SELF-FINANCING MARKETS
AND EVENTUAL ARBITRA GE

J.F. CARRIERE
MathematicalSciences
University of Alberta
EdmontonCanada
j.carriere@ualberta.ca

Abstract In this article, we arguethat the self-financingaxiom with mild assumptions
on the conditionalexpectedreturnsyields a market with an eventualarbitrage. This is
accomplishedy minimizing the conditionalvarianceof a tradewhenthe conditional
expectations afixedconstantExamplesvith commonprocesseshavsthatmostmod-
elsyield an eventualarbitrage.As afinal application,a costmodelis appliedto prices
of strippedcouponand principal paymentson U.S. governmentbonds,whereratesof
returnareestimatedandlower boundson market costsgiven.
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1 Intr oduction

In this article, we discusshe notion of aneventualarbitrageandgive examplesof how they canbe
constructed.Our main thesisis that an obsenable opportunityto exercisean eventualarbitrageis
actuallynon-eploitablebecausef costs.Thus,estimate®f expectedgainscanbe interpretedasa
lower boundon market costs.

In the next section,we introducethe notion of a self-financingmaket wherecostsare allowed.
Next, we show thatvarianceminimizing stratgiesleadto aneventualarbitrage .Using price dataon
STRIPS we calibratethemodelandconstruciagoodpredictive strateyy. Usingour daytraders cost

model,we getanestimateon market costs.

2 Self-FinancingMark ets

Considera self-financingmarket with afinite collectionof p assetavherethe market pricesat time
¢t aredenotedby the columnvector P, = [Py, ..., P,|’'. Assumethat P, is a stochastigprocess
adaptedo a history (o-field) denotedasH;. For our purposeslet P denotethe physicalprobability
function inducedby the price processP; with the collectionof all measurableventsbeing H ..
Also let E denotethe associate@xpectationoperator Next, let ¢ = [¢,, ¢4, -. .|’ denoteatrading
stratgy wherethetradingpositionattimet = 0,1, . .. is ¢,. Weassumehate, = [¢s, ... , dy] ' IS
ap x 1 randomvectorthatis measurablevith respecto 3;. Let V;(¢) denotethevalueof a portfolio

constructeaf thesep assetaccordingto atradingstatgy ¢. Thisis equalto

Vi(¢) = ¢, - P;. (2.1)

Next, let D, > 0 denoteaninfusionof cashinto thefund attime ¢ thatis calledthedividendandlet

C; > 0 denoteanoutlayof cashfrom thefund attime ¢ thatis calledthe cost.

Definition 1. Wewill saythattheportfoliois self-financingvith cash-flomwheneerthevalueV;(¢)
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hastherepresentation

¢, Py =¢, - P+ D, —C,. (2.2)

If D, = 0andC; = 0, thenwewill simplysaythattheportfolio is self-financing In this specialcase
(¢, — ¢,_,) - P; = 0. For moreinformationaboutself-financingportfolios, consultMusielaand

Rutkowski (1998).

Next, denotethechangen pricesby A; = Pyyy — Py = [Ay, ..., Ay]'. Wefind that

Vii —Vi=¢, - Ay + D, — Ch. (2.3)
Moreover, we find that
t—1
Vi(@) = Vo(9) + D [y, - Ak + Di — Cil. (2.4)
k=0

Supposehat D; = 0 for all ¢ andthatthe costfunctionis equalto

Ct = ‘¢t| + Cg, (25)

wherec; = [cu, ... , ¢yp)’ IS Measurablevith respecto 3(; andwherec,; > 0 fori € {1,2,...,p},
arethe costsof holdingonesecurity We call this thedaytrader’s costmodel. We now introducethe

notionof non-eploitablemarkets.

Definition 2. Supposeéhat we have a self-financingportfolio with D, = 0 andC; > 0 for all .
We will saythatthe market at time ¢ is non-exploitable by usinga trading stratgy ¢, wheneer

El¢, - A, — Cy|H,] < 0.
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As aspecialcase hon-eploitability impliesthatusinga daytraders costmodelyields

;- 1y < |y -, (2.6)
wherethe conditionalexpectedchangdn pricesis definedby

B = E[AT0]. (2.7)

3 Self-Financing StrategiesThat Minimize Variance

In this section,we apply a Markowitz modelto portfolio optimizationandfind thatthis is sufficient
for aneventualarbitrage.For moreinformationaboutthe Markowitz model,consult Panjet Boyle,

etal (1998).For theensuingdiscussionywe assumehat D; = C; = 0 andwe define
Et = Val‘[At|5'Ct] (31)

Now, supposehatu, = 0 for all ¢ thenP(t) is amartingaleandE[V;(¢)] = Vo(¢) for all ¢. In this

case predictionis not possible.Next, let uy; denotethe [-th coordinateof u,. Notethatif py # 0

for all [ andt thenwe canset¢, = T;Hp with r; € R. ThusE[V;(¢)] = Vi(¢) + Zf;lo r, andsothe
expectedvalueof a self-financingportfolio canbe setat any level. The samecannotbe saidof the
variance.In this paper we will focuson stratgiesthatminimize a variancefor a fixed expectation.
Thatis, we wantto chooseg, sothatVar|¢, - A;|H;] is minimized subjectto the constraintthat
E[¢, - A¢|H;] = r;, wherer, > 0. Thatis, we needto find ¢, sothat¢, 2, ¢, is minimizedsubject

to theconstrainthat¢, i, = r;. Thewell-known solutionis

I YT
¢y = ot L

= — i (3.2)
ITH0 ST
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wheneer, theinverseX,; ! existsandp,/S; ', > 0. As aspecialcase|f p = 1 theng, = - In
generalmoreconstraintcanbe put on the stratgy ¢, but we will not be investigatingthe general

problem.Now, considetthevariance

2
Ty

Varg, - Ay = —=—- (3.3)
[II YT
Let uscalculatethevarianceof V;. Thisis equalto
t—1 t—1
VarifVi] = Covley, - Ay, ¢, - Ay (3.4)

ES
Il

01

Il
)

If £ # [ thenCov|[¢,, - Ay, ¢, - A;] = 0 becausep, - u,, = 7, € R is non-stochastidyy construction.
Note that no independent-incrememissumptioris made. In the casethatk = [ we getCov[¢,, -
Ay, ¢, - Ar] = E[Vare, - Ay|H;]]. Thuswe get

t—1

varVi] = > " riE [ (= ) ] (3.5)
k=0

In theconstanwvariancemodel,we have

Y =E[(mZ m) ' =9 >0, (3.6)

for all k andsoVarV;] = 4237, 4 r2. Also, if 47 < B > 0 for all k thenVarV;] = O(t). Next,

assumehatV, = 0 andconsiderthe standardizedalue,definedby

Vi — E[Vi]

(3.7)
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Using Chebyshe's Inequality we find that

PIV; < 0] =P Zts%
<Pz > \/%
vafVil Yo
SEVE T e

ast — oo, wheneverE[V;] = O(t) (whichistruewhenr; is boundedor all k) andvafiV;] = O(t2~?)

for somed > 0. Thus,we have shavn thatthereexistsaneventualarbitrage definedasfollows.

Definition 3. We will saythatastratgy ¢ admitsaneventualarbitrage wheneerV;, = 0 and
lim P[V; > 0] = 1. (3.8)
t—00

It is instructive to statethe conditionson the modelthatleadto this result. First, the market must
be self-financing.SecondtheinverseX, ' mustexistandu, ;" 1, > 0. Third, VarV;] = O(#>~°)

for somed > 0 which meanghatthevariances growing slowly relative to the expectationof V.

Example 1. Supposehat P(t) = P(0) exp{(u — o0?)t + oW (t)} whereW (t) is aWeinerprocess
andH; = o{P(s) : 0 < s < t}. In this casethe geometricWeinerproceshasyu; = E[A;|H;] =
P(t)(e* — 1) and¢; = c[P(t)(e* — 1)]7L, aslong asu # 0. Moreover &y = VaiA|H;| =
[P(t)]2e*+9°. ThusVarg, - A|H,] = 2 andVarV;] = tc2e””. Moreover, underthe optimal
stratgy we find that V; is a sumof independenandidentically distributedrandomvariablesandso
theCentralLimit TheoremimpliesthatZ; corvergesin distributionto a standarchormalvariateand

V; admitsaneventualarbitrage.

Example 2. Usingadaytraders costmodelwith C; > 0 and D; = 0 for all ¢, we find thatV; will
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yield aneventualarbitragewheneer thetradingstratay is exploitable Thatis,

E[d)t'At—‘(}’)t"Ct‘g{t]>0, Vt

4 The Yield Data

In this sectionwe presentheyield datathatwe usedto testour hypothesisOneof the bestsources
of datafor yield ratesaretheyield rateson U.S. TreasuryStrips asreportedby Bear Stearns& Co.
via Softwae TechnolagiesInc. and publishedin the Wall StreetJournal. Stripsare pure discount
bondsthatarisefrom strippingthe principalandcoupongrom governmentoondsandtradingthese
stripsseparatelyThis datawasusedpreviously Carriere(2001).

Let usdescribethe datain detail. In this article we usedyield ratesfrom all the tradingdaysin
theyearsof 1993to 1997,inclusive. In all, we had1250tradingdayswith 250tradingdaysperyeat
For eachtradingday, the dataconsistef the bid andasledyield ratesfor strippedcouponinterest,
strippedTreasuryBondprincipal,andstrippedTreasuryNote principalat variousmaturities.For our
purposesthe yield of the bondat a fixed maturity wasthe averageof the bid andasledyields for
all couponandprincipal stripswith thatmaturity. In all, we had100 bondswith distinctmaturities.
Specifically thesebondshave maturity datesat every three monthsduring the 25 year period of
1998to 2022, inclusive. Lett; for ¢+ = 1,2,...,1250, denotethe trading times andlet T} for
j=1,2,...,100 denotethe maturity dates.Thus,for eachtime andmaturitywe obsenedtheyield

ratesy(t;, T;). Thecorrespondingricesarecalculatedasfollows:

P(t;,Tj) = exp {=(Tj — t:) y(t:;, T)} - (4.1)

To get an idea of the type of datathat we have, we presentFigure 1 where P(t;,T1), Ay =

P(ti—l—l,Tl) — P(tZ,Tl) andP(ti,Tlo()), Ai,lOO = P(ti+1,T100) — P(ti,Tl()()) are plottedversusti.
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Figurel: Thefirst columnshonsthe pricesandtheir differencesersustime for a strip thatmatures
in February1998. The secondcolumnshaws the pricesandtheir differences/ersustime for a strip
thatmaturesn February2022.
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Note that the price of our bondsapproache®ne whenwe approachmaturity Also notethat the
volatility approachegerowhenapproachingnaturity. All thegraphsandcalculationsn this article

weredonewith Gauss a matrix programminganguage.

5 Calibration of the Model

In this section,we presenamodelof u, andX; thatis calibratedwith half the data,while the other
half is usedto constructa variance-minimizingand self-financingstratgyy. We will reporton the
portfolio value V;, asit evolvesover our predictionperiod. For eachk = 1,2,...,p = 100 we

assumehat

Aip = a1 + d(t;, Ty) ok€i, (5.1)

whered(t, T') is afunction (possiblystochastichaving the property d(t,t) = 0, andwheres;, € R

is fixed andnon-stochasticWe alsorequirethatE[e;, | 3(;,] = 0, andVare;|H(;,] = 1, and

Covleir, €| Hy] = pr € [-1,1].

Someexamplesof d(t, T) are

d(t,T) = (T —1)7,
d(t, T) = (- In[P(t, T)])",

(5.2)
dt, T) =[P, T)]"(T —t)",

d(t,T) = ([P, T)]"(=W[P(¢,T)])",
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wherey > 0,7 > 0 andx > 0. Thisis a classicalregressionproblemwherea generalizedeast-

squaresolutionis optimal. We denotethe estimatessfollows: a;, 7%, pr;. Theestimatorsare:

ar = [ X'X|"' XY,

A 1 ,

52 = Yk [ - X[X'X]'X'] Yy, (5.3)
.Y -X[X'X]"'X'Y;

pkl - Nak al bl

whereN is thenumberof obsenationsand

A1k: ANlc :| !
Y, = ey | . 5.4
¥ [d(tl,Tk) d(tn, Ty) (-4)
To definethedesignmatrix X, we first define
Ag i An_1k ] '
Ty = . : . 5.5
‘ |:d(thTk) d(tn-1,Tk) (53)
Thus
X=[x,...,x,|. (5.6)
LetA = [a4, ... ,a,]. Inthismodel,

my = E[A|3] = A'A; (5.7)
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youn

Therefore,

~ ~1

My = A At—la

S, = {d(t, T}) d(t, T}) 5 5 P Pzt p (5.8)

~—1
~ Y, I
¢t - At/"t_lﬁt ’
(T30 TA

Notethat

o 1 _

Gk 01 P = NY,Q - X[X'X]'X'Y, (5.9)
Prediction

Using the estimates?bt, which are calibratedwith the dataattimet¢ = 1,2,... N, we predictac-
cordingto the optimalrule for the next N obsenationsandobsenre the valueof our self-financing

portfolio with a startingvalueof V = 0. Thus,

2N
Van = Y ¢ - A (5.10)

k=N

Theresultis plottedin Figure2, wherewe find a succesfutesult, Thatis thefund valueis increasing
linearlysincer,, = r for all k. In thisdemonstrationwe assumedhatd(¢, 7) = —P(¢,T) In P(¢,T).

Finally. anestimateof the averagereturnperunit tradedis

2N 73
Z’;;N PeBh _979x 10, (5.11)
Zk:N @ - 1

since|$k| -1 isthetotal numberof tradesattime k. With 250tradingdaysin ayeat we cancalculate

the nominal annualrate of returnwhen tradingwith a variance-minimizingstrateyy. The rateis
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Figure2: Potof theValuefrom a Self-FinancingPortfolio.
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100 x 250 x 2.72/10% = .068%, whichis miniscule.Thus,it seemssery unlikely thatthis marketis
exploitable. Thus,alower boundon the costof buying or sellinga million dollarsin bondsis $2.72.

This boundcanbeimprovedby developpingbetterpredictve models.
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