t

Z¢ Zt—1 Zt 2 \ig 124

if i 2\, A
= kipr =1 -08)— +Et< g(l_tllt #Z)>lt+z_t

2 lg—1 t

Steadystate:k=(1—6)%+i = i=k—(1—6)%

1-6 1-6)k L
kt+1—k=7( —k)+l(§t f)+[ !_Eld) 21(# —#Z)]('ut z)

2)2
i . ¢i ll'lz z z . . e
. TR P

1+i<—ﬁ2 (u Z—[ﬂ))l(it—i)-l-fi

~ 1-6
= ki =

i e A
ag) + o (G + )+

When Zt = 0, which is expected in an equilibrium state,
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ki =

-0 . i, .
o (ke—ge) + g +i)  (L10)

A.5.7 Budget Constraint

68

Each household faces its own budget constraints that contains employment income, consumption, investment, tax

and income and expense. The budget constraint is formalized in the following way:

(Bj,t+1 - Qj,t+1) + Qi1+ StBj*,t+1 + PtCCj,t(l +1) + Ptilj,t + Ptd [a(uj,t)Kj,t + Ptk At]

* At_l g * 1- L:Cy
= Re(Be = Q) + Qe + R® (270,500, B ) SiBy + 1
Zi_q +

+ (1 =M, + TR,

A - g *
~ ((Rt = DB = Q) + (Ri® (21,500, G ) = 1) S,y +
t-1

where

Lo}

: aggregate consumption tax rate

: aggregate payroll tax rate

]

L

T

: aggregate income tax rate

T+

: aggregate capital gain tax rate
Ptk': price of capital stock in the secondary market
I1;: profit from equity investment in firms

TR;: transfer payment

Wj,thj,t +(1- th()Rfuj,tKj,t

Bj o (Se = St—l)) (5D

L.H.S. is the allocation of current available resources. R.H.S. carries forward the wealth of previous period and

includes the income during the period.

A.5.8 Optimization

Households want to maximize the expected lifetime utility (31) subject to the constraints defined by capital stock

flow (49) and budget planning (51):

Copyright © 2020 Society of Actuaries



L= ) p*|é (G, — b
t=0

69

1_
0 ()
Ciry) — EhA, 22 A, 2
Tt 1) =~ §AL 1+, +4dq 1-o0,
+Zﬁtvt Rt—l(Bj Q]t)+th+Rt 1¢’( ) ) St 1'¢t 1>StB*,t 1+ WVV]th]t
t_
=0

+(1-

Ap_
_‘f ((Rt—l_]-)(Bj,t Q;, t)+<Rt 1¢( Z s ) St 1'¢t 1) )StB +B t(st_st 1))

R K + (1 — O, + TR,

- [(Bj,t+1 - Qj,t+1) + Qj,t+1 + StBj*,t+1 + PtCCj,t(l +1) + Ptilj,t + Ptd[a(u]’,t)Kj,t + Ptk,At]]}

£ B - OK, +EF UL L) + A~ K] (52)
t=0

F.O.C. for C;:
a—L—,B tge ! ———— + BUYIECE ;(—b) —vPFA1+)=0
aCt ¢ C th 1 t ¢ Ct+1 - th Lt ¢
= &F + BECE (—b)—(vP)P—tcz 1+¢)=0

CC_ pCazeer TN G Zen G ctp t

Zt Zt-1 Z¢ Zty1 Zt Zt
$t §t c

= 1—ﬁbIEtC 7. —be —l,lJtP(1+lt)—0 (53)

¢ —bcoy— t+1Mt+1 t t

Hi

where

Vi = v Pz = Pz,
Steady state:

1 b 1 ,P 148 =0
bc_‘B cyz—bc_lp F( +i) =
C—z
u
1 1
C_E_ﬁbcuz—bc
z _ K . u? —Bb
ES Y? = =
14+ (cu? — bc)(1 + 1)

Loglinearize (53):
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1 c [ ﬁb c c
B | (6 — €9 — e i — €9+ -

1bc)z> (~be) (- ﬁ) ? — )

‘T (-
-B ( (ci? — be)? )(ﬂt+1 B+ _( _1E)2(_Mz) (ct—1—c)
iz
—hb (_(cuzibc)Z”Z) Con =% _(c —1%)2_% - (Cﬂzibc)z)(_b) S

z

1
—WE YA+ B b~ YA+ ) P () (B~ PYA+ ) ()| = 0

bcu* y Bbcy® . bcu*

o, Bb .
= Et[ ft?_ Z_b)ftc+1_

G = e e A T LA
z2 + b2 bcu?
B f(# —ﬂb)z G+ czgzch pyz et ~ (lptlp v )1/) A+E) =i —p)(A + 1)
z,c (lf - —
—ypre———=0
N u? g — Bb £ — bcu* iy Bbcy® . 4 bcu*
oG —n % Ter—m T caqe —p M T caqe —py i Y age —py
z2 + b2 bcu? R
- (I,'l(l,lz _Bb)z 6t + 62512(:[_1 b)z 6t+1 - lpz(l + LC)(ltbg + ?t‘c'd) - ltszCz\(tz =0
. u’b Bu’b 2 u’b y y
= Ct ('u_Z)Z +ﬁb2 t‘ 1 +( Z)Z +Bb2 ]Et t+1 m(#t _ﬁ]Et:u't+1)
f-b PGt —BRA+E) o pre(ut — b
+W(# ft _ﬁbEt€t+1) - (u%)? + b2 (lpt +7 d) _Z)Tﬁbzlt
W = u*—pb
" (cu? — bo)(1 + 1)
z z — 'uz—ﬂb z _ _(#Z_.Bb)(,uz_b)
- Yoo = byt = (cpu? — bc)(1 + 1) cu* —b)* = 14+
. uzb BuZb . uzb 27 Y
2 GGy ppr et T Gy 1 ppz el _W( £ = PEfE)
i 2 — Bb)( e
W(M éf — BbEEL, ) — )2 +I,18b2 Pz +98°

W =pb)(u*=b) i
(") + b2 14"

(L.11)
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F.O.C. for A;:

oL

=t v (=PEPE) =0

> we — PP =0 (54)

F.O.C. for I;:

oL

ﬁ = _vtPti + th(gFl(It: I_1) + ﬁEtwt+1§ti+1F2(It+1: I.)=0
t

Replace w, with ¥, Pk’ as in (54):

i

P
= vtPt ‘H/)tpt EtFI(It:It 1)+.BIEtlpt+1Pt+1§t+1F2(It+1:It) =0
= (vtptzt) + (¢tzt)Pt EtFI(It'It 1) + BE; (¢t+1zt+1) Pt+1 Et+1F2(It+1: I)=0
z l/)t+1
= ¢t ‘Hpt Pt ftﬂ(lp I_y) + BE, —— t+1 ft+1F2(lt+1: I)=0 (55)
P His
I 2
F(ly, 1) = 1__ I__#) Iy
t-1
Fy(l,, 1 )=1—1¢.(I_t_ ) L _ﬁ(’_t_ z)z
1Ugy lg—q tlltllilt1 21t1M
. 2 . 2
¢i Le z z\2
—1—¢L(—Mt) +¢L—utu 7(. ) +¢L—utu ——(u)
lg—1 lg—1 Le— 1 lg—1
t 2 ¢l
= 1—§¢i (.—u?) +2¢l—utu -5 W
lg—1

2

1 i 3 i

t+1 t+1 t+1

Fo(ley1, 1) = —Ieq s (; /iz) Ipyq <_ I_2> =¢; (i_+/i?+1) — ¢ (i;#tz+1) I
t t

t

Replace F;(I;, I;_1) and F, (144, 1) in (55):

2

> -t +¢ma( S0 (o) 2o _ﬂ(#2)>

l/)t+1 lt+1 3 lt+1 g 2\ _
+.3IEt# Pk &1 #t+1 =) v =

t+1

Loglinearize (55):
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lpZ
e
S EPUNULS R P
Y T o] [

L
uz
P [ g2 (-2) 5+ 2000 (~ )| Gy — D

+PPPY By (=3uF + 2u7)(uf — u?) + B7PY $i[3u% — 20 (uFyy — 1) + YA (PE — P¥)
HO0(PE = P+ P (6 = £) 4 0(8ha =€) =9 (=) = 0

+B

[ 1 / 1 o1
> furp [ e+ P o - T ]} G- 0+ B |2 9?0
! 1 ! !
[ [ R R N GO R O B M )
k' k'

t

' —P 1o ; ; .
g Ty (6 ) g (i -y ) = 0

> PP G~ + Bl + Biogs + By — AF + BAZA] + PP (PF +E -9 =0 (L.12)
F.O.C. for K¢y 1:

oL

K Bres1(1 = 141 R e — Bresa PAaa(ues) — o + w1 (1—6) =0
t+1

= Et[ﬁvt+1(1 - Lf+1)Rf+1ut+1 - ﬁvt+1ptd+1a(ut+1) - lptptk + ﬁ¢t+1ptk+1 a- 5)] =0

k k d k!
Ves1Zes1 (1 = )R Uers = Year Zepr P @Weiy) + Y Zea Py (1—6) |

= P P{ z, + BE, Zi1 0
Zt
zpk' lpfz+1 k k k! _
= —YiP + ﬁEt#Z— [(1 — D)1 Uerr — @(Upyq) + Py (1= 5)] =0 (56)
t+1
where

u=1 a(l) =0 a(1)=>0-5Mrk  a’(1) = a,r*

Steady state:
z

—p?Pk’ + /3?((1 — )k + P (1 8)) =0

N ﬁﬂ—:(l—[k)rk:lpZPk’—ll}ZPk,B(lﬂz(S):lpzpk,<1—

Loglinearize (56):
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+poz(a- o+ 941 - ) Wtes —9) + B2 (1= 9 — 1)

+ BM_ZZ((]. — lk)rk — a’(l))(ut+1 _ u) + ﬁllJZ ((1 _ Lk)‘r'k + Pk’(l _ 6)) (_

z

- ﬁlﬁ—zr"(ti‘ﬂ - L")} =0

I gt / ,8(1_ A ’ ~
= P2PEpf {IIJZP" [ Pter — VF + Pig — A +

l'lz 1— lk lt+1

W - p-29) L" " ]}

Ak’_IEt[ﬁ(]-_ ),\k ’

i Pter — PF + Piy — Af + e
pwr—pa-6) &
e D)
F.O.C. for u;:
oL ,
gu = ve (A= OREK, — Pla' (k) = 0

1— )Rk
> v PY (% - a’(ut)> =0
t

> P (a-drf-ad@)=0 (57
Loglinearize (57):

YA = O =) —yr @ - ) - (A - )a" W —w) =0

. lk § ll(u)
= lprk(l—tk)<rtk—1_lktf— T )—0

a’'(w) = o,r*

oL Q:ie\7% 1
— =E A(¢) — 4 v (1=-R_ + &R, —-1)) | =
=B (20 " (1R - )

= Aq(q) ™% + vz P (1 — Re)(1 — ) =0

#Z—ﬁ(l—f?)fk

1 z z
W)(Mt —u?)
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> A0~ PERo ~ DA - =0 (58)
Steady state:

Ag(@) ™ — (R~ (A~ ) = 0

> A@ =R - DA~ )

Z 4= (lpZ(R —igu - Lk))a_q

Loglinearize (58):

Ag(=0)(@ ™7 (q; — @) = (R = D1 = )7 =) +P*R = D(f =) = 9" (L = )Ry —R) = 0

i* R
= Aq(q)_gq(_aq)at =y*(R-D(1 - lk)( lpt 1— & f? - mRt—1>

1 - L R
= 4e = a—q<—¢rz L i - chq) (L.15)

F.O.C. for By4q:

oL
m = E; (ﬁvt+1 (Rt - L?+1(Rt - 1)) - Vt) =0
1 BVt+1Pri1Ze41
> —v Pz, —4+E——"(R, - (R, — 1)) =0
Uitz Ptzt+ t ProiZers ( ¢ — v (Re ))
Byt
= —yYZ +E Ri—tf.y(R,—1D)=0
[k t”t+1l‘tz+1( t — ey g )
lpt+1 k _
> —yf +pE, (Re— kR =D)| =0 (59
ﬂt+1 t+1

Steadystate:—¢Z+ﬁlﬁ—z(R—Lk(R—1))=0 = 1/)2=,[)’Iﬁ—j(R—tk(R—1))

Loglinearize (59):

R—ik(R-1 z
IEf(‘(wf—WHﬁ( lﬂg )y, - ¢)+ﬂ”’ (1—Lk)(Rf—R>—ﬁl”—(R—l)(tm—t)

1
+ B9 (R = R = 1) (= 55) s = 1) + 5 (R = R = 1) (= =5) s - n)) =0
. BY*(R—1*(R-1) R(1—-/) FR-1) . ~
= YYi = ( e )Et <¢t+1 R—*(R—1) t_R_lk(R_l)L§+1_#t+1_nt+1>
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R T [ A k0B S B (L.16)
t Ve T e TR T R k(R—1) ! Hit1 t+1 .

F.O.C. for Bf,1:

oL
0B,y

= E; {ﬁvt+1 [R (D(at St ¢t)5t+1 lt+1 ((R q)(at Se, ¢ t) 1)St+1 + (Se41 — St))]} -5 =0

= E, (ﬁ(vt+1pt+1zt+1) [R*d)(at S @ ~t)5t+1 - Lf+1 ((R;(D(atrstr (ﬁt) - 1)5t+1 + (Se41 — St))]
Piyq Zt+1) -0

— (v.P,z,)S
(v Pze)S, Z

= Et( flptﬂ [R;(D(atrst: (f;t)stﬂ - l§+1 ((R;q)(atist: (f;t) - 1)St+1 + (Se41 — St))] - lptzst>

Her1Te4a

=0  (60)

where

t St-1 St-1

cp(at‘st‘ ¢~7t) — e{—%(at—a)—&s[mti“ilsf_(%)z]+$t} _ e{ Salar—a)- a;s[]EtSHl (%)2]+$t}

Steady state: Bg(R —KR-1)=y?=0 = 3= ﬁ;/:—:(R — (R - 1))

Loglinearize (60):

RS —¥(R = 1)S z z
E, (—5(¢?—¢2)+ﬁ ( LME 5) oz, - w2)+ﬁ¢—5(1—t")(Rt —R)—ﬂ”’—(R—l)S(tm )
z k 1 z z l’bz k 1
+ BY* (RS — (R — 1)S) (_W) Wy — )+,8—(RS—L CERDIEEATCMERS

B (RS(=62) ~ #RS(62)) (@ — @) + 2 (RS = #RS) (B, - 6)

+p— wz (R + RS( qbs) k—k(R-1)—- MR( ?)) (Spr1 = S)
P P . 1 . 1
+ (ﬁﬁl — P ) S, —S)+p— (RS(—q,’)S)S (—5—2) — KRS(—5)S (— s_2>> (Speq — 5)) =0

R—R-1 z
S Ef<—(¢f—w2>+ﬁ( lﬂg ) (.., - Z)+/f"’ (1— &)(R; — R) — Bw—(R Dy — )

+py? (R—ﬂf(R—l))( ) it = Z)+/3—(R—L"(R—1))< =) e =

z Siy1—S
+/3—R( ¢a)(1—lk)(at—a)+ﬁ¢—R(1—tk)(¢t—¢)+BFR(1—¢S)(1—L") 5

I'DZ z S l,lJ St—l_s _
(B —v) T+ B RE ) )—o
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- R—"R—l RA-1) K(R-1
= l,bzll)tz Blp ( . ( )) ( _(Lk(RL_)l) ;_Rl_Ek(R _) )if+1 ﬁf+1_ﬁt+1
R(- ¢a)(1—Lk)a R(1—-1)¢ R(1—-¢s)A - . R(1-1%)
R—i(R-1) a+p R—1k(R - ) T R—k(R—-1) ' R—k(R-1D®
Rps(1 —i5)
—Lk(R—l) St- 1)
. - R(1—-i) KR-1 R(—¢,)(1 — (¥
> zpf=nst(wf+1+ (k(RL)) - ))ffﬂ Bl = Res + gf}&_‘l)}“m
RA-15M¢ - R(l—(f)s)(l—Lk),\ R(1 =) S
—Lk(R—1)¢ R—*(R-1) "' R—kR-1)""

g ik
+—R¢S(1 ) Ry ) (L.17)

R—tk(R-11
Equations (L.16) and (L.17) lead to uncovered interest rate parity (UIP) in the model. UIP means that interest rate

difference between two countries should be compensated by the expected change in exchange rate. It is an
arbitrage-free condition:

- - R -/ *R-1)
Y =Ee | i t+ R—"(R—1) Ry — R—"(R—1) lfv1 = Afrr — feaa (L.16)

- - R1-¢) F(R-1 R(—¢o)(1 —iF)a _

Yi =E, <¢tz+1 + (Lk(Rl—)l) . —Ek(R )1) f£€+1 Afgr — Regn + E? :pLBER — Ll))a ag
RA-15M¢ = R(l—(],’)s)(l—L ). R(1 =) S
—Lk(R—1)¢ R—*(R-1) "' R—kR-1)""

g ik
+—R¢S(1 ) Ry ) (L.17)

R—tk(R-1 1
= ﬁt - ﬁ; = (1 - és)Et@Hl - §t) - ¢~’s(§t - §t—1) - éadt + ¢~’t =0 (L.18)

A.6 Government

Government collects taxes, redistribute income through transfer payment and spend money. Its budget may have a
surplus or deficit:

y
[ A
PG, + TR, = R,(B;41 — By) + (£PFC, + {T

A -
i ((Rt—l)(Bf Qa+(chb(z—t,sf,@)—1)sz,-’tf+nf+Ré<ufo> (61)
t

where
G;: Government expenditure

Fiscal policy is assumed to be an exogenous process given its uncertainty due to political reasons. The exogenous
variables EG; = [i’t‘ i ig’ [ gt]’ are assumed to follow a vector autoregressive (VAR) model as follows:

EG,=C+AXEG,_,+¢  (62)
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where

C=lcx ce ey cw ¢

P;{k Pﬁc
A=]: :
pg X pg

& ~ N(0,Z,) contains the random component of the exogenous variables:

gg

In cases where the tax rate has rarely changed, it can be assumed as a constant. For example, Canada’s sales tax
rates may be modeled as a constant value because they were not changed frequently to actively balance the
budget.

A.7 Central Bank

The central bank set domestic short-term interest rate R;. It is assumed that the monetary policy follows the rule
specified in (63):

ﬁt = pRRt—l +(1- pR)[ﬁtC + ¢n(ﬁtcf1 - ﬁtc) + PanATtf + ¢y5>t + ¢AyAyt + ¢x5€\t—1] + 55 (63)
where

~C4 _ 14
My = ZHj=1 Ti+1-j

%o =S+ Pt — B

A = (1 =0 ) TRE + () TR (64)

d
dc — P_
y&e =
pm.c
me,c —
Y =

PC

The short-term interest rate is changed based on the deviation of actual inflation rate #¢ from its target level 7Tf,
the output gap J, and changes in exchange rate X;_;.

A.8 Market Clearing

In a state of equilibrium, the goods market and foreign bond market must clear, which means supply equals
demand.

Final Goods Market

Ctd + Itd +G + P+ < St(KtS)a(Zth)l_a —ztp — a(u)K, (65)
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where
G,: government spending, which is exogeneous.

Divide (65) by z;:

Ptc Nc Ptl ni Px nr *ZZ
= (1-190) P_td ¢+ (1 -9 P_td i+ 9g¢+ E ytZ_t

<e ("—) H )1-a_¢_a(u)(&) (66)
=T\ ‘ AV

where

z—t: relative technology progress between foreign and domestic economy
t

5% 2x 2 7* * -1
Zy = z_ Z{ = pzZi t & = )/1
Yo =Ci+ 1}

Yo = gt( t) (Zt Lt) -z 5)

= Yt—st( ) (H)'"™ " —¢

PE\™ PA™ PNz ke
= ye=(1-9.) P_td e+ (1—19) P_td Iy +9g¢ + P_t* ytz_t+a(ut) #_? (67)

Loglinearize (67):

Ne
cne(PY1 1 (Pf — P€)

pe\Te 1
y9e=1=90 (35) (@-0)+1=90(52)
pi i
+ (1= 9)(PYIec(-n) (PO I (B = P + (1= 9) (P—) )
1\™ . . . . .
+ (=00 (5g) PP = P+ (L= 9)PYN-n) PP~ P + (g, — 9)

Px nf i * * X\~ 1Ny Z* * * 7]f—1 * *
) S0 =y BT Sy ()P = P)

p*
1 _nfz* * x\—Nf—1 X X Px nf}/* * * Px nfy*z*
) Sy memiE -+ (5) -+ () -2

()

+a' (5) =)+ k(= ) i - )

C
= ?t = (1 - 190)(}/6"1)1]5;(62 + flc)/Cd) + (1 =9, )(yld)m (lt + ml’t ) + gygt

N € k) L ( >A
+ =P =P+ 2= 2) +———(— )1
y(Yt NeVe t t) y )t
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C
= ?t = (1 - 190)(},C,d)flc_(ct + flc)/Cd) + (1 =9, )(yld)m (lt + ml’t ) + gygt

(1 — )k (

5 —) (ki — k) (L.19)

Foreign Bond Market

A,
SiBjews = SPE(CE +17) = SPCP + 1) +Ri® (G, 6 )S.B (68)

StBii1
A = 44
t 11@ ( )
S.B;
- a, = tdt+1
Pz,
SePE(CE I SePrfct It St Pt 12t-1
= a; = —+—] - —+— a;_ —R{D(a,, S;,
TPt \z oz Pt \z, z t=1s, Ptd Z (ac, Se. &)
= a, = (me) (¢t + i) — (rtf) c+imn+—— dyZS —R;} Cb(at,St, r) (69)
t-1
where
pd
mctx stzt)g‘
f_ P
Tt = SeP}
N AN
G+ = P P
t Zy Zg¢
1 n St
= = (mc{)~ (V Nyiz — (7}) (Ct + it # S —R{ d>(at,5t, t)
t-1

pme Mc ymc,d Mc
cm =9, (t—> ¢ =9, (#) ¢ = cm(E + (=P +n98?)

t

79

AX*

(yf -7+ £)

1-n¢
Pt =af =l = (=00 (o) A~ A4 OGP IRT = .5 CIO@P — )

=9 ()/Cd) (1- nc)Amcd

ct = Cm(ét + (=11 - 196)()/6"1)_(1_1’5)??”1)

> A = —yimeE — i+ v+ vigi + (i = (8 + (=) (1 = 9) (yed)-ammapnet)

=0+ (DA = ) (o)~ (L.20)
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A.9 Relative Prices

The model includes four price indices: domestic price index, imported consumption goods price index, imported
investment goods price index and foreign goods price index. In this section, relative prices are defined accordingly,
and marginal costs of producers, importers and exporters are presented using relative prices.

vi=og 00 = 9t =7ii+ri-al (L21)
t
o B 71) = pr=pHh+ri-ad (L.22
t =pd Ve =vo g —ap (L.22)
t
Pm,c
W 02 = =it el —ad (L.23)
t
] Pm,L
wiEor 03 = =it —al o (L24)
t
X% Pt?C A X, ¥ A X ¥ AX A%
Vel = (74) = yT =yt - (L.25)
t
Pd
ytf =_—_  (75) domestic — foreign relative price
Sk
P
mel™ == () 78 > me == =9 (1.26)
m,i SCPf f mld —~ m,i ~ ~mi,d
me; =W on s mM =l -t @)
X — yt ~f ~ A X
mc} :yx'* (78) = ¥ =mef+y  (L.28)
t
(74), (75) and (78) =>
P P/ P S 1Py nd
mef =—=—=mcf |, ———=mcf ——— (79)
TSR IS PR PR o (st /s )
t-1
= mef = mef, + = — ff — AS, (L.29)
s SePt
yt’ = xt = Pc (80)
t
Pf PEP; PP
X = = = ¥ 81
mei S.P* e = mcXPEPX ~ PF mcly” (81
pg P
Pe T (82)

[(1 =9 ) (P e + ﬁc(Ptm'C)l‘”C]l——%
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Loglinearize (82):

et P (- 1510 - 00 0P TR (1~ ) (1~ m ) (P ] B — P

# P (=) 1 - 00y e 4 ooy T (1 - ) Py (B

(Pd)l—nc Pd (Pm,c)l—nc
m} e —pH+ e (=9.) RO

d

P
- pme) = —{1 ~(1-9,)

e ™ = p™°)

-1
— P_d (_19 ) 1y mc,d
- pc ¢ ymec Ve

= PP =R = 0O TP =9 — e (L.30)

A.10 Foreign Economy

A foreign economy is assumed to be exogeneous governed by three equations:

Output

Ve = Edii — % (ﬁ; —E i, + & '*) (83)
Inflation

fif = BE AL + X9+ (84)

Interest Rate

R = prRi_y + (1 = pp)(pafti + ¢597) + & (85)

&; * and & follow the AR(1) shock process.

A.11 Data

The following observable data fields are used to estimate the DSGE model:

AlnY, Real GDP

AlnC, Private consumption

Alnl, Total fixed investment

Aln X, Total exports

Aln M, Total imports

AlnS, Nominal effective exchange rate

AlnH, Nonagricultural employment (aggregate hours worked)
Aln Wt Compensation of employees
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R, Repo rate

itk Fixed investment deflator
e cp

il PPI

TEyq Inflation target median
AlnYy Foreign real GDP

iy Foreign CPI

R; Foreign repo rate

Because the DSGE model is based on stationary time series, the data are detrended (first-order difference) before
used for model calibration.

In addition, the observable data may be different from the variables defined in the DSGE model. For example,
observable consumption data €, = C/™ + C£. In the DSGE model, the consumption is measured as follows:

pa —Nc pm.c e
C, = (1—19)<—t) + 9 (—t ) C (86)
t
t c Ptc c Ptc

Therefore, measurement errors exist. They may also include extreme shocks that are not persistent in the data. The
data need to be adjusted before used for model estimation, as shown in the following measurement equations:

pd -ni Pm,i i
L=I"+1I8 = (1—190( ) +19L-< ) I (87)

ot &t
P P
m,c\ ~MNc Pm,i i
M, =Cl+1" =9, (;—C> C,+ 9, (%) I, (88)
t t

P

X
t
*
Pt

~ s
fo=crrii=|] v @

Equation (65) =>
CE+CM) + U+ ) + G + (CF+IF) = (CF+ M) < (K (2 H)' ™ — 2e¢ — a(u K,y (90)
where
C" and I are measurement errors.
il 7, ;, R, Ry, AIn S, are assumed to have zero measurement error.

Measurement equations are loglinearized as well to embed them into the DSGE model.
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Loglinearize AlnY, =In¥, —In¥,_;:

AlnY, =In¥, —In¥,_; = n(Fez) — InFe-12,-1) = MGeze_1ptf) — IN(Fo12¢-1)
=In(F.) + In(z;—,) + In(uf) — In(F_1) — In(z,_1)
= (In(¥) —In(y)) — An(Fe-1) — In(y)) + (Anf) — In(p*)) + In(p*)
= AlnY, = 9 — ey + ff + In(u?) (L.31)

Loglinearize AInC, =InC, —InC,_;:

—MNc¢ m,c\ ~MNc
~ P;
Ct= (1_ c)( > +19C<Pc> Ct
t
Pd ¢ Pm,c e
t t
= AlnC, =InC, —InC,_; +In| (1 -19,) (F) + 9, ( )
t

Pf
pd —MNc m,c\ ~MNc
P._
—In| (1- C)<Ptc ) +19€(—Ptcl>
t-1 t—-1

= In(c;ze—1pf) — In(cp-124-1)
1

+ —Nc pmc
(1_ c)(pc) +19C(T
—Mc

+0.n0) (5) ey — pe)

% fa- o0 (z) @ -

QL = 8Ime(PTY e (PEYI= + B (P™) e (PEY ] (P PC)}
1 1\ d\—n¢—1¢pd da
- ¢ pmc —Ne¢ {(1 - 196) (_Tlc) (F) (P ) Ne (Pt—l - P )
TR e

—TNc
+0.(n0) (55) (P ItBIE — pe)

11 = 9P Me(PEYIE™ + 9 (P™) e (PEYIe | (PE., — PC)}

A

=6 — €y + A7 + In(p?)

c (-1.) ™ (=) ct+c™y
cd+c’"{c — (P - Pd)+T pmi (R™ = P™) + _C(Pt —P9)
¢ —n ™ (—1c) ¢t +c™n

_T—dc(Ptdl Pd)_T Pmcc (P2 —P™) — _C(Pt 1_Pc)}

= ¢, — &y + i +In(u?) + d’}r _(—ctRd — cMATE + (¢ + cMYAE)
Replace fif with Equation (64): fif = (1 — 9.)(y %)t eqt @ 4+ 9, (y™mee) e ™¢

= AlnC, = & — ¢_1 + 7 + In(u?)

n _ N 1A
(A = 8oyt — DR + (™ (1 = 9 (oA

+ (Cd19 (ycmc)nc—l)'\mc + (Cm19 (ycmc)nc—l _ C‘m)'\‘m C)
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yc,‘mc — yc,d =1

MNc _ —1\/a
m(cdﬁ (yemeyret — (1 =9I (oD ) (@ — RE) + & — Cooy + F

+ In(p?) (L.32)

= AlnC, =

The loglinearization of Aln I, = InI, — InI,_; takes a similar approach as that of Aln C,:

I pa\ ™ pri ™
It=1t +It = (1_19,') P_tl +19 Pl It

= (1= 9) () g + 9,0y A

S AT = G = (= 9) (DR - R + b — Gy + i
+ In(u?) (L.33)

Loglinearize AlnX, = InX, —InX,_;:

N N
Xe = [P_t*] Ye

N Py PX,
= AlnX,=InX,—InX,_, = —r]fln + InY; — ( nfln Ly In¥; 1)
t 1
= —ny(InP¥ —InP;) + lnYt +np(InP<; —InP_y) — In¥,
= —nglnn{ + nelomf + In(y;z;) — In(y{_,1z{_,)
= —nflnﬂi‘ + nflnn; +In(y{Z;zeqpf) — In(V{_1Z¢1241)
=-ny@F =) + 9 — Vi1 + 2 — Zq + A7 + In(u?) (L.34)

Loglinearize Aln M, = InM, — In M,_,:

Pmc e Pm,i N
t
Mt—19<PC) Ct+19i<P—ti> I,
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AlnM, =InM, —InM,_,;

N
[ ( ) ¢ +9; ( ) i
f
e -
Cf 1 + 19 mell if—l - ln Zf—l
Ptc 1 Ptl 1
2 (e

C) —¢) +0,c (Plc)_nc (=1 ) (P™E) LB — P™)

+Inz,_; +1Inyf

Cm+lm{

ni
+ Bc(P™Y () (PEY (PE — PE) + 8, (P—> (e =)

1\ ' ) . . ' . |

+9; l(PL) (_m)(Pm,z)—m—l(Ptm,t _ Pm,L) + ﬁii(Pm,L)—ni(ni)(Pl)T]i—l(Ptl. _ P’)}
1 pmc e 1\ e e

— . {ﬁc ( pe ) (Ct_l - C) +9.c (F) (_77(:) (pm,c)—nc—l(Pt_,l _ pm,C)

i\ i
+0.c(PTE) () (PEYI (P, — P) + 9, (P—> (o1 = D)

1\ M . ; . . . . .
+ 0, (P—) (=n)(P™H (P = P™) + 9,;i(P™) ™M (n) (PO (PLy — P‘)} +[F

+ In(p?)
c )
= . rim (Ct = Coq 1 (Rf — ”ch)) + ot i ( — 0yt Ul(”t - ”Zm)) + A + In(u®)
=1 =9) (¥Rl + 9, (") e — /M = (1 =9 ) (YD) RE - A

A‘ml — (1 -9, )(ydl)l Nify + 9; (ymu)l mA‘ml Aml (1 -9, )(ytd)m 1(1t Aml)

_ c N
An i, = (6 = ooy +1e(1 = ) (o) (R~ 7))
m m

3 .
(b = By + (L= O) GO (R — 2M)) + A7 +In(u?)  (L.35)
Cm + lm

Loglinearize AlnY; =In¥; —In ¥ ;:

AlnYy =In¥ —In¥, =Inyiz; —Inyiz;_y = Ny 7z, uf —Iny;_ 17,124

=

AV =9f —9; 1 + 2, — 2oy + (7 +Inp? (L.36)

Loglinearize Aln W, = InW, — InW,_;:

We =

=

W,
thtd

AlnW, = InW, —InW,_; = In(w,z,_ufP{") — In(w,_, P& 12,_;)

Pd
=In(w,) — In(w,_;) + In (P > + Iny?

t—1s
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> AW, =W, — W,y + 2%+ 42 +Inp?  (L.37)

Loglinearize AlnE, = InE, — InE,_;:
AmE, =InE, —InE,_, =E, —E,_, (L.38)

fif +1Inm (L.39)

Rl
Ao}
Il

A =/ +Inm (L.40)

fit+Inm (L.41)

Rl
e
Il

#r=f;+Inw  (L.42)

F=#C+Inmw (L.43)

~ ~ ~ A~ V3
AInS, =S, —nS_, =S, +In(=)  (L.44)

p—

301
Il

R, +InR (L.45)

R;=R;+1InR" (L.46)

86

The following exogeneous variables in the DSGE model are assumed to follow AR(1) processes:

B =pE1 t Tt (91)

~ . !
o _|sc s & 2 fn 3x 5d jmc imi 3+ sz B¢ R
S = [ft St b & & A AY A A Zi A T St]

p=pc Pi Pg Pe Pn Pax Pa Pame Pymi Pz* Py Pr Pr]

Ft=[sf A L S L

u
t

zZ _c¢ 4
el s{]

By solving the system of loglinearized equations and exogeneous processes, the model can be represented in a state

space form as follows:
St = FS;_1 + Q€; (92.3)
Yo=M+HS; +n; (92.b)
where

S¢: endogenous processes

F,Q: model parameters
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Y;: observable data
M steady-state information

H: mapping of endogenous variables to the data

IR CIF)

€;: structural shocks
1¢: Measurement error
R = E(m¢ne)

Bayesian methods are used to estimate the model, which can incorporate prior information of model parameters
such as their distributions. With the estimated model, Y; can be simulated with random values of €; and 7;.

A.12 Steady State

The steady state in the model can be derived analytically:

Up
T=— (s.1
Uz )
where

Up: steady money growth rate.

z

(59) = Y +p—R-FR-1)=0 = ¢Z=3€;(R_lk(R_1))

prm It

1 _ptm =ik
W (R - Lk(R - 1)) = R = m (S 2)

= 1=

The markup of imported consumption ™€ and of imported investment ™ can be used to represent the
substitution elasticity among imported consumption goods and investment goods, respectively.

me nm,c me Am,C
Am _—nm'C—l (5.3) > ™ =1
mi T]m’i mi )lm‘i
Gy N L L A T |

*

Assuming a steady state where R* = R, m* = 7, and the initial domestic price and foreign price are the same (P =
P(‘)i), this leads to the following steady-state condition:
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pe Pm,c 1-nc)1-7¢
35 = y° Ep_iz= (1_190)""90( Itgd )

t

t

Ptm.C B nm,c Sp* .,,]m,c

Ptd _nm,c_ 1F_ nme —1

1

nm,c 1-Nc11-7,
> w¢=kemwwxﬁ;rﬂ ] (5.5)

c,mc Pf Ptd e 17ne

35 = e = pme =|(1- 190) W + 9,
t t
nm,c -1 1-n¢ 1—177C
= yc,mc = [(1 - 19(:) (W) + 190] (5 6)
1
7,]m,c 1-1c11-1¢

(5.5) Pp™¢ 1-9.)+ 9, (nm,c — 1) nme
(s.6) P nme —1 _nm,c_l

1-9.) (W)l—'?c + 9,
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Similarly, for imported investment goods, the following steady-state conditions can be derived:

1

m,i 1-1i11-n;

7,)m,i -1

1-n;

o [ nm'i -1 1-n;
yrmt =11 - 191')( o > + 9

1

[ 7,]m,i 1=Miq1-n;
pmi  |A =)+ (77"”——1) pmi

mi _ 1\l M = mi _ 1
a1-9) (77 i 1) + Y 7

, Pt .
(55) = pk :F:yl'd

z

(56) = —wzpk,+ﬁF((1—Lk)Tk+Pk’(1—5))=0

e P (W -B1-8)

= ﬁ%((l—tk)rk—i-Pk'(l—d))=P"' =

. VRt =B -8))
- L — k)

=

(5.9)

B =)
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H
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(5.11)

In steady state, the real profit of intermediate goods producers is zero:

M=y —y—¢=Q;-1Dy—-¢ =0

a a

® = y=(z) () #-o ©9

> p=(u-Dy=0a-1D [(Mi) (&) n - ¢]

a

> =Gy =Ga-|(2) () 7 -]

= ¢=(Ad—1)y=ld1;1(%) (%) H o (96)
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In a steady state with zero net imports, zero foreign debt and unchanged nominal exchange rate,

. . . . pm.c —MNc Pmi _771"
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Equations (94), (97) and (98) can be rearranged as the following equations of 1%, ¢ and H:

Z_lT
Y =T,
TzC=T3H

1
H = T,(p*)L
where

u* —pb 1

L= —naroye

24 NMe pe¢ Mc
B=-1(%) +0(5m)

a

L2 (4 ~fo-sn(5) - ()

1
1—-Y w \oo
= )

1+ WA,
1 1
2 1 1 oL Tz oL
H = T4(l/) )O-L = T4_ (ETl) = T4_ (7_'3_HT1) = H gL
gL
1 ]1+0;
T1T2 oy,
- H= n( ) (5.12)
T3
Ly (5.13)
c= T, .
1
P? = ETI (5.14)
Equations (95) and (96)
a a

-

_ 4q 7q
8 = a= (1/JZ(R “Da —lk)) (5.16)

Steady state:
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4@ = "R - 1A =) =0

= Ag@™% =y*(R - DA —F)

Z 4= (lpZ(R —igu - Lk))a_q

A.13 Calibration

Bayesian analysis is used to estimate the specified economic system given observable data. However, not all model
parameters can be estimated based on observable data. Some model parameters are calibrated to be a fixed value.
Others are assumed to follow certain prior distributions and are estimated based on observable data. If the
observable data can provide enough information about the parameter, the parameter can be estimated by updating
its prior distribution. Otherwise, the parameter needs to be calibrated separately from the Bayesian estimation
process. Sometimes, two parameters may be highly correlated and difficult to separate. One of them needs to be
calibrated, and the other can be estimated using the Bayesian method. Parameters may also need to be calibrated
to maintain the relationships in a steady state derived from the model.

Table A.1 lists the parameters that are calibrated for the U.S. economy.

Table A.1
Parameter Calibration: U.S. Economy

Parameter Description Value Note
Discount factor 0.9975 Low interest rate environment: 1%
Capital depreciation rate 0.013 Annual depreciation of 5.2%
Capital share in production 0.23 Historical average
Disutility of supplying labor 7.5 30% of time working
Inverted Frisch elasticity of 1 Christiano, Eichenbaum and Evans
labor supply (2005)
Utility of real asset holdings 0.436 Cash to money (M1/M3)
Elasticity of real asset 10.62 Christiano, Eichenbaum and Evans
holdings (2005)
a”’(l) where a is capital 1,000,000 High capital utilization, follows
a’(®) Adolfson et al. (2007)
adjustment cost
Probability of households not 0.69 Wage contract renewed every 3.3
setting wages quarters
Indexation of wages 0.5 Half indexation
Share of imports in 0.36 Historical average
aggregate consumption
Share of imports in 0.48 Historical average
aggregate investment
Substitution elasticity 15 Usually between 1 and 2, follows
between domestic goods Chari et al. (2002)
and imported goods
Substitution elasticity 15 Usually between 1 and 2, follows
between domestic Chari et al. (2002)
investment and imported
investment
Elasticity for foreign 1.25 Usually between 1 and 2, follows
consumption and investment Chari et al. (2002)
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Inflation target persistency 0 A constant annual inflation rate of
2% is used
Government spending 0.815 Historical experience
persistency
Government spending/GDP 0.197 Government expenditure/output
Stable permanent 1.004 Real GDP growth rate 1.6%
technology growth
M2 growth rate 1.013 Historical experience
Wage markup 1.05 Christiano, Eichenbaum and Evans
(2005)
Domestic price markup 1.1 Christiano, Eichenbaum and Evans
(2005)
Imported consumption price 11 Christiano, Eichenbaum and Evans
markup (2005)
Imported investment price 1.1 Christiano, Eichenbaum and Evans
markup (2005)
Sensitivity of foreign inflation 13 Historical experience

rate to foreign real GDP
growth rate
Sensitivity of foreign real 0.2 Historical experience
GDP growth rate to foreign
interest rate and inflation

rate
Steady foreign inflation index 0.9998 Historical average
Capital tax rate 0.3918 Historical average
Consumption tax rate 0.0651 Historical average
Profit tax rate 0.1242 Historical average
Wage tax rate 0.0765 Historical average
Autocorrelation of tax rates 0 Historical experience

Table A.2 lists the prior and posterior distribution of each parameter. By comparing the prior and posterior
distributions of model parameters, it shows the impact of observed data on model estimation. It may also give a
better initial value to improve Bayesian estimation.

Table A.2
Parameter Estimation: U.S. Economy

Parameter Description Prior Posterior
Distribution Mean Std. Mean 90%

Dev. Interval

[7.67,7.84]

S"(u%) asin Normal
investment
adjustment cost
function
Degree of habit Beta 0.7 0.1 0.77 [0.75,0.79]
formation in
consumption
Probability of Beta 0.9 0.05 0.4 [0.39, 0.41]
intermediate goods
producers not
setting goods price
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Probability of Beta 0.9 0.05 0.96 [0.95, 0.98]
importing
consumption firms
not setting
consumption goods
price

Probability of Beta 0.8 0.05 0.83 [0.80, 0.87]
importing
consumption firms
not setting
investment goods
price

Probability of Beta 0.5 0.05 0.79 [0.787,
exporters not 0.790]
setting goods price
Indexation of Beta 0.6 0.1 0.12 [0.08, 0.16]
domestic goods
price
Indexation of Beta 0.6 0.1 0.90 [0.86, 0.94]
imported
consumption goods
price
Indexation of Beta 0.6 0.1 0.60 [0.53, 0.64]
imported
investment goods
price
Sensitivity of foreign Inverse Gamma 0.04 1 0.08 [0.05,0.11]
bond investment
risk premium to net
asset position
Sensitivity of foreign Inverse Gamma 0.6 1 0.40 [0.38, 0.45]
bond investment
risk premium to
uncovered interest

rate parity
Policy rate Beta 0.8 0.05 0.90 [0.88, 0.93]
persistency
Coefficient for Gamma 1 0.15 0.98 [0.83, 1.14]
inflation
Coefficient for Gamma 0.1 0.05 0.22 [0.13, 0.33]
change in inflation
Coefficient for Gamma 0.5 0.1 0.48 [0.42,0.54]
production
Coefficient for Gamma 0.25 0.1 0.16 [0.11, 0.24]
change in
production
Coefficient for real Normal 0.01 0.05 -0.01 [-0.03, 0.02]
exchange rate
Consumption Beta 0.7 0.1 0.89 [0.79, 0.95]

preference shock
persistency
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Investment Beta 0.7 0.1 0.70 [0.63, 0.77]
technology shock
persistency

Risk premium shock Beta 0.7 0.1 0.70 [0.67,0.74]
persistency
Labor supply shock Beta 0.7 0.1 0.63 [0.52,0.74]
persistency
Export price markup Beta 0.7 0.1 0.60 [0.53, 0.71]
persistency
Imported Beta 0.7 0.1 0.63 [0.54, 0.72]

consumption
markup persistency
Imported Beta 0.7 0.1 0.78 [0.66, 0.86]
investment markup

persistency
Domestic price Beta 0.7 0.1 0.97 [0.96, 0.98]
markup persistency
Transitory Beta 0.7 0.1 0.98 [0.97, 0.99]
technology
persistency
Asymmetric Beta 0.7 0.1 0.91 [0.88, 0.96]
technology
persistency
Permanent Beta 0.7 0.1 0.70 [0.64, 0.76]
technology
persistency
Foreign policy rate Beta 0.7 0.1 0.96 [0.95,0.97]
persistency
Foreign inflation Beta 0.7 0.1 0.86 [0.83,0.91]
persistency
Foreign production Beta 0.7 0.1 0.84 [0.82,0.88]
persistency
Consumption Inverse Gamma 0.3 Inf 0.83 [0.75, 0.90]
preference shock

persistency
Investment Inverse Gamma 0.3 Inf 0.17 [0.07,0.28]
technology shock

persistency

Risk premium shock Inverse Gamma 0.3 Inf 0.89 [0.82, 0.96]
persistency
Transitory Inverse Gamma 0.3 Inf 1.01 [0.94, 1.09]
technology
persistency
Labor supply shock Inverse Gamma 0.3 Inf 0.72 [0.57,0.89]
persistency
Central bank Inverse Gamma 0.3 Inf 0.11 [0.09,0.12]

interest rate shock
persistency

Export price markup Inverse Gamma 0.3 Inf 0.21 [0.13, 0.29]
persistency
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Imported Inverse Gamma 0.3 Inf 0.26 [0.18, 0.37]
consumption
markup persistency

Imported Inverse Gamma 0.3 Inf 0.23 [0.10, 0.36]
investment markup
persistency
Export price markup Inverse Gamma 0.3 Inf 1.07 [1.00, 1.15]

persistency
Asymmetric Inverse Gamma 0.3 Inf 0.34 [0.15, 0.58]
technology
persistency
Permanent Inverse Gamma 0.3 Inf 0.48 [0.41,0.55]
technology
persistency

Shocks derived from historical data are helpful to assess the reasonableness of the model. For example, during the
2008 financial crisis (x-axis value from 63 to 69) as shown in Figure A.1, significant shocks in consumption,
investment, interest rate, technology and inflation happened. Iltems starting with “eps” are the shocks defined in T}
in equation (91). Items starting with “me” are the measurement errors.
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Figure A.1
Historical Shocks and Measurement Errors
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Figure A.2 shows that a technology improvement boosts the economy everywhere except that the policy interest
rate will be increased to cool the expansion. Such analysis can be used for other risk sources based on their
impulsive response functions. Impulsive response functions in Figures A.3 to Figure A.7 show the impact of shocking
the labor supply, risk premium, consumption, investment and government expenditure respectively by one standard
deviation at time zero.
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Figure A.2
Impulsive Response Function: Permanent Technology Shock
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Figure A.3
Impulsive Response Function: Labor Supply Shock

Figure A.4
Impulsive Response Function: Risk Premium Shock
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Figure A.5
Impulsive Response Function: Consumption Shock

Figure A.6
Impulsive Response Function: Investment Shock
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Figure A.7
Impulsive Response Function: Government Expenditure Shock
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Appendix B: Multifactor Model Details

This appendix provides some explanation of the multifactor models used and tested in Section 3 and Section 4.

B.1 Regression Model

In this report, both linear and nonlinear models are tested, as described in Section 4.2. The Elastic Net model is
chosen as one of many possible multifactor regression models. The resulting simulation function takes the form of a
vector autoregressive (VAR) model. Modeled asset returns and yields are generated using linear models with
macroeconomic factors as explanatory variables:

Ye=a+P1Yi 1+ Y2+ BoFi+ BFe_ 4+ ByF,_, + e

where

¥, A column vector containing asset returns during period t or yields at time t

a: A column vector containing the constant terms

@;: A column vector containing parameters to govern the relationship between current return and return for all
asset classes during period t—i

F,: A column vector including all the macroeconomic factors at time t or during period t generated by a DSGE
model

B;: A matrix that contains model parameters for the macroeconomic factors during period t—i

e;: A column vector including all the idiosyncratic risk component at time t or during period t

The Elastic Net model is chosen based on model accuracy for validation data. However, limited data volume may
imply that all data need to be used for model calibration and scenario simulation. The final multifactor model
parameters are determined to achieve high model accuracy for the entire dataset.

Components of e; are not independent with each other but contain nonlinear correlation, as explained in the
following section.

B.2 Correlation Adjustment

In this report, the following approach is used to generate correlated asset returns and other modeled variables:

e Step 1. Predict whether or not the economy is in recession for each period under each scenario, based on
macroeconomic factors. This can differentiate between economic recession and expansion. During an
economic recession, higher volatility and correlation are usually observed and need to be reflected in
stochastic asset returns. Real GDP growth rate, employment rate, consumption growth rate and investment
growth rate are used in the following logistic model to predict whether the economy is in recession or not:

1

Ry = 1+ e~ PBF:

where

R; = the probability that the economy is in recession during period t

F. — (1: dy_¢, dy_¢—1,dy_¢—p,dc_y, de_y_y,dCc__p, di g, di_¢_q,di¢,
¢ dE_,dE_,_;,dE_; 5, pic_pic,q,pic
elements containing the constant term and fundamental economic factors during periods t, t — 1
andt—2

T
) , a column vector with 16
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dy_: change in real GDP growth

dc_: change in consumption

di_: change in investment

dE_: change in employment

pi_c_: consumer inflation rate

B is a row vector with 13 elements containing the model parameters for variables in F;

e Step 2. Construct two correlation matrices from the error terms of asset return models. The first correlation
matrix, CMay, describes the general relationships among error terms of all asset classes, using historical data
during economic expansions. The second correlation matrix, CMges, describes the relationships among error
terms only in economic recessions. Cholesky decomposition then can be performed to get the lower
triangular matrices LLai and ILges to generate correlated idiosyncratic factors.

e Step 3. Generate correlated idiosyncratic factors I£ for all asset returns during period t under scenario i:

i Oan- Lay€t  if the economy is not in recession during period t under scenario i
t— i .
ORes * Lres€F  Otherwise

where

Gy is @ column vector containing the standard deviation of error terms of all asset return models in
normal periods, as shown in column 3 of Table A.9

ORes IS @ column vector containing the standard deviation of error terms of all asset return models in
normal periods, as shown in column 4 of Table A.9

si is a column vector containing independent random variables following a standard normal distribution
for all asset return models

L,y is a lower triangular matrix so that the error term correlation matrix CMpy; can be decomposed as
Lay X Lyy" and

Lges is a lower triangular matrix so that the error term correlation matrix CMges can be decomposed as
LRes X LResT

Through this step, nonconstant volatility and nonlinear relationships among idiosyncratic factors of asset
return models have been accounted for. The economic scenario generation formula then becomes

Ve = 0+ ¢1Yi—1 + G2¥i—2 + BoF, + B1F,_y + BoF,_, + 1}
Lety? = a+ ¢p1¥,—1 + d2¥;-2 + BoF + B1F,_1 + B3F,_;
Ve=yi +1i

e Step 4. Adjust I£ to reflect nonzero correlation between idiosyncratic factors and systemic factors during

recessions:
. o
(Pr yp V1 p2 lf) Res if in recession during period t under scenario i
; 2
It = (o2 (@) + (- p D)o
I otherwise

where p,. is a column vector containing the nonzero correlation between idiosyncratic factors and systemic
factors.
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The economic scenario generation formula becomes
Ve = €+ &1Y_q + b2Ye—2 + BoF, + B1F,_; + ByF,_ + ]}

Nonlinearity in the relationships among modeled variables is driven by economic status in the ESG. This simple yet
effective approach is one of many approaches that can be used. Other models such as regime-switching models and
a copula may be used to model nonlinear relationships. However, quarterly data may be insufficient to achieve the
desired statistical credibility.
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