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I. Introduction 
Among the tools of the pension actuary are a variety 

of techniques which for want of better terminology will 
here be called funding methods. By funding method is 
meant the budgeting scheme or the payment plan under 
which the benefits are to be financed. The choice of 
funding method in no way affects true over-all costs, 
which are a function of the benefits to be provided and 
certain other factors such as rates of mortality, interest, 
and employee withdrawal. The funding method is, how- 
ever, the controlling factor in determining how much of 
the eventual cost is to be paid at any particular point of 
time. Funding method, as employed in this paper, 
should not be confused with funding medium, i.e., the 
vehicle (such as Deposit Administration of Self-Admin- 
istered Trust) by means of which the funding arrange- 
ments are carried out. 

The funding methods commonly used in the pension 
field are perhaps fairly well understood by the actuaries 
who use them, but the actuarial literature on this subject 
is extremely sparse. The classic British papers on pen- 
sions devote themselves largely to the techniques of 
valuing complicated benefits. They put little or no 
emphasis on the possible variations in funding method, 
relying almost entirely on what is essentially individual 
level premium funding. Perhaps the best description of 
the various funding methods will be found in the "Bul- 
letin on Section 23(p)" put out by the U.S. Treasury 
Department. Even this is only a very sketchy and super- 
ficial treatment, and the beginner in the pension field 
pretty much has to dig the ideas out for himself. This 
paper attempts, in some measure, to get at least the fun- 
damentals of pension funding into actuarial literature. 

Part II following introduces certain fundamental 
concepts, among them the "mature population" and 
"mature fund" concepts. By means of the "Equation of 
Maturity" a logical classification system for the various 
funding methods is devised. Assumptions and notation 
necessary for actuarial analysis are set forth. 

Part HI describes and classifies various methods 
which are thought to include most of those in common 
use among actuaries active in the pension field. The 
rather simple algebra is developed for each method of 
funding (under the rigid conditions of an initially sta- 
tionary population) as a sort of theoretical base on 
which to build a more practical understanding. 

Part IV looks into the characteristics of these meth- 
ods under less idealistic conditions. Certain seeming 
inconsistencies which arise in practice are explained. 

Part V introduces the rather treacherous subject of 
"adjustment for gains and losses," and describes various 
methods of making such adjustment. 

II. Fundamental Concepts, 
Assumptions, Notation 

Mature Population Concept 
All actuaries are familiar with the "service" table 

derived from estimates of rates of death, withdrawal, 
and new hirings. The Ix s column of this table represents 
approximately the age distribution of the employee 
group after the group reaches what we call a "station- 
ary" condition. 
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Most employee groups today are immature; i.e., they 
contain more younger members and fewer pensioners 
than the l, s column of the underlying service table 
would indicate. Yet most of us accept the idea that any 
employee group of sufficient size can be assumed (for 
want of better information) to approach a mature or sta- 
tionary condition eventually. It seems logical, therefore, 
to employ this mature population concept in the classi- 
fication of funding methods. 

Equation of Maturity 
It is apparent that a pension fund, like any other 

fund, grows or shrinks as income exceeds outgo, or vice 
versa. Contributions and interest make up income. Ben- 
efits paid are outgo. Thus if benefits (B) and contribu- 
tions (C) are both assumed payable at the beginning of 
a year, and if the fund (F) is measured at the beginning 
of the year (prior to either contributions or benefits then 
due), the following relationship holds. 

vAF = C + dF - B  (1) 

where AF is the change in F over the year and d is the 
rate of discount. 

It is the essence of the mature population concept 
that benefits (B) eventually become stationary. More- 
over, it is characteristic of all of the funding methods 
described in this paper that at or after the time when the 
employee population becomes stationary, the contribu- 
tion (C) and the fund (F) reach (or approach) a constant. 
AF therefore becomes zero and equation (1) becomes 

C + dF = B (2) 

where C, F, and B are all constants. Equation (2) can be 
thought of as an Equation of Maturity. 

Note that this equation does not necessarily hold as 
soon as the population reaches maturity. Sufficient time 
must have elapsed so that C and F have reached their 
ultimate levels as well. In point of time the concept of a 
mature fund  may therefore be one step beyond the idea 
of a mature population. 

Classification of Funding Methods 
In the Equation of Maturity, B and d are entirely 

independent of the funding method. Therefore, in the 

ultimate situation, the various funding methods differ 
only as to the relative sizes of F and C. At one extreme 
F = O  and C = B ;  at the other C =  0 a n d F = B / d .  
Between these two extremes lie the funding methods 
commonly employed. 

It is logical to classify these funding methods in 
ascending order of F (or descending order of C, which 
is the same thing). This scheme of classification will be 
used throughout this paper. 

Assumptions 
The actuarial analysis of the ultimate situation to 

which a given funding method leads is materially sim- 
plified if a mature population is assumed, not after 
many years, but right from the inauguration of the plan. 
The concept of an initially mature population (both as 
to active and retired lives) is therefore employed as a 
starting point and as a base on which to build. The unre- 
ality of the assumption that the employee population is 
stationary from the beginning is nonetheless recog- 
nized, and observations as to the more realistic situation 
follow in Parts IV and V. 

Moreover, since this paper concerns itself only with 
fundamentals, complications arising from benefit 
increases, death benefits, etc., are avoided by assuming 
the simplest benefits possible. Unless otherwise indi- 
cated, the algebraic statements and demonstrations 
found in this paper are based on the following assump- 
tions. 

Assume a population, stationary from the moment 
the pension plan is established, such that the number 
attaining age x in a given year is 1~. It is immaterial to 
this discussion whether the table is of the single or mul- 
tiple decrement type, so long as Ix÷ ~ represents the survi- 
vors one year hence of the group l~. It is likewise 
immaterial whether l x represents numbers of lives, or 
whether it be thought of as dollars of salary; i.e., the 1~ 
used in this paper can be thought of as meaning sfl~ in 
cases where a salary scale (a function of age only) is 
introduced. 

Further assume a single retirement age r, and that the 
pension benefit for each life (or each $1 of salary) 
reaching retirement age is $1.00 payable annually in 
advance. Assume that the plan provides no death or 
withdrawal benefits of any description. 
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N o t a t i o n  

Let a be youngest age in the service table, so that the 
stationary population is supported by lo new entrants 
yearly. 

Let ¢o be limiting age of service table. 
Let C, represent the tth annual contribution to the 

pension plan, payable annually in advance. Superscripts 
to the left indicate the funding method under consider- 
ation. For example EA~c I represents the first contribu- 
tion under entry age normal, and AC** represents the 
ultimate contribution ff aggregate funding is used. 

Let F, represent the fund (or reserve) built up after 
t years (before contribution or benefits then due). Again 
superscripts indicate funding method. 

III. Description and Classification of 
Funding Methods 

Class I Funding 
Under the scheme of classification previously 

described, Class I is logically assigned to what is com- 
monly known as "pay as you go" funding. No conlribu- 
tions are made to the plan beyond those immediately 
necessary to meet benefit payments falling due. Contri- 
butions (PCt) are exactly equal to benefits for all values 
of t, and PF t is zero for all values of t. 

Since the initially mature population previously 
described produces constant benefit payments, "pay-as- 
you-go" funding for such a group produces level contri- 
butions equal to ,o 

]~lx. 
r 

Class H Funding 
ff no funding whatsoever is contemplated for active 

lives, but if the present value of future pension benefits 
is contributed for each life as it reaches retirement, we 
have what has come to be known as "terminal" funding. 
Since this method produces higher eventual contribu- 
tions and lower eventual reserves than any of the other 
common methods except Class I, terminal funding is 
assigned to Class IT. 

When terminal funding is applied to an initially 
mature population, all contributions except the first are 
equal and can be quantitatively expressed as l~r. The 

principle of full funding for all retired lives requires, 
however, that the first contribution be considerably 
greater to fund the benefits of those already beyond 
retirement age at the time the plan is inaugurated. The 
initial contribution is in fact 

0) 

rci = ]~lx a~ and exceeds 
r 

the ultimate level contribution TC** = l~, by ]~ Ix t~. 
r + l  

This extra contribution in the first year arises 
because the plan was not always in existence but came 
into being after certain individuals had already retired. 
Here we find the first suggestion of "normal cost" and 
"accrued liability," two concepts frequently employed 
in the pension business. 

Normal Cost is commonly understood to mean the 
level of contribution which a funding method would 
currently produce, were it not for a late start in paying 
for benefits. Accrued Liability, measured at any time, 
represents the difference between the then present value 
of future benefits and the present value of future normal 
costs. The portion of the accrued liability not offset by 
assets is called the unfunded accrued liability. The 
accrued liability, when measured at the establishment of 
the plan, is commonly referred to as the initial accrued 
liability. 

Under Class II or terminal funding applied to an ini- 
tially mature group we have seen that normal cost is 
represented by l,~,, and the initial accrued liability by 

co 

]~ Ix t~. The accrued liability does not change with 
r + l  

the passage of time if the group is mature from the 
beginning. Once the accrued liability has been paid off, 

lrar 

r + l  

and the fundamental Equation of Maturity can be 
checked out by the identity 

lr~ir + d Z lxax - ~ lx • 
r + l  r 

Note that TF,, the ultimate reserve built up, and the 
accrued liability are, as we might expect, algebraically 
identical. 
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Class III Funding 
The so-called "unit credit" or "single premium" 

method of funding is the first method here considered 
that funds in any respect for employees not yet retired. 
Since this method builds up lower reserves than meth- 
ods yet to be considered, it is here classified as Class HI. 

Unit credit funding is based on the principle that the 
pension to be provided at retirement age will be divided 
into as many "units" as there are active membership 
years, with one unit assigned to each year. The normal 
cost as to any individual pension in any year becomes 
the cost to fully fund on a single premium basis the unit 
assigned to that year. The accrued liability at any time is 
the present value of all units of pension assigned to 
prior years. Under this method of funding particularly 
the accrued liability is often referred to as the "past ser- 
vice" liability. 

To the extent practicable the units assigned to vari- 
ous years are equal in amount. For any individual, 
therefore, the "normal" cost rises each year, since the 
value of a deferred annuity commencing at age r is an 
increasing function of attained age. For the group as a 
whole, however, the normal cost remains level under 
the rigid conditions previously imposed• 

Algebraically the normal cost is 
r - I  

1 y l . . . .  {?ix- 
r - - a  

a 

The accrued liability is 
r-I to 

r±a~(X-a)t .... l?ix+~tx?ix • 
a r 

Under this method of funding the initial accrued lia- 
bility can be paid off in a variety of ways. A common 
method is to amortize the liability by means of an annu- 
ity certain over a period of n years, the accrued liability 
payment becoming k% of the initial accrued liability, 
where k = 100/?i~ . A requirement in some plans 
using unit credit funding is that the accrued liability as 
to any individual will be funded by the time said indi- 
vidual retires. In any case, once the accrued liability is 
fully funded 

UC= 1 ~-~ 
= r _ a E  l . . . .  I?ix 

a 

and 
UF. = 1 

r ~ l  to 

r_aE(X-a)  l . . . . .  ]?iX + E l x a x  • 

a r 

Once again the ultimate fund and the accrued liabil- 
ity are equal under the rigid conditions imposed. 

The algebraic identity 
r - |  

1 l r _ a ~  . . . .  [ ? i x  + 

a 

r - I  to to 

d F l  7 . . . .  [?ix+~lx?ix]--YffXr 

is, of course, an expression of the Equation of Maturity 
applied to Class III funding. Note that it is also an alge- 
braic statement that if the accrued liability is not paid 
off, but instead is amortized in perpetuity by paying 
interest alone, unit credit funding for an initially mature 
population degenerates into pay as you go. 

Class IV Funding 
Four of the better known funding methods are logically 

classed together, because we will see that once the ulti- 
mate condition has been reached these methods produce 
identical contributions and build up identical reserves. 

1. Entry Age Normal Method 
This method, as its title implies, visualizes the nor- 

mal cost for any given employee as the level payment 
(or level percentage of pay) necessary to fund the bene- 
fit over the working lifetime of such employee• The nor- 
mal cost for a unit benefit for any individual entering at 
age a is therefore 

r-~l?io 
aa:~_--:- ~ 

The accrued liability as to any individual age x (x < r) is 

r-~l?ia .. 
r-x ]?ix ?ia.~--:-~ ax:r--:~ " 

If we look at the group instead of the individual, we 
find the accrued liability is 

r - I  ca) .. r - I  

Z I  . . . .  ]?i, +Zlxi~x ~-alaazlx?ix~_-:-~. 
aa 

a r a 

When this last expression is written in the form 

to " - ' (  ,-ol?io.. "~ 
~_flx ?ix + ~.~ l . . . .  [, I ?ix ..-- - -  ax:~---~ l 

aa:r_--:'~ / 
r a 
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it is apparent that the initial accrued liability is simply 
viewed as the full net single premium for benefits for 
retired lives, plus the sum of the individual full net level 
premium reserves for each unit of benefit for active 
fives, where such reserves are calculated as of ages 
when accrued liability is being computed and as if 
funding began (and therefore net level premium was 
computed) at age a. The normal cost, 

r-~iao 
a a : r  -- ': '~ 

for each active life, is of course 

r-oltia ~-,'. 
- z_~ ix  
aa:r_-'=" ~ a 

for the group as a whole. 
As in the unit credit method, the initial accrued lia- 

bifity can be funded in a variety of ways, commonly by 
level payments for a fixed number of years. There may 
be a requirement that accrued liability be funded with 
sufficient rapidity that benefits for all retired lives are 
completely funded. Once the accrued liability has been 
completely liquidated, E~C= is the normal cost 

I~ r - I  

. . ' 57""- ' -  
aa:r__.: ~ ~ x 

° 

and 

03 r - I  

- ~ . d l x ( i x  + I . . . .  l a x  . ' = " " - -  ax:r---:~ I • 
r 7 \ ao:r--':~ ) 

Once again the ultimate fund, under the rigid condi- 
tions imposed, becomes identical with the unchanging 
accrued liability. Once again an algebraic identity 

• . r - i  

r-~la°ztx+ 
aa:r_-:" ~ a 

io r,(: ° a ~,txiix +El . . . .  lex ..--------axr_-~ll----21x 
r a a : ~  , / 1  r 

proves out the Equation of Maturity, and at the same 
time shows us that if accrued liability payments are 
reduced to interest only, the contribution equals the 
benefits, and accordingly no funds are built up. 

2. Individual Level Premium Funding 
A second Class IV method funds the benefits as to 

any individual from date of entry (or date plan is estab- 

fished, if later) to retirement date as a level amount (or 
as a level percentage of pay). As to individuals who 
enter the group after the establishment of the plan, it is 
apparent that this method and entry age normal are 
identical. For the original staff, however, the individual 
level premium method of funding has the effect of 
funding the accrued liability (as to any individual) over 
his future working lifetime, or in exactly the same man- 
ner as the normal cost. 

For an individual age x when the plan is inaugurated, 
individual level premium funding requires a payment of 

r-x[ax 
ax.r--:~ 

for each year that such individual remains in active ser- 
vice. But note that since 

r-x[a~ 

a x : r  _--:- ~ 

can be expressed as 

r-olao (r-xl a . . . .  lao) 
_ _  a,. .7 
(ia:r_--:- ~ \ ~ix:r_-': ~ a a  ~ ' 

the contribution under level premium funding can be 
viewed as the normal cost (i.e., the cost for new 
entrants) plus an accrued liability payment of 

r-xla . . . .  iao 
ax.r_-- ~ aa:r_--: ~ 

Extending this concept to the entire population, we 
see that the initial contribution to the plan is simply 

r - I  

'~'c, = ~ txTxlax+ y : : ~  
ax:r_-:" ~ 

° r 

r - I  a co 
. . . .  . . . . .  r-°la° ~ / x  + 7 . /  ..-----|t~ + 2. l : x  

~o~_-~ o 7 ~  ao r---~: r 
where the first term of the second form can be thought 
of as a normal cost, and the last two terms can be con- 
sidered payment toward the accrued liability. 

We find the situation t years after the inauguration of 
the plan to be as follows: 

'""c,., = l r-'"lax-'x------- + olao 
a + t + l  a x - t : r - x + t l  a a a  r--":~ 

la , - i  r- ,  : ~ r_olao, , r - a  I a "t"~ . ~ I r - x + t l ~ x - t  
= .. 2.~G+ 2~ I ' . . - ' - ~  I 

aa ' r - - :~  a a + t + l  \ a x - t  r-x+tl aa.r-- ':~ / 
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The normal cost remains level but the accrued liabil- 
ity payment decreases each year as t increases, until 
after r - a years accrued liability is all paid off. 

It can thus be seen that individual level premium 
funding is really a special case of entry age normal, 
where accrued liability is funded over r - a years by 
high initial but decreasing payments. The initial pay- 
ment toward the accrued liability is especially high 
since, among other things, it completely funds for the 
initial pensioners. It can of course be demonstrated that 
the present value, as of date of plan, of these accrued 
liability payments is identical to the entry age normal 
initial accrued liability. 

3. A g g r e g a t e  F u n d i n g  

The principle behind the aggregate method is that of 
equating present value of unfunded future benefits to 
present value of future contributions, where the contri- 
bution per active life (or per dollar of salary) per year is 
assumed constant. It may seem at first thought that the 
resulting contributions should remain level from year to 
year for an initially stable population, since the very 
principle implies spreading the value of total benefits 
levelly over future life years. 

This supposition regarding the aggregate method is 
absolutely correct provided future new entrants are 
taken into account, both in valuing present value of 
future benefits and in calculating present value of future 
active life years. Demonstration I in the Appendix 
shows us that in the first year the so-computed aggre- 
gate contribution under our rigid conditions is exactly 

0} 

~ l ~  
r 

which we recognize as the pay-as-you-go payment. 
Since the contribution just equals the benefits, no 

reserves build up and contributions continue to dupli- 
cate the level Class I contribution. 

The common use of the aggregate method, however, 
ignores new entrants. The effect, of course, is to sub- 
tract v/dl  . . . .  la, from the numerator and v/dloiio 
from the denominator of equation (1) of Demonstration I. 
Since, where A, B, C, and D are positive constants, if 

A C ~>~, 

then 
A A + C  > - -  
B B + D '  

it follows that AC 1 (new entrants disregarded) is greater 
than the level pay-as-you-go payment if 

r - I  CO 

E l  . . . .  la~+Z/~a~ 
a r ~ 

r - I  
~ lxiix:r_--:-~ 

a 

~_o[iio 
(ia:r--~ 

This latter inequality is proven by the same algebraic 
principle. 

The ignoring of new entrants therefore produces, in 
the first year, a contribution in excess of benefits, and 
starts the accumulation of a reserve. 

In any year thereafter 
r - I  ¢o A 

Z l . . . .  [t~x+ Z l ,  ti~ - F,-I 
r - I  

AC, = o r ~, Ix. 
r - l  

~ lxiix.r__:~ ° 
a 

As F t increases, AC, decreases. It can be shown that as 
AC, decreases, the increment to AF,, 

decreases. The fund continues to increase, but at a 
slower and slower rate, so long as AAF, is positive, i.e., 
so long as 

ol 

AC, > ~ l x  -- dAF,. 
r 

It is shown in Demonstration II that under this pro- 
cess AC, approaches asymptotically its limit 

AC. = r-°la°., r-~l~ 
a a : ~  

a 

which we recognize as the normal cost under other 
Class IV methods. Similarly AF t approaches, but never 
reaches, a limit identical to E~'NF. and neF® The aggre- 
gate method of funding can therefore be considered 
another special case of entry age normal, where the 
accrued liability is paid off rather rapidly at the begin- 
ning, but at a slower and slower rate, such tha t the  
accrued liability is completely paid off only at infinity. 

If for instance the average temporary annuity y (see 
Demonstration H) is 100/k, the first payment toward the 
accrued liability is k% of the accrued liability. Later 
payments are, however, k% of the decreasing unfunded 
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accrued liability. Compare the foregoing with k% fund- 
ing of the accrued liability under entry age normal, 
where the k% applies to the full accrued liability rather 
than to the unfunded portion only.t 

It can be demonstrated that the initial contribution 
under the aggregate method is generally lower than that 
under individual level premium funding. A temporary 
annuity ax.,_--:-~ which decreases with advancing age is a 
sufficient, but not necessary, condition for AC t < ~ C  I. If, 
due to heavy withdrawal assumptions at young ages, 
//~ ~ increases through a significant portion of its range, 
there may be rare exceptions to the general relationship. 

4. Attained Age Normal 
There may be some confusion in respect to the 

"attained age normal" method, arising from certain 
Class HI characteristics in what is essentially a Class IV 
method. 

Total benefits are divided into past service and future 
service benefits exactly as under unit credit funding, 
and as under Class HI funding there is complete free- 
dom as to the manner in which the past service liability 
shall be paid off. For future service benefits, however, 
the aggregate method is adopted. 

The first year contribution toward future service 
becomes 

1 r - I  

r _ a ~ ( r - x )  l . . . .  I ax,-I 
° ~, ix. 
r - t  

X lxiix:~_.mm o 
a 

Since this amount is somewhat higher than the Class HI 
normal cost 

1 r - I  

r _ a Z l  . . . .  l a x  
a 

(which is level under our initially mature population 
assumptions), it is apparent that future service contribu- 
tions under attained age normal are of a decreasing 
nature. 

Future service costs after the first year are commonly 
calculated in the form 
r - I  I . . . .  lax + ~l~ti~- Unfunded past AAN F 

service liability - ,- t_  i 

r - I  

a 

We perhaps get a better idea of the essential charac- 
teristics of attained age normal, however, if we express 
the tth future service contribution in the identical form 

1 r - I  

r - _ a ~ ( r - x )  I . . . .  la~-f,-i 

r - I  

X lxiix:~_-r-:m 
a 

r - 1  

a 

where f, is that portion of AANF t built up by the accumu- 
lated excess (with interest) of the attained age normal 
future service contribution over the unit credit one. 

As f, grows the attained age normal future contribu- 
tion decreases. It can be shown that f, approaches as a 
limit the amount by which Class IV accrued liability 
exceeds the Class HI accrued liability, and that if the 
initial past service liability is completely liquidated 
A~C t and AAr~F t have as limits ~ C ~  and EANF. respec- 
tively. 

Attained age normal is therefore a true Class IV 
method. Its accrued liability is actually as great as under 
the other Class IV methods, but attained age normal 
looks at the accrued liability in two parts. The method 
imposes no restrictions as to how the "past service" 
part, equal in magnitude to the Class HI accrued liabil- 
ity, shall be funded. The second portion is liquidated by 
the decreasing accrued liability payments, which are the 
excess of the future service contribution over the ulti- 
mate future service contribution. Similarity with the 
aggregate method is of course noted, but whereas under 
the aggregate method all accrued liability is liquidated 
by rigid decreasing payments, under attained age nor- 
mal only a portion of the accrued liability is so funded 
and the funding as to the remaining accrued liability is 
unspecified. 

Class V Funding 

Beyond the various variations of Class IV funding 
previously discussed, there is nothing of a practical 
nature, but funding methods which produce higher 
eventual reserves and lower eventual contributions than 
any of the methods so far discussed are, of course, theo- 
retically possible. Perhaps the simplest of these is initial 
funding, where an employee's benefits are fully funded 
as soon as he is hired. 
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Here  n o r m a l  cos t  is 1 . . . .  laa ,  acc rued  l iab i l i ty  and  

tF.. are bo th  

r - I  

Z l . . . .  lax d¢" E l x a . x '  
a + l  r 

and  E q u a t i o n  o f  Ma tu r i t y  is expressed  b y  

r-~ o, ] ~ 
I . . . .  lao+d[~l  . . . .  [a~+ r ~ l x a x -  Ix 

~a+ 1 r 

Class VI Funding 
E v e n  less prac t ica l  than  Class  V, bu t  i n c l u d e d  here  

o n l y  to i l lus t ra te  the ex t r eme  in  h e av y  f u n d i n g ,  is wha t  
m igh t  be  ca l led  complete fund ing .  I f  by  o n e  m e a n s  or  
ano the r  an  accrued  l iab i l i ty  o f  

co 

1/d~lx is fu l ly  pa id  off, in teres t  on  the funds  bui l t  
r ~0 

up  wi l l  exac t ly  mee t  the benef i t  p a y m e n t s  ~_l~.  
r 

Illustration of lnitially Mature Situation 
It  m a y  be  e n l i g h t e n i n g  to i l lus t ra te  the fo rego ing  dis-  

cus s ion  o f  the opera t ion  o f  the va r ious  f u n d i n g  me thods  
u n d e r  the a s s u m p t i o n  o f  an in i t ia l ly  ma tu re  popu la t i on  
by  m e a n s  o f  a n u m e r i c a l  example .  Table  I shows  the 1 x 
c o l u m n  o f  a hypo the t i ca l  s ta t ionary  popu la t ion ,  m a d e  
up  o f  exact ly  1,000 act ive and  150 ret i red l ives,  m a i n -  

ta ined  by  100 n e w  ent ran ts  each  yea r  all  age  30. Each  
yea r  1% o f  the act ive l ives ret ire  and  9% die  or  wi th-  
draw. T h e  c o m b i n e d  rate o f  death  and  wi thd rawa l  is 
16% at age  30, and  app rox ima te ly  equ iva len t  to the 
S tanda rd  A n n u i t y  Tab le  q~ at re t i red ages.  

TABLE I 

x lx x lx x lx 

0 . . . . . . . . . . . .  

31 . . . . . . . . . . . .  
32 . . . . . . . . . . . .  
33 . . . . . . . . . . . .  
34 . . . . . . . . . . . .  

35 . . . . . . . . . . . .  
36 . . . . . . . . . . . .  
37 . . . . . . . . . . . .  
38 . . . . . . . . . . . .  
39 . . . . . . . . . . . .  

40 . . . . . . . . . . . .  
41 . . . . . . . . . . . .  
42 . . . . . . . . . . . .  
43 . . . . . . . . . . . .  
4 . . . . . . . . . . . .  

45 . . . . . . . . . . . .  
46 . . . . . . . . . . . .  
47 . . . . . . . . . . . .  
48 . . . . . . . . . . . .  
49 . . . . . . . . . . . .  

50 . . . . . . . . . . . .  
51 . . . . . . . . . . . .  
52 . . . . . . . . . . . .  
53 . . . . . . . . . . . .  
54 . . . . . . . . . . . .  

100 
84 
71 
60 
51 

44 
40 
36 
34 
32 

30 
28 
27 
26 
25 

24 
23 
22 
21 
20 

19 
18 
17 
16 
15 

5 . . . . . . . . . . . .  

56 . . . . . . . . . . . .  
57 . . . . . . . . . . . .  
58 . . . . . . . . . . . .  
59 . . . . . . . . . . . .  

60 . . . . . . . . . . . .  
61 . . . . . . . . . . . .  
62 . . . . . . . . . . . .  
63 . . . . . . . . . . . .  

4 . . . . . . . . . . . .  

65 . . . . . . . . . . . .  
66 . . . . . . . . . . . .  
67 . . . . . . . . . . . .  
68 . . . . . . . . . . . .  
69 . . . . . . . . . . . .  

70 . . . . . . . . . . . .  
71 . . . . . . . . . . . .  
72 . . . . . . . . . . . .  
73 . . . . . . . . . . . .  
74 . . . . . . . . . . . .  

75 . . . . . . . . . . . .  
76 . . . . . . . . . . . .  
77 . . . . . . . . . . . .  

i 78 . . . . . . . . . . . .  
i 79 . . . . . . . . . . . .  

14 
13 
13 
12 
12 

11 
11 
11 
10 
10 

10 
10 

9 
9 
9 

8 
8 
8 
7 
7 

7 
6 
6 
6 
5 

0 . . . . . . . . . . . .  

81 . . . . . . . . . . . .  
82 . . . . . . . . . . . .  
83 . . . . . . . . . . . .  
84 . . . . . . . . . . . .  

85 . . . . . . . . . . . .  
86 . . . . . . . . . . . .  
87 . . . . . . . . . . . .  
88 . . . . . . . . . . . .  
89 . . . . . . . . . . . .  

90 . . . . . . . . . . . .  
91 . . . . . . . . . . . .  
92 . . . . . . . . . . . .  
93 . . . . . . . . . . . .  
94 . . . . . . . . . . . .  

95 . . . . . . . . . . . .  
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Table II illustrates the yearly contribution and the 
build up of funds under each of the several funding 
methods, assuming 2V2% interest, a benefit of $420 
annually, and the stationary population of Table I. 
Twenty years has been chosen as the period of amorti- 
zation of the initial accrued liability for those funding 
methods permitting such treatment. 

IV. Modifications for Initially 
Immature Fund 

Let us at this point abandon one of the rigid assump- 
tions previously imposed and look into the common sit- 
uation where the group is not initially mature, but is to a 
greater or less extent immature. For the present we will 
continue to assume that all actuarial assumptions are 
realized, leaving the question of actuarial gains and 
losses to Part V. As we abandon the assumption that the 
group is initially mature (though we retain the concept 
that the population will eventually approach a station- 
ary condition), we replace the l x of the stationary popu- 
lation by the l" of the immature population. As we 
should expect, the identities expressing the Equation of 
Maturity do not hold after this substitution until such 
time as the population has become mature and the l~'s 
approach the l~'s. Moreover, we find that the conclu- 
sions previously reached for the initially mature fund 
must be modified in several other respects. 

Normal Costs No Longer Level 

If the initial group is immature it follows that Class I 
funding will produce contributions which are initially 
very low, but which increase rather rapidly, eventually 
leveling off when maturity of the group is attained. 

Class II funding requires contributions which tend to 
fluctuate rather widely as number of retirements vary 
from year to year. Moreover, beneath this erraticism of 
contributions is an underlying tendency for costs to 
increase, since as the group matures the number retiring 
each year tends to grow, even if the size of the staff as a 
whole remains stationary. 

The normal cost for Class HI or unit credit funding 
(for a given staff and benefits) remains constant if actu- 
axial assumptions are realized, and if the average age of 
the active staff does not change. The average age here 
meant is not the simple arithmetic mean, but the age 
corresponding to the weighted average single premium 
deferred annuity, where the single premium at each age 

is weighted by units being funded at such age. If the 
group is initially immature, however, it is axiomatic that 
this average age will slowly increase and normal costs 
will slowly rise before eventually leveling off. This rise 
may be pronounced if the group is unusually young at 
the establishment of the plan. 

The possibility of increasing normal costs, even if all 
actuarial assumptions are realized, is not eliminated 
under Class IV funding. The expected increase in aver- 
age age of the active life group will not, in itself, pro- 
duce increasing normal costs. Level normal costs do, 
however, depend upon the average age of new entrants 
into the plan. If this average entry age remains constant 
and other actuarial assumptions are realized, normal 
costs will remain constant (assuming staff and benefit 
levels do not change). Again this average entry age is 
not a simple arithmetic mean, but the age corresponding 
to the weighted average level premium where the level 
premium for each entry age is weighted by benefits for 
those entering at such age. 

Accrued Liability No Longer Constant 

We have previously seen that under the assumption 
of an initially mature population the accrued liability 
produced by any of the funding methods discussed does 
not change with the passage of time. It takes no mathe- 
matical demonstration to convince us that, if the popu- 
lation is initially immature, the accrued liability will 
rise as the population grows older. 

As a corollary we find that the funds will grow 
beyond the initial accrued liability up to the level of the 
ultimate accrued liability (assuming initial accrued lia- 
bility is completely funded). The excess of the ultimate 
over the initial accrued liability is built up by the early 
year excess of normal costs plus interest on the initial 
accrued liability over benefit payments. 

Normal Cost Plus Interest on Accrued 
Liability No Longer Identical to Pay-As- 
You-Go 

We found earlier that for an initially mature group a 
contribution equal to normal cost plus interest on the 
initial accrued liability was exactly equal to benefit pay- 
ments; accordingly no funds were built up and Class I 
funding resulted. This was true regardless of whether 
normal costs and accrued liability were those of Class 
II, I/I, IV, V, orVI. 
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TABLE II  

Class I Class II Class HI Class IV Class V Class VI 

Pay As 
You Go 

Terminal 
Funding 

Unit Credit 
20 Yr. 

Entry Age 
Normal 20 

Yr. 

Individual 
Level Prem. 

Attained Age Initial Fund- 
Aggregate Normal 20 ing 

Yr. 20 Yr. 
Initial Accrued Liability 

Complete 
Funding 20 

Yr. 

None ]$502,104 $1,206,924 I $1,471,873 $1,471,873 $1,471,873 $1,471,873 ] $1,706,173 ] $2,583,000 

Normal Cost 

Beg. of 
Year 

$63,000 J$50,753 $33,563 I 527,101 $27,101 $27,101 , $27,101 j $21,386 j None 

Contributions 

1 . . . . . .  $63,000 
. . . . . .  i i  

. . . . . .  I i  

. . . . . .  i I  

. . . . . .  II  

10 ... . . .  " 
15 ... . . .  " 
20 ...... " 
21 ...... " 
25 ...... " 
30 ...... " 
35 ...... " 
140 ...... ,, 
150 ...... " 
I L imi t . . .  $63,000 

$552,857 
50,753 

II 

t l  

t t  

I t  

II  

t t  

i t  

i t  

i t  

t l  

I t  

50,753 

$109,095 
I t  

i t  

t t  

t t  

II 

i t  

i i  

33,563 
i i  

II 

II 

II 

t l  

33,563 

$119,214 
i i  

i t  

i i  

I t  

i t  

i i  

i t  

27,101 
i t  

i i  

i t  

i t  

i t  

27,101 

$772 667 
164 606 
135 627 
116 377 
102 007 
61 631 
43 398 
34 348 
33 177 
29 855 
27 760 
27 101 
II 

I t  

27,101 

$183,109 
170,060 
158,103 
147,145 
137,104 
98,178 
73,026 
56,775 
54,293 
46,274 
39,489 
35,105 
32,273 
29,260 
27,101 

$130,716 
128,367 
126,215 
124,242 
122,437 
115,427 
110,900 
107,975 
31,995 
30,552 
29,331 
28,542 
28,032 
27,489 
27,101 

$128,163 
II 

H 

H 

II 

II 

t t  

II 

21,386 
H 

t l  

t I  

i t  

i i  

21,386 

$161,651 
t l  

I t  

t t  

I i  

11 

I t  

I i  

None 
~t 

i t  

II 

II 

None 

End of 
Year Funds 

1 . . . . . .  None 
. . . . . .  i t  

3 . . . . . .  ! " 
. . . . . .  i i  

. . . . . .  t l  

10 ...... " 
15 ...... " 
20 ...... " 
21 ...... " 
25 ... . . .  " 
30 ...... " 
35 ...... " 
40 ...... " 
50 ...... " 
Limit... None 

$502,104 
i t  

t l  

i i  

t l  

i t  

i i  

i i  

i i  

i t  

I t  

I t  

t t  

t l  

502,104 

$ 47,248 
95,677 

145,316 
196,197 
248,350 
529,335 
849,244 

1,206,924 ~ 
t l  

i i  

i i  

i i  

i I  

1,206,924! 

$ 57,620 
116,680 
177,217 
239,267 
302,868 
645,536 

1,033,233 
1,471,873 

t l  

II  

t l  

II  

II  

1,471,873 

$ 727,409 
849,740 
945,426 

1,023,774 
1,089,350 
1,298,517 
1,398,142 
1,A. A. A.,780 
1,450,331 
1,464,588 
1,471,046 
1,471,873 

w 

II 

1,471,873 

$ 123,112 
235,926 
339,304 
434,036 
520,844 
857,380 

1,074,828 
1,215,329 
1,236,788 
1,306,112 
1,364,770 
1,402,671 
1,427,160 
1,453,208 
1,471,873 

$ 69,409 
138,145 
206,394 
274,327 
342,108 
683,671 

1,040,721 
1,425,696 
1,429,559 
1,442,038 
1,452,596 
1,459,419 
1,463,827 
1,468,516 
1,471,873 

$ 66,792 
135,253 
205,427 
277,354 
351,080 
748,294 

1,197,706 
1,706,173 

t t  

t t  

i f  

II  

t l  

II  

1,706,173 

$ 101,117 
204,762 
310,998 
419,890 
531,504 

1,132,853 
1,813,223 
2,583,000 

i t  

i i  

n 

i i  

I i  

II 

2,583,000 

If the original group is immature the payment of nor- 
real cost plus interest only on the initial accrued liabil- 
ity differs from pay-as-you-go in two respects: (1) the 
contributions are more nearly level instead of sharply 
increasing, and (2) a fund is built up, at any time t being 

equal in amount to the excess of the accrued liability at 
time t over the initial accrued liability. Despite these 
differences the author prefers to consider these methods 
contemplating no amortization of the initial accrued lia- 
bility as Class I methods. 
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General Relationship Between Normal 
Cost and Accrued Liability May Not Hold 

In Part 111 we found that, if  the population was ini- 
tially mature, the funding method producing the higher 
normal cost produces the lower accrued liability, and 
vice versa. In the initially immature case this general 
relationship may not hold immediately. For example, 
the Class I pay-as-you-go payment may be initially 
lower than first year terminal funding normal cost, even 
though Class II funding produces an accrued liability 
and Class I has none. The explanation is, of  course, that 
the paradoxical situation is temporary. 

Not  quite so obvious is the situation we find if the 
unit credit method of funding, applied to a given group, 
produces a lower initial accrued liability than entry age 
normal (a result one would expect) and yet turns up a 
lower initial normal cost as well. Such a result is due to 
the immaturity of  the group, which we have seen invari- 
ably leads to normal costs which rise under unit credit 
funding. The lower normal cost under unit credit is a 
temporary feature only, and the present value of all nor- 
mal costs is higher under Class 111 funding, even though 
the normal cost in early years may be lower. 

Illustration of lnitiaUy Immature 
Situation 

By changing the preceding illustration somewhat we 
can make a good numerical representation of the course 
of  contributions and the build up of  funds in an initially 
immature situation. Table Il l  represents an immature 
population of 1,000 active lives, with no retired lives 
initially. I f  this group experiences death and withdrawal 
exactly in accordance with the service table illustrated 
in Table I, and if sufficient new entrants come in at age 
30 each year to keep active staff up to 1,000, the ini- 
tially immature group will slowly approach the station- 
ary population shown in Table I. 

Table IV illustrates the effect of  the several funding 
methods under these conditions. Two "Class I" methods 
besides pay-as-you-go are here illustrated, both of  
which in this particular example build up greater 
reserves than Class IT. Because Class V and VI are prac- 
tically unimportant these methods have been excluded 
from the illustration. 

TABLE I H  

0 . . . . . . . . . . . .  

31 . . . . . . . . . . . .  
32 . . . . . . . . . . . .  
33 . . . . . . . . . . . .  
34 . . . . . . . . . . . .  

35 . . . . . . . . . . . .  
36 . . . . . . . . . . . .  
37 . . . . . . . . . . . .  
38 . . . . . . . . . . . .  
39 . . . . . . . . . . . .  

0 . . . . . . . . . . . .  

41 . . . . . . . . . . . .  
42 . . . . . . . . . . . .  
43 . . . . . . . . . . . .  

4 . . . . . . . . . . . .  

l, 

124 
105 
88 
74 
62 

52 
44 
38 
33 
29 

27 
25 
24 
23 
22 

X 

5 . . . . . . . . . . . .  

46 . . . . . . . . . . . .  
47 . . . . . . . . . . . .  
48 . . . . . . . . . . . .  
49 . . . . . . . . . . . .  

50 . . . . . . . . . . . .  
51 . . . . . . . . . . . .  
52 . . . . . . . . . . . .  
53 . . . . . . . . . . . .  
54 . . . . . . . . . . . .  

55 . . . . . . . . . . . .  
56 . . . . . . . . . . . .  
57 . . . . . . . . . . . .  
58 . . . . . . . . . . . .  
59 . . . . . . . . . . . .  

l, 
X 

21 
20 
19 
18 
17 

16 
15 
14 
13 
12 

11 
10 
9 
8 
7 

X 

0 . . . . . . . . . . . .  

61 . . . . . . . . . . . .  
62 . . . . . . . . . . . .  
63 . . . . . . . . . . . .  

4 . . . . . . . . . . . .  

65 and up .... 

l, 
X 
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V. Adjustment for Actuarial Gains 
and Losses 

In Part HI the operation of the various funding meth- 
ods was described under conditions of (1) an initially 
mature population, and (2) experience strictly in accor- 
dance with the actuarial assumptions. The first of these 
ideal conditions was abandoned in the discussion of the 
initially immature population in Part IV. To complete 
the transition from the ideal to the realistic, we now 
abandon the second of the rigorous "ideal" conditions 
and look into the practical situation where the actuarial 
assumptions are never exactly realized. 

Origin of Actuarial Gains and Losses 
The calculation of the contribution for any given 

year under any funding method is always based on a set 
of assumptions or estimates. As the actual experience 
unfolds it is found that each of these estimates is in 
error to a greater or less extent, and that these errors 
give rise to what have come to be known as actuarial 
gains or losses. The reader can undoubtedly enumerate 
/~1o~ of the sources of gains or losses, the net effect of 

which is the total actuarial gain or loss for any 
particular period. Some of these sources may be over- 
looked in thinking through pension valuation problems, 
however. As an aid to clear thinking, a partial list of 
sources of actuarial gains is therefore here included. In 
each case the converse represents a source of actuarial 
loss. Under certain plan provisions or particular funding 
media any of the following may have no effect (or even 
the opposite effect). In general, however, an element of 
actuarial gain arises if: 
1. Rates of employee mortality are higher than 

assumed. 
2. Rates of employee withdrawal (especially nonvested 

withdrawal) are higher than assumed. 
3. Rate of interest earned is higher than assumed. 
4. Benefits which cannot be determined exactly are 

overestimated. This could arise, for example, by 
assuming too steep a salary scale for benefits based 
on salary, or underestimating Social Security benefits 
under a "$100 less Social Security" plan. 

5. Retirements occur at a higher age than assumed. 
6. The value of the pension fund assets appreciates. 
7. Errors of various types, overstating the liabilities, are 

corrected. 
8. Provision for expenses of administration is overly 

adequate. 

Determination of Amount of Actuarial 
Gain or Loss 

It is seldom practical to determine the actuarial gain 
or loss for a given period by summing the various com- 
ponents. It is ordinarily not too difficult, however, to 
obtain the total gain or loss directly. The most conve- 
nient procedure for doing so depends somewhat on the 
method of funding. 

An approach to the computation of gain or loss 
which has wide application is the comparison between 
(1) funds actually on hand at the end of the period, and 
(2) funds "expected" in accordance with the assump- 
tions made. The latter is invariably the accrued liability 
at the end of the period, less the "expected" unamor- 
tized initial accrued liability, i.e., unamortized initial 
liability at the beginning of the period, with interest to 
end of period, less payments within the period toward 
the initial accrued liability, with interest to end of 
period. 

Under either unit credit (Class III) or entry age nor- 
mal (Class IV) the desired result is obtained without 
difficulty by this general procedure. 

Under Class 11 funding, where initial accrued liabil- 
ity is ordinarily paid off immediately, the gain or loss is 
measured by the excess of actual funds over present 
value of all benefits for retired lives. 

Gains or losses under individual level premium fund- 
ing can be obtained in exactly the generalized manner 
previously set forth. But since under this method pay- 
ments toward the initial accrued liability are not imme- 
diately evident, and since "expected" funds are equal to 
the sum of the individual level premium reserves, it i~ 
more convenient to compare the actual funds with the 
level premium reserve. The calculation of the reserve 
item is somewhat arduous, and accordingly the adjust- 
ment for gains and losses is difficult under this method 
of funding, except under insured plans where no losses 
occur and dividends declared represent the gains. 

The dollar amount of actuarial gains and losses 
involves some difficulty under the aggregate and 
attained age normal methods as well. The generalized 
procedure previously suggested is theoretically accu- 
rate, but is practically difficult because the calculations 
of the payments toward the initial accured liability con- 
sist of a year-by-year comparison of contributions made 
with the Class IV normal cost. The redeeming feature 
of both these methods, from a gain and loss viewpoint, 
is that adjustment for gain and loss can be easily made 
without previous determination of the absolute amount 
of such gain or loss. 
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TABLE IV 

Class I Class II Class HI Class IV 
Attained 

Entry Age Terminal Unit Credit Entry Age Individual Age Pay As Unit Credit Normal Int. Normal Aggregate 
You Go Int. Only Only  Funding 20 Yr. 20 Yr. Level Prem. Normal 

20 Yr. 

Initial Accrued Liability 

None $431,924 15661,315 None $431,924 i $661,315 ~ $661,315 $661,315 $661,315 

Ultimate Accrued Liability 

None $1,206,924 ]51,471,873 $ 502,104 $1,206,924 ~$1,471,873 151,471,873 $1,471,873 $1,471,873 

Initial Normal Cost 

None $ 26,371 ] $ 27,101 None $ 26,371 $ 27,101 ] $ 27,101 $ 27,101 $ 27,101 

Ultimate Normal Cost 

$ 63,000 $ 33,563 ] $ 27,101 $ 50,753 $ 33,563 $ 27,1011 $ 27,101 $ 27,101 $ 27,101 

Beg. of Contributions 
Year 

....... $ ......... $ 95,591 . . . . . .  

. . . . . .  

. . . . . .  

. . . . . .  

. . . . . .  

10 ...... 
15 ...... 
20 ...... 
21 ...... 
25 ...... 
30 ...... 
35 ...... 
40 ...... 
50 ...... 
Limit... 

$ 840 
2,100 
3,543 
5,326 

17,270 
30 006 
40582 
42356 
48158 
54443 
62999 
65559 
64.249 
63.000 

36,906 
37,902 
38,771 
39,562 
40,234 
42,324 
43,437 
44,367 
44,543 
45,229 
45,468 
44,014 
43,612 
43,923 
44,098 

$ 43,230 
v t  

I t  

i i  

t t  

i I  

I t  

t t  

I I  

t t  

i v  

tv  

i v  

Iv  

43,230 

10,151 
15,226 
18,456 
23,070 
39,041 
42,295 
44,134 
44,409 
45,316 
55,829 
63,442 
50,369 
49,227 
50,753 

$ 53,402 
54,398 
55,267 
56,058 
56,731 
58,821 
59,933 
60,863 
34,008 
34,694 
34,934 
33,480 
33,077 
33,388 
33,563 

End of 
Year Funds 

. . . . . .  

. . . . . .  

. . . . . .  

. . . . . .  

. . . . . .  

10 ...... 
15 ...... 
20 ...... 

,21 ...... 
125 ...... 
3 0  ...... 
35 ...... 

0 . . . . . .  

50 ...... 
Limit... 

None 
i t  

I I  

I I  

TI 

I I  

Iv  

Iv  

I t  

t t  

t t  

I t  

I I  

None 

$ 68,488 
vv 

vv 

wv 

t t  

i v  

t l  

27,101 
i t  

wt 

t t  

t t  

M 

27,101 

$126,488 
112,387 
101,472 
92,778 
85,061 
57,235 
42,032 
34,060 
33,002 
29,971 
27,900 
27,101 

v t  

i t  

27, 101 

89 867 
84 685 
79 995 
75 728 
59 233 
43 331 
37 730 
36 858 
34 015 
31 568 
29 949 
28 930 
27 867 
27 101 

$ 77,889 
75,903 
74,106 
72,479 
70,999 
65,277 
61,484 
58,947 
31,521 
30,233 
29,125 
28,391 
27,929 
27,448 
27,101 

$ 37,829 
76 762 

116 269 
156 094 
195 777 
38O 564 
528 079 
638 136 
656 331 
719 556 
781 305 
803 511 
793 576 
770 124 
775 000 

$ 44,311 
88,869 

133,249 
177,260 
220,543 
417,303 
570,864 
682,428 
700,385 
760,785 
815,616 
834,594 
826,569 
806,286 
810,558 

None 
$ 9,543 
23,236 
39,103 
58,267 

178,161 
288,992 
364,714 
375,937 
410,149 
454,999 
528,172 
536,121 
501,002 
502,104 

$ 54,737 
111,002 
168,273 
226,307 
284,655 
569,997 
831,283 

1,070,060 
1,088,255 
1,151,480 
1,213,230 
1,235,435 
1,225,500 
1,202,048 
1,206,924 

70,200 
141,293 
212,873 
284,763 
356,622 
707,342 

1,035,096 
1,343,743 
1,361,700 
1,422,100 
1,476,931 
1,495,910 
1,487,884 
1,467,601 
1,471,873 

$ 129,651 
247,228 
355,265 
455,613 
548,731 
918,561 

1,160,817 
1,315,868 
1,339,177 
1,413,822! 
1,475,905 
1,495,910 ~ 
1,487,884 
1,467,601 
1,471,873 

$ 97,981 
191,683 
281,125 
366,515 
447,840 
794,067 

1,090,139 
1,251,691 
1,277,347 
1,362,729 
1,438,799 
1,471,378 
1,472,026 
1,460,955 
1,471,873 

$ 79,836 
158,772 
236,547 
313,120 
388,263 
737,424 

1,039,107 
1,302,039 
1,323,484 
1,395,201 
1,459,655 
1,484,796 
1,480,699 
1,464,588 
1,471,873 
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Technique of Gain or Loss Adjustment 
The funding methods discussed in this paper employ 

one or either of two techniques in determining how 
much contributions will be adjusted to recognize previ- 
ous actuarial gains or losses. 

"Immediate" Method 
The "immediate" method makes up any loss or off- 

sets any gain, as soon as such gain or loss is evident, by 
addition to or deduction from the next contribution. 

Pay-as-you-go funding invariably and automatically 
adjusts immediately for gain or loss. This is evident if 
we think of the contribution (actual benefit payments) 
as the sum of expected benefit payments plus adjust- 
ment for gain or loss. Class II or terminal funding also 
employs the immediate adjustment technique. 

Fully insured plans (those employing conventional 
group annuities, group permanent, or individual insur- 
ance policies) in most cases apply any dividend against 
the next contribution. To the extent that the dividend 
immediately reflects actual experience, actuarial gain is 
recognized at once. The insurance company guarantees 
eliminate the possibility of actuarial loss. 

Immediate adjustment is also theoretically possible 
under every other funding method considered, and is 
commonly used in several of them. Due to the difficul- 
ties of calculation it is seldom employed with the aggre- 
gate or attained age normal funding methods. 

"Spread" Method 

The "spread" method makes the gain or loss adjust- 
ment in easy stages, by spreading the adjustment into 
the future, such that the present value of future adjust- 
ments is equal to the dollar amount of the current gain 
or loss. Ordinarily the method of spreading follows the 
normal cost of the particular funding method employed, 
so that the adjustment for gain (or loss) becomes a 
deduction from (or addition to) future normal costs. 

The spread adjustment method is the only convenient 
scheme under aggregate or attained age normal fund- 
ing, has often been used with entry age normal, and is 
less commonly employed with unit credit funding. 
When gains and losses are spread under either of these 
last two methods the term "frozen initial liability" is 

frequently employed, to distinguish from the immediate 
adjustment forms of these same two methods? 

Mechanics of Spread Adjustment Under 
Class IV Methods 

The entry age normal--frozen initial liability-- 
method relies on the equation 

Normal cost = 

Present Value All Benefits - 
U n a m o r t i z e d  Initial Accrued Liability - Fund 

Weighted Average Temporary Annuity 

which is an identity so long as "Fund" represents the 
funds which would have been built up if all actuarial 
assumptions were realized. By replacing expected fund 
by actual fund in the right side of this equation, we 
automatically compute normal cost adjusted for actuar- 
ial gain or loss. The adjustment becomes the dollar 
amount of such gain or loss divided by the weighted 
average temporary annuity. The same process, repeated 
in future valuations, respreads the unrecognized portion 
of the gain or loss over future life years of the then 
active group (at the same time spreading new gains or 
losses in the same fashion). 

The amortization of the gain or loss by this method 
is identical to the amortization of the accrued liability 
under the aggregate method of funding. As might be 
expected the adjustment for the gain or loss of any 
period is never completed, but approaches zero as that 
period falls farther and farther into the past. 

Under aggregate and attained age normal, the substi- 
tution of actual for expected fund has exactly the same 
effect as under entry age normal. Gains or losses are 
again spread in the decreasing asymptotic manner 
described above, and the adjustment is automatic, 
entailing no more work than if gain or loss did not exist. 

Illustration. We can illustrate adjustment for gains 
and losses as far as it is discussed in this paper by going 
back to the illustration in Table IV. ff at the end of the 
fourth year, for example, the fund suffers a loss of 
$10,000 through depreciation of securities, the immedi- 
ate adjustment method calls for an extra contribution of 
$10,000 at the beginning of the 5th year. Table V fol- 
lowing shows the amortization of this loss in future 
years when spread adjusting is employed. 
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VI. Conclusion 
In the Bureau of Internal Revenue's "Bulletin on 

Section 23(p)" and Reg. 111, Sec. 29.23(p) may be 
found the Treasury rules as to the maximum contribu- 
tion for which full tax deduction can be claimed. A brief 
statement of the maximum contribution under the vari- 
ous funding methods here discussed will conclude this 
discussion. 

Class I and Class II funding are not specifically rec- 
ognized. Presumably contributions would be fully 
deductible if within maximum contributions established 
for one of the recognized funding methods. 

Unit credit and entry age normal funding are lumped 
together as "Clause (iii)" methods. Provided the actuar- 
ial assumptions are satisfactory, contributions under 
both are fury  deductible up to normal cost plus 10% of 
the initial accrued liability. 

TABLE V 

Year Ex~a ContributionAdded 
to Normal Cost 

5 . . . . . . . . . . . . . . . . .  $1,030 
6 . . . . . . . . . . . . . . . . . . . .  948 
7 . . . . . . . . . . . . . . . . . . . .  872 
8 . . . . . . . . . . . . . . . . . . . .  803 
9 . . . . . . . . . . . . . . . . . . . .  739 

10 . . . . . . . . . . . . . . . . . . . .  681 
20 . . . . . . . . . . . . . . . . . . . .  294 
30 . . . . . . . . . . . . . . . . . . . .  124 
40 . . . . . . . . . . . . . . . . . . . . .  51 
50 . . . . . . . . . . . . . . . . . . . . .  21 

Aggregate and individual level premium funding 
make up the "Clause (ii)" methods. Contributions under 
the aggregate method are fully deductible if average 
temporary annuity does not drop below 5. As to individ- 
ual level premium funding the Treasury sets forth vari- 
ous tests, one of which must be satisfied in order to 
obtain full deduction. The effect of these tests is to limit 
maximum deduction to that under the "normal cost plus 
10%" rule established for entry age normal. 

Attained age normal is described as a "special" 
method with both Clause (ii) and Clause (iii) character- 
istics. Contributions are fully deductible if the past ser- 
vice liability payment is no greater than 10%. 

The Treasury specifically requires periodic adjust- 
ment for actuarial gains. The immediate adjustment 

technique results in lowest possible contributions and is 
of course entirely acceptable as to gains. Although the 
Treasury position on spread adjustment is not too clear, 
the Bulletin description of aggregate, attained age nor- 
mal, and the frozen initial liability form of entry age 
normal seems to imply approval of spread adjustment. 

Actuarial losses can evidently be made up no faster 
than 10% per year, since for tax purposes they are con- 
sidered additions to the initial accrued liability. Spread 
funding as previously described will ordinarily keep 
extra contributions for actuarial loss Within the 10% 
maximum, and appears to be an acceptable technique 
for losses as well as gains. 

Appendix 
Demonstration I 

Present value benefits 
AC~ = Present value x Current active lives 

future active life years 

(where both present values include future new entrants) 

r - I  to 

~1 . . . .  I,i~ + ~t~a~ , . I - I  . . . .  I I ~ a (  V "}" v 2  "l" . . . .  ) r - I  

a r - I  r ~ . d l x o  (1) 
~ l~ii~:r_--:~ + l, ii,:,_-:-~ ( v + v z + .... ) 

a 

But 
r - I  

~ , l  . . . .  l i i ~ - v / d l r i i , - v / d l  . . . .  la. (2) 
a 

o 0) 

E l, i i~-  1 / d E  l~-  v / d l ,  ii, 
r r 

r - I  r - I  

(3) 

~ l~ii,:,_---~ - 1 / d ~  l~-  v / d l ,  iio.,_-=~ (4) 

v + v 2 + .... --- v / d .  (5) 
o 

Substituting (2), (3), (4), and (5) in (1) AC 1 = ~ l ~ .  
r 

Demonstration II  

Let  

r - I  O~ co 

b = ~ !  . . . .  I~i~+~l~a. - 1 / d E l ~ - v / d l  . . . .  I?i. 
a r r 
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r - I  r - I  

EiJi,:~_-~ 1 / d ~ l x - v / d l j i ~ : ~ _ - - ~  

r - I  r - I  

El, El, 
a a 

p = E l , .  

Now 

b - A F  t _ I 
A C t  - -  

and 

= A F A F t  ( , - 1  + AC,-P)(  1 + i )  

E (1)  ] = ^F,_, 1 -y  +(b /y -p)  ( l+i)  

AF 0 = 0 

AF 1 = ( b / y - p ) ( 1  +i)  

AF2=(b/y-p)(l +i)II +(l +i)(1-~)] 

AF, = ( b / y  - p)(1 + i)[1 + s + S 2 + . . .  "1" S t - l  ] 

• 1 - s '  
= ( b / y - p ) ( 1  +OT.~-~_ s 

where 
s = (1 + i ) ( 1 -  1 / y ) .  

Now 
O < s < l  

a s  

l < y < l / d  ; 

(1) 

(2) 

(3) 

but 
r - I  

Z lxax:,--~ 
a 

y = > 1, since //,.~_-:-~ > 1 
r - I  

a 

and 
r - I  

1 / d ~  1, - v/dl.ii.:~_-=-~ 
1 y =  < 

r - I  d '  

a 

since v / d l j i o  ~ > 1. 

and 

.'. L s'  = 0  
t -...) ~ 

)(1 + i'~ b - p y  
^ F .  = ( b / y  - p ~-l-L-'s-s) = 1 - d r"  (4) 

From (1) 

AC. b - AF. _ _ p -  b d  ( 5 )  
y 1 - d y  

Substituting the right hand forms of the definitions of y 
and b in (5) we obtain 

• - r - I  

AC. = ~ . - ° ]aa~ l , .  (6) 
aa:r--':~ a 

From (4) 

AF. = b - p y  = b ( 1 - d y ) - y ( p - b d )  
1 - dy 1 - dy 

. p -bd  = b_AC. 
= o - Y l _ d y  "Y 

r - I  

= Z t  . . . .  l a~+Zt ,  a, 

• . r - I  

r-ola. E l/i,~_-~ . (7) 
aa.r_--:- ~ 

12 
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Discuss ions  

Cecil J. Nesbitt 
In this paper Mr. Trowbridge has done an excellent 

job of classifying and illustrating the various methods 
of pension funding. From time to time we have dis- 
cussed similar ideas at Michigan but have never orga- 
nized a complete analysis such as the author presents. 
We knew, for instance, that the contributions and fund 
under the aggregate method for a mature population 
would approach limits but we did not realize what is 
now fairly obvious, that those limits would be the con- 
tribution and fund for the entry age normal cost method. 

Throughout the paper the author uses discrete func- 
tions which, of course, are convenient for the calcula- 
tion of illustrations. For purposes of exploring the 
theory, continuous methods have some advantages. 
With a few changes in assumptions and notation it is 
easy to obtain continuous function formulas parallel to 
the discrete function formulas of the paper. For exam- 
ple, if we assume that the retirement benefit is $1 per 
year payable momently from age r, and let AC, equal the 
annual rate of contribution at time t under the aggregate 
method, and AF, the fund at time t, then corresponding 
to formulas of Demonstration II, we have 

b = ~l~ .r_xla~dx -1- j~l.~(txdx =-Tr-~-~l..1 r_~l~. 

y = 
~ l~.r_-~dx _ ~[(T, - T r )  - laaa.r_--~] 

~l~dx T, - T, 

b - AFt 
ACt -- 

d ( A F , )  = A C t d t  + AFt~)dt  - pdt  

o r  

whence 

b -  p y  -[( i /y)-Sl t  AF, = _ l_--~ye + b - py .  
1 - 8 y  ' 

from which it may be shown that 

AF® = b - p y  
1 - ~ y  " 

Demonstration I is related to the "general average 
premium" concept discussed by Feraud in Actuarial 
Technique and Financial Organization o f  Social Insur- 
ance, page 28. By "general average premium" is meant 
that contribution which if paid in respect to all present 
and future participants would be sufficient to provide 
benefits for all present and future participants, ff r~ ~ 
denotes such a premium for a mature population whose 
members are to receive the momently benefit indicated 
above, and if r~ ~ is payable momently, then 

o r  

1 
~ C A ( T a - T r )  = ~Tr 

c ~ Tr 
T~-T," (1) 

The premium n c is independent of the interest rate 
and the method amounts to pay-as-you-go funding. 

If the population is immature to the extent that it con- 
tains individuals up to age r only but is otherwise distrib- 
uted according to the service table, and if the general 
average premium for this case is denoted by n ~, then 

o r  

nm~(T.-T,) = 1 _ g(lrar) 

~, lrar (2) 
= T~- Tr" 

The justification for formula (2) is that at each 
moment dt in the future, benefits of value Lfirdt will be 
incurred and so the total present value of benefits for 
present and future participants will be 1/8(lra~). This is 
a terminal (or maturity) funding method but differs from 
the Class II funding illustration in Table IV in that the 
contribution remains level from year to year by reason 
of the assumed service table distribution below age r. 

ff the population is just commencing to be built up 
from I a new entrants each year at age a, and n ~ denotes 
the general average premium for this ease, then 

.1 ~(1. Ifi.) '~' ~(laaa:r--'7"~) = "r-a  

o r  

~. = r-a laa. 
a~.,--~ ' (3) 

that is, ~ is the entry age normal cost. 
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For the current cost funding situation with general 
average premium n ~, the accrued liability, defined as the 
present value of benefits for all present and future par- 
ticipants less the present value of all future premiums 
from such participants, remains constant at 0. The 
accrued liability in regard to just present participants is 

l c 

which may be reduced to 

. ¢ n .  ~ t n - ~  ) l~a~ ~_-~. (4) 

The accrued liability for future new entrants, with 
value of benefits expressed in terms of normal cost, 
may be written as 

1 n -- 1 c -- ~(Tt l~a~:~_-=~)- ~(Tt l,a~.~_-=~) 

which is the negative of (4). Thus the accrued liability 
for present participants is balanced by an anticipated 
gain in regard to future new entrants to give a total 
accrued liability of O. 

For the maturity funding method with general aver- 
age premium ~:m, the accrued liability for retired partici- 
pants ultimately becomes 

. . . .  1 (To - T~) = tTr-n )3  (5a) 

The accrued liability for active participants from 
ages a to r is 

m - 

which reduces to 

. m t l~  
~tn - n  ) loaa:~_-~. (5b) 

The gain in respect to future new entrants is also 
(5b); hence the total accrued liability for retired, active 
and future participants becomes just (5a), the liability 
for the retired group. 

For the entry age normal cost funding situation with 
general average premium ~ ,  benefits and premiums for 
future new entrants exactly balance and the accrued lia- 
bility for this group is always 0, and the total accrued 

liability is the liability for present participants (active or 
retired). It is convenient, however, in computing the 
total liability to calculate benefit values for both present 
and future participants and proceed similarly for the cal- 
culation of premium values. Thus, by the time the active 
group has grown, according to the service table, to 
include persons up to age r the total accrued liability is 

1 n 1 m ~[lr(lr-n (Ta-Tr)] = ~(lt - n n ) ( T a - % ) .  (6) 

At time t years later the total accrued liability is 

1 [ l . + , a .  +, + ( T .  - T . + , ) -  7r~(Ta - T~)] 
~5 

and the ultimate total accrued liability is 

_I [Tr - rc"(T. - Tr)] 

o r  

(7) 

n 
(xc _ rr )(Ta - Tr). (8) 

In the foregoing discussion, gains in respect to future 
new entrants have been taken into account. It should not 
be inferred, however, that I favor the discounting of 
such gains in regard to actual pension plans; in fact, I 
usually take the opposite attitude. Whatever our attitude 
be toward that question, we should be willing to exam- 
ine and understand the possibilities. The paper of Miles 
M. Dawson, "The Actuarial Basis of Compulsory Insur- 
ance," was a good step in that direction. 

For some while Michigan students have been pre- 
sented problems along the lines indicated in the above 
discussion. My thanks are due to the author for giving a 
more complete background for such problems. 

W. Rulon Williamson 

Mr. Trowbridge's Tables II and IV suggest that 
present management is naturally considerate of future 
management's solvency. 

Two Federal programs of pensions have had press 
attention lately, one because the concern seems too 
largely missing, the other because of an election. 
1. The Federal Civil Service Retirement System has 

actuarial reports based on Mr. Trowbridge's Class 
IV-1 financing method. Last month Chairman Ram- 
speck had two linked articles in the Washington Post. 
He said that there was $4 billion in the fund, against 
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accrued liabilities of $9 billion. The $4 billion assets 
fell short of the two requirements, liabilities on exist- 
ing pensioners and the guaranteed return of contribu- 
tions with interest to employees and their survivors. 
This left nothing toward the employer's liability to 
active working employees. Congressman Murray 
quoted the ratio of 12 to 1 for benefit payments and 
employee contribution for existing pensioners. 

2. OASI is being presented as "the biggest pension 
plan," and "the biggest life insurance system." 

On October 7 in Mississippi (press release of Octo- 
ber 3) the Federal Security Administrator said the 
FSA serviced 157 million Americans for health, wel- 
fare and education. He said that 100 million of them 
had OASI wage records in Baltimore. 

Also on October 3, Governor Stevenson said in 
Columbus, Ohio: "Today 65 million people have 
built up substantial equities in the Social Security 
system. When you and your wife reach the age of 65, 
your share in the retirement fund will amount to the 
equivalent of a $15,000 annuity." The product of 65 
million and $15,000 is about a trillion dollars; of 100 
million and $15,000, $1½ trillion, of 157 million and 
$15,000, $2¼ trillion. From age 18 (the end of 
"dependent childhood") to 65 (the age for "eligibility 
to OASr') is 47 years. Top pension now is $85. 
Abject poverty is said to begin below $2,000 a year. 
The monthly pension corresponding to $2,000 is 
$65. Using that as the average pension "expected" at 
65, the yearly unit would be $1.40 per year of pre- 
sumptive work. Using only the trillion figure, and 
Mr. Trowbridge's unit method, Class III, a no-inter- 
est base would show about a half-trillion accrued lia- 
bility. But using 2% interest, U.S. Life Table White 
Males, 1939-1941, pure annuities, and some rather 
ancient age distributions, might cut the accrued lia- 
bility to $150 billion. The present trust fund is about 
10% of that. 2% interest on the accrued liability 
would take $3 billion. $280 billion of life insurance 
at the annual death rate of 6 per 1,000 would call for 
provision of $1½ billions. The current liability for 
one unit of deferred annuity could run $6½ billion. 
The annual load would reach $11 billion. Current tax 
collection is about $4 billion. 

The Mississippi speech also said: "We are conduct- 
ing the business of Social Security so efficiently that 
we have been able to expand the benefits. This 
month, with few exceptions, each check was larger 

than the previous one by at least $5 or 12%, which- 
ever was more. We had a little trouble getting the bill 
passed by Congress. But it went through" The pros- 
pect that biennially at each Congressional election 
$20 billion additional accrued liability is to be 
accepted is an intriguing one. 

The picture of my worried countenance in the first 
number of the new Life Magazine, beneath which was 
the claim that I would figure the lowest rates on Social 
Security, seems to have been prophetic. 

Clark T. Foster 

Mr. Trowbridge has been guilty of an understatement 
in the introduction to his valuable paper in describing 
the need for a text on pension funding methods. He 
points out that the beginner in the pension field, in his 
attempts to educate himself, must rely on the Bulletin 
on Section 23(p), put out by the United States Treasury 
Department. Remembering the hopeless feeling I had 
when first studying that complex document, I have the 
feeling that anyone with no other means of learning 
about pension funding would remain a beginner all his 
fife. 

There are two points I would like to raise in connec- 
tion with this paper; first, to introduce two additional 
funding classes, which might be referred to as 1½ and 
2k'2, and second, to comment on several methods of 
combining two or more of the classes the author has 
described. 

Class 1½ belongs somewhere between Class 1, pay- 
as-you-go method, and Class 2, terminal funding. It has 
been used in a number of cases, particularly in some of 
the negotiated steel plans, as a means of leveling the 
cost in the first few years when the terminal funding 
cost is often quite high because of the large number of 
employees immediately eligible to retire. The present 
value of future pension benefits is paid into the fund in 
installments over a period of up to five years after each 
employee reaches retirement rather than in a lump sum 
at the time of retirement. 

Class 2½ lies between the terminal funding of Class 
2 and the full funding of Class 3 or 4. In terminal fund- 
ing, no contributions are made until an employee 
retires. Under Class 3 or Class 4 funding, a contribution 
is normally made each year for each employee covered 
under the plan. Under Class 2½ funding, contributions 
are made only for employees who have reached a cer- 
tain age or have completed a certain period of service, 
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despite the fact that they are considered as being cov- 
ered under the plan before satisfying such age or ser- 
vice requirements. The advantage of this method lies in 
the elimination of administrative records and actuarial 
calculations on the young or short-service employees 
who are most likely to terminate employment. It is par- 
ticularly convenient to fund benefits only for employees 
age 35 or over if the plan provides benefits at age 65 
based only on years of service up to a maximum of 30 
years. Similarly, it is convenient to fund only for 
employees over age 40 if the maximum benefits are 
granted after 25 years of service. 

In some cases, it is preferable to fund only for 
employees who have completed, say, two or three years 
of service. Upon an employee's completion of such a 
period of service, records are established, and his total 
estimated benefit is funded over his remaining years of 
employment. 

Under any such program of funding, the annual cost 
for each employee for whom benefits are being funded 
is greater than if funding had started at employment, but 
since a large group of employees is not having any ben- 
efits funded, the reserves at any time are less than they 
would otherwise be. The pattern of contributions from 
year to year depends on the maturity of the group and 
its age distribution. In a new organization with a rela- 
tively low average age, the cost is likely to increase 
sharply as more and more employees pass the age at 
which funding commences. 

This Class 2½ funding becomes identical with 
Class 2, or terminal funding, if the age at which benefits 
are funded is the retirement age. Similarly, this Class 
2½ funding becomes identical with the Class 3 or Class 
4 full funding methods if benefits are funded for 
employees as soon as they are eligible for coverage 
under the plan. 

There are a number of ways by which the various 
funding methods are frequently combined. It is com- 
mon, for instance, in a plan providing normal benefits 
in accordance with a percentage formula, but in which 
benefits are subject to a certain minimum, to fund the 
percentage accruals on a Class 3 unit credit method and 
to fund any additional benefit requited by the minimum 
on a Class 2 terminal funding basis at retirement. Simi- 
larly, in a plan allowing retirement at any time after age 
65 with additional benefits accruing as a result of ser- 
vice after 65, it is convenient to assume that each 
employee will retire at 65 and fund such benefits on a 
Class 3 or a Class 4 program, funding any additional 

benefits resulting from service after age 65 on a termi- 
nal funding arrangement at the end of each year of ser- 
vice after age 65. The cost of such additional benefits is 
normally offset by the savings resulting from payments 
that would otherwise have been made to the employee 
during his period of postponement. 

Another frequently used combination of methods is 
to establish a past service liability on the Class 3 unit 
credit method and to fund the future service benefits on 
a Class 4 individual level premium method. Occasion- 
ally, this combination might be further complicated by 
the use of Class 2 terminal funding for the purchase of 
disability benefits. 

Just as the funding methods themselves may be com- 
bined, the various methods of handling actuarial gains 
and losses may also be combined. Frequently, future 
service gains are immediately used as a credit against a 
plan's normal cost, whereas past service gains are tem- 
porarily ignored, serving to shorten the period over 
which the past service liability is funded. This arrange- 
ment is possible as long as a corporation's total contri- 
butions for any year fall within the Internal Revenue 
Bureau's specified maximum. Occasionally, certain 
types of gains from either past or future service are 
taken immediately while others are spread over a period 
of years. For example, a loss resulting from salary 
increases in a plan involving an assumed salary scale 
may be spread over the period to an employee's retire- 
ment, while all other gains or losses are immediately 
recognized. Alternatively, the loss from salary changes 
might be allocated between past and future service, 
with the future service loss recognized at once and the 
past service loss spread over the past service funding 
period. 

Robert E Link 

One can visualize the population of a group as an 
organism which passes through a period of growth, a 
period of maturity, and finally senescence. This is a 
rather idealistic description since the characteristics of 
growth, maturity and senescence are usually obscured 
by such extraneous factors as ups and downs of the eco- 
nomic cycle, changes in the characteristics of the partic- 
ular industry, etc. The theory of most pension funding 
methods is most easily examined on the assumption that 
one has a stable group which can be expected to remain 
stable for a number of future years. However, this idea is 
realized so infrequently in practice that the examination 

120 Society of Actuaries 50th Anniversaly Monograph 



and comparison of funding methods on the basis of a 
stable population may create or promote misconceptions 
rather than otherwise. Thus, any mathematical theory of 
pension funding must take as its laboratory a group pop- 
ulation which is assumed to be subject to change in its 
composition as to ages, salaries and so forth. 

Mr. Trowbridge is to be congratulated for a paper 
which (within the limited range of my own reading) 
appears to be the first attempt to state the definitions, 
axioms, and theorems of a true science of pension fund- 
ing methods. His concept of the immature group gets 
the science of pension funding off immediately on the 
right foot. His descriptions of various funding methods 
and their operation in the context of a simple group 
population should probably be required reading for stu- 
dents of pension funding; they might well be adopted as 
the foundation for any future developments along these 
lines. 

I am sure that Mr. Trowbridge will not be offended if 
I suggest that his paper has barely scratched the surface 
of a great body of potential scientific knowledge of var- 
ious funding methods. Further points to be examined 
(and which have been intentionally avoided by Mr. 
Trowbridge) are such matters as: 
a) The effect of differences between the actuarial 

assumptions and the true experience of the particular 
group; 

b) Extension of his theories to cover the more realistic 
situation of multiple entry ages; 

c) Examination of various methods of estimating pen- 
sion costs with respect to their appropriateness in 
predicting future costs; 

d) Miscellaneous matters such as the choice of correct 
and meaningful turnover rates, salary scales, etc.; 

e) Special problems arising from the introduction of 
unusual benefits or employee contributions (in partic- 
ular those arising from superimposition of an alter- 
nate benefit formula on an existing scale of benefits). 
In describing the trend of normal costs under various 

classes of funding, Mr. Trowbridge has tended to give 
further documentation to what I believe to be an over- 
worked thesis. This thesis is that rising costs under 
plans which are funded by the unit credit cost method 
are due mainly to the increase in the average premium 
age of the group. Occasionally an employer has 
requested that we explain the reason for rising costs 
under a deferred annuity plan and predict the trend of 
these costs for the future. We have found that of the 
total rise in cost only a small part was usually attribut- 

able to increasing average premium ages. The rest was 
due to such factors as: 
a) The tendency, as a group progresses toward maturity, 

for a higher percentage of the total lives in the group 
to find themselves in the group of eligible employees; 

b) Generally rising salaries (which have an intensified 
effect under an approximately integrated unit plan); 

c) Amendments of the group annuity contract with 
respect to the rate basis of purchase. 
The attempt to analyze trends of cost in terms of an 

initially immature group population leads to a rather 
interesting result. One tends to think of the asymptotic 
approach from the l'~ distribution of Mr. Trowbridge's 
immature population to the l~ distribution of his station- 
ary population as a smooth progression of uniform 
direction. Actually this asymptotic approach looks more 
like a decreasing sine wave. This is somewhat evident 
from Mr. Trowbridge's illustrations; the terminal fund- 
ing amounts shown in Table 4 rise until the 35th year, 
drop again to the 50th year, and reach an ultimate level 
higher than that of the 50th year. It can easily be seen 
that if lives leave a group only by retirement (there 
being no deaths or withdrawals at all) the population 
would tend to repeat itself on a cycle of r - a years. The 
decrements have a damping effect on this tendency. 
This wave motion makes it just a little trickier to draw 
conclusions from numerical illustrations. 

The Equation of Maturity can also be written in such 
a way as to exclude the liability for retired lives (this is 
equivalent to paying the benefit in a lump sum at retire- 
ment age). In this alternate form, the equation looks like 
this: 

C + dF = vRii r 

where R is the total annual income for new retirements. 
For certain purposes, there seems to be some merit in 

extending Mr. Trowbridge's notation to embrace two 
variables, entry age and attained age. This leads to a set 
of select functions which can be identified by the sub- 
script x, y (x representing attained age and y represent- 
ing entry age). ff one assumes a constant percentage 
distribution of entry ages for each generation of new 
entrants, one should ultimately come up with a station- 
ary population expressed by a distribution consisting of 
the values of Ix. ~. Mr.  Trowbridge's algebraic identities 
based on the Equation of Equilibrium will still apply for 
the unit credit cost method and the entry age normal 
cost method, since these equations can be expressed for 
the double variable case in terms of the sums of various 
items for each entry age. 
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A little caution is needed, however, when approach- 
ing the problem of ultimate cost under an aggregate 
funding method. The Equation of Maturity can be writ- 
ten with the ultimate cost per life expressed as an 
unknown (using the alternate form of the Equation of 
Maturity), as follows: 

V E  lr, ynyCi r .~. ACPL.~Ix, y 
y x, y 

x,y A p x.y "" 

where CPL is the ultimate normal cost per life and By is 
the annual rate of retirement income for an entrant at 
age y. If we solve this equation, the normal cost per life 
turns out to be 

Z Iy,,By " r_y[ay, y 
ACPL® = ;.' 

Y 

and the normal cost turns out to be 

AC~ = ACPL~EIx.y. 
X, y 

Put in words, the ultimate normal cost under any 
aggregate funding method is a constant amount paid 
each year for each active life, such constant amount to 
be the same as the amount which, if paid over the future 
lifetime of each of the entrants of one calendar year, 
would provide the benefits for these entrants. This 
result, in retrospect, is not particularly surprising. This 
normal cost is not precisely the same as that under indi- 
vidual entry age funding, since the latter would be 
expressed as follows: 

EA~c V I B "-YIgiY'Y 
~" Z_~x,y y ~  

x,y Oy, y r--'~ 

The difference between AC. and e~C is that AC. 
"socializes" the cost as between entrants who, in E~C, 
have different level premium costs. There is an actual 
numerical difference between the two, which is proba- 
bly unimportant in most cases. The difference ought to 
be recognized, however, in any theoretical discussion. 
The two are identical when By.r_y l i i y ,  y +ay,  y:r--'=~ is 
constant for all values of y. 

It may be felt by some that this type of analysis of 
funding methods is of little practical value. As a young 
actuary struggling with practical questions of funding, I 
believe that many practical questions which have 

caused me great difficulty in the past can be answered 
by this paper and its sequelae. 

Hilary L. Seal 
The author has divided methods of funding pension 

plans into six classes, one of these being further subdi- 
vided into four different methods. He has thus specified 
nine different funding methods. However, by introduc- 
ing the concept of alternative "immediate" or "spread" 
adjustments on account of the gains or losses that can 
occur in seven of these methods, he has effectively pro- 
vided us with sixteen different ways of funding a pen- 
sion plan. How many of these would be acceptable to 
the Treasury for tax deduction purposes? 

Judging from the opinions expressed in their Bulletin 
of June 1945 the "spread" method of adjusting for gains 
would not be acceptable if the funding was based on (i) 
unit credit or (ii) individual level premium methods. On 
the other hand, losses could be made subject to some 
degree of "spread" by using the Treasury's "Special 
10% base" in conjunction with the unit credit method. 
Further, the aggregate method as described in the Bulle- 
tin automatically uses the "spread" method of adjust- 
ment, though it is likely that the "immediate" type of 
adjustment could be adopted for gains. Naturally, the 
methods classified by the author as V and VI would not 
be acceptable for tax deduction. 

The net result of these tax considerations is to reduce 
the author's sixteen funding methods to the nine 
employed in practice, namely: 
(1) Pay-as-you-go 
(2) Terminal 
(3) Unit credit with immediate gains adjustment 
(4) Entry age normal with immediate gains adjustment 
(5) Entry age normal with spread gains adjustment 

(frozen initial liability) 
(6) Individual level premium with immediate gains 

adjustment 
(7) Aggregate with spread gains adjustment 
(8) Attained age with immediate gains adjustment 
(9) Attained age with spread gains adjustment 

A comparison of the last seven of these from the 
income tax viewpoint was made by the speaker in the 
recently published Proceedings of the Conference of 
Actuaries in Public Practice, Vol. ii, 1952. It will be 
observed from that paper that, contrary to Mr. Trow- 
bridge's opinion, the Treasury's published views on 

122 Socie~" of Actuaries 50th Anniversary Monograph 



spreading gains are clear and, with one exception, rea- 
sonably consistent. 

I mention, in conclusion, that methods (3), (8) and 
(9) above suffer from a serious limitation: they can be 
applied only where the benefits for each employee may 
be regarded as accruing each year on a level, or gradu- 
ally changing, scale. The methods are difficult to apply, 
for example, to plans with a lump-sum death benefit or 
where the pensionable earnings base is the average of 
the five years' earnings preceding retirement. 

Chalmers L. Weaver 

This discussion is offered to supplement this excel- 
lent paper with the answer to a question that occurs on 
reading the paper. The author demonstrates that if the 
tabular assumptions as to mortality and interest prevail 
in the mature state the entry age normal and aggregate 
methods lead to identical ultimate funds and annual 
contributions. The question is how these two methods 
compare at maturity when the population mortality and 
interest earnings are not tabular. It is to be demonstrated 
that if the tabular assumptions as to mortality and inter- 
est are conservative the aggregate method produces a 
larger fund and smaller annual contribution at maturity 
than does the entry age normal method. The converse is 
true if the tabular assumptions as to mortality and inter- 
est are liberal. 

The equations at maturity in this more general state 
are symbolically the same as those in the paper. The dif- 
ference is that now the annuities in all the formulas 
given involve tabular assumptions as to mortality and 
interest that may differ from the mortality indicated by 
the l's of the population and the actual interest rate 
earned. The latter are combined with these annuities in 
the formulas. These more general conditions hold in the 
symbolic definitions of b, y, and p given in the paper, 
and in 

T = r-°[~i"r~lx... 
ao:~_--~ a 

We have, as in the paper, 

EANF. = b -  Ty 

EAN C .EAN . = p - a  r. = p - d b + d T y  

AF. = b - AC.y = b - py 
1 - d y  

A C . _  b - A F .  _ p - d b  = p - d A F -  
y 1 - d y  

= p - d b  + d a c . y .  

From these we obtain 

^F. = EAr~F. + (T  - AC.)y 

^C.  = EANc.-- d(T - AC.)y.  

Note that if tabular assumptions are realized 

~ANc. = T, and then EANc. = AC® = T. 

If tabular assumptions are conservative, it is obvious 
that under the entry age normal method 

eANc. = T-vG = T-(I-d)G, 

where G is the gain that would turn up at the end of the 
year if T were the contribution. 

vG = T ( 1 - d y ) + d b - p .  

Then 

AC. = T - ( 1 - d ) G - d T y + d A C ® y  

1 - d  
AC® = T - I _ - ' ~ y G  

AF. = Ear~ F + 1 - d  
. l _ - ' ~ y G y .  

Since in practice dy < 1 we have 
i f G > O  

AF. > E"NF. 

AC. < EANc., 

and if G < 0 

"F .  < EA~F® 

AC. > EANc. . 

The aggregate method has a fundamental weakness. 
If the tabular assumptions are modestly on the conser- 
vative side the fund will grow to a materially higher 
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limit than the funds that would be held by the entry age 
normal method. The converse is also true. The method 
is very sensitive to the tabular assumptions and should 
not be used unless there is frequent readjustment of 
these assumptions to realistic values. Most actuaries 
would rather use modestly conservative tabular assump- 
tions, check these less frequently, and use a less sensi- 
tive method in the meantime. 

Conclusion.--If tabular assumptions are conserva- 
tive, then under any funding method the immediate 
adjustment of gains would still leave a fund that would 
be adequate. The spread method of adjustment would 
build up additional funds. If tabular assumptions are lib- 
eral, then under any funding method the immediate 
adjustment of losses would still leave a fund that would 
be inadequate. The spread method of adjustment would 
draw down the fund to a lower level. 

A numerical illustration has been prepared. The fund 
and annual contribution at maturity have been com- 
puted for active lives for a population with entry age 35 
and retirement age 65. The population has CSO mortal- 
ity, and turnover of 5% at ages under 50 graded to no 
turnover at ages 60 and over. The earned rate of interest 
is set at three values, 2%, 2½% and 3%. The tabular 
assumptions are CSO mortality, no turnover, and 2½% 
interest. The figures for the unit credit method are also 
included. 

2% Interest F 
C 

t 

2½% Interest I F 
Ic 

i 

3% Interest F 
C 

Unit 
Credit 

Entry Age 
Normal Aggregate 

$932,000,$1,114,000 $1,607,000 
49,400 i 45,800, 36,100 

$932,000 $1,114,000 $1,768,000 
44,600 40,200 24,200 

i i 

$932,000 $1,114,000 $1,961,000 
39,800 34,600 9,900 

George E. Immerwahr 

Mr. Trowbridge's paper answers a long-standing 
need in actuarial literature for a description and analysis 
of the pension funding methods commonly used in the 
United States. 

In discussing the Treasury rules relating to limita- 
tions applying to deductions for pension contributions, 
Mr. Trowbridge states that the Treasury position on 
spread adjustment for gains is not too clear, but that 
approval of spread adjustment is implied by its descrip- 
tion of the aggregate, the attained age normal, and the 

frozen initial liability methods in the June 1945 Bulletin 
on Section 23 (p) of the Internal Revenue Code. The 
Treasury regulations on the matter, as revised in 
November 1948, state that "in determining the costs 
and limitations an adjustment shall be made on account 
of any experience more favorable than that assumed in 
the basis of limitations for prior years, and, unless such 
adjustments are consistently made every year by reduc- 
ing the limitations otherwise determined by any 
decrease in liability or cost arising from experience in 
the next preceding taxable year more favorable than the 
assumed experience on which the costs and limitations 
were based, the adjustment shall be made by some other 
method approved by the Commissioner." 3, These regu- 
lations would imply the acceptability of adjustments 
made by the methods set forth in the 1945 Bulletin, 
since that bulletin has not been revoked, or by various 
other methods satisfactory to the Commissioner. While 
no amplification of the 1945 Bulletin has been pub- 
fished, it would appear, from the types of adjustment 
regularly employed by a number of consulting actuaries 
and insurance companies, that the following practices 
would be found satisfactory. 
1. For plans where "spread adjustment" is implicit in 

the funding method, e.g., in the aggregate method or 
frozen initial liability method as described in Mr. 
Trowbridge's paper, full contributions determined in 
accordance with the method would be deductible 
provided the following conditions (designed to pre- 
vent initial overfunding) are met: 

a) adequate allowance is made for withdrawals and 
mortality, and all other assumptions are reasonable; 
and 

b) no substantial proportion of the contributions is paid 
on behalf of employees who are unlikely to receive 
any benefits. 

Condition (b) can perhaps best be satisfied for the 
typical plan by eliminating from coverage (at least for 
the purpose of computing contributions) those employ- 
ees who fall below a specified age, such as 30, or those 
with less than a given number of years of service, such 
as 3 for salaried employees or 5 for hourly-paid 
employees, or those who fail to meet some appropriate 
combination requirement of age and years of service. 
Allowance for withdrawals may sometimes be omitted 
from condition (a) where no salary scale is assumed 
and where broad enough elimination from coverage is 
made under condition (b). 

124 Society of Actuaries 50th Anniversaly Monograph 



2. For plans funded by the entry age normal (nonfro- 
zen) method or the unit credit method, a method may 
be used under which (rather than requiring the full 
immediate adjustment each year described in Part 
VIII of the 1945 Bulletin) the amount of deductible 
contribution in any year is based upon the revised 
costs of the plan as they would have been currently 
determined less any excess of  (a) amounts of  contri- 
butions actually taken as deductions in past years, 

over (b) the amounts which would have been 
deducted based on such currently redetermined cost. 
An illustration of  the application of this method to a 
typical group annuity is shown in the accompanying 
table; the application of the method to a self-insured 
plan funded by the entry age normal method would 
be somewhat different but would follow from the 
same principle. 

ILLUSTRATION OF MAXIMUM DEDUCTIBLE CONTRIBUTIONS UNDER 

CONVENTIONAL NONCONTRIBUTORY GROUP ANNUITY PLAN 

(Minor interest adjustments ignored) 

1. Initial past service cost as determined at inception of plan ............... 
2. Reductions in initial past service cost due to withdrawals in year 

(other than deaths or ill-health terminations), whether past service 
annuities had been purchased for withdrawing members or not ........ 

3. Initial past service cost as redetermined at beginning of year ............ 
4. Gross current service costs in year ..................................................... 
5. Cost credits allowed against current service contributions in year, 

arising from 
a) Cancellation of past service annuities already purchased .............. 
b) Cancellation of current service annuities already purchased ......... i 
c) Total ................................................................................................ 

6. Total contributions paid in year .......................................................... 
7. Portion of contributions deductible (and deducted) under method 

referred to in this discussion 
a) Gross current service costs less current service cost credits 

(4 less 5b) ....................................................................................... 
b) 10% of redetermined initial past service cost (10% of 3) .............. 
c) Cumulative deductions for previous years 

(sum of 7g for all previous years) ................................................... 
d) Sum of 7a for all previous years .................................................... 
e) Current year's 7b multiplied by number of previous years ............ 
f)  Adjustment = sum of previous years' actual deductions less 

deduction on redetermined basis (7c less sum of 7d and 7e) ......... 
g) Deductible contribution for current year 

(7a plus 7b less 73') ......................................................................... 

YEAR OFPLAN 

Fkst Second Third 

$100,000 

6,000 
100,000 

15,000 

0 
0 
0 

30,000 

15,000 
10,000 

25,000 

$ 7,000 
94,000 
16,000 

2,000 
500 

2,500 
30,000 

15,500 
9,400 

25,000 
15,000 
9,400 

600 

24,300 

$ 2,000 
87,000 
18,000 

500 
900 

1,400 
30,000 

17,100 
8,700 

49,300 
30,500 
17,400 

1,400 

24,400 
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William M. Rae 

It is somewhat difficult to visualize the relationship 
between the various, apparently unrelated, funding 
methods. Mr. Trowbridge has very ably demonstrated 
their relationship by the algebra pertaining to a mature 
population. I have also found the following general rea- 
soning approach to be quite helpful. It is a prospective 
approach. 

Every funding method calls for determining the 
group to be valued. This is usually all pensioners and 
present employees, or all except those not yet meeting 
certain minimum age and service requirements. 

Having determined the group to be valued, every 
funding method can be viewed as calling for the calcu- 
lation of the present value of all future benefits for the 
valuation group as a closed group. This present value, 
less funds on hand, is then split into two parts, (a) 
unfunded accrued liability and (b) present value of 
future normal costs. The split is dictated by the funding 
method chosen. Each part is then amortized over a 
period of years in the manner dictated by the particular 
funding method. Under some methods (e.g., aggregate 
method, individual level premium method) the amorti- 
zation scheme is the same for both parts. The different 
amortization schemes of the various funding methods 
cause the different incidence of annual cost between the 
methods. 

The amortization scheme, in dollars, for (b) above 
can be level as to an individual or increasing as to an 
individual (e.g., entry age normal with salary scale 
method, unit credit method), but will decrease in the 
aggregate as the closed valuation group is assumed to 
retire, die or withdraw. 

The valuation process in subsequent years can be 
viewed in exactly the same fashion, subject to whatever 
adjustment for gains and losses is called for by the par- 
ticular funding method. In subsequent years we will 
again be valuing a closed group, but the composition of 
the closed group will be different from that of the pre- 
ceding year. New lives will have been added. These, 
broadly speaking, counterbalance the exits of the previ- 
ous year. As a consequence the total normal cost will 
not actually decrease from year to year as might be 
inferred from the preceding paragraph. 

It is theoretically possible to value an open group 
rather than a closed group, making assumptions as to 
new entrants in future years. Mr. Trowbridge does this 

in his Demonstration I. In practice it is rarely, if ever, 
done for private pension plans. 

Frank L. Griffin, Jr. 

The author is to be complimented on a clear exposi- 
tion of the nature of various methods of budgeting pen- 
sion costs. While the paper deals with matters largely 
theoretical, and therefore does not lend itself to a dis- 
cussion from the standpoint of the strictly practical 
problems faced by consulting actuaries, nonetheless his 
general approach, omitting the mathematical symbol- 
ism, is sometimes found useful by consultants in dispel- 
ling for their clients the "technical mysteries" of 
different methods. Furthermore, an extension of the 
principles set forth in the paper makes possible an 
appraisal of the results obtained by using various meth- 
ods in an actuarial valuation of costs, considering both 
the nature of the employee group and the purpose to be 
served by the particular valuation. 

For his classification of funding methods, the author 
has made use of the "Equation of Maturity," C + dF = B, 
in which only the size of the ultimate contribution (C) 
and fund (F) will vary according to the method. Using 
the so-called mature population concept, he determines 
the ultimate C and F, by means of which the funding 
methods are classified in a logical order--namely, in 
ascending order of F (descending order of C). Omitting 
Classes V and VI, which were included in the paper for 
theoretical reasons only, the remaining classes are: (I) 
pay as you go, (1I) terminal funding, and two classes (Ill 
and W) of funding in advance of retirement. The separa- 
tion of funding in advance of retirement into Classes III 
and IV was necessitated on the basis of the ultimate con- 
tribution required, a point on which further comment 
will be made later. 

One or two comments relative to the mature popula- 
tion concept which forms the basis of the author's pre- 
sentation may be in order. A "mature age distribution" 
and a "stationary population" are not one and the same 
for purposes of a pension forecast, since the size of an 
employee group may remain stationary indefinitely 
without its having reached a mature age distribution. 
The difference, of course, can be brought about by a 
varying number of new hires each year or by hirings at 
many different ages, rather than a uniform number of 
hires each year at the youngest age of the service table 
which is the unrealistic assumption inherent in the con- 
ventional maturity concept. 

126 Society of Actuaries 50th Anniversary Monograph 



In the case of a well established organization, the 
assumption of a constant work force moving toward 
maturity in its age distribution is probably as defensible 
as any other approach. However, the "mature age distri- 
bution" which the group might be considered to reach 
would not be of the form usually assumed, namely, pro- 
portionate at all ages to the g column of the service 
table. The latter would be true, as indicated in the pre- 
ceding paragraph, only if all new entrants came into 
service at the youngest age of the service table. If, for 
example, a constant number of annual new entrants 
were distributed in fixed ratios at each age from 20 to 
40, the ultimate "mature age distribution" would be in 
proportion to the 1~ column only at ages 40 and over. 
Below age 40, the distribution would be in proportion 
to 

y = X  

!: Z ( H y  +ly) 
y m a  

where H r is the percentage of total hi.rings at age y. 
In practice, none of the "ideal" conditions of a 

mature population (either initially or in the ultimate) 
will ever be found. Notwithstanding this fact, the con- 
cept may serve a useful purpose as a limiting value in a 
pension projection. For example, if the actuary wishes 
to compare the results of a valuation by any particular 
cost method, with a projection of pension payouts con- 
sidering future new entrants, the reasonableness of his 
results for a "going concern" or the relative trend of 
costs by different methods may be made apparent. 

Since the actuary is confronted, not with a mature 
group, but with a group of unknown future age distribu- 
tion and size, practical considerations usually dictate 
that any valuation he makes (Class l]I or IV) be limited 
to the group of employees existing on the date of valua- 
tion, without allowance on any empirical basis for any 
new entrants of the future. Depending on the actuarial 
cost method, the resulting costs may or may not reason- 
ably approximate the long range requirements, even in a 

case where it is thought that the work force will remain 
constant in the future; and a projection of payouts (Class 
I) or terminal funding requirements (Class II), taking 
into account future new entrants on a reasonable basis 
for maintaining the work force, may help to establish 
the relative merits or deficiencies of different Class Iii 
or IV valuation methods for a "going concern." 

Obviously, if we were in a position to predict the 
new entrants of the future with any accuracy, the pro- 
jected requirements by Class I or II would be exactly 
equivalent financially to the contributions developed, in 
turn, by the initial and successive future valuations of 
the plan, by any valuation method selected. Therefore, 
the result obtained by a particular method in a single 
valuation, measured against a long range projection of 
disbursements, affords an indication of the reliability of 
such result in relation to future requirements, or, what is 
the same thing, the relative trends which contributions 
determined by different valuation methods will follow 
in future years. 

The accompanying chart, prepared for a large orga- 
nization, sets out the projected payouts and terminal 
funding requirements against the indicated annual con- 
tributions determined from an initial valuation by the 
entry age normal method. In this chart, the discounted 
value of payouts into perpetuity, considering new 
entrants, is practically identical to the discounted value 
of contributions into perpetuity, if such contributions 
determined in respect of the present employee group 
only were to remain at their originally determined level. 
The propriety of the valuation method for a continuing 
plan and a "going concern" is thus reasonably well 
established. In contrast, if the "unit purchase" method 
had been employed in this case, the indicated level of 
contribution (initially determined amount) would have 
been much less, leading to the conclusion that contribu- 
tions by such a method would increase in the future if 
the group were to maintain its size. 
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CHART 1 

PROJECTION OF PENSION CONTRIBUTIONS, PAYOUTS, AND TERMINAL FUNDING REQUIREMENTS 

Assuming: (1) Constant Work Force Supported by New Hires with Identical Entry Ages as the Original Group 
(2) Mortality, Disability, Withdrawal, and Interest as Assumed in Valuation and 
(3) Indefinite Continuation of the Plan without Change 

Dollars (000 omitted) 

3,2OO 

2,800 

2,4OO 

2,009 

1,600 

1,200 ,, 
I 

0 

30 Year funding of accrued liability plus normal cost 

Pension Pay-outs ] 

Pay-outs, ultimate level 

Te r min al fun d in.9., u.lt.i m.at .e / ev.eJ ..... ~. 

Normal cost 

I1 12 13 I, I s 1617 18191101 I161 12ol 12sl 1301 13sl 14ol I~1 Is01 
Years from Inception of Plan 

Other actuarial assumptions being the same, the 
entry age normal method always produces a higher 
accrued or past service liability than the unit purchase 
method. The relative size of the normal (or current ser- 
vice) costs, however, will depend on the existing age 
distribution on date of valuation. Examples of compara- 
tive figures by the two methods, derived from other 
cases, are as follows: 

Past Service Normal (Current 
Liability Service) Cost 

Case A: Entry age normal.. $37,908,000 $2,461,000 
Unit purchase ...... 21,895,000 2,401,000 

Case B: Entry age normal.. $ 820,000 $ 76,000 
Unit purchase ...... 601,000 71,000 

The wide difference in the results of initial valuation 
by the two methods, when it is a certainty that all meth- 
ods must produce the same capitalized value of contri- 
butions, points up the absurdity of trying to compare 

such results without recognizing the different purposes 
they are intended to serve. The difference in purpose, 
implicit in the author's separate treatment of Class 11I 
and IV methods, may be stated briefly as follows. From 
one viewpoint (that of a going concern and a continuing 
plan), the funding requirements developed by the valua- 
tion should take into account not only the past but also 
the future requirements on a basis which will tend to 
equalize long range trends in the age distribution. The 
entry age normal method does this to the maximum 
extent possible for a group assumed to be stationary in 
size. From another viewpoint (that of establishing liqui- 
dation values under a terminating plan, i.e., accrued lia- 
bilities without regard to the future), the requirements 
developed by the valuation will take into account only 
the past. The unit purchase method is the only one 
which provides this particular answer, and it will do no 
more. 

The structure of Class IV methods, adapting them to 
the requirements of a "going concern" is therefore such 
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as to strike a balance at a given moment of time 
between (a) the existing funds and anticipated future 
income, and (b) anticipated future disbursements. The 
Class 111 method (unit purchase) omits all consideration 
of future income, and of future disbursements arising 
from pension credits for service after the valuation date. 

Of the Class IV methods, the entry age normal 
undoubtedly has more to commend it in the usual case 
than the others which the author has mentioned. It may 
be of interest, therefore, to illustrate the manner in 
which (and the conditions under which) this particular 
method will afford a reasonable representation of the 
long range requirements for an organization expecting 
to continue in business indefinitely. The following valu- 
ation results are presented on the basis of a conven- 
tional valuation, and the present values of both benefits 
and normal costs are with respect to present employees 
only, without allowance for any future new entrants. 

1. Present Value of 
Future Benefit Payments . . . . . . . . . . . .  $42,000,000 

2. Present Value of 
Future Normal Costs . . . . . . . . . . . . . . .  $16,000,000 

3. Balance = Gross Accrued Liability . . . .  $26,000,000 
4. Funds Accumulated . . . . . . . . . . . . . . . .  $ 7,000,000 
5. Balance = Unfunded 

Accrued Liability . . . . . . . . . . . . . . . . . .  $19,000,000 
6. Normal cost (in addition to any 

payments toward unfunded accrued 
liability), used in determination of 
Item (2) . . . . . . . . . . . . . . . . . . . . . . . . .  $ 1,300,000 
Put in the form of a balance sheet, the asset items 

would be items (4), (2) and (5), usually in that order, 
and the balancing liabilities would be represented by 
item (1). 

To complete the illustration, i f  fu ture  new entrants 
were introduced in such a manner  as to maintain a con- 
stant normal  cost in fu ture  years, the balance between 
the asset and liability figures would not be disturbed. 
For example, assuming new hires sufficient to maintain 
a constant work force and at the same entry ages as the 
group being replaced each year (one of several possible 
assumptions), the normal cost developed by the initial 
valuation would be paid in perpetuity, and the benefits 
ultimately payable to new entrants of the future would 
(on the actuarial assumptions) be exactly met by their 
normal costs. This being the case, items/(1) and (2) of 
the above table would be increased by exactly the same 
amount, leaving all other figures unaffected. Thus, one 

of the virtues of the entry age normal method is that, 
even though future new entrants are not specifically 
considered in a valuation, the result will be as good an 
approximation to the long range level of costs for a well 
established continuing organization as it is possible to 
furnish. 

Because the concept fits naturally into the author's 
classification of funding methods by means of an ulti- 
mate "Equation of Maturity," considerable stress has 
been given in the preceding paragraphs to the "going 
concern." This concept implies the use of a cost method 
which, for a constant work force, would develop an ini- 
tial normal cost as consistent as possible with the nor- 
mal costs developed in the ultimate situation. My 
remarks do not in any way bear upon the aptness of the 
experience assumptions selected by the actuary, nor 
upon widely divergent philosophies as to the timing of 
pension contributions over a long period of time. Obvi- 
ously, there may be situations where even Class I or 
Class II funding can be considered appropriate, at least 
for temporary periods. Class Ill represents a big step 
toward funding in advance of retirement, and the fact 
that this method is not designed on a "going concern" 
basis does not destroy its usefulness for purposes other 
than the establishment of termination values. Class IV 
represents the practical ultimate in advance of funding. 

Mr. Trowbridge's paper provides a logical system for 
the classification of actuarial cost methods and its clear 
and concise presentation will undoubtedly be found 
helpful by many students of the subject. 

Author's Review of Discussion 

Charles L. Trowbridge 

Mr. Link's analysis puts certain limitations on the 
ultimate identity of the aggregate and entry age normal 
methods. He grants the conclusion reached by the paper 
where a single entry age is assumed, but proves that if 
the stationary population arises from entrants at several 
ages, AC. and EA~c. are no longer identical, although 
the numerical difference may be unimportant. 

The aggregate method, in effect, views the multi- 
entry age stationary group as ff it all entered at the 
youngest possible entry age, with later entrants treated 
like negative withdrawals. The resulting normal cost is, 
as Mr. Link says, a "socialization" of the individual 
normal costs at exact entry ages. 
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Class Normal Cost ] Accrued Liability (Ultimate Fund) 

Algebraically 
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Numerically 

1V2 (or II minus) ....... ~ $53,206 $ 401,542 
2½ (or HI minus) ....... $35,410 $1,131,208 
2½ (or IV minus) ....... $30,978 $1,312,888 

Mr. Link is also quite correct that the initially imma- 
ture group approaches the ultimate mature state asymp- 
totically from both sides. Under the conditions stated 
for Table IV, the group passes from badly immature to 
somewhat overmature, then back to slightly immature, 
etc. This came as somewhat of a surprise to the author, 
as it did to Mr. Link. 

Mr. Foster's Classes 1Vg. and 2V2 can be presented 
algebraically and numerically in the same fashion as the 
other methods have been analyzed in the paper. The fol- 
lowing table presents the formulas for normal cost and 
ultimate fund for the initially stationary population, 
assuming that in Class 1V2 the funding period beyond 
retirement is uniformly five years, and assuming in 
Class 2V9. a "waiting period" of five years. 

Class 21/9. naturally breaks into two subclasses, 
depending on whether Class III or Class IV funding 
becomes subject to the waiting period. Perhaps Mr. Fos- 
ter would permit me to call these HI minus and IV 
minus. The numerical illuslxation can be considered an 
addition to Table II, and to the limiting situation in 
Table IV. 

For practical work involving Class 2V2 it is not 
uncommon to offset the cheapening of the funding 
method due to exclusion of certain lives from the fund- 
ing by overconservative assumptions with respect to the 
included lives. This tends to "remove the minus" and 
bring the funding closer to Classes III or IV. 

Mr. Rae analyzes the various funding methods by 
means of the concept of an "ever changing closed 

group." This analysis is particularly appealing because 
it follows exactly the kind of group actually employed 
in practical valuations. The "open group" approach to 
which he refers is of considerable theoretical interest, 
even i.hough the necessity for assumptions as to future 
new entrants eliminates it for most practical work. 

Dr. Nesbitt's (and Mr. Feraud's) "general average 
premium" is of course a result of the "open group" 
approach. The general average premium rff in the sta- 
tionary population assumed is equivalent to the pay-as- 
you-go contribution, which is in turn equivalent to n", 
or what the paper refers to as Class IV normal cost, 
plus interest on the Class IV accrued liability. If we 
now shift our frame of reference and think of nc instead 
of re" as the "normal cost," the corresponding "accrued 
liability" becomes 0. It is under these latter definitions 
that the anticipated gains from future new entrants off- 
set the shortage of funding in respect to the initial 
group. Dr. Nesbitt states that in general he does not 
advocate the discounting of such gains; I assume this 
means that he ordinarily recommends that the accrued 
liability (in the sense used in the paper) should eventu- 
ally be funded. 

Mr. Griffin views Class III funding as essentially ret- 
rospective, looking back at benefits accrued. On the 
other hand he thinks of the Class IV methods as funda- 
mentally prospective, and points out that under certain 
conditions the initial normal cost is representative of the 
ultimate cost. These conditions involve among others an 
unchanging average entry age. 
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Suppose, however, that present hiring policies indi- 
cate a different entry age for future new entrants than 
the average for initial participants. In such cases the 
above characteristic of Class IV funding can be pre- 
served only by assuming for the initial group the same 
pattern of hiring ages as is indicated for the future. If it 
is important that future normal costs remain relatively 
constant, this modification of the usual exact entry age 
method would seem to be appropriate. 

Dr. Seal attempts to put a practical emphasis on what 
is essentially a theoretical paper. After examining the 
theoretical possibilities to determine which are accept- 
able to the Treasury, he produces a list of nine "practi- 
cal" methods, three of which he limits to certain types 
of benefit formulas. 

Dr. Seal's inclusion of the immediate adjustment 
form of attained age normal in a list of practical methods 
is rather surprising, since immediate adjustment for 
gains or losses is as difficult to make in this method as it 
is in the aggregate method. Perhaps Dr. Seal is thinking 
of immediate adjustment in respect to the past service 
portion (this appears to be feasible), but with a spread of 
gains or losses arising from the future service portion. 

Evidently Dr. Seal finds something not apparent to 
the author in the Bulletin on 23(p), leading him to the 
conclusion that spread adjustment for gains is not 
acceptable under unit credit funding. True, the Bulletin 
does not specifically permit the practice in question; nor 
does it rule against it. The same situation exists in 
regard to the technique described by Mr. Immerwahr, 
which he has found to be acceptable despite its non- 
inclusion in the Bulletin. 

Mr. Immerwahr's remarks center around the Trea- 
sury regulations with respect to adjustment for actuarial 
gains. His two conditions under which the spread 
adjustment technique is acceptable appear to be essen- 
tially the same. If I understand him correctly he states 
that spread adjustment is acceptable provided turnover 
is adequately recognized--either by a realistic with- 
drawai assumption, or by sufficient elimination of short 
service employees from the funding. 

It is interesting to note that he has found acceptable a 
modification of immediate adjustment. This modifica- 
tion appears to amount to the spreading of gains arising 
within the initial accrued liability over the minimum 
funding period for such liability, even though greater 
gains may occur in a particular year. 

Mr. Weaver reaches the conclusion that if gains pre- 
dominate the spread adjustment form of any funding 

method produces a higher fund than the corresponding 
immediate adjustment form; but conversely a lower 
fund is produced by spread adjustment if assumptions 
are unconservative and losses prevail. The validity of 
Mr. Weaver's conclusion can be demonstrated rather 
easily by simple general reasoning. If there is no change 
in assumptions (and under these conditions a change 
would seem to be appropriate) spread adjustment tends 
to exaggerate the overfunding arising from assumptions 
that prove to be too conservative, and also tends to 
accentuate any underfunding arising from too liberal 
assumptions. 

The reader of Mr. Weaver's discussion should realize 
that the comparison there being drawn is between the 
aggregate method (spread adjustment technique) and 
the immediate adjustment form of entry age normal. 
The "frozen initial liability" form of entry age normal 
produces the same eventual fund and same ultimate 
contribution as aggregate, even if tabular assumptions 
are not realized (subject to Mr. Link's exception as to 
multiple entry ages). 

The author does not feel particularly qualified to 
comment on Mr. WiUiamson's observations regarding 
the funding of the Federal Civil Service Retirement 
System and OASI. Mr. Williamson's comments bring to 
mind, however, an earlier study of pension funding 
which might well be brought to the attention of those 
interested in this subject. I refer to Actuarial Study 
No. 10 of the Office of the Actuary, Social Security 
Board, entitled "Various Methods of Financing Old- 
Age Pension Plans" Mr. Williamson, Mr. R. J. Myers, 
and Mr. E. A. Rasor were the authors of this pamphlet, 
which is an excellent primer on funding method, writ- 
ten in 1938 at the time of the controversy over reserve 
financing of OASI. 

Since the publication of the paper the Treasury posi- 
tion with respect to maximum deductions under indi- 
vidual level premium funding has been changed with 
the Commissioner's acquiescence in the Saalfield deci- 
sion. It now appears that the contributions called for by 
individual level premium funding are fully deductible, 
even if in excess of the "normal cost plus 10%" maxi- 
mum for entry age normal. 

The author wants to thank the several persons who 
participated in the discussion of the paper, each of 
whom have in one way or another added to published 
knowledge regarding methods of pension funding. Even 
so the author would like to echo Mr. Link's statement to 
the effect that there is a long way yet to go. 
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End Notes 
1. A peculiarity of the aggregate method is that the 

assumption of heavier death or withdrawal rates 
sometimes leads to a higher initial contribution. The 
higher decrements reduce the average temporary 
annuity, thereby increasing the percentage k. The 
increase in k may be enough to offset the decrease in 
normal cost and accrued liability. 

2. ff it seems to the reader that "frozen initial liability" 
is something of a misnomer for a method under 
which funding of the accrued liability is contem- 
plated, he may prefer the terminology suggested by 
Mr. Rae in TSA 1, 274. "Frozen initial liability" 
might be better applied to the Class I methods 
described on page 33. 

3. Section 29. 23(p) 4 of Regulations 111, as revised 
by T. D. 5666. 
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