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A teaching session dealing with the use of probability distributions and other

risk analysis tools in the cost and analysis of health insurance products.

_. ROBERT G. MAULE: Our topic today is the practical application of risk

analysis techniques. We're going to talk about practical applications rather

than theory. As a consultant I've seen a lot of companies over the last few

years in the group insurance arena and I've seen companies losing money. More

and more I've come to believe that we've got to model our business better.

We've got to use risk analysis techniques to get a handle on our business_ to

make realistic models of it. I think this modeling is essential, or else you

may have to just get out of the business as it is constituted today. It's a

tough business to manage.

We're going to discuss a number of techniques and because this is risk analy-

sis, we'll be talking about probability distributions. The first major topic
is individual distributions and we want to talk about multinomial distribu-

tions. See Appendix #I. In a non-technical sense, a multinomial distribution

is a die, but not necessarily a six-sided die, maybe an n-sided die. And on

each face of the die is a number - the outcome. When you roll the die, there

is a certain probability that any particular face will come up. Now, one of

the faces will come up, so the sum of the probabilities is one.

Example 0 in Appendix #I is an example of a simple multinomial distribution.

It says that the probability of no claims is 50%. The probability of a $50

claim is 10% and the probability of a $I00 claim is 40%. The sum of the

probabilities is 1.0. The expected value of the claims for this particular

die - this is an unusual die, it has three sides - is $45. We could figure

out a number of statistics about this distribution. We've already determined

what the expected claims are, we could determine what the variance of the

expected claims is and so forth, then use those later in Some statistical

applications. Now look at Appendix #2. Included amongst the data on that

page is a multinomial distribution - it might be a little hard to find, but

it's in columns 5 and 6. Column 5 is a series of probabilities and column 6

is a series of outcomes. We start with zero claims, with a probability of 25%

and so forth, until you go down to the bottom of the distribution where there

is a $429,000 claim, with a very small probability. This is a multinomial

distribution and this is real data. We develop this type of distribution

through a research effort to get probability distributions of group health

claims for common sets of benefits that are generally offered for the United

States average. That is, cost levels and utilization levels reflect U.S.

averages. The cross products of all of those frequencies and amounts are the

child $0 deductible claim cost as we saw it for the national average on

January i, 1982. We're going to refer to this distribution quite a bit, so a

natural question is how is such a distribution developed? You will see that
distributions like these are the cornerstone of most of what we'll discuss

this afternoon. But where do you get them?
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How many of you in your companies study the distribution of claims by amount

per individual? How many of you tabulate and make up tables indicating after

a certain deductible, only x% of the claims remain? It is a very time consum-

ing process. It would take a long time to pass all of your claims files for

all of your comprehensive plans through, testing what claims were in excess of

a prescribed deductible. That is the kind of information that's generally

available from a claim system because companies are interested in pooling

limits. Usually they're interested in $I00 deductibles and $I,000 deducti-

bles, so routinely they will determine figures like out of a total of $I00

million of claims, $2.5 million exceeded some amount, say $I0,000, in which

they were interested. Suppose you have that data. How do you build one of

these distributions? Developing them from the practical data is art and

science because the data is very likely not pure, it has all kinds of pro-

blems. We've looked at data from many companies in all geographic areas and

we've seen wide differences in utilization patterns and in the secular differ-

ences that occur because of geography and other reasons - lots of practical

problems. Suppose that finally you get some check points so you can say that

for a child or for an adult, the claims in excess of deductibles $I00, $200,

$500, $1,000, and so forth are given percentages of the aggregate claims.

Once you have that - how do you build this table? You can do a lot of graphi-

cal trial and error, or as is indicated in Example 0 you can analyze the

data. We will not spend a lot of time on this analysis, because it's one of

the more theoretical considerations, but it's not as hard as it looks. The

exhibit shows that the claims in excess of deductible D, C(D), is the sum of

the difference between claims t, the aggregate amount of claims_ and D, assum-

ing that t is greater than D. We will sum or integrate from D to infinity.

Take a claims amount in excess of the deductible and weight it by the proba-

bility that claim t can occur. That will be the value of the claims in excess

of the deductible. The formula is straightforward. Now, here's a little

trick, and it can be helpful. Differentiate with respect to D, and solving

the resulting integral gives - (I - F(D)). F(D) is the cumulative distribu-

tion function for this particular probability distribution. _lat we have is

C'(D), thus, the derivative is a function of the cumulative distribution of

probabilities. We can approximate the derivative. Suppose you have two

points, D and D*, and you have data and you've found out what the claims in

excess of those two amounts are. Take the difference, divide it by the

difference in the amounts, that's the approximation to the derivative:

-[i - F(D)] and you can get F(D). Do this calculation enough times and you'll

get enough points in the cumulative distribution.

Now to begin to understand these results, you can write down the column of

frequencies. You've got to do a lot of manipulation, but this is a technique

that we've used and it works well. Let's test it out - let's go back to

Appendix #2. Let's try to find out what the probability is that claims will

be in excess of approximately $10,000. If you go to column I, and look at

$i0,000, you will see that the annual claims in excess of $I0,000, in column

2, is $25.67. If you look at it for $15,000, you will see $18.19, and you'll

see I have that as a difference in the calculation in Example 0. Now the

difference in the deductibles themselves is $5,000. If you compute the

approximation you get -.0015 and that should equal - (i - F(D)) -- somewhere

around $10-15,000. You get into an averaging problem in this example because

I've chosen a big interval here for approximating the derivative. Look at

column 8 in Appendix #2. This column shows the probability that claims are

equal to or in excess of the amount in column 6. If you look around $12-

15,000 and move over to column 8 and you'll see numbers like .0017 and

.0013. Those two numbers bound the .0015, so the calculation worked here.
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What we have shown is that if you collect routine types of data, claims in

excess of a certain deductible, you can develop tables llke this. The funda-

mentals are columns 5 and 6. Everything proceeds from columns 5 and 6.

Columns 1 and 2 show calculated values at several deductible levels. From the

distribution in columns 5 and 6, if you want to know what the value of the

claims are in excess of $i0,000, go down the amount column, column 6, until

you find the first claim that's in excess of $I0,000. From there on, sub-

tract $I0,000 from every claim and weight these amounts by the frequencies

that occur for each of the amounts above $I0,000. Add up the total and the

result is what is shown in column 2 for $i0,000, $25.67. So, the fundamental

tool here is the distribution itself, the die. All other values on the table
are derived from column 6.

We have been addressing how to get columns 5 and 6 from your own new data.

There are other ways such as graphical techniques_ this is simply one that

works well. You've got to choose enough points and use some good judgment,

but this method will produce the distribution. Obviously, a true, complete

distribution of claims would be extremely long. To handle this we want to

group amounts. For instance, let's group all claims between $i,000 and $1,200

and call them all the weighted average, say $1,105, and so forth. This will

make the resulting distribution manageable. We want to do this grouping so

that we don't get too rough around deductible levels that we're interested

in. We could group everything between $I,000 and $I0,000 and call them all

$5,600 claims, but then if someone is interested in a $3,000 deductible we

have a problem. We don't have a sufficiently refined distribution to give us

good answers there. So, the balance is to have enough claim amounts but to

have few enough to make the whole thing manageable, while having enough so

that we can make realistic calculations around deductibles that are of practi-

cal interest to us.

Let's discuss each of the columns - we've discussed columns 5 and 6 so far.

The product of columns 5 and 6 is in column 7, that's simply the expected

value of the claims for that particular claim amount. Column 7 is Just the

cross product. Column 8 is the probability that claims exceed a given

amount. That's just the sum of the probabilities summed from the bottom of
the table. To calculate the annual cost of the claims in excess of a certain

deductible amount you simply find the first amount in column 6 that is greater

than the deductible and find the corresponding amount in column 9. From that

amount subtract the deductible times the corresponding column 8 probability.

The result is the annual claim cost for amounts above the deductible. This is

how the amounts in column 2 are determined.

A question has been asked: "How do you find out the frequency of no claims if

you're running off the claim file?" You have to build a model of claims cost

that take into account not only submitted claims, but the unsubmltted claims

because you usually are dealing with a deductible plan and some people accu-

mulate expenses that they never submit so you never see that eligible

expense. The way we have handled this problem is from studies that we make in

modeling the expected values of claims costs. We consider the total frequen-

cies that certain types of procedures will occur, the average cost of these

procedures, and the resulting claim costs from these procedures. We've built

another model which is literally a manual which includes the probabilities and

costs of benefits for hospital inpatient and outpatient, surgical inpatient

and outpatient, outpatient physician, and approximately 20 other benefits.

These items are split out by age and sex for the U.S. average. This manual
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produces what the total charges would be in the environment that we're in. If

you actually have a true $0 deductible, you'll probably get more utilization

than even those statistics show. You have to make an approximation and if you

have nothing but a $I00 deductible plan, you'll have to back up and add some

claims that you never saw to get the $0 amount.

What kinds of things can you do with this information once you've developed

it? Look at Example I. We can price a variety of different plans. Example 1

is for a child - the cost or the price of pure claims for $100 deductible,

80/20 coinsurance, and $i,000 out-of-pocket limit. Using Appendix #2 we want

to find out what the out-of-pocket limit is and that's $4,600 of claims. This

calculation is off to the right. You end up paying 100% of the amount in

excess of $4,600. It's just a simple little equation. One thousand dollars

out-of-pocket equals $I00 deductible, plus 20% of x-lO0 and x turns out to be

$4,600. What we've got to do next is to find out what is the cost of claims

between $i00 and $4,600, because we're going to have to pay 80% of those, and

then we'll pay 100% of those claims in excess of $4,600. From the distribu-

tion, the claims for a $100 deductible plan is $13.23. This is the monthly

amount from column 4. We don't have a $4,600 amount, so you need to inter-

polate between the $4,000 and the $5,000 amounts. That's what I do in the

next step in Example 1. It's a straight llne interpolation - you can get

fancier if you wanted to, hut you probably don't need to - $3.48, those are

the claims in excess of $4,600. We're going to pay 80% between $I00 and

$4,600, so that's the next calculation, .80 x (13.23 - 3.48) and we're going

to pay 100% of the amount of the amount in excess of $4,600, that's the

$3.48. This all adds up to $11.28.

One question that arises is what is the effect of coinsurance or what is the

loading factor when you have such an out-of-pocket maximum? We ended up with

a price of $11.28 for the plan above. For a straight comprehensive plan at

80% of the $13.23, the cost would be $10.58. We next took the ratio of $11.28

to $10.58 and multiplied that ratio by the 80% coinsurance so we have an

effective coinsurance, if you want to look at it that way, of 85%. Another

way of stating this is it is about a 7% load. You can do this kind of pricing

for all kinds of deductibles and graded coinsurances and you can let your

imagination run away with the kinds of comprehensive plans you could price

once you have this table.

Let's now consider Example #2. We're going to price a minor benefit - a $500

supplemental accident plan. How do you do it? There's an observation that

I've seen, that accident claims seem to form a fairly constant percentage of

total claims at just about every claim level. For adults, it is around 10% of
the claims from accidents and for kids it is about 12%. This means we could

take this distribution and split it into two pieces roughly. Simply multiply

every figure on it by .9 and call it health claims, and multiply every figure

on it by .I and call it the accident claims, realizing that the sum of the two

sheets are your total plan. That's in effect what we do here. First, look at

the grand total and determine what is the value of the first $500 of bene-

fit. That's C(O) minus C(500) and if you look in the table, you'll see it's

$18.85 - 8.21 = $10.64. We'll relmpose the deductible of $I00. We'll assume

that the standard that we want to measure against is a $100 deductible plan.

What we're really doing is just waiving any deductibles on the first $500 of

expense, and we'll reimpose the deductible after $500 of expense. There are

different ways to do a supplemental accident plan, but this is one of them.

Between $500 and $600, we won't have any cost, and from $600 and above we

will. For $600 and above, $7.89 is the number. The regular plan is a $100
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deductible, 80/20 comprehensive plan and thus it's Just 80% of the value in

the table at $I00 (80% of $13.23 is $I0.58). Under the modified plan, I'II

take 90% of the standard plan, because that's the non-accldent portion, and

10% as the accident portion. Combining these two pieces, the first $500 of

accident, $10.64, and we'll pay 80% of everything after $600, and that's 80%

of $7.89 plus 90% of the $10.58, all adds up to $11.22. The extra cost is

$.64. That's about a 6% load on the standard plan of $10.58. The plan design

is for an accident claim. The plan will pay up to the first $500 flat, $0

deductible benefit. But, for a claim above $500, we'll relmpose the $I00

deductible. After that point, it will look like the $I00 deductible, 80/20

plan. I Just picked this plan, there are other ways to price it and there are

other benefit structures we could have used, but the point is that you have a

tool to do some modeling and pricing. You don't have to look at six accident

claims, or something llke that, and pull your hair trying to make a wild

guess. Once you've got a tool llke this, it has enormous predictive value.

MR. BRADFORD S. GILE: I'm Brad Gile with Wisconsin Insurance Department.

I've made use of the mathematical form that you set down here, the function of

C(D) and the derivative of cumulative distribution. I made use of it when I

had to price the health insurance risk sharing plan. What I did in that case,

because I didn't have company data at hand, was to take a group rate manual of

a company with whom I was very familiar and instead of setting up a big table

llke this and interpolating, I used a formula tool. One of the things I did

notice when I was with that company more than I0 years ago was that a particu-

lar functional form fit the company's data remarkably. It's of the form

e-(ax+t)i/2

where x is your amount of covered expense. I found it interesting.

MR. MAULE: Very interesting and worthwhile comment. In that form, e to the

square root, you've got something that goes down more slowly - it has bigger

claims out there with higher probability than maybe a standard distribution,

llke e-x. We're going to come back to that point a little bit later. There
are some mathematical functions that do seem to fit some of these distribu-

tions pretty well.

Pooling charges. Everybody is interested in pooling charges. Look at Example

3. From this data, pooling charges are expressed as a dollar amount per

month, per child, for three different amounts, $15,000, $25,000 and $50,000

and all you have to do is look in the table and you have $1.52, which is 8% of

all charges. You've got to watch this because this is just 8% of all charges,

not of all claims. Claims are something else, what we're looking at here is

eligible expense and not all of them result in benefits. It will turn out

that your pooling charges, probably because you have no coinsurance at those

levels, are going to be a higher percentage of claims. If claims are based on

a $I00 deductible, 80/20 colnsurance plan, they'll be less than the eligible

charges, so the percentages of benefits will be higher than those shown.

The next example is really important and I think it's very interesting. It

has been remarkable to me how few people in the health insurance industry, up

until recent times, have understood what I call the leveraglng effect of

deductibles. We've got this distribution and its centered on January I,

1982. Suppose you wanted to do some pricing centered on January I, 1983. If

you did your calculations on January 2, 1982, you would not have any data to
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tell you what the numbers are. How do you use this table to get some

answers? Let's assume that the base trend assumption is 15% and we want to

know what the cost of a $i00 deductible plan one year from now. Go to columns

9 and 6 and find the first claim in column 6 that exceeds $I00 ... it's

$136.27. If you go over to column 9, the $207.86 is the sum of the expected

value of that claim and every claim greater than that. This is the annual

value on January I, 1982_ $207.86. It is the sum of the total of claims that

exceed $I00. We want to take $I00 deductible out of every claim. We could go

down column 6 from $136.27 on and from each claim we could subtract $I00 and

we could weight all of the positive differences by the frequencies that are

shown and add them up and get the right number. There's an easier way with

the table. Since you know that $207.86 is the sum of all the claims in excess

of $I00 right now, they certainly will be when they're inflated by 15%. So,

inflate them all by 15%. Then, subtract $I00 from "all of them". "All of

them" are the sum of the frequencies from $100 on, and that's in column 8 -

that's .4907. That's the calculation that's shown in Example 4. The result

is $189.97 for January I, 1983. The January I, 1982 value is $158.79, and you

can see that if you go over to the $100 amount in column 2. What's the rate

of increase? It's 20% - if you divide $189.97 by $158.79 you get 20%. So,

what's the lesson here? For a child, if there's a 15% price trend rate you're

going to get inflation on a $i00 deductible, 80/20 coinsurance plan at 20%.

The leveraging we got here was that every claim that was over $I00, stays over

$I00, gets quite a bit more over $I00, when we subtract the fixed $100 from

it, we get a leveraglng of that difference.

What about $10,0007 That's the second part of example 4. Go down column 6

until you get the first claim that's over $I0,000, ($12,036). Be careful as

the claim before it, $9,652, when inflated by 15%, will exceed $i0,000. We

can't use the values in that row, we've got to move up one row because now

when we inflate we're going to end up with the $9,652 claim going over

$i0,000. So, we move over, in that row to the $48.66 in column 9 - that's the

sum of all the claims that are in excess of $9652. A year from now, every one

of the claims will be in excess of $i0,000, if we assume the 15% trend rate.

Multiply $48.66 by 1.15 and subtract from it $I0,000 times the sum of the fre-

quencies for claims that are now in excess of the $9,652 and you get $32.77

shown in the example. The untrended value over in column 2 for $i0,000 is

$25.67. The resulting leveraged trend rate is 128%. At the $I0,000 level we

get almost twice the base trend rate. These distributions are a great tool

for predicting what trending will be for all kinds of deductibles.

Does this work? This is an interesting mathematical exercise. Let me give

you an example. I know a company that took its entire claim file for one year

that was two years past - so they knew what the trends had been. They knew

their overall portfolio trends for some 18-month period. They took all the

claims from that past file and they trended them all forward just like this

instead of dealing with a unit claim. They used exactly the same process,

subtracted out the fixed deductibles, went through the deductible calculation_

produced a string of values and then they compared it with their actual

current data. The resemblance was marked, in other words, it was a very

accurate predictor at different deductible levels of what the trend is. This

is a powerful tool.

Question: How are the points in the table chosen?

The amounts that are shown on the left, the 0, 50_ I00, those are arbitrary

points, points in which we are interested, which we have chosen in putting
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this table together. We tried to choose distribution amounts so that we would

get amounts within the different deductible categories, but we didn't try to

exactly fix the average right in between or anything llke that. In fact, in

using this table, if you found that one interval was too wide, you distrusted

it, say, between 50 and I00, where we have $73.81, you might redistribute the

frequencies and the amounts so it all composites down to the same cost and

then do your projections. You need to do this in some cases to take out some
of the anomalies.

We're going to introduce ourselves into a new area and move on to Example

#5. Suppose you've always had $I00 deductible per person plans, and all of

your family units have two children in them, and now you've been told that

you're going to have to have a plan that has a one only deductible maximum for

the children. This is kind of an arbitrary plan feature that we've con-

structed here, but you'll recognize it. A two person deductible maximum is

fairly common. And you've got to price it. All of your data shows what

happens when you have a $i00 per person deductible and everybody's got to

satisfy the deductible. Now, in this two child dependent unit all they have

to do between them is satisfy the amount of one deductible of $i00. What's

the added cost? How do we determine it? The technique is generic for a whole

group of problems for evaluating family out-of-pocket limits. What we do is

get the value of the $I00 deductible. Now, looking at the distribution of

deductibles in Example #5, and there's a 2% chance of a $34 claim and $34 is

under $i00, so we'll get the full benefit of that in the value of the deducti-

ble. We're not valuing the claims now, we're valuing the deductible. The

chance of a $74 claim is 24%. All the other claims on that page are in excess

of $I00 so all we can get in value of the deductible is $I00 and all the fre-

quencies from that point on, sum up to _9% and we get $I00. The value of the

deductible is the cross product of those four frequencies and amounts and the

total is $67.44. If you want to check it against the claim distribution,

simply take the $0 annual figure and subtract the $i00 annual figure for the

total claims and that ought to be the value of a $I00 deductible, and in fact

it is $67.44. For our next step we've got to be concerned about all possible

combinations of claims of the two children. We want to evaluate what the

worth of the more limited deductible is in this situation. All we have to

look at are those claims of $i00 or less - we don't have to look at two

$I0,000 claims, because we know in that case, we'll only have $I00 Joint

deductible under the limitation of deductible that we're talking about. We're

going to convolute the distribution with itself - we're going to take all

combinations of results, and there are 16. We can have 0 and 0, both of the

children incur no claims with probability .25 x .25 or .0625 and so forth.

l've combined all the amounts in the example, that's why you don't have 16

numbers written down because there are palrs where I've added the two fre-

quencies. We now have the joint probability distribution of the valued

deductible for two children. The sum of the frequencies add up to 1.0 and the

expected value is $144.88 - that's two times the value of each single distri-

butlon (we're assuming independence here, so that's exactly what we expect)

and that's the tool that will now give uS our result as to what it's going to

cost us to have a one-tlme only deductible. What we do next is go over to the

modified amount column and we say the value of the $34 is still $34, $68 is

$68, and $74 is $74, but from $I00 on we now have only $I00 of value of

deductible.

To do this generically, you have to take family size with one child_ two,

three, four, five, and six, then you have to convolute the distributions

together for all of these combinations and look at the results for all of
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them. Regardless of the benefits, you use precisely the same method. Instead

of looking at $I00, you might be looking at two times one deductible of $200,

maybe three times, two-and-a-half times, and then you'd weigh your results

finally by the proportion of families that have one, two, three, four, five,

six, etc., children and you get your results. You don't have a problem if

there's a single adult or two adults, it is the first dependent child that

introduces the problem. You have to use other distributions here other than

Just the child distribution. The technique is more complicated because you

have to deal with more situations, but not fundamentally different and it

comes right out of these distributions.

We get the value of the modified deductible at $89.96 between the two of

them. It was in total before $134.88, so that's 67%. We've reduced the value

of each deductible, if you llke to look at it that way, by 33%, and what I did

at the bottom of the example is calculate the effect on a comprehensive

plan. I took the total annual claim cost for a child, $226.20, subtracted 67%

of the standard deductible for a single child and multiplied by 80% so there's

a comprehensive plan now under this modified deductible arrangement. Right

below it, being divided into it, is the standard value of the comprehensive

plan resulting in a 14% load of the child rate. You can do this for all kinds
of comblnations.

Next we're going to discuss aggregate distributions. So far we have generated

individual distributions and we've learned that we can do a variety of inter-

esting and practical things with them. Our next topic is quite practical,

also. We're going to ask the question, if in a portfolio of risks_ we have a

group that has 1,000 lives or I00 lives - what is the distribution of aggre-

gate claims? Similar to the individual distribution we developed, we want to

determine the probabilities and the corresponding claim amounts, but we want

it for the aggregate claims in a calendar year for all of the people in the

group. One method of determining the aggregate distribution, once you have

the individual distributions, is to convolute the distributions. For this to

work we need to make an assumption of independence, which probably is a rea-

sonable assumption for health insurance claims - at least for medical claims,

and that's what we're working with right now.

You will recall, we convoluted a small, simple distribution when we evaluated

a deductible limitation. You can do the same thing for any number of lives,

however, convoluting realistic claim distributions a large number of times is

a very large task, It's not easy. We spent a long time writing a program

that, by brute force, went through the process. You might say that's rldleu-

lous because you have, say, 25 values in the string ef.ygwr probability dis-

tribution, you convolute it together 1,000 times -- 25 luuu is an awfully big

number - computers are fast, but they're not that fast. You've got to use

some simplifying techniques. You can use grouping techniques, you can throw

out values that are of no material worth and you can use variance preserving

techniques and write a program that gives you a very good estimate or approxi-

mation of what the true distribution is. That's probably the best way to

approach the problem because what we're really dealing with is a multinomial

situation where we take 1,000 dice, throw them on the floor, count up all the

faces and that's the aggregate claims for the year.

Appendix #3 talks about some of the problems in developing an aggregate claims

distribution. It's Just some general material that you might find interest-

ing.
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Appendix #4 shows what some real aggregate distributions look like. The first

table, labeled Aggregate Distributions on page i, was done for 1,000 employ-

ees, with approximately 600 or 700 spouses and another 1,200 kids. It's a

typical composition. The original results came out in dollar amounts because

the distributions that we were using had dollar amounts. This distribution is

derived directly from that original output. To get the distribution on page I

you divide all linear values by the mean. Other values are divided by the

square of the mean. The result is what we call a normalized distribution

where 1.0 is the mean. The mean is 1.0 and not $I,000,000 or $1,500,000 for

this 1,000 employee group. It's easier to read when we want to talk about

attachment points and other uses. This is a real distribution that was

actually used in practice, it's not up-to-date, but the principle is still
there.

The amount, as a fraction of the mean, is in the first column. So if you have

1,000 employees, what's the chance that the actual experience claims are 49%

of the mean? The probabilities are listed in the second column. The answer

is that there's no chance. That probably makes sense to you. The cumulative

probabilities are shown in the third column. Stop Loss Premium, which is the

expected value of all the subsequent claims in excess of the claim in that

particular row_ is in column 4. The variance of the Stop Loss Premium and the

standard deviation of the Stop Loss Premium are in the next two columns.

These are aggregate distributions and there are several of them in Appendix

4. We're going to discuss them in SOme detail. Let's look up the Stop Loss

Premium at the 125% attachment point for this first group of 1,000 employ-

ees. We get the elaim level, llne 84, 1.2506 - that's close to 1.25. The

Stop Loss Premium is .208 x 10-2 . The pure Stop Loss Premium for 1,000

employee group and 125% attachment point, at the time this distribution was

constructed, is approximately 1/4%. We're not finished with that 1/4%, but

that's where it is right now. Before we go on, let's turn to examples 6 and

7. The first comment I want to make is you've got to be careful when you

start using statistical methods and you do a careful Job of evaluating say

three out of the four factors. But the fourth factor may have a very large

impact on the overall result, so that your results are totally worthless.

When you're looking at purely statistical distributions, that can happen in
this business.

Suppose we're looking at 1,000 groups of 1,000 lives and we know that they are

identical in age/sex characteristics and in the same location and the same

industry. From our rating manuals they are the same groups, we cannot distin-

guish them for pricing purposes - they have all the rating manual characteris-

tics in common. But what's the truth about those 1,000 groups? It's been my

experience that they aren't all the same, that some of them are consistently

better, some are consistently worse. You find that out if you keep them for

I0 years, but without experience it's very difficult to know which groups are

good and which are not. We know from general arguments that these groups will

be different. We know the soclo-economle class, level of education, level of

income, things that in many of our rating manuals aren't very well reflected,

affect the aggregate level of claims, i.e. the mean level of claims for a

group. One of the standard problems that we face in assigning credibility and

in developing Stop Loss Premiums is that data we think is homogeneous really

isn't homogeneous. It's made up of separate subclasses that have separate
internal means and within those SObclas_es there is statistical fluctuation

going around those submeans. What we're talking about is what we call the

inherent level of a group. In example 6 I just picked an example and actually
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this distribution is one that we've used for i00 life groups, because we've

seen this kind of experience for 100 life groups, that is, 5% of them are

really at 70% of your typical manual mean, with all those typical manual

characteristics. The average mean is 1.0 and groups fluctuate between .70 and

1.30.

Now, if you look at the graph in example 6 we're going to ask the question, if

we've got that kind of distribution in 10,000 groups and we're looking at the

deviation from the mean of these 10,000 groups, what is the character of that

distribution? What we've shown there are graphs for each of the separate

inherent level categories. What we do is merge them all together when we look

at experience and the result is that we see a spread of variance that is wider

than any single statistical spread that we would get. This is crucial. To

point out how crucial it is, suppose you have exactly two kinds of cases,

their mean is either .5 or 1.5 and the average is 1.0 and you don't know how

to distinguish them. You really don't know those two numbers, the .5 and the

1.5, but that's what they really are. Now you offer these I0,000 life groups

aggregate Stop Loss coverage at 125% of expected. What is expected? One

point zero. What's the attachment point? One point two-five. How do you

do? You fare poorly!

For a i_000 life group the inherent level might start at 90% of expected, with

a small probability, and go up to 105% or 106% of expected. We looked at the

Stop Loss Premium in the first distribution. Now turn to the next two

pages. This has what we call the uncertainty distribution. It has the

assumption in it that not all these 1,000 llfe groups are the same, that the

average 1,000 life group is made up proportionally of groups that really have

means of 90% of expected, 95% of expected, and so forth. What we're really

looking at is the merged experience of all these different levels of groups.

What do we see at 1.257 - .0047. It's on page four, line 113 and the fourth

column is the Stop Loss Premium and it's .4714, etc., x 10-2 or about I/2%.

The original value was i/4%. Under this uncertainty assumption, the Stop Loss

Premium has become twice as big. If you'd used a mathematical technique, a

perfectly adequate one that does really reflect the distribution, you're going

to get the wrong answer because you're going to be assuming the mean is one.

The mean is some fixed amount, but you don't reflect the underlying differ-

ences. So when you run an aggregate Stop Loss run there is always a mix of

different inherent level cases.

QUESTION: Can you tell us, again, where these values in this aggregate dis-

tribution came from?

MR. MAULE: By convolution, using a program that in effect Just started multi-

plying individual distributions together -- but truncating after a certain

amount of time. If you multiply one of those individual distributions that

has 25 lines in it by itself, you've got a lot of lines. So you have to com-

bine amounts at certain stages, but do it judiciously so you don't disturb the

distribution at important points. Important points are like the 125% attach-

ment point and so forth. It took us five years to write the program to do

that with all of it's optimizing - it's a complicated task. I don't know

whether it would take so long these days, because computers are faster and the

languages that are available are more powerful.

This leads to an important point here. These aggregate distributions have

been tied to experience. When we use these uncertainty distributions to the

convolutions, and when we look at 2,000, 3,000, and 4,000 cases over two years
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and do an actual-to-expected test and there is a very good fit. Thus, we have

a technique that truly models reality, not something that's pie in the sky.

Is there some easier way dealing with this? Well_ yes there are some things

that can be done, hut I won't get into those today. It turns out that a log

normal distribution, log normal, not

e-x2 , but e -l°gx2

something that goes down much more slowly than e-x2, fits these aggregate

distributions fairly well. You can develop a generalized formula to calculate

all kinds of values. Both techniques are useful, but it's handy to have these

aggregate distributions where you can be looking at pages of output and can

visually see how the claims behave in excess of any given point, without hav-

ing to mathematically calculate all the values.

Let's go to examples 8 and 9. Now, what can we do with these aggregate dis-

tributions? We'll show a couple of techniques - there are lots of things that
can be done with them. l've taken the first distribution and shrunk it down

for practical purposes, to about 7 points. Claims of .84, .91, .96, and so

forth, each with the probability shown there. The Sum of the cross products

of the claims levels and probabilities equals 1.0, as it should. Now let's

try to solve some problems,

First problem: We have a I000 employee group. Assume it's a non-divldend

group with a retroactive premium arrangement. We will use: if the expected

pure claims cost is 1.0, then charge them .9, with the proviso that you'll get

1.0 at the end of the year, if the experience justifies it. Standard retro

provisions. This could be worked for a distribution for I00 lives or a situa-

tion where it was more applicable. I've seen retros offered in a non-dlvidend

situation llke this. Let's see what the effect is. We charge .9 for some of

the groups which end up experiencing .84 and we keep the .9 - we get .9 to pay

all claims. The next level has claims of .91 and they'll pay up to 1.0, so

they'll pay us the .91. The next is .96, they'll pay us the .96. At 1.0,

they'll pay us the one. One point zero six is the next claims level, but we

can only charge 1.0. We're cut off at 1.0 from there on out_ we can't charge

any more than the maximum premium. What is the total contribution that we

received to pay all the claims? We know the total claims here are 1.0 for all

of these groups. Well, just cross multiply the premiums by the probabilities

and you'll get .966. So this retro agreement cost us .034 or 3.4%, it isn't

cheap. We've seen companies do thls_ lose money on retro arrangements.

Now_ move over a couple columns in the example and we'll talk about dividend

cases. Case I: We have a 5% margin. We charge them $1.05, we expect our

claims will be 1.0. So what contributions do we get? We only get $.84 in the

first claim level. We charge them $1.05, so we give them a dividend back of

$.21. All we get to pay claims is the $.84 that they had. And so it goes

until we get up to $1.06 as the actual claim amount. We've only got $1.05,

we're down $.01 there, we're down $.06 in the next llne and so on. Our

weighted contribution is .975 - that's 2.5% less than the dollar that we

need. What is the risk charge for no carry-over claims under this experience

rated arrangement? It's 2.5%.
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What if we carry forward the losses. Kow much of them will you recover? We

think we can recover 75% of the losses. That means that the risk charge has

to be about 25% of the 2.5%, or .63%. Now, if this calculation is done with a

10% margin then the risk charge with no carry-over claims drops to 1.4%. If

we assume, again, we can get 75% recovery of clalms_ we need .35%. The point

is given aggregate distributions of claims, for groups of different sizes, we

can do a lot of risk charge calculation work.

The third aggregate distribution in Appendix #4 is for 35 employees plus

spouses and children. I won't spend too much time on it, but you'll find its

distribution characteristics are dramatically different than the 1,000

employee distribution.

One of the useful things that comes out of these distributions is what amount

of risk charge or profit load should we make for a pure stoploss coverage at a

125% attachment point. We've Just been looking at the I/4% that was the pure

risk premium or the 1/2% which is the one we should use as it is the one with

the uncertainty distribution. Who likes the idea of a risk charge of 2% of

the pure stoploss premium. It's way too little, of course. What should the

charge he? What we do in example 9 is look back at the first distribution and

ask how much profit do you want from this group of 1,000 lives. Now, suppose

you said 2%, that's .02 versus a mean of 1.0. How many standard deviations is

that? What is the standard deviation of this distribution? If you look up in

the upper left-hand corner of the page you'll see the standard deviation and

it is .1140. If you want profit of .02, it is about 18 percent of one stand-

ard deviation. If standard deviation is an adequate measure of risk for pur-

poses of setting profit margins, then we can use 18% of the standard deviation

at the 125% attachment point. We see that the standard deviation at 1.25 is

.02 and 18% of .02 is about .004 and when we add that to the .002, which was

our basic premium, we end up with a total of .0057 and what's the total?

Well, it's 271% of the pure risk premium. I don't think that surprises

anyone. But, we have a way of using the aggregate distributions to get a

consistent method for setting profit margins for different kinds of cover-

ages.

Something I have observed in using these distributions over the years in both

the individual and the aggregate areas is that companies were badly under-

charging for specific excess coverage. Their premiums were 2/3 or 1/2 of what

they should have been -- the same thing for aggregate protection. The tend-

ency over the years has been to charge a flat premium for all size cases.

Start looking at these distributions and you get different kinds of values.

Now in the paper measuring statistical risk, Appendix #3, I talk about some of

the secular problems that you've got to take into account when you start pric-

ing with these distributions. I won't spend much time on it, there's other

things that you've got to look at in pricing aggregate stop loss. You've got

to look at blowing the expected claims on which you base the overall attach-

ment point and that can result in some serious problems. Or secular changes

in frequencies that you don't expect where all of a sudden all utilization

across the country goes up 10%, as has happened in the past few years. Those

are non-statistical sudden impacts that need to be taken into account in any

pricing structure.

We have individual distributions and we have aggregate distributions, both by

inherent level, and the statistical distributions around means as tools to

work with. Now we're going to discuss another generic area and that's simula-
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tlon. l'd sure be interested on your comments on this, so please come to the

microphone and tell us if you're doing some work in this area. As an example

of the ways simulation can be used I'd like to discuss the most recent project

we're doing in my office. As a practical application, I want to discuss how

this arose. I've spent time in a lot of companies across the country, Blue

Cross/Blue Shield organizations, commercial companies, and HMO's, over the

last few years and I've been really frustrated with our lack of understanding

of the business that we're in and our lack of formulating models to try to

manage the business. This work is kind of an outgrowth of that frustration.

Any model is going to have to look at real world situations and there is a

great danger that you do a nice Job of modeling three out of four variables,

as I mentioned before. What are some of those real world situations? Well, a

secular economic cycle is one of the very strong realities that we have,

surges in utilization followed by depressions of utilization, and we have

sudden unexpected shifts, created by things llke cost shifts. We've seen

these for the last 20 years - they've had a most dramatic and serious impact

on the bottom lines of companies. You can't develop a model of the group

business without considering the agents or the representatives who write it,

or who they write it on, and under what circumstances. The basic question

that I was thinking of that first lead to this was for a I00 llfe group, what

credibility should we give it in rating? Should you give no credibility? Is

this too small a group to give any credibility to? Straight manual rating,

average rating, 25%, 50% - I don't know what the right answer is but we're

trying to find out some of the right answers and some of the things that we've

found out are a little surprising. What we've developed is a simulation model

and we'll go through some of the items that it addresses. There is a rough

outline of this model in Appendix #5.

What the model does is take an inforce file and add new business to that in-

force file under certain arrangements and it will run for I0 years. We want

to simulate, and when you simulate, you Just recreate the world and we use

Monte Carlo techniques. We take distributions like the ones we've discussed

earlier and then using Monte Carlo techniques simulate whether an event

occurred or not. We simulate for a 10-year period. We do that for however

many replications we want, look at the results, and try to get a distribution

of the aggregate results, try to find out optimal credibility to use. This

model allows us to put trend rate in year by year. It allows us to establish

what a market manual rate is. Sometimes the market in a certain type of

coverage might be optimistic, it might be 95%, that is your competitors are 5%

below where they should be and we'll put them in at 95% then. Maybe they're

above at 105%. The target loss ratio in the marketplace is used. One of the

things that the model is going to test is this - you've got a nice book of

business and everything is great with one exception: your expenses are 50%

more than your competition's and you're trying to recover them. So when they

have a 90% loss ratio and you are using an 80% loss ratio, you're bumping up

your premium, not because your claims are high but your expenses are high -

you have problems. You have the problem of having manual rates that are out

of the marketplace, and we've seen a number of companies in that situation.

The model starts us out as a company at our manual rate. The model considers

the inherent level distribution - we've talked about that topic. The random

level distribution is now Just the distribution of the aggregate claims.

Lapse rates are in here. One of the things that we've observed is that you

can increase premium rates by 40% and still be 10% below competition and lose

the case. Why? Because they're mad - they didn't expect a 40% rate increase

and it doesn't matter that they're still 10% below what the true cost is.
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They leave you and go somewhere with a 2% increase above what you were going
to charge them because they're mad. The level of rate increase independent of
the absolute level of the rate is a real factor out in the marketplace, but so
is the rate. The model uses a rather complicated table with the option of
inputting arbitrary values depending on what the level of the rate increase
is, what the experience loss ratio is, and what the market premium level is.
Margins are used for dividend cases. How creditable is the dividend, 100%,
50% and so on. We also consider the way the rates are created - do you use
two years of prior experience, one year? Given your experience on this case
and your method of giving it credibility what is the projected rate. It will
project the rate and then it will simulate what the actual elaims for that
particular group are in the next year. Distribution of the brokers - the con-
cept here is that you have all kinds of people out there marketing your cover-
ages. We have said that there are three classes of brokers - those that are
friendly to you, they have a good working relationship with your home office
and field force. Therefore, they'll go out of their way to give you good
business and keep bad business away from you. Indifferent brokers - they
really don't care. Basically_ it's your rate level, if you're low they like
you, if you're high they don't like you. Not indifferent brokers - that is,
unfriendly. What we mean is that they're probably friendly to someone else,
just like your friendly broker is friendly to you but perhaps not to your
competitors. So they give you the bad business. Some companies have 100%
indifferent brokers. Other companies have very high proportion, or relatively
high proportion of friendly brokers. Within these constraints, your friendly
broker can, in good conscience, only go so far, after all if your rate is 18%
above the marketplace for a 1,000 life group, there is no way he can write the
case for you. But, maybe your rate is 4% higher, and because of your service
and the long-term relationship, you get the case - even though you're not the
lowest in the bid. That's a market tolerance for friendly brokers. Simi-
larly, for the unfriendly broker, if you're low enough, it would be remiss of
him and maybe dangerous if you didn't get the case, as much as he'd like to
give it to one of his friendly companies. That last item refers to the number
of years of data that the broker provides. The broker has two years of
data. He gives you one. He knows about three years, he knows about that
other year - he knows, but he gives you two. In other words, he knows more
than you know, so we simulate based on what he tells you. He has that knowl-
edge and he makes some rational Judgments based upon that and now he's sending
the case to you and you only have one year's experience to look at.

There are a lot of variables in the model and there probably should be more in
it, but we begin to run and when you get something that's as complicated as
this, you've got to put in ranges of parameters and see how sensitive the out-
come is to any one particular parameter. One of the things that we seem to be
finding out is that maybe giving a bit higher credibility than most of us
would ever thought was proper isn't such a bad idea.

Now that's kind of a provisional conclusion, which surprises me.

MR. GREGORY W. PARKER: One of the guiding principles when we were developing
this model was not that we were trying to determine true mathematical credi-
bility. Most of the models we have seen before try to minimize error or maxi-
mize a particular variable. Our approach is to try to maximize profit. What
good is it to be accurate, to have a more theoretically correct credibility,
if your competitor is writing all of the cases -- because of your credi-
bility. One of the things that we discovered is that even if the marketplace
is assigning an incorrect credibility factor, you don't want to deviate too
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much from that factor. It will likely cost you business.

MR. MAULE: The model will look at the amount of premium and claims that you

get under the different credibility factors. You can evaluate how your over-

all portfolio performs. What happens if your manual rate is too high over a

period of years, what happens to the class of your business? Does it steadily

worsen so that you get into a spiral? What is the optimal situation? Now the

optimal situation may not be particularly positive. What I find in most of

these runs is that risk charges, that you need to charge under the different

financing arrangements, are generally higher than what is charged in the

marketplace. And frankly, I have almost come to the opinion that traditional

financing mechanisms are unlikely to be profitable over the long run because

we simply don't have enough margin and enough risk charge in them. And that's

probably why companies that I0 years ago that didn't want anything to do with

ASO are now encouraging it for their larger groups.

MR. PARKER: Appendix #5 is labeled example I0. This is just one page, one

replication, with non-typical input assumptions. This particular run used a

market credibility of 100% and our own credibility was 100% also. The first

column _1ows simply the premium that the portfolio developed.

The model has expected claims of $I.00 a year per case in year I. The model

then produces a premium based upon the experience that was provided to you by

your broker and then as the groups generate experience through the years, the

cases that remain in force have the premiums produced via the credibility

formula that you have input using a combination of manual rate and experience

rate. About midway across the page you see a column headed "Pol", that's the

number of policies that enter your portfolio each year. This replication had

III policies the first year, at the end of the second year 209 policies, which

meant that you wrote some policies and you lapsed some off. If you want to

see whether you are losing your good business or your not so good business the

second section of the output shows the experience of the lapsed policies. As

we go across the output page, we see the premiums that have been developed

each of the I0 years in the simulation and the claims that were actually

incurred. The third column shows the adjusted claims which are nothing more

than credibility weighted claims. The next item is the loss ratio. This run

was targeted at an 80% loss ratio so you can see the resulting 79.1% loss

ratio means that this particular replication was slightly favorable. The next

column shows how your manual rates have changed over the I0 years relative to

a norm of 1.0. The fact that after I0 years the manual rate is down to .77

says that you are writing better than average business, which when you are

giving a 100% credibility isn't real surprising. The case with an inherent

level of 130% will probably not like your rate, they want a carrier that's

going to assign a very small amount of credibility to his high level of

experience.

The next four columns are the per unit costs, nothing more than the premiums,

claims, and adjusted claims divided by the number of policies.

And the last column shows the experience refund under the particular dividend

formula that is input.

MR. MAULE: This gives you an idea of what we are trying to do and I consider

it an extremely practical application of risk analysis techniques and we are

very hopeful that we will learn something from this that we didn't know
before.
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MR. PARKER: Just one final comment. For those of you who attended the

session this morning on the new life contingencies text, you will recall that

one of the four interesting questions that the Committee members mentioned at

the end of the presentation was: how much premlu_ do we need to charge to

make sure that our claims are going to be covered x% of the time, I believe

95% was the example that they used. If you take a look at the aggregate dis-

tribution that Bob handed out, you'll find that that particular type of dis-

tribution and the way it's presented is exactly the kind of information needed

to answer that question. The aggregate distribution can be produced not only

in the life insurance setting, in which the new life contingencies text

operates, but also in the areas of medical, dental, and long term disa-

bility. This is just one additional application that was highlighted this

morning. These techniques will provide a great deal of insight and solution.

Editor's Note: The tables on pages 1884 and 1889-96 are the best reproduction possible

from the only copy available when this issue of the Record went to press. If specific numbers

needed by the reader are illegible, they can best be obtained directly fi'om the moderator or

the recorder.
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Appendix #I

Example #0

Multlnomial Distribution

Amount Probability

0 .50

50 .i0

i00 .40

Expected = (.50) (0) + (.I0) (50) + (.40) (I00)

=0+5+40

= 45

Analysis of Data

C(D) = ID (t - D) f(t)

C'(D) = - ID f(t)

= - (I - F(D))

C(D*) - C(D) = -(i - F(D))D* - D

C(15000) - C(IO000) 18.19 - 25.67

Example 15000 10000 5000

= - .0015

(true .0013 + .0018)
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Appendix #i

Example #I

Price Comprehensive Plan

I00 Deductible 80/20 Coinsurance

i000 = out-of-pocket

C(100) = 13.23 i000= I00+ (.20)(x- i00)
x = 4600

C(4600) = .4 (3.76) + .6 (3.30)

= 3.48

Price = .8 (13.23 - 3.48) + 3.48

= Ii.28

(Notice a straight 80/20 plan costs 10.58. This plan has an effective

coinsurance of

11.28

10.58 x .80 = 85% )
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Appendix #1

Example #2

Price Minor Benefit

$500 Supplemental Accident

Assume Accident Claims are approximately 10% of all claims for all
claims levels.

C(0) - C(500) = 18.85 - 8.21

= 10.64

C(600) = 7.89

Regular plan is $i00 Deductible, 80/20 Comprehensive

Price = .80 (13.23) = 10.58

Modified Plan

Price = .9 (10.58) + .I0 [10.64 + .8 (7.89)]

= 11.22

Extra Cost is .64 (+ 6%)
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Appendix #i

Example #3 and Example #4

Example #3: Pooling Charg_e

Amount Charge % All Charges*

15,000 1.52 8%

25,000 .91 5%

50,000 .39 2%

*not benefits

Example #4: Trend Pro_ections

Assume 15% base trend

$I00 Deductible

207.86 (1.15) - 100 (.4907) = 189.97

120% of 158.79

$I0000 Deductible

48.66 (1.15) - .00231765 (10000) = 32.7

128% of 25.67
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Appendix #1

Example #5

Evaluation of Deductible Limitation

Limit is for 1 deductible amount.

Example uses 2 children.

Distribution of Deductible

(f) (A)

.25 0

.02 34

.24 74

.49 100

Expected = 67.44

Convolute

Modified

Amount

.0625 0 0

.0100 34 34

.0004 68 68

.1200 74 74

.2450 i00 100

.0096 108 i00

.0196 134 100

.0576 148 I00

.2352 174 i00

.2401 200 I00

1.0000 Expected Expected
is 134.88 is 89.96

89.96

134.88 - 67%

Effect on comp plan [226.20 - .67 (67.44)] .80 = 114%
(226.20 - 67.44) .80
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Appendix #1

Example # 6 and Example #7

Example #6: Bayesian Problem

Inherent

Level Proportion

.7 .05

.8 .I0

.9 .15
1.0 .40

I.i °15

1.2 .I0

1.3 .05

Weighted = 1.0000

(

(

-J

spread out claims

Example #7

1000 employees, 125% Attaehment

.0020869 (.21%)
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Example #8 and Example #9

Example #8: I000 Emploe_o_o_

Claims Retro Dividend

Level Probability. Non-Dividend 5% Mar. 10% Mar.

.84 .14 .90 .84 .84

.91 .14 .91 .91 .91

.96 .18 .96 .96 .96
1.00 .18 1.00 1.00 1.00
1.06 .15 1.00 1.05 1.05
1.11 .i0 1.00 1.05 I.I0
1.21 .Ii 1.00 1.05 I.I0

Weighted= 1.0 Wt. = .966 Wt. = .975 Wt. = .986

3.4% 2.5% 1.4%

1/4 non-recovery

2.5 = .63%
4

Example #9:

i000 employees. Want 2% claims under full coverage.

.02 = 154% of Variance (.013)

18% of std. dev. (.114)

At 125% Attachment point

.0021 + 1.54 (.0004) = .0027 129%

.0021 + .18 (.02) = .0057 271%
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ltealth Cost Guidelines

Janumy 1, 1982

_._INI *noonJlLI,y _t,lmlDuvsmi ?1sell 1|124135BNPZnO,_ICt LIVSILI 10O./o N _l Nvg! 3/29/02
TTPI mY COVtR_I| _D|C_.. _.L COVgmNES(HON.mV)
|MS_JtlD TVP81 CX2LD
©L'|_ ¢_NVlm I_Vt| 01/01/02
_Ei WICTCN_I |*0000

I

IR_mImam_ijRiIm_mmIsi_tInlamteaaR¢|4|¢jtit_¢4*ta|j_tjmj¢ej*Im_||t_ts|m_|t¢j_*j|tijee*_ta_|
111 12) 131 14J • (51 161 17_ 10) 191

_lM._Hll*#i4t dl#4NtNt4, e/o 04r NOHTI_4.Y0 VOYdIL dtN0illl4q_.

_BNJCT, _osg wmwm_v CL_IU _@gg eo|v o4w
gN(_)n IXIDI+ Sx(D)÷I _La|mm

D 19_-m110_ SN(0) 12 • flY) _(V) W(T) • A(V) I 61V)
_i_it_it_i_ii_i_tti_jtt_t_i_tiii_i_ii_iititiii_i_iii_i_i_iittj_

0 226,20 100.0000 18.85 * 0,25000000 0.00 0,0000 1,00000_00 226,2000

_50 109,02 03,_626 15.75 * 0,02000000 3_07 0,6013 0,75001_00 226,2000
100 158,79 70,1960 13,23 * 0,_3927272 fl73.01 17,6608 0,73000000 225,5187
150 137,00 60*9206 11,40 • 0.25872720 136.27 35,2555 0,49072728 207,0579
200 126,90 56.1001 10,57 • 0,03800000 101.69 6,9041 00232004)00 173,6024
_00 90.54 43.5619 _ 0.21 • 0*02622222 215.25 5*6575 0*19400000 165.6903

|000 79,40 35,1350 6,62 • 0*07444445 266,85 t9,0657 0,16777770 160,0408
15_ 69.68 30.8040 S.01 I 0.02466666 334.90 0*2630 0.09333333 140.175 J
2000 61,97 22*3942 5.16 • 0*01200000 420,15 S*0410 0,06866667 131,9121
2500 _6,16 24,8276 4.68 • 0.00605797 522,35 3,1644 0,0566666? 126,0703
3000 51.93 22,9500 4,33 • 0,01750525 652,94 |1*4290 000_060870 123,7060
4000 45.07 19.9250 3.76 • 0,00165901 812,59 1,3564 0*03310343 112,2761
5000 39*55 17,4040 3.30 • 0,01122053 1021,99 11,5103 0,03144444 110,9190
7500 31,42 13*0892 2,62 • 0*00248920 1203,16 3.294? 0,02017391 99,4014

10_00 25.67 11.3490 2.14 • 0.00206731 1606.79 4*6072 0*01768421 96*2067
1_,000 18.19 0.0413 1,52 * 0.003250?6 2009,91 6,54918 0,01401690 91,599_
20000 13*01 6.1065 1.15 * 0.00310359 2498.19 7.7534 0.01155914 0S.0497
2_00 J0,02 4,0062 0,91 • 0,00171169 3122,74 5*3452 0,00H45455 77*2964
30000 8.78 3,0800 0.73 • 0.00109842 39|7,62 4,3032 0,006?4206 71,9_|2
35000 7,35 3,2_12 0,61 • 0,00203492 4939,61 10.0517 0,00_64444 67.6400
40000 6*24 2.7_91 0.52 8 0.00065230 6131.93 4.0004 0.00360952 57.5963
45000 5.34 2.3601 0.44 * 0.00063949 7721.69 4.9379 0.00295714 53.5960
504)00 4,60 2.0711 0,39 • 0,00054622 9652,10 5,2722 0,00231765 48,6580
60000 3.65 1,6135 0,30 • 0,00046402 12036.24 5*5053 0.00127143 43030_0
?OOOO 2.97 1,3109 0*25 J 0,00037400 15102*69 5,6496 0*00130741 37,000_
80000 2.48 1.0943 0.21 i 0.00028571 10850.04 5.38'56 0.00093333 32.1509
90000 2,06 0,9091 0,17 • 0,00021493 23619,26 5,0265 0,00064762 26,7653

100000 1.01 0,7997 0.15 O 0.00014784 29524,19 4.3649 0.00_43269 21,6880
2"_)000 0.49 0,2186 0,04 t 0.00010436 37010.57 3.0633 0,00020405 17,3239

0.00006774 46329,82 3,1384 0.00010049 13,4607
0.00004429 $7912.37 2.5649 0.00011275 10.3223
0.00002650 72675,55 1,9317 0,00006846 7,2574
0.00001868 90_38.51 1.6969 0.00004180 5.1237
0,00001040 119231,93 1,2400 0*00002320 4*1200
0.00000569 147620.48 0*0400 0.00001200 2.0000
0.00000435 19H732.93 0.8645 0.00000211 2.0409
0*000002?6 429119*74 1.1844 0.00000276 hl044
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MEASURING STATISTICAL RISK WITH A

RISK ANALYZER SYSTEM

An important actuarial function is assessment of financial risk in a given

insurance situation. Financial risk arises because of uncertainty. Uncer-

tainty itself derives from a number of inherently different sources. Among

these are:

I. An actuary's best estimate of the probability of a future event is

not likely to be exactly correct. Thus, even though true inherent

probabilities reasonably may be assumed to exist in a situation,

it is not likely that the actuary will exactly determine these

probabilities.

2. An actuary can err in Judgment and make arithmetical errors in

assessing probabilities. From time to time, he will make mis-
takes.

3. Certain events, which impact financial outcome, probably cannot be

assigned probabilities. Such events, sometime termed "acts of

God" or catastrophes, are generally assumed to be unpredictable.

4. Often secular influences, which can and do impact financial

results, are also largely unpredictable. Such influences, such as

economic depression or recession, generally fall outside the actu-

ary's capability of making credible predictions.

5. Finally, even if the actuary could be certain that he had consid-

ered all factors and that he had made entirely correct assessments

of the probabilities, there is the risk of pure statistical fluc-

tuation. As a simple example, there is a measurable probability

that a "perfect coin" will show a run of 100 heads in i00 tosses.

We do not claim ability to provide special insight in dealing with the

first four items on this llst, but we have developed tools which do provide

considerable insight into the fifth item.

The need to know the probability distribution of possible aggregate out-

comes arises quite frequently in actuarial work. To give substance to this

statement, the following is an abhrevlated list of situations in which the

assessment of the degree of statistical fluctuation is important.

I. What is the true underlying net cost, and what contingency and

profit margins are appropriate in setting a premium for aggregate

stop loss coverage for medical care coverage (or for dental, long

term disability, group life & ADD, etc.)? This example might

involve I0,000 insured lives, reinsurance of claims above $25,000

and an attachment point of 125% of expected aggregate retained

claims. Given claims cost distributions for an individual, the
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fundamental actuarial problem is to determine the possible aggre-

gate outcomes and the related probabilities.

2. For an overall portfolio of insurance (group or individual life,

long term disability, etc.), what is an appropriate retention

limit so that unacceptable variations in total retained cost would

occur with suitably low probabilities and net reinsurance costs
would be minimized?

3. What are appropriate amounts of earmarked surplus so that, for

given confidence levels, it could be expected that surplus would
absorb adverse results in varous lines of business?

4. Considering only risk related to statistical variation, what

mechanisms can be employed by the actuary in suggesting consistent

profit and contingency margins for various types of products?

Although the circumstances of these examples initially appear to be quite

different, each case calls for determination of all possible aggregate out-

comes and their related probabilities.

In the past, mathematical techniques, often approximate and generally

limited to specific point estimates, have been employed to answer some of

these questions. Often a mathematical distribution, such as the normal

distribution, is assumed to be appropriate, even though it is known that

such a distribution is likely to produce inaccurate results. Not until the

capability of computers was greatly increased, could the problem, which is

simple in concept, be dealt with on a cost efficient computational basis.

Mathematically, the problem is to determine the overall distribution from

the convolution of individual multinomial frequency distributions. The

problem can be simplified as follows: assume that there is a die with m

faces, and that when this die is rolled each face can be expected to sur-

face with a given probability. A number will be attached to each face (the

financial outcome) and this number will be recorded if that face of the die

surfaces. Suppose a number (say N) of such identical dice are rolled

together, and the total of the numbers appearing on the dice is deter-

mined. If this process is repeated an infinite number of times, what is
the distribution of the sum of the faces of the dice? From such a distri-

bution, many useful statistics can be determined, such as stop-loss values,

measures of variation of outcomes, and so forth. Such statistics provide

valuable insight and assistance to the actuary in addressing the kinds of

problems mentioned above.

Over the last few years we have developed and refined what we have come to

term the "risk analyzer." This computer program essentially determines all

the various combinations of results when an m face die is rolled n times,

or equivalently, when n m-faced dice are rolled together. The output of

this program lists the possible outcomes (e.g., aggregate claims) in

ascending order, together with the respective probabilities. Also, "stop-

loss" theoretical premiums at all aggregate claims values are calculated.

With an accurate picture of the distribution of aggregate results, an
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actuary has recourse to a powerful tool, together with his judgment, in

analyzing questions which involve statistical variation of overall results.

An example of both the input and output of the risk analyzer system is

included with this presentation. In this example, the question arises as

to what the distribution of aggregate claims would be for i00 adults

insured under a comprehensive major medical plan. The input, a probability

distribution of claims for an individual adult, is shown in Exhibit i.

From this exhibit it can be seen that there is 43% probability of no claim,

a 25% probability of a $36 claim, and so forth. The sum of the cross pro-

ducts of the frequencies and the amounts of a claim is $251.19, the

expected annual claims cost for an adult under this program.

Mathematically, the answer to the question is obtained by considering all

possible combinations of multiplications of the various frequencies for the

I00 individuals. Each such multiplication would be assigned to the related

aggregate claim amount. After this mathematical task was performed, over-

all results would be listed in order of numerical value. The risk analyzer

system does just this. Exhibit 2 shows a portion of the output.

This output is a concrete illustration of the information that is developed

by the system. For example, the pure claim cost for stopping the loss at

125% of expected annual claims (1.25 x $25,119 = $31,398) is about $1,529

(this cost actually relates to a stop loss level of $31,423, slightly in

excess of the $31,398).

In our experience, use of the Risk Analyzer system has proved to be quite

cost efficient. Even when a variety of different dice are convoluted

together a larger number of times (say i0,000), the system cost is quite

reasonable.
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Exhibit 1

Individual Claims Distribution (Die)

Comprehensive Medical Coverage*

(1) (2) (3)

Probability that Financial Outcome

Face Number the face will (amount of

of the die surface on a toss _--claims paid)

1 .42819 $ 0

2 .26080 36

3 .Ii083 116

4 .08277 227

5 .02871 437

6 .04380 1,012

7 .01843 1,813

8 .02012 3,191

9 .00461 6,810

10 .00129 11,322

ii .00041 17,841

12 .00003 47,010

13 .00001 94,320

Sum of probabilities = 1.00000

Expected Annual Cost [(.42819 x 0) + (.26080 x 36) + etc.] is $251.19

* Although adequate for presentation of concepts, this particular claims

distribution is out-of-date.
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Exhibit 2

Sample Risk Analyzer Output

(i) (2) (3) (4) (5) (6)

_ .........._?'.'.:........-..T:_1:..._:_:_..._L_.._._?_:_*._..::_:_..-.._L-._.._:_._:!_2_..

°.._ . .....

(i) Amount the list of all possible financial outcomes (aggregate
claims for the I00 lives) in ascending order.

(2) Probability - the probability that the indicated amount will be
experienced.

(3) Cumulative - the probability that total claims will be less than or
equal to the indicated amount.

(4) Stop-Loss the theoretical cost (no margin for expense, profit or
Premium contingencies) of paying the portion of claims in excess

of the value in the amount column.

(5,6) The variance and standard deviation of the stop loss
premium. These statistics provide measures of how
widely actual stop loss costs can vary from the
theoretical mean of such costs (the stop loss premium).

Thesys_emalso tabulates the mean of the distribution (I00 x $251.19
$25,119), the variance ($88,020,277), the standard deviation ($9,382) and
other more technical statistical values.
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47) 2,1_176! .0051123307 0.9_4447_1 0.367C12_-01 0.10_4 O._L'9 _.lOgl
48) 2._81743 .00.%'293'120 0.9/,39'74J411 0.33_004_. OJ O.IOOB_8'_ 0._1_. :'.91_4
49) 2.30'314_ .003_.,8_115 0.96_'3_r'$21, 0.3IG_IT_-0I 0.%1610fE..0| 0....1_0_ 's.0941
$0) 9, _'q_O00_ .0C3_.1041_9 _. f'lL%34/._ 0.2_/,14_I1["01 _,T'IT!T'94C-_J 0,30:e_O 3.2054
$1) 2.4._69_ ,O'_._q/,2638B 0,_7_$2610e.._ 0,:_63767"_'L'-_1 0._:7515V0_-0J 0.295_,09 3.317 v
_) 2.5376_$| .0_2724201(: _,9772_£.030_a 0.2't36_0_--01 0.83_.1,"5'_-01 0..'_',1_ 3.4315
13) 2,6191e._'7 .0¢:3796043 0,97_6299113 O,_'_|12_'-Pl 0.798_.71[-.01 0,282_6,1 3.5483
$4) _.701_;411 .062228_/,73 0._1L'$_:7_ 0.20_3_."E-01 O.7/,_e77v3--Ol 0.27_ 3.6_9
55) _.7_._099 .OOlF66940| 0._E37258187 P, 1 ,W_.l?'3E'-01 0,7_0_-.01 0.2"_0_ 3,_2
_) 2.13_?11_ .(,01_668_._ ¢,_5_2t.J,49 P.17_8e76[-.01 0.7_'0_-(_l 0.26_74S6 _°B761
$7) 2._3_47 .G015071329 0.9_997978 0.1672_'V['01 0,6712909E.-OJ 0.2590_."_ 4.0136
58) ).8_176 .O012/,932P,A O.ST_:J67126.2 8.15$5_19[-81 O.64_._,574_-(_1 0.25"e$_67 4, | 32'3
$91 3.130_:;_ .OC10990ef8 0.989268"2200 0.14511_1E-01 O._l+-_Jt_"Ol 0.248_1R1 4°24_
60) 3.21_22T2 .00|0187432 0,9_.'_9692 0.13$_'E-'01 0.$72_'e_11"-'_! 0.."4_0 4.3639
61) 3._1_62 .0010413069 0.9_1328276! 0.1_68141[.01 0.$684607._-01 0._,._'_2_' 4.4_26
62) 3.4025630 .(_00_32|270 0.9921604031 0.|J[:7931E-01 0,5'_9_,_.01 0.233_34 4.$9S7
63) 3.4_7273 .0008_23881 0.9929627917 0.|156461C-01 0.525_9L"C-01 0.22914_ 4.?0_
64) 3._9_7 .O00_l.gllJ| 0.9_19030 0.I0_C_-OI O.50't*.|l((-(fl 0.22_,_|0 4.8Q96
&5) $.A_1(.15 .0_,_550_'644 0.9941B_6_ 0.5_811/,7£-02 8.4_',,lJSE"OI 0.22_"a97 4.9077
66) 3,71_1_2 .0004_'46B9 0.994/,7(_3364 0.9310874£-02 O.4/d,4330E-'01 0.215,_70_. $.00%
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SIMULATION

ACRDSM3

Input

I. Number of replications

2. Credibility factors - yours

3. Credibility factors - market

4. Trend

5. Market manual

6. Market TLR

7. First year manual

8. Flat manual? Y or N

9. Inherent level distribution

I0. Random level distribution

11. Lapse rates

12. Market adjustment to lapse rates

13. Margin

14. Dividend Credibility factor

15. Number of new cases considered each year

16. Distribution of brokers

17. Market tolerance (friendly brokers)

18. Broker tolerance (unfriendly brokers)

19. Number of years of data that broker provides

Manual Calculation

M(n) Prior Year's Actual Claims/Expected Claims
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New Business L__o__c

i. A case is offered for assessment

2. Inherent level is determined randomly (input item I)
3. Two years of historical experience are produced using inherent

level and random level (l&J)

4. Determine adjusted claims for use in quoting a premiu, both for
your company and the market (B&C)

a. There is an option to have the broker give you only one year
of data (when he has two) (S)

b. The market premium is adjusted if the market TLR does not
equal your TLR (F)

5. Broker assessment

a. A broker is classified, randomly, as friendly, indifferent,
or unfriendly (P)

b. The case is broker classified as good, average, or poor

c. Friendly broker:

will consider you as long as your prem/mkt prem_<< 1 +
MTOL (Q)

sends you all good cases

sends you 80% of average cases

- sends you no poor cases

d. Indifferent broker:

- will consider you as long as your prem/mkt prem_ 1.0

- sends you 1/3 of all cases

e. Unfriendly broker:

- will consider you as long as your prem/mkt prem < 1 -
UTOL (R)

- sends you no good cases

sends you 20% of average cases

- sends you all poor cases
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6. If case not written, continue

7. If case is written, then:

a. Calculate claims for the year (D,I,J)

b. Calculate adjusted claims for next year's premium (B,D,I,J)

c. Calculate premiums for the year based on the historical data

d. Calculate experience refunds (M,N)

e. Accumulate policy data for printing

Inforce Logic

I. A case is up for renewal

2. Calculate claims for the year using inherent level (I,J) (same as

last year) and random level (new this year)

3. Calculate adjusted claims for calculating next year's premium (B)

4. Calculate this year's premium using last year's adjusted claims

5. Determine if policy lapses or not: (K,L)

a. Determine

historical loss ratio

- rate increase (in excess of trend)

renewal rate/market rate

b. Based on the above three values, determine the probability of

lapse this year

c. Randomly determine if cases lapses or persists

6. Calculate experlenee refund (M,N)

7. Accumulate policy data for printing, there are separate

accumulators for active and lapsed policies
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Example #10

_CTZ._ FDLI_iE5
_E_-i _LAEMS _D3 eLM CL;FRM FCL MAN FEK UH_T E _S:
1_7.21 11_.7_ i_.72 0.72_ 111 1.CO 1.41= 1.025 i. C25 O._Z_ 2i.5-;

_eS. Sl 7_7.:5 7_7.15 0.77S 4_5 0.$2 2.303 1.792 1.7_2 0.77_ i03,_
1248.m0 6_7.B0 _67.80 0.775 474 0.79 2.¢_4 2.042 2.(:42 0.77_ 1_5. E_

1_75.29 !252.87 I252.87 (!.794 528 0.77 2._8_ 2.373 2._73 .,.7_4 152._

14;9.65 11;7._7 i!_7.67 0.7;_ 442 0.76 _._gD _.710 2.710 0.79q .40.=2

2_77.40 1845.17 1845.17 0.810 581 0.7_ 3.920 3.176 _.17= 0. SI} 19:.5=
22&3.31 1795.70 1795.70 0.793 560 0.77 4.527 _.591 _.5_I 0.7_3 21_.29

II_28.20 9130.94 9130.94 0.791 %1159.2

LAPSED F OLICIES
PREM _LAIMS ADO _LM _L/PRM POL MAN PER U_ZT

0.00 0.00 0.00 N/A 0 1.00 N/_

18._2 16.57 16.57 0.87_ I_ 0.90 1.455 1.275 1.275 0.$7_

S2.82 71.24 71.24 O.8bO 48 0.85 1.725 1.484 1.4_4 0.8_0

184.41 _41._8 _41.18 0.7_ _S 0.82 2.0_ l.O0_ I._04 O.?_m

519.67 25_.75 252.75 0.791 139 0.82 2.300 I.S18 1.518 0.7_i

537.26 432.14 432.14 0._04 207 0.79 2.595 2.088 2.068 0.804

79_.77 b17.84 b17.84 0.773 267 0.77 2.9_5 2.314 2.314 ().77_
ib11.34 1275.55 1275._5 0.791 4O4 0.76 3.473 2.749 2.749 0.791

17_9.65 1_78.40 1378.48 0.792 _3i 0.70 4.036 3.1_8 _.198 ¢.7_2

2903.52 2293.87 2293.87 0.7_.> L24 0.77 4._53 3.070 3._7_ 0.790

8197._4 b47_.40 b479.40 0.790

LOSS RATIOS BY INHERENT LEVEL-ACTIVE

.70 .80 .90 I._0 1.10 1.20 1.30

0.788 b 0.678 5 0.894 10 0.711 56 0.710 18 0.687 I0 0.712 6

0.844 11 0.785 110. bll 20 0.729 96 0.855 _I 0.7_9 24 0.775 l&

O. SO0 14 0._$5 13 0.815 _9 0.757 125 0.706 4m 0._30 27 0.521 2-_

0.79_ 18 0.838 21 0.763 53 0.815 145 0.$51 57 0.78_ 41 0.083 _0

0.742 21 0.751 23 0.769 64 0.770 169 0.844 59 0.74o 53 C).7_ _

0.828 21 0.85b 2B 0.771 71 0.758 18_ 0.759 64 0.77_ _', 0.81_ _7

0.79b 25 0.735 32 0.839 76 0.792 210 0.771 73 0.819 63 0.777 51

0.850 20 0.885 26 0.759 a4 0.813 177 0.820 bl 0.772 _=2 0.7_0 42

0.814 2_ 0.758 26 0.8_9 88 0.819 _" 0.784 95 0.790 71 0.8_5 43

0.811 21 0.820 21 0.779 73 0.779 205 0.824 85 0.788 59 0.843 _

0.809 178 0.804 20a 0.792 558 0.788 1604 0.798 589 0.78! 457 0.7_7 _3_

LOSS RATIOS BY INHERENT LEVEL - LAPSED

.70 .80 .90 1.00 1.10 1.20 I._0

NIA N/_ N/A N/A N/A N/A NIA N/A N/A N/A N/A N/A N/_ H/_

N/A NIA N/A N/A 0.675 _ 0.800 4 0.990 4 1.022 2 N,'A _N/A
0.900 1 0.709 3 0.800 4 0.977 22 0.071 7 0.874 90.SO0 2

0. b22 1 0.800 4 0.7_5 7 0.769 40 0.7bO 18 0.7_8 12 ;).S13

0.97_ 4 0.745 9 0.862 11 0.7b_ 61 0.806 27 0._09 !S _'.774

0.849 8 0.738 12 0.878 21 0.7Bo _8 0.752 40 0.873 2b 0.8_ !2

u.752 11 0.781 16 0.803 31 0.781 110 0.798 49 C).73_ _4 0.719 13

0.812 14 0.731 27 0.7_6 60 0. S02 189 0.747 8_ 0.854 55 0.82_ 3<:

0.800 14 0.758 29 0.817 51 0.792 178 0.802 7_ 0.772 _2 0.795 _4

0.797 23 0.843 43 0.757 85 0.762 250 0.784 99 0.858 79 0.882 45

0.80_ 7b 0.784 143 0.784 273 0.782 942 0.77_ 400 0.81b 287 0.821 1_4


