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The  % m o u n t  of 1" (i.e., the amount  tha t  $ 1 is wor th  after  1 year) for an account  earn-  

ing a nomina l  intcr(.st r c o m p o u n d e d  n t imes annual ly  (assmning tha t  the  n eomi)ounding  

t)eriods all have the  length  1/7~ years) is (1 + r / ~ ) " .  If the ~ comI)omMing per iods  were 

of possibly different h!ngths t l , . . . ,  tn then  the correct  value would be 

P,,(r,t) :=  E L , ( t  + ,'~,), 

xvhcre t = ( t ~ , . . .  ,t,,). Note that  P , , ( r , t )  is a polynomial  in r of d(~gree rl. It is an easy 

(,xercise using the  inequal i ty  l)ctwcen the  a r i thmet ic  and geometr ic  means  to show tha t  if 

t l , . . . ,  t,t arc t).omwgative illiill})ers whose .Stlili is 1, their 

(1) P,,(r, t) _< (1 + ,'/z,)". 

It is wor th  recall ing tha t  the  la t ter  quant i ty  increases moz~,otonically to { ' ,  which  of course 

leads to the  formula  fi)r cont inuously c o m p o u n d e d  interest .  

Now suppose  tha t  the  n comlxmnd ing  per iods  have lengths  T 1 , . . . ,  T,, chosen  at ran- 

dom. W h a t  can we say about  P , ( r , T ) ,  where  T ( T I , . . . , T , ) ?  This  dei)ends of course 

on wha t  is mean t  by choosing "randoni  lengths"  and we will consider  two cliff(went na tu ra l  

possibi l i t ies  tha t  give rise to (liffercnt answers  to this quest ion.  

M o d e l  1. 
Recall  that  a r a ndom variable wi th  a un i form dis tr ibut ion on a set S is such tha t  

the  pr()bat)ility of the  value of the  r andom varial)lc being in any par t i cu la r  subse t  of  S is 

p ropor t iona l  to its size. Thus,  if S ix the  unit  interval [0, 1], the  probabi l i ty  of f inding a 

uni formly distribut(~d variabh! in any par t icu lar  subinterval  of S is just. th(" l eng th  of the 

subinterval .  Our  first, m()dcl is ob ta ined  by choosing n - 1 po in t s  U t , . . . ,  U,, I at ran(h)ln 

on [0,1], i.e. U ~ , . . . ,  U , _ ,  are indep( 'nd(mt r a n d o m  varial)h,s mfiformly d i s t r i bu ted  on [(}, 1]. 

Now ar range  these  values in ascending order: U ( O , . . .  , U( ,_I)  ( these  are called th(" order 

stat,7,stics). Set 7"1 - U(I), T'e - U(2) - U(a) , . . . ,  T,, - 1 - U(,  1). Thus ,  the  c o m p o u n d i n g  

i)criods m:',~' o})taincd t)y " th rowing  down" 7, - 1 l)oints at r andom OI1 t i l l !  refit in tcrwd,  

which then  divides  it into 7, pieces, and c o m p o u n d i n g  the  interest  at t.h(~ end  of  each of  

these  intervals.  It ean I)(. shown tha t  this model  is equivalent  to tha t  ol) ta incd t)y choosing 

a point  of the  "sm'face" {T C R "  : 7', _> 0, ~ Ti = 1} according to a uni form distr i l )ut ion.  

(S(.c [2] for a discussion.)  \ \ ' e  now i)rocccd to eomtmt(~ tim expec ted  effect.iv(~ in teres t  ra te  

a.nd see w h a t  }mpp(ms when ~l is allowed to increase wi thout  bound .  
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Let  Q,,(A) = {x E R "  : t, _> 0, ~7, t, = A} and  take  X : -  (T~, . . . ,T , , )  to ],e unif l , rnl ly  

d i s t r i b u t e d  on t~,,( 1 ), i.e. t he  probat , i l i ty  t h a t  X lies in any  pa r t i cu l a r  ( i neasu reabh . )  subse t  

$ of  Q , ( 1 )  is p ropo r t i ona l  to t he  surfitce m e a s u r e  of S. \Ve deno te  the  sur face  element by 

da, , .  T h e  following; L e m m a  wili be useful  in our  c o m p u t a t i o n s .  

L e m m a  1. F o r . \  > 0 ,  0 < d < ~ z  a n d n - 2 , 3 , . . . ,  

(2) t ,  - . . .  • ta ~ (n 1 + d)! 
, , ( A )  - -  

P r o o f .  An  ('its 3" c o m p u t a t i o n  shows  t}mt the  sur face  Illf?itstlr(" do, l  is given 'Dy 

v/~dtt . . . d t ,  1, where  we set t,, = 1 - tl - . . . t , - 1 .  It is also easy  to see t h a t  (2) is 

correct  for n 2, and  we proceed  by induc t ion .  Using; B t b i n i ' s  t h e o r e m  and  the  i n d u c t i o n  

}Upot}wsis,  

/ 2  d°'n 
t 1 . . . . . . . t  d -  _ 

,,(~) v 47 

~ £1 da" I f ~ (*\-t~)''+a 2 
. . . . .  (~_q)  "" ~ 1  I (n + d - 2 ) !  

a n d  c o m p u t i n g  the  last  in tegra l  innnediat .e ly gives the  resul t .  L e m m a  1 is ac tua l ly  a special  

case of  a resul t  p roven  by Dirichlet;  see [3] p. 258. 

W h e n  d = 0 we o b t a i n  f rom (2) t ha t  the  m e a s u r e  of ~L,(1) is v~  ~ ,  so that the 

u n i f o r m  d i s t r i b u t i o n  on ~ , , (1 )  has  dens i ty  fllIlC'i]oIi ( I t -  ])!dcrn/v///~. We i[()w COlll[)llte 

EP, ( r ,  T) ,  t he  aw ' r age  (i.e. expec t ed )  value  of 1 dollar  af ter  1 yea r  in the  accoun t .  To 

do th is ,  we first observe  t ha t  t g  s y m m e t r y :  t he  d i s t r i bu t i on  o f ( T l , . . . ,  T,,) is the  s a m e  as 

t ha t  of  ( T,q 1 ), • • - - T,~(,,) ), where  7r(.) is any  p e r m u t a t i o n  of the  in tegers  1 ,2  . . . . .  n. Such 

a s equence  (Ti . . . .  , T,,) is cal led ezchangeable. A consequence  of th is  p r o p e r t y  is t h a t  if 

1 < i~ < . . .  < id < n t h e n  for arty c o n t i m u m s  f lmct ion  

E~I , (T , , , . . . ,  T,d ) -- Ecb(T,  . . . . .  Ta). 

Using  th i s  e x c h a n g e a b i l i t y  wi th  ~ ( f j , . . . , t a )  - t~ . . . . .  t~, e x p a n d i n g  t he  exp re s s ion  fl~r 

P,,(r, T) ,  a n d  a p p l y i n g  (2),we ob ta in  

M,,: EP,,(,,T)= E[T,.....Ta]rd= d ( , ; T d  
= d = 0  

()l)serv(! tha t  
( n )  ( n - l ) '  _ ~1!(7~-1)' 1 < 1 

d (r, + d -  1)! (n d)! (n  1 + d)! d! - d!" 
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It is t.hei1 readi ly sc~m, ushlg the  d o m h m t e d  convergence theorem,  that. [ i m , ~  .'~.[,, c r. 

But  I)y ( l ) ,  c" is the  m a x i m u m  possit)le value of };, := P, ,(r ,  T),  so we conclude tha t  Y,~ 

cotlverges itl Ill(~aIl to the degellel'at(~ r a n d o m  variable c". Note  t]mt we have not e s tab l i shed  

here  t ha t  this  convergence takes place wi th  t)robal~ility 1. 

M o d e l  2 

We now imagine  tha t  the  banker  waits a r andom amount  of t.ime before e o m l m t i n g  

the  first in teres t  payment ,  then  waits  a r andom amount  of t ime dur ing the  r emain ing  t ime 

to make the  second paymen t ,  and so fi)rth; making  a total  of rz l )ayments  ])y ) 'car 's  end. 

It should  be  clear t ha t  this model  must  be different from the  first one, s ince it is r a the r  

lik~qy tha t  most  of the  interest  paymen t s  are made  toward  the  end of tire year.  

To formalize the  model ,  suI)I)OSe tha t  the T, are i'i-ill(tOlil variables chosen by t)icking 

T, uni formly  on [0,1] T, mli form on [0, 1 - r~] and in general ,  T, is chosen m, i formly  on 

[0, 1 TI - . . .  T~-I]. As before,  our  goa.1 is to calculate  the  expec ta t ion  of  the  r a n d o m  

variable P,, = P,,(r ,  T) for each 7t. 

The  condi t ional  dens i ty  of T,+~ given T, = t, , 1 < i _< ,{" is (1 y ~ ' ~ i )  -1 for 

1 < k < 7~ 1. \Ve ob ta in  a recursion fornmla  by condi t ioning.  Let p , , ( r )  E '(P, , ) .  The  

f imct ions  p, , (r)  are polynomials  of degree n; p, = 1 + r, P2 = 1 + r + r~/6.  

T h e o r e m  1. IfT) t th,,r, E ( / ' , , ( , - ,  T ) l r ,  = ~) ~-- (~ + , '~)~,,-,(, '(~ - t ) } .  

P r o o f .  E ( P ,  IT~ = t)  = (1 + r t )E((1  + rT~) . . . (1  + r T n ) } ~  T, 1 - t ) ) .  Let  Sk = 

Tk/(1 - t )  t, = 2 , 3  . . . . .  ~,. T h e n  the  raaldom w~riables Sk sat isfy the  same cond i t ions  as 

the  original  T, but  they  are (me less in number ;  S t  _> 0, ~ S~. = 1. Let .s k = tk+~/(1 - t ) .  

T h e n  S1 is mfi form on (0,1) and $2 is un i fo rm on (0, 1 - . s l  ), etc. Now 

E(P,,IT~ =t)  ( l+r t )E(( l+r(1- t )S2) . . . ( l+r(1- t )S , , ) )=( l+r '~)E(P, ,_ , ( r (1  t))). 

whi,:h is (~ + ,.~)~,,,_,(,.(1 - 0 ) ,  as de.~ired. 

C o r o l l a r y .  For every ,~ p,~+l(r) = E((1 + rT)p , , ( r (1  T))) ,  where  T is Ulfiforn~ on (0,1). 

F rom this  formula  it is easy to find the  polynomials  p ,  by recursiolt.  \Ve can replace 

T by 1 - T in the  formula  of the  corollary. Then  

t',,+~(") = E((1 + ,'(1 - T ) ) p , ( r : r ) )  = (1 + , ')E(p,,(,'T)) - , 'E(TI , , , ( , 'T) ) .  

Let p , , [ r )  = ~a~ . . (7~)r  k w h e r e  a k ( ~ )  0 o n c e  k > n.  It f o l l o w s  by equa t ing  coefficients 

and  writing, the  m o m e n t s  for T in the  above r~xtursion formula  t ha t  

~,,(r, + I )  = ~,~_,(,~) l(k(k + I ) )  + a d , , ) / ( ~ :  + I )  
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f,,~ I: 1 . 2 , 3  . . . .  Th,, f o r m u l a  g;ivcs P d " )  = 1 + ,' ~- ( 2 / 9 ) ,  'z + ( 1 / 7 2 ) ,  ~.  

In t h e o r y  the" coefficients  , ~ ( u )  are  calculable  f rom t he  recm's ion .For  e x a m p l e ,  

oe (u )  = ( 1 / G ) ( l / 3 ) "  2 + (1 /4) (1  ( 1 / 3 ) " - ~ ) .  

\Ve are intcr('st('(1 in wha t  hal)l)( 'ns wh(,n ~l ( the  tmml~(w ()f c o m p o u n d i n  K p(,rio(ls) ~oes to 

infinity.  

It is i n t e r e s t i ng  t(~ see the  difference in the  two mo(lels  for difti'reIlt il~.te,{!st ra tes .  

For r a t e s  in a r e a s o n a b l y  }walt.hy economy,  the  following t abh '  shows  t h a t  t he r e  is l i t t le  

d i f ference itl t he  two com.poundinp4 schemes .  Note  tha t  ~ '  is t he  average  a m m a l  r e t u r n  in 

m o & ' l  1, a n d  , , ( r )  ~ r3"/(l'!) ~ is the  aw' ra~e m m u a l  r e t u r n  in mode l  2. In t he  , ,vent of  

hypcr in f ta t i t ,n ,  thc~c is a bi~ (tiff,'r('ncc ind('('(t! 

ra te  ~ '  "'( '9 
05 1.051 1.051 

0.1 1.105 1.103 
0.3 1.35(} 1.323 

1 2.718 2 .280 
1() 22026 90 

T h e o r e m  2.  D)r  k 0, 1 . . . .  
lira a k ( , )  (/,:! ) e. 

T h e  p roof  is ba sed  on the  recur rences .  We brc~k it up  into a s e q m m c e  of c o m i m t  a t ions .  

L e m m a  2. For  every  ~', for ever)" 7~, a~(~+) < (/ct) -~.  

P r o o f .  T h e  p roof  is t)y i nduc t ion .  T h e  s t a t e l nen t  is tru.t~ for all u when  /,' 0. S u p p o s e  

the  stilt('lli('ll~ is tluu' for all u for some  L: 1. Now (1~,.(1) = (1 wh(m /c > I s() the  st.at.(,m(!nt 

for ]," is tru(, when r~ = 0. SupI,OS(! (t~.(f~) < {,(:!) 2 for s(,rn(' rz. Th(!n 

, u , , + l )  (,k_,(,)/1,'(l,'+l)+,~k(r~)/ £:+1) <Z ((~:--1)!)  e/!,:(l,,+l)+(~,:t) ~/ ( / , '+1)  (k!) ~. 

T h e  c (mchts ion  follmvs. 

L e m m a  3. For / , '  > 1. ;rod for every  u, (Ik__l(ll) ~ ~?2(1~(ll). 

P r o o f .  T h e  l)roof is })y i nduc t ion .  \ rh ( ' i i  k = 1, ~l,,(u) = 1VTI, a n d  , l ( t z )  = 1V;~. SUl)pOS(" 
2 t ha t  "k i(z,) > k-'¢~t(~) foI some  ~" a n d  all u. To t)r()vc ,k(7,)  > (/," + 1) "k ,  I(y~) for all ,,. 

\Vh(,n ,~ 1 we want  r~(1)  > (/," + 1)2a~.+1(1) bu t  when  1' > '2 a~.(1) 0 ;rod r~,~+ 1(1) {) 

st) a~.(1) > (It + 1)"a~:+~(~). SUl)I)OSC (o,-(zt) > (/c + 1)~a/,+~(u) for s o m e  u : to prove 

(lk(~ + 1) > (],: t- t)'~u~.-+l(1~ + 1). 

144 



The ]('ft side of this inequality is 

,z~ ,(n)//,:(,~: + 1) + ak(,,)/(~: + 1) > Jl:2,zk(,,)/i,:(k ~ 1) + ate(,,)/(/,: + 1) ak(, , ) ,  

so ak(~ + 1) > ,,.(z@ Th(, right side ,,f the desired inequality is 

(/c + 1)2a,t+,(,, + 1) - (/,: + 1)2[a,~(,,)/((],: + 1)(k + 2)) + a,v+,(,,)/(/,: + 2)] 

which is less thml or equal to 

(k + 1):zak(,,)/((k + 1)(1~: + 2)) + a,(n)/(/ , :  + 2) = a~..(z,). 

Th(~i(!fol(!~ 

ak(,, + 1) > akin) > (k + 1)2a,+,(,z + 1) 

which w~m to l)c proved. Note front the last line, we see that for every /,: and (,very ~, 

a,(,z + 1) _> a,(, ,) .  

P r o o f  o f  T h e o r e m  2. Each sequence {ak(n)}  is non-decreasing i n ,  and bounded above, 

therefore it has a limit. Let a,  - lira, a~(r*). From t.hc rccurrcn{'o ak - (**.-~/l,,(k + 1) + 

,*k/(k + 1), lwnce ak -- (/,'!) 2 by induction. This complctos the proof. 

Note that the expected effective interest rate for too(tel 2 is less than that of model 

1. The kind of result is t.ypical of the many interesting exalnples of "paradoxes" that arise 

in prolmbility theory when one (lots not careflflly specify what is Ill("allt t)y the phrase "at 

random". [2] provides an excellent discussion of this issue in the geometrical cont.ext. 

A c k n o w l e d g m e n t .  \\hi first heard of this prol)lcnl when it was posed liy Dick Ma 

honey in a class on l)roblmn solving. 
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