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The risk measure conditional tail expec-
tation (CTE) has been getting more and
more attention for measuring risk in any

situation with non-normal distribution of losses.
Canadian and U.S. insurance regulators have
adopted CTE as a standard for regulatory capi-
tal measurement.  Academics have lauded CTE
as a “coherent” statistic.  Those outside the in-
surance industry call it “Tail VaR” or “expected
tail loss” (ETL).   Actuaries, who have always
been suspicious or even hostile to the usage of
value at risk (VaR) as a risk measurement stan-
dard, have readily embraced CTE.

This article presents the observations of some
random investigation into the nature of CTE.
There are still many questions that need to be
asked and answered before we can say that we
are completely familiar with the nature and
characteristics of CTE.  There are six questions
that will be discussed:
• How does CTE compare to VaR?
• How sensitive is CTE to the number of 

scenarios used?
• Is CTE consistent with existing RBC factors?
• What is the impact of time period used for

calculating CTE?
• How does CTE measure the difference 

between regime switching and single regime
lognormal scenarios?

These observations are all tied to examples.
Since insurance products are  very complex, it is
difficult to see whether the results of any one test
would apply to any other situation.  Therefore,
the examples used here will all be based on sim-
ple random values, rather than to calculations
based on the random values.  The random values
are developed as stock returns that would be
used as inputs to calculations about a stock-
linked product.  These discussions will not re-
solve any issues about CTE calculations for in-
surance products, but through some sort of
rough transitive property, can form a part of a
starting point for investigations into the ulti-
mate nature of this new tool.

1. CTE vs. VaR
Without getting into the mathematics of coher-
ence, a simple picture can show the appeal of
CTE as opposed to VaR.  CTE is defined as the
probability weighted loss above a certain prob-
ability level, while VaR is the loss at a certain
probability level.  One definition of CTE is that

it is the average of all VaR values for probabili-
ties above a specified level.  Generally VaR is
used by banks and most often it is used to meas-
ure risk over a very short (less than one month)
time frame.  CTE is becoming the standard for
insurance company risk measurement, espe-
cially regarding risk capital and is most often
used to measure risk over multi-year time
frames that are needed to view insurance risks.
The following two charts show the distribution
of values for stochastic tests of two products.
Product A has a normal distribution of gains
and losses, while the distribution of gains and
losses for Product B are not as predictable.

For Product A (Chart 1) and any other product
with a normal distribution of gains and losses
there is a regular predictable relationship be-
tween CTE and VaR.  Using one measure or the
other does not necessarily add any information.  
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Chart 1—Distribution of Gains and Losses
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For Product B (Chart 2), VaR and CTE can
sometimes show drastically different stories.
The VaR for Product B on the graph above is a
near zero value.  There is a small loss compared
to the expected gain, but not much.  The tail of
the profit distribution starts to drop-off some-
where above the 95th percentile.  A CTE calcu-
lation includes the impact of that drop-off,
wherever it starts.  A VaR measure will only re-
flect the drop off if it is occurring at the percent-
age chosen for the VaR measure.    

Above, we noted that there is a predictable re-
lationship between VaR and CTE for a normal-
ly distributed gain/loss distribution.  In fact,
Chart 3 shows the values of 95VaR and CTE90
as a percentage of mean for various normal dis-

tributions are both linear relationships, with the
95VaR equal to the mean less 164.56 percent of
the standard deviation and the CTE90 equal to
the mean less 176.3 percent of the standard de-
viation.  Looking at the graph in Chart 3, first
notice that VaR and CTE are both positive when
the standard deviation is less than about 65
percent of the mean.  The modified CTE used
for U.S. NAIC risk-based capital would use
zero for any positive values and would therefore
produce small negative values a little further to
the left on the chart.  

The conclusion here is that VaR and CTE are
not necessarily significantly different if gains
and losses are normally distributed.  However,
if gains and losses do not conform to a formula-
ic distribution, the difference is unpredictable.
In those situations, CTE can provide signifi-
cantly different information from VaR.  

2. Tails and Number of Scenarios
At this point, we will switch from looking at a
general loss distribution to a specific real
model situation.  The latest CTE discussions
are revolving around variable products and
guarantees in those products.  As mentioned
earlier, products and modeling results vary
widely.  However, significant insight into the
workings of CTE can be observed from looking
at the CTE of a simple portfolio of common
stocks.  The portfolio returns can be generated
using several different scenario generation
methods and the impact on CTE displayed.  

The AAA committee report on C3 Phase II RBC
suggests that a regime switching lognormal
(RS2LN) model adequately captures the de-
sired characteristics for the proposed CTE cal-
culations.  We are going to start with a log-
normally distributed set of returns for a stock
portfolio and eventually compare that to a
RS2LN set of scenarios. For both sets, we will
calibrate the models so that the mean is 11.9
percent and the standard deviation is 17.2
percent overall.  
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Chart 2—Embedded Value

Chart 3—Normal Distribution



For the lognormal model, by stating those val-
ues, the parameterization is complete.  There
are only two parameters, mean and standard
deviation.  The ratio of standard deviation to
mean is 1.45 percent and we would expect
CTE90 for normally distributed losses to come
in at 155 percent of the mean or an absolute
value of 18.45 percent based on calculations
behind the graph above.  In fact, for our set of
1,000 scenarios, we get a CTE90 of 18.35 per-
cent, which is 154 percent of the mean return.   

For 20 sets of 1,000 lognormal scenarios, the
CTE90 averaged 18.40 percent.  In addition,
we found that the CTE90 has range of 18.33
percent to 18.50 percent and that there is a 96
percent correlation between the CTE90 and the
worst value of the 1,000 scenarios.  That is a
small cause for concern, since the worst value is
probably the least dependable statistic of the
entire set (Chart 4).

The ratio of the largest and smallest CTE values
is less than 101 percent.  That would suggest
that the CTE90 calculation for 1,000 scenarios
may be sufficiently reliable.  

To look for a smaller number of scenarios that
may be reliable, we took the same set of ran-
dom values and divided it into 40 sets of 500
scenarios. The CTE90 results get much more
diverse: (Chart 5)

The range of highest to lowest CTE value is 126
percent for these 40 sets of random returns. It
would seem that the empirical evidence sup-
ports the idea that 1000 scenarios may be ade-
quate, while 500 scenarios is not.  The finding
that there was high correlation between worst
scenario and CTE90 value suggests that a user
of CTE should examine the worst scenario to
make sure that it is not causing an exaggeration
of CTE value due to an extreme outlier in an in-
sufficiently large scenario set.  

3. Comparison to C1(CS)
The RBC requirements for life insurance compa-
nies already contain a component for common
stocks.  That amount is 22.5 percent for a fully di-
versified portfolio that qualifies for the lowest
level of RBC based on the beta of the portfolio.  If
we calculate from the 20 sets of 1,000 random sce-

narios, the present value of the CTE90 result on
year out, we get a result that ranges from 22.13 to
22.29.  That looks to be very consistent with the
22.5 percent requirement that already exists.  

That question and answer allow us to begin to
understand the drastic difference between the
risk of an investment holding like a common
stock portfolio and an insurance product.  

4. Modified CTE and Holding
Period
When the CTE concept is applied to calculate
C3 RBC, there are three differences from any of
the above discussion.  First, the calculation is
projected over multiple years.  For that pur-
pose, we will use our 20 sets of 1,000 scenarios
to now represent 1,000 scenarios of 20 years.
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Chart 5—CTE90 for 500 Scenario Sets

Chart 4—CTE90 for 1000 Scenarios
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Second, for RBC purposes, when calculating
the CTE, a present value is calculated for each
possible future period under each multi-year
scenario and the worst present value is chosen.
Finally, in calculating the CTE for any one year,
scenarios, which would otherwise become a
part of the average, are set to zero first if they are
not in a loss position.  In this section we will
show the impact of each of those modifications
to CTE related to our simple test case of a com-
mon stock portfolio.  

First, let us look at the impact of extending the
calculation to multiple years. The RBC for
common stocks is equivalent to the CTE90 for a
one-year holding period for our common stock
model.  One year is an appropriate standard for
this comparison because there is no commit-
ment on the part of an insurance company to
hold stocks for any future period.  Variable an-
nuity products and the guaranteed benefits that
are the concern of the C3 Phase II proposals do
involve long-term commitments.   For this ex-
ample, we will use our stock model as if there
were a long-term commitment to remain in the
stock market.  Most people have seen material
during the 1990s bull market that emphasized
the favorable impact of diversification over
time.  That material showed that risk decreases
over time for a buy and hold stock investment

strategy.  However, the mechanics of the CTE
measure produce the opposite effect.  With
CTE as the risk measure, risk appears to go up 
over time for several years, and then declines 
(Chart 6).

Why does that happen?  While the cumulative
standard deviation of returns gets smaller and
smaller over time because there are ultimately
up scenarios that moderate the down scenarios,
the CTE gets worse because the make-up of the
CTE90 is continually changing with each pass-
ing year.  As the random scenarios generate new
outliers each and every year, the scenarios that
were moderated with the passage of time get
pushed out of the CTE by these new outliers.  

Getting to Know CTE
◗ continued from page 35

Chart 6—S&P 500 Normal Scenarios

Table 3

Number of Worst 100 Next 100
total  years at 20 years Scenarios
in worst 100

0 32

1 5 10

2 4 14

3 3 6

4 6 1

5 2 7

6 5 3

7 4 7

8 5 4

9 6 4

10 5 2

11 9 5

12 3 2

13 5 0

14 9 0

15 5 2

16 5 1

17 3 0

18 6 0

19 7 0

20 3 0

100 100

 



Table 3 shows that there are only three scenar-
ios that were a part of the CTE90 for all 20 years
and that five scenarios crept in only in the 
final year.  In addition, the table shows that 68
of the next 100 scenarios ranked by final value
of the stock fund, were a part of the CTE90
value for as many as 16 of the 20 years. 

Second, we look at the impact of choosing the
worst present value (Chart 7).  The worst 
present value rule takes the forces that we men-
tion above and maximizes their impact.  Under
this rule, the really extreme scenarios dominate
no matter whether they are followed by better
scenarios or not.  

Finally, with the lowest PV adjustment, at least
in this example, the need for the no-negative
values adjustment is not needed.  There are 344
scenarios to choose from in determining the
one-year CTE and since no negative value is
ever lost, that stable grows to over 600 possible
negative values over the 20 years.  That means
that over 600 of the scenarios show that the
stock portfolio is underwater at some time in the
20 years.  That is not a statistic that the mutual
fund and brokerage industry would have been
excited to share when they were talking about
how well stocks do when held for the long run
(Chart 8).

In fact, if the no-negative adjustment is applied
without the lowest PV adjustment, then there is
an impact.  With our scenario sets, there are
less than 100 negative scenarios for holding pe-
riods of over 15 years.  

This example shows that, as measured by CTE,
there is negligible time diversification in 
this stock portfolio.  With the modifications to
CTE that are imposed on its use for RBC, exten-
sions to holding period are measured to add 
significant risk.  
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Chart 7—S&P 500 Normal Scenarios

Chart  8—S&P 500 Normal Scenarios

Chart 9—S&P  500 1000 Scenarios

 



5. Regime Switching vs. Single
Lognormal Scenarios and CTE
Now that we are good friends with CTE and its
characteristics, we will look at the impact of
different scenario generators.  A regime-
switching lognormal scenario generator
(RS2LN) has been mentioned as a method
that is sufficiently robust for the C3 Phase II
calculations.  

We created a set of RS2LN scenarios starting
with the parameters in Mary Hardy’s paper in
the April 2001 North American Actuarial
Journal.  Over 20 years and 1,000 scenarios,
the mean is 11.9 percent and the standard devi-
ation is 17.5 percent.  If we go back to our nor-
mal set of scenarios, we found that the one-year
CTE on the return was -18.45 percent.  In fact, 
our scenarios have a CTE90 for a one-year re-
turn of -19.98 percent.  That means that the tail
for these scenarios is somewhat more robust
than the tail for normal scenarios.

That more robust tail should and does translate
into a somewhat larger CTE figure (Chart 9).

The difference is less severe after the adjust-
ment for lowest PV.  The 20-year holding period
unadjusted RS2LN value is 45 percent higher
than the normal value while the lowest PV
value is only 12 percent higher (Chart 10).  In
fact, Chart 10 shows such a regular relationship
between RS2LN and lognormal, that the extra
effort does not seem to add any information.  A
slightly higher CTE (92 or 93) would give the
same result under the lognormal scenarios as
the CTE90 under RS2LN.  

6. Conclusion
This examination of CTE has been performed
butterfly fashion.  I have skipped around look-
ing at whatever caught my interest.  If you are
going to use CTE as a primary risk measure,
then you should perform these tests and others
to assure yourself that you understand why the
CTE performs as it does.  In this analysis, you
should not get overwhelmed by the sheer vol-
ume of numbers that are involved.  Even thou-
sands and thousands of scenario results will
eventually succumb to rigorous analysis.

Once mastered, CTE can be a very useful tool
beyond its required use for RBC.  As shown
above, CTE is consistent with historical risk
measures such as the C1 requirement for com-
mon stocks.  CTE can also be used as a general
risk measure and as criteria for replication (See
“Why Write Variable Products When You Can
Put the Money Directly into the Stock Market,”
Ingram & Silverman, Risk & Rewards, October
2003).  ✦
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Chart 10—S&P 500 1000 Scenarios

 


