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GENERALIZED BONDY DEVELOPMENT 

Alfred O. Weller 

Abs t ~ a c . t  

Can a single parameter developmen~ pattern describe most cases of 

casualt 7 loss development wlth reasonable accuracy? The answer Is "YESI" 

In thls paper, the author introduces a 8eneralIzaclon of Bond), 

development and demonstrates Its descrZptlve powers. Generalized Bondy 

development Is defined In terms of a new concept: "the force of development." 

Generalized Bond), development facilitates estimation of development factors, 

is easily computed, and affords excellent flts to observed development rarlos. 

The paper also investigates the characteristics of Insurance operations 

that explain the alsorZthm. Investlgatlon of thls question sheds light on the 

actuarial tles between the dlasnosls of Insurance and rlsk flnancln 8 

situatlons and the selection of corresponding actuarial models of development. 

Introductlon 

Generalized Bondy development is based on an algorithm developed in the 

1960s. The generalized algorithm is easy to compute and affords excellent 

descriptions of actual development patterns for many types of Insurance. Thls 

paper will: 

I. 

2. 

3. 

4. 

5. 

6. 

Afford a logical framework for analysis of development problems. 

Define the generalized Bond), approach. 

Apply Bondy development to fractional periods. 

Illustrate the shape of generalized Bond)" development patterns, 

Introduce a n  algorithm f o r  estlmatln 8 Bondy p a r a m e t e r s .  

Present examples of generalized Bondy development. 



7. 

8.  

9. 

Ana lyze  the  s e n s i t i v i t y  o f  t he  a l g o r i t h m .  

Review t h e o r e t i c a l  c o n s i d e r a t i o n s  p e r t a i n i n g  t o  t h e  u s e  o f  

g e n e r a l i z e d  Bondy d e v e l o p m e n t ,  

S u J m a r l z e  t h e s e  r e s u l t s .  

I .  The Deve lovmen t  P r o b l e a  

O f t e n  t h e  v a l u e s  o f  o b s e r v a t i o n s  change  as  we l e a r n  more a b o u t  t he  

subject that we are studying. Actuaries call s u c h  changes *development." In 

insurance and risk financing, actuaries are concerned wlth various measures of 

d e v e l o p m e n t  f o r  p remiums  and l o s s e s ,  There  a r e  many r e a s o n s  f o r  t h i s  c o n c e r n .  

P e r h a p s  the  mos t  c o m m o n  r e a s o n  i s  t he  need  to  a c c u r a t e l y  a s s e s s  t he  

p r o f i t a b i l i t y  and financial p e r f o r m a n c e  o f  i n s u r a n c e  o p e r a t i o n s .  

Deve lopment  p r o b l e m s  can  be d e s c r i b e d  i n  t e r m s  o f  t h r e e  component  

phenomena:  

A. P o i n t  p r o c e s s e s  

B. H i x i n g  

C, A g g r e g a t l o n  

A c l a i m  o r  l o s s  o c c u r s  when an  i n s u r e r  o r  o t h e r  r i s k  f i n a n c i n g  

institution incurs a legal o b l i g a t i o n .  When a l o s s  t o c c u r s ,  it o c c u r s  at a 

well-defined moment in time. As time passes and the loss matures, its 

e s t i m a t e d  u l t i m a t e  v a l u e  and t h e  p a i d  p o r t i o n  w i l l  change  o r  d e v e l o p .  

Associated with the loss is a development pattern describing the evolution of 

these values. T h i s  development pattern illustrates the concept of point 

p r o c e s s .  

XDepending on c o v e r a g e  ( e . g , ,  c l a i m s - m a d e  v.  o c c u r r e n c e )  and c o u r t  
i n t e r p r e t a t i o n ,  losses i n v o l v i n g  cumu la t i ve  trauma, g radua l  p o l l u t i o n ,  and o the r  
cumulative damages over time may not strictly fit this characterization. 
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I n s u r a n c e  p o l i c i e s  a p p l y  t o  a v a r i e t y  o f  i n s u r e d s ,  t y p e s  o f  l o s s ,  e t c .  

The development pattern for a book of business is a weighted average of the 

d e v e l o p m e n t  p a t t e r n s  f o r  t h e  individual l o s s e s .  I f  t h e  mix  o f  b u s i n e s s  

c h a n g e s ,  d e v e l o p m e n t  p a t t e r n s  e x h i b i t  c o r r e s p o n d i n g  c h a n g e s .  For  e x a m p l e ,  a 

changing mix of stable development patterns will produce a shifting overall 

development pattern. And, if different development patterns apply to the 

constituent elements Of the book of business, the resulting development 

pattern may have mathematical properties distinct from those of the elements' 

patterns. 

In addition to mixing the constituent elements of a book of business, 

observed development data is aggregated over t i m e .  Aggregation can modify 

development patterns for point processes in determining overall development 

patterns. For example, if data is grouped on a yearly basis, then an 

observation at twelve months maturity Includes both a loss at zero maturity 

incurred at the last moment of the period and a loss at twelve months maturity 

incurred at the first moment of the period. And, to the extent exposures are 

more heavily concentrated at one  of these extremes, observed aggregate 

development will more closely agree with expected mixed development for the 

c o r r e s p o n d i n g  moment. 

These phenomena become more intricate as one moves from primary to 

reinsurance operations. However, in some cases, aggregate reporting by 

i n d i v i d u a l  c e d i n g  c a r r i e r s  may be  c h a r a c t e r i z e d  a s  p o i n t  p r o c e s s e s  a t  t h e  

reinsurance level. 

2.  G e n e r a l i z e d  Bondv D e v e l o o m e n t  

The name " G e n e r a l i z e d  Bondy D e v e l o p m e n t "  i s  t a k e n  f rom work by  M a r t i n  

Bondy d u r i n g  t h e  1960s  a t  p r e d e c e s s o r  o r g a n i z a t i o n s  o f  t h e  I n s u r a n c e  S e r v i c e s  
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O f f i c e  ( I S O ) .  The i s s u e  a t  t h a t  t ime was e s t i m a t i o n  o f  t he  t a i l  f a c t o r  ( i . e . ,  

t he  d e v e l o p m e n t  f a c t o r  to  a d j u s t  f rom an o b s e r v a t i o n  a t  an a r b i t r a r y  m a t u r i t y  

to the ultimate v a l u e ) .  

The following notation is used to de£1na the 8eneralized 8ondy approach: 

t - t he  d u r a t i o n  f rom the  moment a l o s s  i s  i n c u r r e d  to  t he  
o b s e r v a t i o n  o f  t he  a s s o c i a t e d  v a r i a b l e  s u b j e c t  to  
d e v e l o p m e n t .  

r ( C )  - t he  e x p e c t e d  v a l u e  o f  t h e  o b s e r v a t i o n  a t  t ime  t .  

h - an a r b i t r a r y  i n c r e m e n t  i n  t ime t h a t  d e f i n e s  t he  p e r i o d s  in  
which  d e v e l o p m e n t  I s  measu red .  

d ( c )  - r ( c + h )  / r (c)  

- t he  d e v e l o p m e n t  £ a c t o r  t o  a d j u s t  an o b s e r v e d  amount  a t  t ime  
t t o  I t s  c o r r e a p o n d i n  K v a l u e  a t  t ime t+h. 

8 - the Bandy p a r a m e t e r .  

G e n e r a l i z e d  Bandy deve lopment  i s  c h a r a c t e r i z e d  by the  f o l l o w l n g  

e q u a t i o n :  

d f ~ + h )  - d ( ~ )  D i l l  

Because  deve lopmen t  r a t i o s  a p p r o a c h  u n i t y  a t  more n a t u r e  d u r a t i o n s ,  

v a l u e s  o f  B a r e  be tween  0 and I .  A l s o ,  e q u a t i o n  [ I ]  d e f i n e s  a r e c u r s i v e  

r e l a t i o n s h i p  among deve lopmen t  f a c t o r s ,  namely:  

d ( t + 2 h )  - d ( t + h )  B - ( d ( t ) B )  B - d ( c )  Bx8 (2 ]  

Because  t h e  t a i l  f a c t o r  i s  t he  p r o d u c t  o f  deve lopmen t  f a c t o r s  f o r  i n d i v i d u a l  

p e r i o d s ,  i f  d( t )  i s  t h e  l a s t  o b s e r v e d  deve lopmen t  f a c t o r ,  t he  t a i l  / a c t o r  / o r  

s u b s e q u e n t  p e r i o d s  can  be computed by r a i s l n  K d ( t )  t o  t he  p a v e r  a / ( l - B ) ,  where 

B / ( I - B )  i s  t h e  sum o f  t h e  8 e o m e t r t c  s e r i e s :  

B / ( I - 8 )  - 8 + 8 2 + 8 3 + 8 4 + , . .  13] 

I n  p a r t i c u l a r ,  i f  8 - , 5 ,  t h e  t a l l  f a c t o r  I s  i d e n t i c a l  t o  t h e  o b s e r v e d  

d e v e l o p m e n t  f a c t o r  f o r  t he  mos t  m a t u r e  o b s e r v e d  p e r i o d .  
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The original ISO studies determined that, in some situations, setting 

the tail factor equal t o  the most mature development factor (i.e., setting the 

Bondy parameter equal to 0.5) produced reasonable estimates of ultimate 

values. This paper presents methods to determine "optimal" values of B that 

afford a "best fit" tO observed development ratios. In this sense it 

generalizes the original Bondy approach to values other than 0.5. 

The "force of development" is a useful concept for analyzing development 

patterns and greatly facilitates the definition of generalized Bondy 

development. Its definition parallels the definitions of the force of 

interest and the force of mortality. The force of development at time t 

represents the instantaneous change in the variable subject to development at 

time t and is expressed as a rate spanning the same period as is used to 

measure development. Thus, if annual data on reported losses is being 

studied, the force of development is the instantaneous rate of change in 

reported losses expressed as an annual rate. 

Using f(t) to denote the force of development, 

fft) - (d/dt r(t)) / r(t) [4] 

- d/d~ loge(r(t)) [5] 

Generalized Bondy development can now be  defined as describing 

development patterns for which: 

f(y) - B (y'z)/h f(z) [6~ 

where 8 is a single parameter with values between 0 and l, and y and z are 

arbitrary maturities. The characteristic Bondy relationships among 

development factors are logical consequences of this definition. Thus, if y - 

t+h and z - t. equation [6} can be rewritten as: 

fee+h) - B fCc) [7] 
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E q u a t i o n  {1] c a n  be  d e r i v e d  f rom e q u a t i o n  [6] by i n t e g r a t i n g  o v e r  

a p p r o p r i a t e  i n t e r v a l s  - (A) f rom t t o  t+h  and  (B) f rom t+h  t o  c+2h - and  

c o m p a r i n g  r e s u l t s .  

.t+h .t+h 
(A) Jt f ( x )  d x  - J t  d / d x ( l o s e ( r ( x ) )  d x  

- l o s e f r ( t + h ) )  - Zose ( r ( t ) )  

- Z o g e ( r ( t + h ) / r ( ~ ) )  

- l o s e ( d i e ) )  ISl 

- e+2h  
(g) l°8efd(t+hD) " Jt+h fix) dx 

. j.~+h B((x+h)-x)/h f(x) dx 

.c+b 
- s J c  f i x )  dx 

- B 2oaa(d(c))  l g l  2 

U s i n g  b o t h  s i d e s  o f  e q u a t l o n  [9]  a s  e x p o n e n t s  o f  • g e n e r a t e s  e q u a t i o n  [ I | ,  

d( t+h)  - d ( c )  I I l l  

~. F r a c t i o n a l  P e r i o d s  

A n a l y s i s  o f  d e v e l o p m e n t  f o r  f r a c t i o n a l  p e r i o d s  i l l u s t r a t e s  t h e  power o f  

g e n e r a l i z e d  gondy  d e v e l o p m e n t .  F r e q u e n t l y  an  a c t u a r y  anJst  d e t e r m i n e  

d e v e l o p m e n t  f a c t o r s  a p p l i c a b l e  t o  p e r i o d s  s p a n n i n g  i n t e r v a l s  o t h e r  t h a n  t h o s e  

f o r  w h i c h  o b s e r v a t i o n s  e r e  a v a i l a b l e ,  B e c a u s e  d e v e l o p m e n t  i n t e r v a l s  c a n  be 

a n a l y z e d  a s  c o m b i n a t i o n s  o f  f r a c t i o n a l  p e r i o d s ,  o b s e r v e d  p e r i o d s ,  and  tail 

p e r i o d s ,  t h e  a b i l i t y  t o  d e t e r m i n e  I o g l c a l l y  c o n s i s t e n t  d e v e l o p m e n t  f a c t o r s  f o r  

f r a c t i o n a l  p e r i o d s  s i g n i f i c a n t l y  e n h a n c e s  t h e  power o f  any  a c t u a r i a l  

development model. 

2 Substitution: u-x-h, du-dx, (x-t+h)->(u-t), & (x-t+2h)->(u-t+h). 
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I f  dh(C) I s  a deve lopment  f a c t o r  f o r  a Bond)" deve lopment  p a t t e r n  w i th  

p a r a m e t e r  B measured  u s i n g  i n t e r v a l  h,  t hen  dh(t  ) can a l s o  be w r i t t e n  as  a 

p roduc t  o f  n development  f a c t o r s  measured  u s i n g  ~ n t e r v a l  h/n.  Changing t he  

l i m i t s  o f  i n t e g r a t i o n  i n  e q u a t i o n s  [8] and [9] to (A) from t to t+h/n and (B) 

f rom t+h to t+h+h/n gene ra tes :  

B loge(r( t+h+h/n) /r( t+h))  / l O g e ( r ( t + h / n ) / r ( t ) )  [10] 

Using ~ to deno te  the  Bondy p a r a m e t e r  f o r  deve lopment  measured  a t  i n t e r v a l  

h/n,  e q u a t i o n  [i01 can  be r e w r i t t e n  a s :  

S - ]OSe(dh/n(t+h) ) / lo&e(dh/n(t)  ) . (~)n [11] 

The deve lopment  f a c t o r  dh/n( t )  can  be computed from: 

1O&e(dh(t)) - ZO&e(dh/n(t)) (Z+B+. . .+B n ' Z )  [12] 

Development f a c t o r s  f o r  o t h e r  f r a c t i o n a l  p e r i o d s  can  be d e r i v e d  by r a i s i n g  

dh/n( t )  to  a p p r o p r i a t e  powers o f  B. 

6. The Shave o f  Bondv DeveloDmen~ 

Development  p a t t e r n s  can be p o r t r a y e d  i n  terms o [  the f o r c e  of 

deve lopmen t ,  deve lopment  r a t i o s ,  or  v a l u e s  o f  o b s e r v a t i o n s  ( e . g . ,  r e p o r t e d  

l o s s e s ) .  

The f o r c e  o f  development  a t  a r b i t r a r y  m a t u r i t i e s  may be computed u s i n g  

the  f o l l o w i n g  e q u a t i o n .  

_t+h 
Z°ged(C) " J e  

- [~ ÷" 

. t+h  
" Jt 

f ( x )  dx 

S ( z ' t ) / h  f ( c )  dx 

a(los(B)) ( x - t ) /h  f ( t )  dx 

f ( t )  ( h / l o g ( B ) )  ~_ e u du 
- o  
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- f ( t )  ( h / l o g ( S ) )  ( 8 - 1 )  i13} ~ 

Thus ,  i f  B i s  knovn and d(~) l a  a l s o  known f o r  some t ,  

~(~) - log(a) Zos(d(~)) / (hga-Z~) If4] 

a r ~ l  f ( t )  = j ( ~ - t ) / h  f (~)  1151 

C h a r t  I shows t h e  f o r c e  o f  deve lopment  a t  t h r e e  month i n t e r v a l s  f o r  B - 

0 . 5 ,  h - 1, and d ( ¢ )  - 2. 

Q 4 ~ T  I 

FORCE OF I~LOI~ 
e - 0 . 5 ,  h - ID, ~'~ d l l )  - 2.0 

Le 

L4 
L2 

I 

.4 
2 
0 T. 

r~t~t$ t t l  

U s i n g  e q u a t i o n s  111] and [12] t h e  6ondy p a r a m e t e r  f o r  q u a r t e r l y  i n t e r v a l s  and 

the  d e v e l o p m e n t  r a t i o  f rom n m t u r l t y  2 .00  to  = m t u r i t y  2 .25  can  be c a l c u l a t e d .  

E q u a t i o n  [1]  c a n  t h e n  be a p p l i e d  t o  d e t e r l i n e  d e v e l o p ~ n t  f a c t o r s  f o r  o t h e r  

t h r e e  month i n t e r v a l s .  Croups  o f  Four  s u c c e s s i v e  q u a r t e r l y  f a c t o r s  can then  

be a n J l t i p l i e d  to  d e t e r m i n e  a n n u a l  deve lopmen t  r a t i o s ,  Cha r t  I I  p r e s e n t s  the  

a n n u a l  deve lopmen t  r a t i o s  a t  t h r e e  month i n t e r v a l s .  

S u b s t i t u t i o n :  u- fZog(B) ) fx - t ) /h ,  du-f logfB)/h)dx,  (x- t ) ->(u-O),  & 
(x-c+h)->fu-Z). 
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CHART II 

4 

~4 

2~ 

2.5 

22 

I 
0 

BONOY DEVEL~MENT RATIOS 
8 - 8 .5 ,  h - 1.8, o r ~  (~11 - 2 . 8  

r ! ! 1 T i 
I 2 3 4 S S 7 6 9 

Assu~Ing an observ~tlon of r(t) - i00,000 at t-l, it follows that the ulclmate 

value Is 400,000. Combinlng this In£orm&tlon with quarterly development 

ratios leads to the following chart of emergence by calendar quarter. 

CHART I l I  

I~ND~ 0CVD.CR1D~ F'gT~I~ 
InCervOC ~ e  
| - ~ h -  La. e~i 8 - ZD 

~ s m  

~ m o  

2 4 ~  

14x~] 

ol r ! ! i i i ! i ! 
| 2 3 ~ 5 6 7 8 9 ~D 
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I n  each  o f  t h e s e  c h a r t s ,  v a l u e s  have been  e x t e n d e d  back  t o  a m a t u r i t y  o f  

zero. In applications, the central concern is estimating future deve lopmen t .  

A n a l y s i s  o f  t he  a b i l i t y  o f  g e n e r a l i z e d  Bondy deve lopmen t  to  p r e c i s e l y  model 

immature losses is beyond the scope o f  t h i s  paper .  

5, P a r a ~ e r  E s t i m a t i o n  

Bondy d e v e l o p m e n t  p a t t e r n s  can be q u i c k l y  e s t i m e t e d  f rom o b s e r v e d  

d e v e l o p m e n t  r a t i o s .  The a l g o r i t h m  p r e s e n t e d  i n  t h i s  s e c t i o n  can be u s e d  to  

f i t  a g e n e r a l i z e d  Bondy deve lopment  p a t t e r n  to  a s  few as  two o b s e r v a t i o n s  o f  

development ratios. In order to  present the algorlthl, the followlnE notation 

is employed: 

11 

the I th obse rved  deve lopmen t  r a t i o ,  where  n deve lopment  
r a t i o s  have been observed  and the deve lopment  r a t i o s  a re  
a r ran&ed  in  o r d e r  o f  m a t u r i t y  w i t h  d n s p a n n i n g  the  most  
ma t u r e  deve lopmen t  p e r i o d .  

IoBe(d l ) .  

the e s t i m a t e  o f  the Bondy pa rame te r .  

the e s t i m a t e d  deve lopment  r a t i o  f o r  the e a r l i e s t  observed  
period; d will be shown t o  be a function of B. 

^ 
loge(d). 

The a l g o r i t h m  d e t e r m i n e s  p a r a m e t e r  e s t i m a t e s  a f f o r d i n g  a " b e s t  f i t . "  A 

l e a s t  s q u a r e s  measu re  o f  f i t  i s  employed,  To s i m p l i f y  t he  m a t h e m a t i c s  and 

p l a c e  g r e a t e r  e m p h a s i s  on more ma tu re  o b s e r v a t i o n s ,  t he  measu re  o f  f i t  i s  

d e f i n e d  i n  t e rms  o f  n a t u r a l  l o g a r i t h m s .  

The s p e c i f i c  o b j e c t i v e  o f  the  a l g o r i t h m  i s  to  f i n d  v a l u e s  o f  B and 

that minimize: 
n 

CRITZaIO. . ~ ( 11 . ~ ~i-I )2 {161 
i-I 
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The criterion is written In terms of two parameters. For the criterion 

to attain a minimum value, the value of its derivative with respect to each 

parameter must  be z e r o .  The d e r i v a t i v e  w i t h  r e s p e c t  to d i s :  

a/a~ (CRITERIOS) - z 2 ( I  1 - i h l ' l )  (-B 1"1) / ~1 {17I 
i - |  

Because ,  f o r  r e l e v a n t  c a s e s ,  deve lopment  r a t i o s  a r e  p o s i t i v e ,  d must  be 

p o s i t i v e .  S e t t i n g  the  d e r i v a t i v e  e q u a l  to  z e r o  and s o l v i n g  f o r  ~ l e a d s  to" 

n 

~1 - F. 11 ~1-1 / E ~21-2 [18] 
| - I  l-I  

~quat lon  l l 7 ]  . ~ p r e s s e s  ~ < . r i d  hence ~) as a f u n c t l o n  o f  ~. 

o f  f i t t i n g  a Bondy deve lopment  p a t t e r n  has  been  r educed  to  the  p rob lem o f  

comput ing  the  s i n g l e  p a r a m e t e r  B. 

W r i t i n g  the  c r i t e r i o n  as  a f u n c t i o n  c(B), the  v a l u e  o f  B f o r  which  c(B) 

t a k e s  i t s  minimum v a l u e  can be d e t e r m i n e d  u s i n g  a Newton-Raphson l t e r a t t v e  

a p p r o a c h  to i d e n t i f y  the  z e r o e s  o f  t he  d e r i v a t i v e  c'(B) o f  c(B). The f o r m u l a  

f o r  Bx+x ( i . e . ,  the  e s t i m a t e d  v a l u e  o f  B a t  the  (x÷l) st i t e r a t i o n )  i s :  

Because a l l  d e r i v a t i v e s  a r e  w i t h  r e s p e c t  t o  ~, more s imp le  n o t a t i o n  can 

be u sed .  For p u r p o s e s  o f  d e s c r i b i n g  the  a l g o r i t h m  f o r  [19 ] ,  c d e n o t e s  c(B), 

c .  d e n o t e s  at~S(c(~)>, and ~" denotes  a21~s2~c(~>>. S i m i l a r l y ,  ~'  - ~1~(7>, 
and I"  - d2/d~2(1). Using  t h i s  n o t a t i o n ,  Bx÷l can be e v a l u a t e d  u s i n g  the  

following f o r m u l a s :  

i-! 

Thus, t he  problem 

C s 
i-l 
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i ' l  

i ' l  i - I  

t ' l  l ~ l  

- ~ l,~'-' ;: r21-2~;,2'-'J / r~ ;"- ' , , :  f~2)  
i - I  i - I  i - I  

i-1 i-! l ' l  l i '1  i-I  

l - I  i ~ l  i - I  l m l  

i - I  i ' l  I ' I  

A l t h o u g h  e q u a t i o n s  [16]  t h r o u g h  [23]  a p p e a r  d e t a i l e d  and  c o m p l e x ,  v a l u e s  

a r e  r e a d i l y  c o m p u t e d  u s i n g  g e n e r a l l y  a v a i l a b l e  s o f C v a r e  f o r  p e r s o n a l  

c o m p u t e r s .  Sample  c a l c u l a t i o n s  f o r  m e d i c a l  m a l p r a c t i c e  a r e  i l l u s t r a t e d  i n  

A p p e n d i c e s  I t h r o u g h  I I I .  

A p p e n d i x  I p r e s e n t s  t h e  c o m p u t a t i o n  f o r  a n n u a l  p a i d  l o s s  d e v e l o p m e n t  

f a c t o r s  f o r  m e d i c a l  m a l p r a c t i c e  i n s u r a n c e  b a s e d  on  d a t a  p u b l i s h e d  by  A. M. 

B e s t  & Company i n  C a s u a l t y  L os s  R e s e r v e  D e v e l o v m e n t .  T h r e e  y e a r  w e i g h t e d  

a v e r a g e s  a r e  u s e d .  

A p p e n d i x  I I  s u m m a r i z e s  t h e  r e s u l t s  o f  t h e  g e n e r a l i z e d  Bondy e s t i m a t i o n  

p r o c e d u r e .  T h e r e  a r e  many ways  t o  e v a l u a t e  t h e  f i t  o f  t h e  e s t i m a t e s  to  t h e  

d a t a .  A p p e n d i x  I I  p r e s e n t s  t h e  p e r c e n t a g e  o f  t o t a l  v a r i a t i o n  i n  t h e  
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logarithms of the observed development ratios that is explained. Despite the 

mixing of clalms-made and occurrence policies, aggregation, and other 

complications, the generalized Bondy approach explains 99.62% of the variation 

in observed development ratios (i.e., the logarithms of these ratios). The 

arrangement of the exhibit also facilitates direct comparison of pairs of 

observed and estimated ratios. Finally, the factor to ultimate 1.6939 can be 

compared to the corresponding value in Appendix I. 

Appendix III p r e s e n t s  one i t e r a t i o n  in spreadsheet format, It should be 

noted that columns (T) through (V) use the iterated value of B, not the value 

at the start of the iteration. 

6. Examoles 

A. N. Best  & Co. p u b l i s h e s  c a s u a l t y  l o s s  development da t a  an n u a l l y  f o r  

both primary insurers and reinsurance companies. Primary lines include 

automobile liability, general liability, medical malpractice, multl-peril 

coverages, and workers' compensation. Computations analogous to the medical 

malpractice example in the Appendices generate the following results: 

Bondy Expla ined  
Line Parameter V a r i a t i o n  

Automobile L i a b i l i t y  .370 9 9 . 4 8 t  
General Liability .629 99.531 
Medical Malpract ice .627 99.621 
M u l t i - P e r l l  ,321 96.97t 
Workers '  Compensation .398 99.281 

I n  each case, the genera l ized Bondy development a f fords an exce l l en t  f i t  to 

the observed development r a t i o s .  

In h i s  paper  " E x t r a p o l a t i n g ,  Smoothing, and I n t e r p o l a t i n g  Development 

F a c t o r s "  Richard  Sherman i l l u s t r a t e s  the  a b i l i t y  of  i n v e r s e  power curves  to  
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f i t  d e v e l o p m e n t  p a t t e r n s .  Sherman d i s c u s s e s  s e v e r a l  fo rms  o f  i n v e r s e  power 

c u r v e .  The most  comlon form i s :  

d ~ t )  - 1 . 0  + a t "b {24] 

where a and b a r e  p a r a m e t e r s  to  be e s t i m a t e d .  

The f o l l o w i n g  t a b l e  compares  s e n e r a l l z e d  Bond), and i n v e r s e  power  f l t s  

for data in Sherman's paper and the author's reply to discussion. Unlike the  

p r e c e d i n g  t a b l e ,  t he  p e r c e n t a g e  o f  v a r i a t i o n  e x p l a i n e d  i s  in t e rms  o f  a c t u a l  

d e v e l o p m e n t  r a t i o s  ( n o t  t h e i r  l o g a r i t ~ u a s ) .  

I n v e r s a  
Power Bondy 

E x p l a i n e d  Bondy E x p l a i n e d  
Type o f  B u s i n e s s  V a r i a t i o n  P a r ~ t e r  V a r i a t i o n  

1. W o r k e r s '  Compensa t ion  Pa id  
Loss  Development  - 1969 
A c c i d e n t  Year 99.73t .354 99.52t 

2. Au tomobi l e  Bod i ly  I n j u r y  
Liability - 5 C a r r i e r s  99.291 .190 99.97~ 

3. G e n e r a l  L i a b i l i t y  - 5 
C a r r i e r s  99.141 ,488 98.83~ 

4. Worke r s '  Compensa t i on  - 5 
C a r r i e r s  99.871 .457 98.811 

5. RAAAutomobile Liability 96.251 .403 99,67~ 
6. RAA G e n e r a l  Liability 99.941 .582 99.211 
7. RAA Medica l  M a l p r a c t i c e  92.201 .474 98.91~ 
8. RAA Worke r s '  Compensa t i on  99.241 .633 95.93% 
9. Automobi le  Bod i l y  I n j u r y  

Claim Count 99.961 .091 99.961 
10. O the r  Bod i ly  I n j u r y  Claim 

Count 99.261 .279 99.581 
II. Medical M a l p r a c t i c e  Claim 

Count 99.411 .262 99.57~ 

Of e l e v e n  c o m p a r i s o n s ,  each  t e c h n i q u e  e x p l a i n e d  more v a r i a n c e  i n  f i v e  c a s e s  

and t h e r e  was one t i e .  These  r e s u l t s  migh t  change somewhat w i t h  d i f f e r e n t  

r o u n d i n g  c o n v e n t i o n s .  The i m p o r t a n t  p o i n t  i s  t h a t  b o t h  a p p r o a c h e s  e x p l a i n  

s i g n i f i c a n t  p o r t i o n s  o f  t he  v a r i a t i o n  in  o b s e r v e d  deve lopmen t  r a t i o s .  
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These examples suggest that the Bondy parameter affords a quantitative 

measure of the tall of a casualty line. Because generalized Bondy development 

is determined by a single parameter, the parameter value affords a means of 

classifying insurance and risk financing tails. Indeed, Bondy development 

describes premium development as well as loss development. Bondy parameters 

close to unity correspond to long-tailed lines. Bondy parameters close to 

zero correspond to short-tailed lines. 

7, Sensitlvltv 

In order to analyze the sensitivity of the algorithm, an underlying 

Bondy development pattern with parameter 0.5 is used to generate samples of 

from 4 to I0 development ratios. A 5t distortion is introduced in one ratio 

w i t h  an o f f s e t t i n g  d i s t o r t i o n  i n  an a d j a c e n t  d e v e l o p m e n t  r a t i o .  I n  o t h e r  

w o r d s ,  a +51 movement i n  o b s e r v e d  l o s s e s  at one v a l u a t i o n  i n c r e a s e s  t h e  

d e v e l o p m e n t  r a t i o  f o r  wh ich  i t  s e r v e s  a s  t h e  n u m e r a t o r  and  d e c r e a s e s  t h e  

d e v e l o p m e n t  r a t i o  f o r  w h i c h  i t  s e r v e s  a s  t h e  d e n o m i n a t o r .  Thus ,  a 5~ i n c r e a s e  

i n  t he  f i r s t  r a t i o  i n  a s a m p l e  i s  o f f s e t  by an a d j u s t m e n t  o f  1 / 1 . 0 5  i n  t h e  

s e c o n d  r a t i o ,  and a 5~ i n c r e a s e  i n  t h e  l a s t  r a t i o  i s  o f f s e t  by  an  a d j u s t m e n t  

o f  1 / 1 . 0 5  i n  t h e  p r e c e d i n g  r a t i o .  R e s u l t s  a r e  s u m m a r i z e d  i n  t h e  f o l l o w i n g  

table. Other types of distortion are possible, but are beyond the scope of 

t h e  p r e s e n t  a n a l y s i s .  

gondy E x p l a i n e d  
D i s t u r b a n c e  Samole S i z e  P a r a m e t e r  V a r i a t i o n  

+5.01 a t  1 s t  P t  ~ .~759 99.~5t 
6 .6791 99.61~ 
I0 .4795 99.71t 

+5.0~ a t  L s t  Pt ~ .6937 9 7 . 7 9 t  
6 .4949 98,58t  
10 .4992 9 8 . 9 5 t  
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I n  r e v i e w i n g  t h i s  t a b l e  i t  s h o u l d  be n o t e d  t h a t  f i t  i s  measured  a g a i n s t  the  

logarithms of the modified development ratios. The parameter values are 

consistent with the dlrectlon of  the distortion. 

The t a b l e  s u g g e s t s  t h a t  t he  deve lopment  r a t i o s  f o r  l e s s  ma tu r e  p e r i o d s  

exert greater influence on generalized Bondy fits than ratios for more mature 

periods. In a sense the algorithm assigns greater weights to the ratios 

generated by larger differences in observed values. 

8,  T h e o r e t i c a l  C o n s i d e r a t i o n s  

T h i s  p a p e r  began  w i t h  a d i s c u s s i o n  o f  g e n e r a l  componen t s  o f  deve lopment  

- namely, p o i n t  processes,  mix ing ,  end aggrega t ion .  Genera l ized Bond), 

development has been presented as a p o i n t  process. This i n t e r p r e t a t i o n  i s  

consistent with mixing and aggregation considerations. 

Mixed Bondy development patterns are not strictly Bondy. However, to 

the extent insurance classification schemes identify exposures with llke loss 

characteristics, the corresponding Bondy parameters for the individual 

patterns should be within a fixed range. Accordingly, a fitted generalized 

Bondy pattern should afford reasonable estimates of actual development. 

More d i r e c t  r e s u l t s  a r e  a v a i l a b l e  f o r  a g g r e g a t i o n .  For  i n s t a n c e ,  

Appendix IV demonstrates that, if the underlying distribution of losses is 

uniform across the aggregation period, then pointwlse Bondy development 

implies that the aggregate data will exhibit Bondy development with the same 

parameter value. 

There is one restriction to this result. At immature valuations (i.e., 

valuation dates at which not all data from the aggregation period are Included 

in the observed sample), observed development ratios are not gondy. Fitting 
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Bondy development to immature data can create misleading estimates of tall 

d e v e l o p m e n t .  A l t h o u g h  t h e  t a i l  i n  g e n e r a l i z e d  gondy d e v e l o p m e n t  a l w a y s  

e x t e n d s  t o  i n f i n i t y ,  t he  g e n e r a l i z e d  Bondy a l g o r i t h m  w i l l  u n d e r e s t l m a t e  t a l l  

development if valuation dates truncate observation periods so that they are 

not fully earned. Appendix IV affords a mathematical analysis of this 

phenomenon. 

For example, in the medical malpractice example of Appendices l-IIl, the 

t w e l v e  month o b s e r v e d  v a l u e  o f  p a i d  l o s s e s  p r o b a b l y  does  n o t  f u l l y  r e c o g n i z e  

losses Incurred during the twelfth month o f  the a c c i d e n t  y e a r .  If the 

procedure is applied to the two most mature observed ratios, the estimated 

f a c t o r  t o  u l t i m a t e  i s  2 ,186  - compared  to  1 .6939  I n  A p p e n d i x  I I  and  t h e  

industry average of 2.173 In Appendix I. 

The algorithm presented in this paper Is not unique. There are other 

ways to calculate Bondy parameters. For example, a least squares criterion 

could be applied to the logarithms of the term In equation [16~. Insofar as 

the logarithm of a logarithm is a further abstraction, this alternative 

approach does not generally produce as good a fit to observed development 

ratios. Also, because logarithms o f  negative numbers are not defined, the 

alternative c a n n o t  always be computed. Nonetheless, it does describe 

generalized Bondy development with an alternative measure of goodness of fit. 

Two important theoretical questlona are beyond the scope o£ this paper. 

The first question concerns the determination of ultimate values and reserves. 

A good fit to  o b s e r v e d  d e v e l o p m e n t  r a t i o s  i s  not  t h e  same a s  an a c c u r a t e  

determination of adequate reserves, The concern in this paper is predicting 

observed development ratios. This paper has not addressed the issue of 

e s t i m a t i n g  u l t i m a t e  v a l u e s  and  c o r r e s p o n d i n g  r e s e r v e s .  
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For  example ,  when deve lopment  f a c t o r s  a r e  employed in  the  e s t i m a t i o n  o f  

ultimate values and corresponding reserves, they are generally applied to 

observed values. However, it is possible that adjustments to observed values 

c o u l d  p roduce  b e t t e r  e s t i m a t e s  o f  r e s e r v e s .  Whether  t he  o b s e r v e d  v a l u e s ,  to  

which Bondy development ratios are applied, should be normalized to be 

consistent with Bondy development is an Issue in the estlmatlon of ultimate 

values, not the fitting of development ratios? The issues are intimately 

related, but questions concerning estimates of ultlmate values are beyond the 

scope of this pape r .  

The s econd  t h e o r e t i c a l  q u e s t i o n  beyond the  scope  o f  t h i s  p a p e r  i s  why 

g e n e r a l i z e d  Bondy p o i n t  processes  s h o u l d  d e s c r i b e  i n s u r a n c e  and r i s k  f i n a n c i n g  

operations. For example, if annuities are the subject, the point process is 

d e s c r i b e d  by the  deve lopmen t  f a c t o r s  o f  the  form (n+l ) /n .  L i k e w i s e ,  i f  c l a i m s  

are reported in accordance with a waiting llne model and an exponential 

reporting pattern, the force of development at time t Is ~e'°~/(l-e'°t). In 
both of these examples, characteristics of the insurance operations can be 

used to infer the mathematical form of the development ratio or force of 

development, respectively. This paper has not identified characteristics of 

insurance operations that imply description by generalized Bondy development. 

Further research i s  appropriate. 

9. C o n c l u s i o n  

G e n e r a l i z e d  Bondy deve lopmen t  has  been  d e f i n e d  in  t e rms  o f  an u n i f y i n g  

u n d e r l y i n g  c o n c e p t  - t he  f o r c e  o f  d e v e l o p m e n t .  The i n t e r a c t i o n  o f  v a r i o u s  

t h e o r e t i c a l  c o n s i d e r a t i o n s  w i t h  p r o c e d u r e s  f o r  e s t i m a t i n g  g e n e r a l i z e d  Bondy 

d e v e l o p m e n t  has  been  d i s c u s s e d .  The g e n e r a l  d e f i n i t i o n  a g r e e s  w i t h  h i s t o r i c  

d e f i n i t i o n s  o f  Bondy deve lopmen t .  More i m p o r t a n t l y ,  g e n e r a l i z e d  Bondy 
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development can be characterized in terms of a single parameter and this 

parameter can be used to compute development factors spanning arbitrary 

intervals. Estimation o f  the parameter i s  simple and straightforward. And, 

generalized Bondy development affords excellent flts to observed development 

ratios for many cases of insurance development. 
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APPENDIX I 

Medical Malpractice 
Development Factors based on 

Paid Losses & Loss Adjustment Exvenses 

$35,173 $539,48B $799,488 
$74,296 $680,142 $940,320 
$93,189 $804,961 $1,101,762 
$66,461 $952,219 
$90,771 
$95,891 
$89,408 

I. Observations* 
Accident Value** at Est. Ult. 

Year 12 mos 24 mos 36 mos 48 mos 60 mos Value** 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1981 $136,175 $308,436 
1982 $196,917 $391,307 
1983 $223,976 $504,246 
1984 $296,442 $598,322 
1985 $290,598 $642,083 
1986 $309,099 
1987 

II. Development Ratios 
Accident Span of Maturlty 

Year 24-12 36-24 48-36 60-48 Ult-60 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1981 3.872 2.265 1.749 1.482 
1982 2.650 1.987 1.738 1,383 
1983 2.403 2.251 1.596 1.369 
1984 4.460 2.018 1.591 
1985 3.201 2.210 
1986 3.223 

2.217 
2.130 

3 Yr Avg 3.628 2.160 1.642 1.411 2.173 
Cumulative 39.462 10.876 5.036 3.067 2.173 
Percent Pd 2.531 9.19% 19.86% 32.61% 46.011 

$2,085,013 
$2,346,222 
$2,503,7O8 
$2,957,598 
$3,2O7,604 
$3,404,750 

* Data from Best's Casualty Loss Reserve Develovment (1988 edition) 
** (O00's omltted) 
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APPENDIX I I  

GENERALIZED BONDY DEVELOPMENT 

SAMPLE ~TERATION 

~nPg~ Newtpn RaDheon Results 

Development Fitted Factor to Percent 

Index Maturity Ratio R a t i o  Ultimate Developed 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 12 3 . 6 2 8  3 . 5 8 1 4  3 0 . 4 8 3 9  3 .28% 

2 24 2 . 1 6 0  2 . 2 2 4 4  8 . 5 1 1 8  1 1 . 7 5 %  

3 36 1 . 6 4 2  1 . 6 5 0 4  3 . 8 2 6 6  2 6 . 1 3 t  

4 48 1 . 4 1 1  1 . 3 6 8 8  2 . 3 1 8 6  4 3 . 1 3 t  

5 .O00 1 . 2 1 7 4  1 . 6 9 3 9  5 9 . 0 4 t  

1 . 3 9 1 3  7 1 . 8 7 t  

I n i t i a l  I t e r a t e d  

Bondy  P a r a m e t e r  - B - . 6 2 7 0 0 0  Bondy  P a r a m e t e r  - B - . 6 2 6 6 6 8  

L o g a r i t l ~  - 1 - 1 . 2 7 5 3 7 7  L o g a r i t h m  - 1 - 1 . 2 7 5 7 4 8  

C r i t e r i o n  - e - . 0 0 1 9 7 6  C r i t e r i o n  - e - . 0 0 1 9 7 6  

E x p l a i n e d  v a r i a t i o n  - 9 9 . 6 2 t  E x p l a i n e d  v a r i a t i o n  - 9 9 . 6 2 t  
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APPENDIX I I I  
Calculations for Avvendlx II 

(A) (B) (C) (D) (E) (F) (G) 
Sample  Obs Log S q u a r e d  

Index Count i t Deviation llg i-I B 2~-~ ( i - 1 ) l t B  ~-2 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 1 1.288682 .318018 1.288682 1.000000 .000000 
2 1 ,770108 .002057 .482858 .393129 .770108 
3 1 .495915 .052366 .194959 .154550 .621877 
4 1 .344299 .144744 .084867 .060758 .406061 
5 0 .000000 .000000 .000000 .000000 .000000 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Total 4 2.899003 .517185 2.051365 1.608438 1.798047 
Average xx .724751 .129296 1 - 1.275377 xx 

(A) (H) ( I )  (O) (K) (L) (M) 
(I-I)(I-2) (21-2)(21-3) Squared 

Index (21-2)B 21-3 II B I-3 B 21"~ 1 L - IB I'I Error ItlB I-I 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

I mOO0000 . 0 0 0 0 0 0  mOO0000 .013304 .OOO177 -1.442390 
2 1.254OOO ,OOOOO0 2.000000 -.029553 .000873 -.540451 
3 .985968 .991830 4.717548 -.005473 .0OO030 -.218212 
4 .581419 1.295252 4.636512 .029929 .000896 -.094989 
5 .000000 .000000 .000000 .000000 .000000 .000000 

T o t a l  2 . 8 2 1 3 8 6  2 . 2 8 7 0 8 2  11 .354060  .008207 .001976 - 2 . 2 9 6 0 4 2  
I' - -I,i19275 I" - -3.654361 

CA) (N) (0) (P) (Q) (R) (S) 
2 (21 -2 )1 '  ( 1 - 1 ) ( 2 1 - 3 )  

I n d e x  ( t - 1 ) l t l B  t-2 l l ' B  2t-2 ( t - 1 ) l Z B  zt-3 l i l ' g  t-x 1 B 2t'3 12B zt-4 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 .000000 - 1 . 4 2 7 4 9 8  .000000 - 4 . 7 0 9 3 0 8  .000000 .000000 
2 .982179 -.561191 1.019870 -1.764537 -3.580166 1.626587 
3 .793128 -.220620 .801881 -.712449 -2.814934 3.836751 
4 .517881 - . 0 8 6 7 3 2  .472864 - . 3 1 0 1 3 4  - 1 . 6 5 9 9 4 8  3 .770846  
5 .000000 .000000 .000000 .000000 .0OO000 .000000 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

T o t a l  2 . 2 9 3 1 8 8  - 2 . 2 9 6 0 4 2  2 .294615  
c '  - .002854 

( ^ )  (T) (u) (v)  
I n d e x  I i B t-1 B 21-2 $q rd .  E r r o r  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 1 . 2 8 8 6 8 2  1 . 0 0 0 0 0 0  .000167 
2 .482602 .392713 .O00862 
3 .194752 .154224 .0OO026 
4 .084732 .060566 .000920 
5 .000000 .000000 .000000 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Total 2 . 0 5 0 7 6 9  1.607503 .OO1976 
t r o t .  1 - 1 .275748  

-7.496428 -8,055048 9.234184 
c" - 8.604556 
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APPENDIX IV 

A~re~ation for Uniform Dlstrlbutlon 

A generalized Bondy development p a t t e r n  (with p a r a m e t e r  8) describes the point 
p r o c e s s .  O b s e r v a t i o n s  f o r  a c c i d e n t  d a t e s  x during an a c c i d e n t  y e a r  from a 
t h r o u g h  b a r e  o b s e r v e d  a t  v a l u a t i o n  da t e  v. The d e n s i t y  f u n c t i o n  p(x) 
describes the relative exposures during the accident year. For purposes of 
the example, the density function is uniform, i.e., p(x) - i/(b-a). The 
observed value for accident year losses R(v) can now be written as: 

Rcvj - 71"Cb  i  r<'v-xj dx 
a 

dx {All 

To e v a l u a t e  R(v) the p o i n t  p r o c e s s  r(v-x) i s  f i r s t  r e w r i t t e n  i n  t e rms  o f  r(1) 
and f ( 1 ) .  Using  e q u a t i o n  [8] i t  f o l l o w s  t h a t :  

V - X  

loge(r(v-x)/r(1)) -f£(l) B t'l dr 
1 

1^2] 

E v a l u a t i n g  the i n t e g r a l :  
V - E  

J" B c ' l  de 
1 

Thus, 

and 

los (b) (v -x-1)  
- ~ aUllos(a)  ~u 

0 

. (Bv-x'l.1) / lo8(B) 

r(v-x) - r ( l )  ~XP(f(1)(gV'X'l-l)/log(B)) 

[A3} 

|^3]  ~ 

[A~] 

- I ^ + J  

S u b s t i t u t i n g :  

U 

du 

(x-a) - >  

(x-mln (b , v) )-> 

f(1) (Bv'x'l-1) / lo8(B) 

-f(l) B v'x'X dx 

(u- f(1) (Bv'a'1-1) / log(B) 

(u- £(1) (Bv-mln(v'b)'l)-l) ~log(B) 

4 Substitution: u=log(B) (t-l), du-log(S)dt, (t=l)=>(u=O), & 
(t=v-x) => (u=log(B) (v-x-l)) . 



generates: 
f ( l )  B v 'm ln (v ' b ) ' 1  / log(S) 

R(v) - ( r ( 1 ) / ( b - a ) )  J e u du 
f ( l )  BV 'a- l -z  / log(S) 

( . f ( l ) / l o g ( B ) ) ( B v ' m l n ( v , b ) - l _ B  v-a 'Z)  
- ( r ( Z ) / ( b - a ) )  e [^6] 

From equation [A6], it follows that the development factor D(v) for aggregated 
losses i s :  

( - f ( 1 ) / l o g ( B ) )  (Bv 'mln(v 'b) -B v ' m l n ( v ' b ) ' l )  
D(v) - • [AT] 

and 

log(O(v))  - ( - f (Z ) /1og(B) )  (BV'mln(v+Z'b)-B v ' m l n ( v ' b ) ' l )  lag] 

Taking  the  r a t i o  o f  the  l o g a r l t h m s  f o r  D ( v )  and D ( v + l )  shows t h a t :  

l o  8 (D ( v + l ) )  ( - f (1)  ~ l o g  (B))  (B v" m l n  ( v+2 ,  b)  +1 .  B v-  rein (v+ 1, b)  ) 

log(D(v)) (-f(1)/1og(B)) (Bv'mln(v+l'b)-B v'mln(v'b)'l ) 

- B [^9] 

E q u a t i o n  {1 ]  f o l l o w s  lnu~ed ia te l y  f rom e q u a t i o n  [Ag] .  I n  o t h e r  words,  
aggregated generalized Bondy development over a uniform distribution generates 
Bondy development with the same parameter B at the aggregate level. 

The example corresponds t o  a c c i d e n t  yea r  deve lopment .  T r e a t y  yea rs ,  p o l i c y  
y e a r s ,  and o t h e r  forms o f  a g g r e g a t i o n  would  g e n e r a t e  somewhat d i f f e r e n t  se ts  
o f  e q u a t i o n s .  

I t  s h o u l d  be no ted  t h a t  the l i m i t s  o f  i n t e g r a t i o n  i n c l u d e  terms o f  the form 
mln(v,b)  and t h a t  the d e r i v a t i o n  o f  [A9] f rom [Ag] presumes t h a t  the mintmLua 
i s  b f o r  each occu r rence  o f  these term i n  e q u a t i o n  {Ag] .  A t  immature 
d u r a t i o n s  ( i . e ,  s i tua t ions  i n  which a v a l u a t i o n  da te  is  less than b) the 
aggregated data will not follow the identified generalized Bondy development 
pattern. 

Lastly, the proof demonstrates that polntwlse Bondy development can generate 
aggregate Bondy development. It does not demonstrate that aggregate Bondy 
development necessarily implies polntwlse Bondy development. 

- 2 4  - 
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