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Abstract: In this article,we arguethat theself-financingaxiomwith mild assumptions
on theconditionalexpectedreturnsyieldsa market with aneventualarbitrage.This is
accomplishedby minimizing the conditionalvarianceof a tradewhenthe conditional
expectationis afixedconstant.Exampleswith commonprocessesshowsthatmostmod-
elsyield aneventualarbitrage.As a final application,a costmodelis appliedto prices
of strippedcouponandprincipal paymentson U.S. governmentbonds,whereratesof
returnareestimatedandlowerboundson market costsgiven.
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1 Intr oduction

In this article,we discussthenotionof aneventualarbitrageandgive examplesof how they canbe

constructed.Our main thesisis that an observableopportunityto exercisean eventualarbitrageis

actuallynon-exploitablebecauseof costs.Thus,estimatesof expectedgainscanbeinterpretedasa

lowerboundonmarket costs.

In the next section,we introducethenotion of a self-financingmaket wherecostsareallowed.

Next, weshow thatvarianceminimizingstrategiesleadto aneventualarbitrage.Usingpricedataon

STRIPS,wecalibratethemodelandconstructagoodpredictivestrategy. Usingourdaytrader’scost

model,wegetanestimateon marketcosts.

2 Self-FinancingMark ets

Considera self-financingmarket with a finite collectionof � assetswherethemarket pricesat time�
aredenotedby the columnvector �������
	��
������������	��
����� . Assumethat ��� is a stochasticprocess

adaptedto a history( � -field) denotedas ��� . For our purposes,let � denotethephysicalprobability

function inducedby the price process��� with the collectionof all measurableeventsbeing ��� .

Also let E denotetheassociatedexpectationoperator. Next, let � �!�"�$#%�&� � �������'�(� denotea trading

strategy wherethetradingpositionat time
� �*)+��,-������� is � � . Weassumethat � � �.�0/1�
���������2�3/4�
����� is

a �65 , randomvectorthatis measurablewith respectto �7� . Let 89�;:<�>= denotethevalueof aportfolio

constructedof these� assetsaccordingto a tradingstategy � . This is equalto84�?:@�A=B�C� �ED ���'� (2.1)

Next, let FG�BH ) denoteaninfusionof cashinto thefund at time
�

that is calledthedividendandletI �JHK) denoteanoutlayof cashfrom thefund at time
�

thatis calledthecost.

Definition 1. Wewill saythattheportfolio is self-financingwith cash-flowwheneverthevalue 84�?:@�A=
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hastherepresentation � � D �L�2�C� �NM+� D �L�9OPFG�RQ I �<� (2.2)

If FG���S) and
I �2�S) , thenwewill simplysaythattheportfolio is self-financing. In thisspecialcase:<� � Q � �NM+� = D �L�T�U) . For moreinformationaboutself-financingportfolios, consultMusielaand

Rutkowski (1998).

Next, denotethechangein pricesby VW��� �L�YX1�BQZ�L���[�0\G�
������������\G�
���(� . Wefind that89�YX1�BQ]84���^� � D V_�9OPFG�RQ I �'� (2.3)

Moreover, wefind that 84�;:@�>=`� 8 # :@�>=2O �NM+�a b c # �"� b D V b OZF b Q I b �d� (2.4)

Supposethat FG��� ) for all
�

andthatthecostfunctionis equaltoI ���feg� � e D(h-i � (2.5)

where h-i �f�0j��
���������2��j3�
�&�k� is measurablewith respectto ��� andwhere j3�mlBnS) for oqp]rs,t�3uv�������w� ��x ,
arethecostsof holdingonesecurity. Wecall this thedaytrader’scostmodel.Wenow introducethe

notionof non-exploitablemarkets.

Definition 2. Supposethat we have a self-financingportfolio with Fy�z�{) and
I �|n}) for all

�
.

We will say that the market at time
�

is non-exploitable by usinga tradingstrategy � � whenever

E �~� �RD V_�RQ I �ke��7�N���K) .
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As aspecialcase,non-exploitability impliesthatusingadaytrader’s costmodelyields� � D�� � �fe0� � e D(h-i � (2.6)

wheretheconditionalexpectedchangein pricesis definedby

� � � E �0V_��e��7���d� (2.7)

3 Self-FinancingStrategiesThat Minimize Variance

In this section,we applya Markowitz modelto portfolio optimizationandfind thatthis is sufficient

for aneventualarbitrage.For moreinformationabouttheMarkowitz model,consult Panjer, Boyle,

etal (1998).For theensuingdiscussion,weassumethat FG��� I �2� ) andwedefine� �2� Var�0V_�ke ���N�d� (3.1)

Now, supposethat � � � � for all
�

then ��: � = is amartingaleandE �084�;:@�>='�E�*8 # :<�>= for all � . In this

case,predictionis not possible.Next, let �w��� denotethe � -th coordinateof � � . Note that if �w�������)
for all � and

�
thenwecanset /4���E������� �� �"� with ���Bp�� . ThusE �089�?:<�>='�w��8 # :<�>=2O�� �NM+�b c # � b andsothe

expectedvalueof a self-financingportfolio canbesetat any level. Thesamecannotbesaidof the

variance.In this paper, we will focuson strategiesthatminimizea variancefor a fixedexpectation.

That is, we want to choose� � so that Var�"� ��D V���e ����� is minimizedsubjectto the constraintthat

E �~� ��D VW��e����
������� , where �&�$n ) . That is, we needto find � � sothat � �� � �@� � is minimizedsubject

to theconstraintthat � �� �q� �K��� . Thewell-known solutionis� � � �&� � M+�� �q�� �� � M+�� � � � (3.2)
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whenever, the inverse
� M+�� existsand � �� � M+�� � � n�) . As a specialcase,if � �!, then � � � ���� � . In

general,moreconstraintscanbeput on thestrategy � � but we will not be investigatingthegeneral

problem.Now, considerthevariance

Var�~� �ED V���e �����E� �(��� �� � M+�� � � � (3.3)

Let uscalculatethevarianceof 89� . This is equalto

Var�g89���R� �NM+�a b c # �NM+�a � c # Cov �"� b D V b �&� �+D V_�m�d� (3.4)

If  ���S� thenCov �"� b D V b �&� �(D V����E� ) because� b Dk� b � � b p�� is non-stochastic,by construction.

Note that no independent-incrementassumptionis made. In the casethat  P�¡� we get Cov �"� b DV b �&� b D V b �E� E �Var�~� b D V b e�� b �Y� . Thusweget

Var�089���R� �NM+�a b c # � �b E ¢-: � �b � M+�b � b = M+�v£ � (3.5)

In theconstantvariancemodel,wehave¤ �bT¥ E ¢¦: � �b � M+�b � b = M+�'£ � ¤ � n§)+� (3.6)

for all   andsoVar�084�N�q� ¤ �E� �NM+�b c # �(�b . Also, if ¤ �b �f¨�n[) for all   thenVar�084���$�ª©«: � = . Next,

assumethat 8 # �*) andconsiderthestandardizedvalue,definedby¬ ��� 89�RQ E �089�N�­
Var�g89��� � (3.7)



Self-financingandarbitrage 6

UsingChebyshev’s Inequality, we find that

�®�g89�J�K)(�E�*� ¯ ¬ �°� Q E �089���­
Var�089���;±�S� ¯ e ¬ �²esH E �g89���­

Var�084��� ±� Var�084���: E �g89�N�N= � � � �NM+�b c # �(�b ¤ �b¢�� �NM+�b c # � b £ � QE³ )+�
as
� ³ ´ , wheneverE �089���E� ©«: � = (whichis truewhen� b is boundedfor all   ) andVar�g89���E� ©µ: � � M·¶ =

for somȩGn�) . Thus,wehaveshown thatthereexistsaneventualarbitrage,definedasfollows.

Definition 3. Wewill saythatastrategy � admitsaneventualarbitragewhenever 8 # �*) and¹
º�»�Y¼®� �®�g89�°n�)��E�^,t� (3.8)

It is instructiveto statetheconditionson themodelthatleadto this result.First, themarketmust

beself-financing.Second,theinverse
� M+�� mustexist and � �� � M+�� �q� n*) . Third, Var�084���2��©µ: � � M·¶ =

for somȩGn�) whichmeansthatthevarianceis growing slowly relative to theexpectationof 84� .
Example1. Supposethat 	½: � =B�*	½:d)¾=+¿3ÀvÁErv:¦�yQ � Â � ���Ã= � OW��Äf: � = x whereÄ�: � = is aWeinerprocess

and ���q�f�Jr(	µ:dÅ�=ÇÆ�)W�fÅL� � x . In this case,thegeometricWeinerproceshas �w�q� E �0\G��e��7�N�`�	µ: � =�:¦È � QÉ,�= and /4�7� j��0	½: � =&:dÈ � QÉ,�=<� M+� , as long as �Ê�� ) . Moreover Ë$�L� Var�
\y��e ���N�µ��0	½: � =<� � È � � X9Ì&Í . ThusVar�0/1� D \G��e����N���¡j � È Ì&Í andVar�089����� � j � È Ì&Í . Moreover, underthe optimal

strategy we find that 89� is a sumof independentandidenticallydistributedrandomvariablesandso

theCentralLimit Theoremimpliesthat
¬ � convergesin distributionto astandardnormalvariateand84� admitsaneventualarbitrage.

Example2. Usinga daytrader’s costmodelwith
I �$nC) and FG���.) for all

�
, we find that 84� will
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yield aneventualarbitragewhenever thetradingstrategy is exploitable. Thatis,

E �~� � D V��EQ*eg� � e D(h �$e(���N��n�)v�{Î � �
4 The Yield Data

In this section,wepresenttheyield datathatweusedto testourhypothesis.Oneof thebestsources

of datafor yield ratesaretheyield rateson U.S.TreasuryStrips, asreportedby Bear, Stearns& Co.

via Software TechnologiesInc. andpublishedin the Wall StreetJournal. Stripsarepurediscount

bondsthatarisefrom strippingtheprincipalandcouponsfrom governmentbondsandtradingthese

stripsseparately. ThisdatawasusedpreviouslyCarrìere(2001).

Let usdescribethedatain detail. In this articlewe usedyield ratesfrom all the tradingdaysin

theyearsof 1993to 1997,inclusive. In all, wehad1250tradingdayswith 250tradingdaysperyear.

For eachtradingday, thedataconsistedof thebid andaskedyield ratesfor strippedcouponinterest,

strippedTreasuryBondprincipal,andstrippedTreasuryNoteprincipalatvariousmaturities.For our

purposes,the yield of the bondat a fixed maturitywasthe averageof the bid andaskedyields for

all couponandprincipalstripswith thatmaturity. In all, we had100bondswith distinctmaturities.

Specifically, thesebondshave maturity datesat every threemonthsduring the 25 year period of

1998 to 2022, inclusive. Let
� l for oW� ,t�3u·����������,�utÏ-) , denotethe trading times and let Ð9Ñ forÒ �Ó,-�3uv�������w��,%)-) denotethematuritydates.Thus,for eachtimeandmaturityweobservedtheyield

rates,Ôw: � ld�²Ð+Ñ&= . Thecorrespondingpricesarecalculatedasfollows:	½: � l��²Ð+Ñ&=Õ� ¿3ÀvÁÖrsQz:×Ð+ÑqQ � l�=+Ô�: � l��²Ð+Ñ&= x � (4.1)

To get an idea of the type of data that we have, we presentFigure 1 where 	µ: � l@�²Ð��k= , \GlY�K�	µ: � l�X1�&�²Ð��k=>QS	µ: � l@�²Ð��k= and 	½: � l��²Ð�� #<# = , \Gl�Ø � #<# �Ù	½: � l�X1�Ã�²Ð2� #<# =>QS	½: � l@�?Ð2� #<# = areplottedversus
� l .
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Figure1: Thefirst columnshows thepricesandtheir differencesversustime for astrip thatmatures
in February, 1998.Thesecondcolumnshows thepricesandtheir differencesversustime for a strip
thatmaturesin February, 2022.
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Note that the price of our bondsapproachesonewhenwe approachmaturity. Also note that the

volatility approacheszerowhenapproachingmaturity. All thegraphsandcalculationsin this article

weredonewith Gauss, amatrixprogramminglanguage.

5 Calibration of the Model

In this section,we presenta modelof � � and
� � thatis calibratedwith half thedata,while theother

half is usedto constructa variance-minimizingandself-financingstrategy. We will reporton the

portfolio value 89� , as it evolvesover our predictionperiod. For each  Ú� ,t��uv�������E� � � ,�)t) we

assumethat \Gl b �*Û �b VWl�M+�°O]ÜE: � l@�?Ð b =;� b%Ý l b � (5.1)

where ÜE: � �²ÐT= is a function(possiblystochastic)having theproperty, ÜE: � � � =>�C) , andwhere � b pÞ�
is fixedandnon-stochastic.WealsorequirethatE � Ý l b e�����ßN�1�*) , andVar� Ý l b e��7��ßN�R�Ó, , and

Cov � Ý l b � Ý lm�<e��7��ßN�E�Sà b ��pá��Q6,t��,��d�
Someexamplesof ÜE: � �²ÐT= are Üw: � �²ÐT=B�.:�Ð�Q � ='ât�Üw: � �²ÐT=B�.:'Q ¹�ã �
	½: � �²ÐT='�N=;ä��Üw: � �²ÐT=B�.�
	µ: � �²ÐT='�Yå-:×Ð�Q � =<â¾�Üw: � �²ÐT=B�.:?�0	½: � �²ÐT=<� å :;Q ¹�ã �
	µ: � �²ÐT='�N=;ä�� (5.2)
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where ¤ nf) , æánf) and ç§nÉ) . This is a classicalregressionproblemwherea generalizedleast-

squaressolutionis optimal.Wedenotetheestimatesasfollows: è Û b , è � b , èà b � . Theestimatorsare:èÛ b �[�0é � éÚ� M+� é ��ê b �è� �b � ,ë ê �b ¢ I Q]éÓ�
é � éÚ� M+� é � £ ê b �èà b �9� ê �b � I Q]éÓ�0é � éK� M+� é � � ê �ë è� b è �4� � (5.3)

where
ë

is thenumberof observationsandê b �íì \î� bÜE: � �&�²Ð b = �������w� \|ï bÜE: � ï®�²Ð b =%ð � � (5.4)

To definethedesignmatrix é , wefirst defineñ b �Êì \ # Ø bÜw: � # �²Ð b = ��������� \|ïÕM+�;Ø bÜw: � ïÕM+�&�?Ð b =%ð � � (5.5)

Thus é �.� ñ �&�������2� ñ �ò�t� (5.6)

Let A �.�gÛ°�&�������2��Û1��� . In this model,

� � � E �gV_�²e����N�E� A � V��NM+� (5.7)
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and
� �2� Var�0V���e �����E�Cr Cov �0\G� b �k\y���'e��7��� x b Ø � c �;Ø�ó�ó�ó�Ø � whereCov �
\G� b ��\G���'e����
�E�SÜE: � �?Ð b =;ÜE: � �²ÐE�Y=;� b �4�
à b � .

Therefore, è�q� � èA � V_�NM+���è� �2�^r°Üw: � �²Ð b =+ÜE: � �?Ðw�Y= è � b è �4� èà b � x b Ø � c �;Ø�ó�ó�óNØ � �è� � � ��� è� M+�� è� �è� �� è� M+�� è� � � (5.8)

Notethat è � b è �4� èà b �1� ,ë ê �b ¢ I Q]éÓ�0é � éS� M+� é � £ ê � (5.9)

Prediction

Using the estimatesè� � , which arecalibratedwith the dataat time
� �ô,-�3uv������� ë , we predictac-

cordingto theoptimal rule for thenext
ë

observationsandobserve thevalueof our self-financing

portfolio with astartingvalueof 81ï]�*) . Thus,

8 � ï]� � ïab c ï è� b D V b � (5.10)

Theresultis plottedin Figure2, wherewefind asuccesfulresult,Thatis thefundvalueis increasing

linearlysince� b � � for all   . In thisdemonstration,weassumedthat Üw: � �²ÐT=B�ÓQ�	µ: � �²ÐT= ¹�ã 	½: � �²ÐT= .
Finally. anestimateof theaveragereturnperunit tradedis� � ïb c ï è� b D V b� � ïb c ï e è� b e D¾õ �*uv�"ötu 5 ,%) M·÷ � (5.11)

since e è� b e D�õ is thetotalnumberof tradesat time   . With 250tradingdaysin ayear, wecancalculate

the nominal annualrate of return when trading with a variance-minimizingstrategy. The rate is
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Figure2: Potof theValuefrom aSelf-FinancingPortfolio.



Self-financingandarbitrage 13,%)t) 5 utÏ-) 5 uv�~ö-u Â ,%) ÷ �Ó�g)tøtùtú , which is miniscule.Thus,it seemsveryunlikely thatthis market is

exploitable.Thus,a lowerboundon thecostof buyingor sellingamillion dollarsin bondsis ûtu·�~ötu .
Thisboundcanbeimprovedby developpingbetterpredictivemodels.
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