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INTRODUCTION

ELATIONSHIPS among premiums and reserves for life insurance are
R familiar to actuaries. The aim of this paper is to examine analo-
gous relations for the case of a general insurance with benefits
payable in respect to several forms of decrement. There may be a number
of applications for such theory; a likely one is to the funding of pension
benefits.

InPart I, relations are given for the total annual premium and the total
reserve. In this part, and throughout the paper, a continuous model is
used, and the general technique is to manipulate the differential equation
for the function representing the reserve.

In each of the other three parts is presented a system of splitting the
total premium and the total reserve into components related to the differ-
ent benefits. In Part II are given relations for independent premium and
reserve components, these being the ones usually considered in practical
work. If there are m causes of decrement, and { refers to a particular cause,
then the ith independent premium and reserve components are based on
all m forces of decrement but, in general, depend only on the ith benefit.

In Part III, a system of dependent premium and reserve components
is introduced. Here the ith premium does, in general, depend on all bene-
fits, since it is considered that the total reserve, not merely the ith reserve
component, will be available to offset the benefit payment when decre-
ment occurs. Dependent premiums and reserves may be useful for cases
where benefits are related to the total reserve, as may happen in pension
plans with vesting of some or all of the total reserve. Under appropriate
circumstances, corresponding independent and dependent components are
equal, and conditions for such equality are discussed.

* William S. Bicknell, not a member of the Society, is an Assistant Professor in the
School of Commerce, University of Wisconsin. This paper is a condensation of a doc-
toral dissertation being prepared by Mr. Bicknell, under the direction of Professor
Nesbitt, to be submitted to the Department of Mathematics, University of Michigan.
The thesis was undertaken while Mr. Bicknell was an Instructor in the Department of
Mathematics, Wayne University, and its preparation has been facilitated by the award
of a University of Michigan Actuarial Science Fellowship for February to June, 1956.
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In Part IV we consider components which we call Loewy premiums
and reserves, Alfred Loewy (1873-1935) was a European mathematician
who wrote on both pure and actuarial mathematics. His paper “Zur
Theorie und Anwendung der Intensititen in der Versicherungsmathe-
matik” [1]* was influential in developing our general approach to this pa-
per and, in addition, is the origin of the ideas in Part IV, Loewy premiums
(reserves) are differences of the set of total premiums (reserves) obtained
by incorporating successively, usually one at a time, the various forces of
decrement and associated benefits. Such components may be of practical
value when consideration is being given to adding 2 new benefit to an
already existing insurance,

In the Appendix there is given a special multiple decrement table used
for a pension plan example of the theory, and a summary of the three
types of premium and reserve components for this example.

1. TOTAL PREMIUMS AND RESERVES

Outline

In this first part of the paper there is presented the notation and the
multiple decrement theory that will be utilized as a basis for subsequent
portions. The theory is developed in regard to a general insurance with an-
nual premiums payable continuously and with benefits payable immedi-
ately on occurrence of the contingencies involved. Our immediate objec-
tive is to establish relationships in regard to the total premium and the
total reserve for the general insurance. The starting point is a differential
equation for the function representing the total reserve. Various integra-
tions of this equation lead to various formulas for the total premium and
corresponding formulas for the total reserve. In a final example, applica-
tion of the theory is made to a special set of pension provisions.

Notation

We consider a general group of insured persons who are subject to m
causes of decrement (1), (2), . . . , (m). For a person who enters this group
at age x, the annual rate or force of decrement from cause (£), operating
in the instant of attainment of age x + £, will be denoted by u{),. In
general, the forces u{d,,7 = 1,2, ..., m, will be on an aggregate rather
than a select basis but, as far as the theory is concerned, it will usually be
immaterial which basis is the case. It will be assumed that the forces are
sufficiently well-behaved functions that the special integrals and functions
we shall base on these forces will have determinate values. (The reader
who is concerned about this matter is invited to read the full dissertation.)

* Numbers in brackets refer to the list of References at the end of the paper.
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The total force of decrement at the instant of attaining age x + ¢, de-

noted by u{1), is defined by the relation

(1) _ N ()
Myt = Mzt . (1)
im]

There will also be need for the complementary force ul;{, where

wil == (2)

By now the reader will have observed that we have started with the
forces as our initial concept and have yet to define the survivorship and
decrement functions commonly used for multiple decrement tables. Qur
perverseness in disregarding the usual order of defining discrete rates of
decrement and other discrete multiple decrement functions and then pro-
ceeding to the definition of forces of decrement {2], [3, p. 255] is not with-
out reason. Our plan is to develop the theory on a continuous basis
throughout and to bring in discrete functions only when it is necessary for
practical calculation purposes. It seemed fitting, then, to begin with an-
nual rates defined on a continuous basis {4, p. 43].

Proceeding now to survivorship and decrement functions, we define
IT) by the relation

dl, (r
d;‘ = =TT, (3)
and by assigning a value to J{™. There follow the usual relations
¢
RN P T 4)
(r (r) (1
lir) - z-{.t "f lz—fcﬂzzc (s)

The decrement functions are defined by

R k41 .
d, = f 10 ae (6)
&n =3 d%, (7)

=]

where x 4 k ranges over the integral ages used in the multiple decre-
ment table.
Related to the multiple decrement table so constructed there is a family
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of associaled single decrement tables (S, § 91, {3, p. 257], one for each cause
of decrement. For cause (%), the single decrement table has survivorship
and decrement functions defined by

l,[,flr—lm _f ()d, (8)

i &
;[::I!l: = f lz[+]m='+:dt = ls+k - :+k+l 9

The square brackets in the superscript are being used to denote that only
the force u{?; is considered to be operating. We will refer to this table
as table [i]. If £ is chosen equal to

I!Il“’

ge]

it follows readily from equations (4) and (8) that

18 = TTH. (10)

i=1

One may, of course, take any subset of the forces ulf, i =1,2,...,
m, to define a decrement table based on that subset. Of particular interest
is the table based on the complementary force u{;?, as defined in equa-
tion (2). For this table, denoted by [—1], the survivorship function is de-
termined by the relation

; . ¢ .
e By P e I (11)

For monetary functions it will be assumed that the force of interest
is 8. There will be need for commutation functions such as

() f4) [—il =i [} [—isl
D:+t 3 Dz:H ] D:-I—: ’ Na+t ’ Nth ’ Ns :

and annuity values such as %, 5{%, il based on 5 and the given
forces of decrement. For actuarial readers it seems unnecessary to define
these in detail; however, full definitions are available in the dissertation.

Having indicated the definitions and notations to be used for multiple
decrement and related functions, we turn now to notation for the gen-
eral n-year insurance to be considered in the following. It will be assumed
that the insurance begins at age #, and that the insured is subject to the
causes of decrement (1), (2), ..., {m). In case of termination at age
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% + ¢, ¢ < n, by reason of cause (3), the benefit B, is pa.yable In the
event of survival of the insured to the end of the n-year insurance term,
a maturity value, denoted by B.]) is provided. Payments to the insuring
organization are assumed to consist of level annual premiums payable
momently, denoted by P(™). Such a general insurance includes many of
the common forms of insurances and also many pension plan benefits and
their funding. For example, P(™ may be the entry age normal cost for
pension benefits B}, appropriate to the various modes of termination.

For this general n-year insurance, the reserve at duration ¢ will be de-
noted by V(™ (right hand subscripts being omitted, as has been done
already for P(™), A systematic exploration of relations for P(™ and ;V*™
is our present objective. It will be found that there is a correspondence
between the resulting formulas for P(™ and V(™. In general, we shall
first establish the various formulas for P{™ and then observe the corre-
sponding formulas for V(™.

The Premium-Reserve Equation

Let us suppose /{™ persons become covered at age x by the general in-
surance indicated in the previous section, and consider the total fund at
duration ¢, namely I{]} - ;V(™. For the rate of change in this total fund,
we have

(r) G}

Qe V') _ Jopin (r) (1) (1) G) i)

$lere V) 0 4 5T §7 — S UTwLBY, (1)
i==]

where the first two terms represent rates of income, and the sum term,

the rates of outgo. By differentiating the left member as a product, and

rearranging we obtain

dﬁ(r)

ai =_I;(T)+ 5c\7(T) sz+tﬂz(£t+cV(T)#:1)u (13)

i=]

which may be regarded as the basic equation for premiums and reserves
for the general insurance.

The differential equation, with appropriate preparation, may be inte-
grated in a variety of ways. By carrying through such an integration
from 0 to n and assuming V'™ = 0 and ,. V(™ equals the given maturity
value BT}, we obtain a formula for P(™). Then, by similar integrations
from 0 to f, and from ¢ to #, the retrospective and prospective formulas
for ;V{T are obtained. Not all integrations lead to explicit formulas for
P and V7, but even where the formula is implicit there may be an
interesting and possibly useful interpretation.
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For a first integration, we rearrange formula (13) to the form

_ ) 1. t)
a7~ w9 VP a=P a1~ 3 Bl

i=1

and multiply through by D{T} which has as differential —D{J)(ul) +
8)dt. Then

X7 Y ( % 1. i)
d (V7D =P 7D, Tidt— 3 B DI at,
i=]
from which it follows that
5 & i
- BIDL=PT@T-N) - ; [ BRDTudae o
or
—( ( S(7) (r)
P i3 [BLDTula+BIDD) / KO- KD 19)
=1
Formula (14), divided by D{T) and rearranged, would give the usual equa-
tion of value between premiums and benefits, while formula (15) is a

usual relation for the determination of P¢™.
By rearranging formula (13) in the form

eV = sV =P Tdr— 3 il B~ V) as

[t

and multiplying through by 7!, we obtain

LT =PV vat- 3 v B - Ty a6

i=1

Now, integrating from 0 to n, we get

(r =(r) _ > D ) =
-Bz+ﬂ V= P T am— Z'/(: vtl-‘z+¢ (Bz;-t tV T) dtg
=]

which yields
B {3 [ ol 82— T a1+ B} [ am. ()

=]

In formula (17), the expression u{¥;(B{Y, — V(7))dt represents, in re-
spect to cause (i) of decrement, the momentary cost of insurance based
on the net amount at risk, with the total reserve assumed available to
offset the sum insured B{Y,. Formula (17) indicates that P(™ is the
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uniform annual amount payable momently that is equivalent under in-
terest to the momentary net costs of insurance in respect to all causes
plus the maturity value B{T).

Other formulas for P(™ may be obtained by rearranging formula (13)
so that multiplication by D%, or D!7i! will give a perfect differential in
the left member. The details for these rather special formulas will be
omitted.

Corresponding to each formula for P(™ there will be related formulas
for ;V(™). These may be obtained by changing ! to s, say, in formula (13),
and then rearranging and applying such integrating factor as was used
to obtain the premium formula. By integrating with respect to s from
0 to ¢ one obtains a retrospective formula, and by integrating from ¢ to =,
a prospective formula. For example, corresponding to formula (15) for
P one obtains

F7 =37 NP -8 - 3 [ BLDDuas) /D (18)

=]

and

Fr=1y f B DL, 45 +BIDLT)
= (19)
PONT-NI ] /i,

the usual retrospective and prospective formulas.

Examples of Tolal Premiums and Reserves

In this section we give two examples which make application of the
preceding theory. The second example is a continuing one which will be
used to illustrate additional portions of this paper.

Example 1. Suppose that (x) is subject to two causes of decrement and
that he is covered by an n-year, continuous payment insurance which pro-
vides, in case he terminates due to cause (1), a level amount B; and in
case of termination by cause (2) at age x 4+ ¢, a known multiple A, of
VT, 1t is further assumed that V{™ = 0, and that B{I) is some as-
signed maturity value. For this situation, equation (13) becomes

d tV( T

57 () Q) (r) (@ (r) ()
dt PT+51VT Bﬁzlﬂ")\t tVT“zi-t+tVTﬂzIt

This may be rearranged as

AV — 54+t A =2 wB) V=P 31— B, a1,
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and as integrating factor we may use DA} defined by

dDJY ) @ an _
dt = - [5+l‘=+¢+ (1_)%) ﬂz+¢] Dz+t: Dz - z .

On integrating from 0 to #, and solving for P(™), we obtain
( ) 0 Q) (r) 1) SAT) _ GO0
T g-Bf Dz+1; #::—tdt’*"Bzzn :+€s E/ (N: T z+17||) )

where N is an integral of D], There would be corresponding for-
mulas for 7¢7),

Example 2. Asa second application of the preceding multiple decrement
theory, we compute the total premium and total reserves for a person en-
tering at age 32 into a pension plan with the following benefits:

2} In the event of retirement on or after age 65, a life annuity of 1 per
year for each year of service; for retirement between ages 60 and 65, the
actuarial equivalent of the benefit available at age 65 is provided.

b) In case of disability after 15 years of service, an annuity of 2 per
year for each year of service, payable to age 65, at which age the benefit is
reduced to 1 per year for each year of service.

¢) In the event of termination by death or withdrawal after 10 years
of service, the total reserve is provided.

It will be assumed that all annuities are payable on a continuous basis,
and that contributions (premiums) are payable continuously throughout
service.

The causes of decrement, which will here be indicated by letter super-
scripts, are mortality, to be denoted by (d), and this operates throughout
service; withdrawal, (w), which operates to age 60; disability (4), which
operates to age 65; retirement, (r), which begins to operate at age 60 and
continues until mandatory retirement in the year of age 68 to 69.

The annual rates of decrement for the given causes are those which
form the basis of the UAW 1955 Tables [6]. The independent annual rates
will be denoted by ¢!, with appropriate superscript. It may be noted that
¢!?! is the rate of mortality from the @-1949 Table [7]. Further, as indi-
cated in the preceding paragraph, q!*) = 0, for x > 60; ¢!*) = 0 for
x > 65;and gl"! = Oforx < 60, and gli! = 1. Interest is at the effective
annual rate of 3 percent. Before indicating the construction of the neces-
sary multiple decrement table and functions, we will examine the premi-
um-reserve equation.

Since the entrant will receive no benefit in the event of death, with-
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drawal, or disability during the first 10 years, and since in this range
uthe = 0, we have

Aﬂ" =(r) (r | =)
=P+ (04 pa2rd VO, 0<t<10 .,

After 10 years of service, the equation changes form because of benefits
being payable in the event of death or withdrawal, thus

(1)
av 5 ()| o () ()
‘dt =P T + (5+,u-33r+¢ - (#32+t+#3‘;+t AY T

10St<15.

For the period 15 < ¢ < 28, there are disability benefits payable also,
and the equation becomes

dtv( (7}

(r)\ olr (a) (w) (1)
i T T__(#d +ﬂw gVT

32+ ¢ 324+t

- uaz+zB:m+: ,

where
) o I
B%+t =183+t v cm=rl ,

the annuity values being based on a meodification of the 1944 Disabled
Railway Employees Select Mortality Table [8, p. 18].

After age 60, the rate of withdrawal is assumed to be zero, and for
28 <t <33, we have

dS?’) i
di

+ (& +#§21-?-¢ ‘v(r) - ﬂgzu ,‘v(r)
— Mn+1332+: M:mnt)H »
where B{3), = Nus/Disse, with Nesand Dy, based on the @-1949 Table,
Finally, when 33 < ¢t < 37, u{}), is zero, and the equation becomes

d v(r)
—di

(1) () ( ) (€] o ) &)
=P+ (54 pard) VT = pgrrer ¢V "#a;+zBa;+u

where now B{;}: = B4+, With G324, based on the @-1949 Table.
These equations could be integrated, interval by interval, but the proc-
ess can be visualized in one step by collecting the equations in the form

a7 — 6+l Tt

=(r) [CYRIN Y| (r) ol
= (P - Pa2+eDas+ — a;+:33;+:) dat,

(20)
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where
(3) (w) )
l‘s‘;+t+“32+l+ﬂ§g+l ) 0<1<10,
(1Y)
(r9 Maz4q , 10<1<28,
Mazt e = » )
Maz+e + paz+ ) 28<:<33,
spe ,  33<¢<37
and

B¥.=0,0<t<15, and p¥.,=0, 33<t<37
and p§;)+,=0, 0<1<28.

For this purpose a special multiple decrement table, with survivorship
based on u{}) was developed, the functions for this table being denoted
with a prime on the superscript. In this table, the survivorship function

17, for 0 < ¢ < 10, is based on the forces of death, withdrawal and dis-
ability; for 10 < ¢ < 28, on the single force of dxsabxhty, for 28 < ¢t < 33,
on the forces of disability and retirement; and in the final interval, on the
force of retirement only, After lgﬂ} has been so obtained, I{;"’ being

zero, we proceed to get values of D{J}} and
(1) (1)
32T+l = f DM,-‘#:

(T

Then, by multiplying equation (20) by D{7;}, we have
(T~ (7)) ST (79 [68) (r) G
d (V" Dy =P 7 Da;+¢dt—33§+xD3;+:M:g+cd‘
) (7 r
_B3;+1D321-'+~Zﬂ§2?“dt .

On integrating, and using VT = DIT"? = @, and the above conditions
on B, ¥, and pff),, we obtain

( ) ( 7 W (r) ( 7y (7"
T if az+¢ 321—'0-¢l‘32+tdt+f Bs§+t 321;+¢#8;+¢dt§/N ; (21)
Similarly, for V(™, we get
(r? W (r) ( D
3_/‘ Bn+. 321:rcuaz+cd5+f Byt Datrepars 8 s

Bngiry (79 (22)
TNS;;—: /DSZY—:H-
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To compute IiJ;), and the other necessary multiple decrement func-
tions, we converted the independent rates ¢l‘! into dependent rates, or
probabilities, by the general relation

Pt 1 (51
o= a1 =33 a']. (23)

(This may be established by setting
(1} ()
V l(r)f lvihﬂ-vﬂl—h
i i)

and assuming uniform distribution of decrement in the year of age for
each of the tables [i], so that I3} = I[/! — hdli}, and I,‘,H,u("dh =
d}*'dh.) In applying formula (23), the composition of u{j,) for each in-
terval must be observed. For example

Qaz+k [1—3 (932+k L';Lk 1, 0<Ek<9,
(D}
Quz+r= qﬁ’:’ﬂ , 10<k<27

932+k %Qazﬂc , 285k%532,

where, under the uniform distribution assumption, all but the first rela-
tion is exact. In the ﬁnal year of age, gli) = 1 and for this year it is as-
sumed that J{g}, = Ii51(1 — B).

To compute the va.lue of integrals such as

33
® Hir)
\ By Dytypartd s,
appropriate commutation functions Ci53, M{} %' were defined by the

relations

k+1
=G’ o +k+1/2 (h) 3948, (7") &)
Cats =97 B 2+k+1/2d82+k = f Bazie v lyzicpsared s,

) (&' B)
My = 2Csz+1;

Then, equations (21), (22), adapted for computation, are
(r) {Mﬁh B)+M(r 8 /N(T) (24)

V7= (M3E + M52 P UNT /DR (25)
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The computed value of B is 5.92; selected values of ;V¢™* are given in
Table 2 of the Appendix.

1. INDEPENDENT PREMIUMS AND RESERVES

Decomposition of the Total Premium and the Tolal Reserve

Having developed relations for the total premium and the total reserve
for the n-year general insurance, we turn to the problem of splitting the
total premium and total reserve into components correspending to the in-
dividual causes of decrement. In practical work such component premi-
ums and reserves are often determined by separate calculations for the
individual benefits and then combined to give the total premium and to-
tal reserve. However, by looking at the matter as a problem of decomposi-
tion, one observes that for the distribution of the total quantities into
components there exist several logical bases. In this part we shall discuss
the component premiums and reserves that are usually assigned in re-
spect to the various causes of decrement.

A component premium assigned to the 7th cause will be denoted by
P® and the corresponding reserve by (V9. Whatever the basis of assign-
ment, we shall require that

E‘—(a) H{m (1)

i=1

EN(.) \7(”’ 0<ign. (2)

1]

We shall assume that for £ = 0 reserves are zero, and that the maturity
value B{T) is distributed into components B#.,i=1,2,...,m,and
that these components will remain fixed throughout the discussion of the
various ways of splitting P{™ and ,V(™, In practical problems there is
usually some natural way of assigning the maturity components.

From the mathematical point of view, it is clear that conditions (1) and
(2) could be satisfied by an indefinite number of sets of components P(®
and V. What we are interested in are those sets of components which
have some direct and meaningful relationship to the m causes of decre-
ment and the corresponding benefits,

In general, our starting point will be the premium-reserve equation (13)
of Part 1. For the component premiums and reserves to be discussed here
and to be denoted by °P®, §V¢?, we take the system of equations

d‘V(') 3. 1 1.) (l’ gt 01 .
=PV 4oV ~BLuE VT, =12, m;, (3)
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and assume that 3V = 0, and that 3y has the fixed value B{Y, pre-
viously mentioned. The equations (3), and the given maturity values, de-
fine a set of components which satisfy conditions (1) and (2).

To show that condition (1) is satisfied, we rearrange equations (3) to
the form

() (1) S~ (T (s) ) ()
4 VDT =PV D{Tidt— BY DT u )
and on integration obtain
(1) =) i) (m Y W
z+nDzIn— P' (NzT z-{'n) ""f BZ+IDZ$‘"2?"¢dts

i=1,2,...,m.

(5
By addition of equations (5), there results
BEDD=( S F) N7~ NI — 3 ["BY.D i,
i=1 =1
and then comparison with equation (14) of Part I yields
i ¢§(i) - ?(T)
i1
Condition (2) now follows easily since, by addition of equations (4},

o[(X ") pir] =P pFat

1=]
m
G) R & SGir (M
— > BADSitdi=d (VDT
ge=]
and, further, the initial value of
»n
(1)
2V,
1]

namely zero, equals the initial value of (™.
If the ith equation (3) is written as

aVY =BV a4 oW it 3l WV d - B -V di, (6)

we see that in the instant of attaining age » + ¢ the reserve decreases by
the net insurance cost u{%,(B{Y, — ¢V)d! in respect to the ith cause
of decrement but increases by the reserve expected to be released in re-
gard to the other causes, namely, 9V u{7idl. In effect, the ith reserve
4V is maintained for the sole purpose of providing the ith benefit and
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is not applicable to the other benefits. For this reason, we call “P® and
W, i=1,2,...,m, the independent premiums and reserves corre-
sponding to the m causes of decrement. It should be noted, however,
from equation (6), that *P® and ¢V‘? are based on both ,J;:,;’ and piP,.

Formulas for the Independent Premiums and Reserves

The practical formula for the determination of *P® is obtained by
solving the proper equation (5), and is

o (
Y= [BADTul a8 DN [ ®T -’ )

The corresponding reserve formulas are:
o) (5 (r) () (5) (1) ) (1)
‘:V % ! (N - Vz-{t) _f Bz+nD iaﬂz‘ﬁ-u %/Dzilq
and
G R G (r)
g/ Bz+l z-{aﬂr:+nd +Bz+nDzIn
PO (R (r (r
(Nz-{'t :-In /szt
If equation (6) is multiplied by D/}, it can be put in the form
(i) i () 1 (s i (1) (=)
d (VD) =P Dl dt - B DUl a1+ WD Ve
From the foregoing equation, we obtain

n‘IS(i) - ‘I';li] __i;* , (10)

where in this case

B = ("B DY 2.t +BEADIL} / (NI - Nl

13*=( PR S A HES AN

Here P! is the premium, based on the single decrement table (7], that
will provide B{Y, in case of decrement at age x + ¢, and the maturity
value B{Y, in case of survival to age x + #. The equation (10) indicates
that the multiple decrement premium *p¢? is less than the single decre-
ment premium P!¥ by a uniform annual amount P* equivalent, on the
basis of table [7], to the reserves $V(? released by reason of the other
causes of decrement. In exceptional circumstances, P* might be negative.
The reserve formula corresponding to equation (10) is

and

‘:v(i) = ¢\7'l - rv* ’ (1
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where V9 is based on P'¥, and
i) [l] (i) (—4) Is
V ;P (N :+l f GV Dz+u#z+a dsz /Dzﬂgt-
By arranging equation (6) in the form
o _ (=) agd) a5l B pld el

d':V (8+I‘z+t)tV'dt= P dt—'l‘z;—t(Bz%—t—Wt)dt

and using D!;§! as integrating factor, one obtains

api{y TR iy a7t i .
P = § [ Diuil, (B2 = V") a1+ B0l

/(N—-‘l N .

The formula shows that *P¢ is the uniform annual amount which is equiv-
alent, on the basis of table [—1], to the momentary net costs u{%,(B{ —
9V)dt and the maturity value B{,.

(12)

Examples of Independent Premiums and Reserves

As a first illustration, we shall indicate formulas for the independent
premiums and reserves for the case of Example 2. It will be recalled that
for the computation of P(™ and V(™ for that example, a special multiple
decrement table (Table 1) was constructed. Once the values of ,¥{™ had
been determined, we proceeded to the computation of the independent
premiums on the basis of the original UAW 1955 Tables. The formulas are
easily verified, and are the following:

For retirement.

=z (1) (r) (r) ()
PNy *—'_/2; Bt Dagyusis dt

36
. 33+k+1/25 (r) (€3]
= E v Baz+k+1/2832+4k
k=28

- 3TEn = W,

=]
For disability,

=)= (1) B & 00
’P(h 5 =_/1; Bg+lD821-'i—tﬂ82+tdt"’ 07'8)-
For withdrawal,

=) 5= (1) B (DD G
P Ny =_/‘; cVT)Duﬂt#a‘;Hdt"' WV)-
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For death,
@iz ¥ (P (1) D )
PONE = [ TOD it = 3
10

Values of the commutation functions were either obtained directly, or
were adapted from the UAW 1955 Tables,
The results were:

PP =385, PY=0.57, PY=041, P?=1.00.

The total of these independent premiums is 5.92 which checks exactly
with the value of P‘”’ calculated on the basis of the special multiple decre-
ment table described in Part 1. As the number of significant figures in
some stages of the numerical work was low, the exact check was some-
thing of a surprise.

Formulas for the reserves are readily adapted from the general formu-
las (8) and (9). For example,

W= (M@ ~ PN /DR,
where
M&? 0<1<15,
MO = < %42, 15<1< 33,
0, t> 33 .

Because all premiums have been assumed payable for the whole of service,
small negative reserves develop in the later durations for those benefits
which terminate before the final year of service. Sample reserves are given
in Table 2 of the Appendix.

Ezxample 3. At the beginning of this rather general example the only
specialization of the general insurance we have been considering will be in
regard to a particular cause of decrement, say (1), for which we assume
that

BY, = oW 4 g0 a5 0Li<n, (13)

where a® and 8{!’ are known, preassigned coefficients, and, as usual, we
assume a fixed maturity value B{Y,. Then, the first of equations (3) may
be rearranged as

- (7 { [£}] n W
VY — G+ pl) VY =PVt — oV Nt (14)

where

(7 (1) L @ -
Bztt = Pet+it ™ Bt Hetr - (13)
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Using superscript (f‘) to denote functions based on pﬁ{, we obtain from
equation (14) that

(
BY ={a” "D+ B2 DN/ ®P-RD) . a6

A number of specializations will now be indicated.
a) If a® = 0, then

BV =g, /50

(l) U . (1 )
gv (

These two equations reveal that if B, = 8" . Y@ 0 < ¢t < n, and
B4V is continuous, then “P® and 3V (¢ > 0) are greater than, equal to, or
less than zero according as B{Y), is greater than, equal to, or less than zero,
no maller how the values of B are continuously assigned.

b) If the insurance is a joint life endowment in respect to m lives
(xp), (x2), . . ., (xm), and if, when (xy) is first to die, the benefit is a® = 1,
and P is the corresponding independent premium, then the total
forcefof decrement to be used in formula (16) is

[
E I‘z,—+l y

=]
and,
Ph = P;ﬁg .. zmﬂ+Bz(}2"/ S"x"‘t S

The case where the benefit is 1 + 83V®, 8 an integer, may also be
handled readily if the mortality follows a Gompertz or Makeham law,

but we shall omit the formulas.

¢) If the insurance is a joint life term insurance in respect to m lives
of equal age z, and if, when a specified member is the first to die, the bene-
fit is 1 4 B3VY, B an integer, 0 < 8 < m, then the total force of decre-

ment to be used in formula (16) is (m — B)p.4r and
“P(l) = Pl (=

In particular,

PO = P' - (m): 7]

Py = —P-;:ﬂ if g=m—1.
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In the case 8 = m, equation (16) becomes

P =<f"vt“z+tdt>/dm.
1]

The above formulas provide one form of generalization to the joint life
case of the formulas developed in the single life case for insurances for
face amount plus the reserve (9], [3, p. 120].

1il. DEPENDENT PREMIUMS AND RESERVES

Definitions

In this part we examine a second way of decomposing the total premi-
um and the total reserve into components corresponding to the various
causes of decrements. The basic idea for this second decomposition is that
the total reserve, not merely the component reserve, shall be available to
offset the benefit payment whenever decrement from any cause occurs.
Denoting the component premiums and reserves in this case by *P¢ and
W, i=1,2,...,m, we take as starting point the system of equations

dbvl) S 3 £ 1 gy B
=P 45V~ BE, - T, i=1,2,...,m. (1)

These clearly indicate that in case the ith decrement occurs at the instant
of attaining age x + ¢, the total reserve V™’ is used to offset the benefit
payment B{Y,. Because the total reserve is a function of all the benefits,
the resulting premiums *P¥, ¢ = 1, 2, ..., m are interdependent, and
so also are the reserves, V¥, For that reason we call *P® and V¢,
i=1,2,...,m, the dependent premiums and reserves corresponding to
the m causes of decrement,

As for any splitting, we assume that for £ = 0 reserves are zero, and
that 3V® has the fixed value B{h, ¢ = 1, 2,.. ., m, where

E (t) (T)
z+n

i1

Then, to verify that condition II-(1) holds, we multiply equations (1) by
v*, and rearrange to the form

4GV 0 ="PVo'di— o't B -V d, ()
and on integration obtain

() i () (T
s+n —LP an— f v'ug. Bie— WV T)dt (3)

i=1,2,...,m.
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Addition of equations (3) yields
BE = (5B amm 35 [ ot 0= T a1,
=1 l-l
and comparison with equation I-(17) shows
i b?(i) - l_’(T) )
i=1

Further, addition of equations (2), and comparison with equation I-(16),

gives
d[(iﬁ,(i)) vz] =d (‘v‘(r) 2,

=1

and since

2 bv(t) (T) =0 ,

il
it follows that forany {,0 <t < n,

E (:v‘(i) = “7( T) ;

im=1
that is, condition II-(2) is satisfied by the dependent reserves.

Formaulas for the Dependent Premiums and Reserves

Because of their involvement with all benefits it is generally more diffi-
cult to obtain explicit formulas for dependent premiums and reserves than
for independent components. The most useful formulas for computational
purposes are obtained from equations (3), which yield

= Y " (t) (t) ( 1 n -
B = [Tl B - ) atk B o,

i=1,2,...,m.

4)

The corresponding reserve formulas are
H X . —
V=P — [ 40wl B =T ds ()
and

T = [Tl B - V) ds 4B =B s, (6)
¢
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To employ these formulas, one may first determine the valuesof V™) by
procedures indicated in Part I, and then calculate the integrals by appro-
priate year by year approximations.

Another set of formulas may be obtained by using D!t} as an integrat-
ing factor for the ith equation (1) rearranged as

57 (i) G) 5 bR 7 (5) &) pG) (=) (‘.)
dw —_ (5 + M:-H) ,:V dt= bP dt— }L;+gB=+¢dt+bV F=+t
where 3¢9 = V) — 8, The resulting formula for *p¢ is

() D Rl W () 1) [ O N P B )
' ‘3/ Bz;lD:;tﬂz;—tdt'*'Bz;-n z;-n-‘/o' W ‘Dz:%t}iz;-ldtg

/ (N[‘] m ’

bf(i) =Fh‘l_-r5** . (8)

(7)

which may be written in the form

Thus ¥p¢ is equal to the premium P!, which on the basis of the single
decrement table [7] would provide the ith benefits, less the uniform
amount P** equivalent to the reserves 8¢9 that are made available on
the happening of the sth decrement. In some circumstances it may occur
that the reserves {y 9 are negative, in which case *P(¥ may exceed P!,

Finally, if the ith equation (1) is written as d3V® — (5 + u{T)IVPdt
= POt — uiD(BLY, — ¥ TNt — WO ulT)dt and D{T) is used as in-
tegrating factor, we obtain

P =1 [ Dt B~ V) + W wT @t

(9
(i) (r) () _ (r)
+83.00} / (W7 -ND)
This may be rearranged in the form
PO = [ DIl B~ + S a
(10)

+B4.D0} / (WP -RE

Equation (10) indicates that for the case of dependent premiums and re-
serves the occurrence of the sth decrement makes 379 available to offset
the ith benefit and that, correspondingly, when any of the other decre-
ments occur, 4V is provided. This reiterates the dependence of the
premiums,
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Comparison of Independent and Dependent Components

The following remarks are readily established:
e) B, =0,0<t<n then®P® =0and 3y =0,0< 1 < n.
In this situation,

b?(i) - __f (2‘) of ,(,ﬁ,dl/a—‘

and represents an average gain occasioned by the happening of the ith
decrement.

b) If BY, = V™, 0<t<n, and BY), =0, then P = 0 and
WD =0, 0<t< n Here

(i) SR D) (r) __ ¢
GP ' =-/0- IV T Dx-{l“:lldt/ (N T zl‘n )

and is relatively complicated

o) If for all j#i, B, =0, 0<t<n then *PW = P and
W = V.

d) liforallj » i, BY), = V™),0 < ¢ < n,and B{j, = 0, then }p® =
P19 = P and VW = VI = R tol

Under any practical circumstances, the independent premium *P® is
nonnegative. However, the dependent premium *P¥ may be negative in
cases where B{}), < V'™ for a sufficient range of values of . Negative
reserves are possibilities in either the independent or dependent case.

As another comparison, one notes that *p? is unaffected by any
changes in the benefits B{,, j 5 i, which leave B{?, unaltered. The de-
pendent premium *P( is unaffected by changes in the benefits B{,, j # i,
which leave B{Y, — V7! unaltered. In general, there is a distinct possi-
bility, if BY), is changed, that *F® will change in value.

Conditions for Equality of Independent and Dependent
Premiums and Reserves

The independent and dependent premiums, functioning in different
fashions, can correctly, in general, be anticipated to be of different value.
Similarly, the independent and dependent reserves will generally differ
except for the preassigned maturity values. It is of interest to investigate
the conditions under which the two schemes for splitting the total premi-
um and the total reserve turn out to be the same. To do this we will seek
conditions for the equality of the ith independent and dependent com-
ponents, and one may then apply these conditions for i =1, 2,...,m.
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From comparison of the defining relations

daV') [ i 1 1 xr\d
=P eV Bl VO 19

d"V W

=PV 4+ oV — Bl A+ T Pucle, WD)

it appears that if sVOuT) = JPulD, 0 <t < n, and if, as we have
assumed in our definitions, reserves are zero for ¢ = 0, and 3V and
5 equal an assigned maturity value BSY,, then the ith independent
premium and reserve are respectively equal to the ith dependent premi-
um and reserve. To establish this we multiply equations IT-(3) and ITI-(1)
by ©' and integrate to obtain

ar (i) ) () G (m ) _
P =[fo ‘Bl ~ W) a8 / dn

_(l) () (7) (s) (t) -
B = [ [T Bl - T uly 487 [,

which shows that, under the above hypothesis, 5P = ¥p, Using this
fact, and the hypothesis again, we find, on subtracting III-(1) from
I1-(3), that
< (3) 74)

d Y- bV ! o) s

_%;_)_=5 A AL
which shows

v (':\7(0 - ':V(")) = g constant .

By setting ¢t = 0 or ¢ = #n, one sees the constant is zero, and hence the
given condition is sufficient to establish both the equality of the premiums
and the equality of the reserves.

The condition 7 Wu{T) = TP, 0 < ¢t < n, is also necessary for
the independent and dependent reserves to be equal for each intermediate
time. For suppose 3V = 37®, 0 < ¢ € #. Then certainly their deriva-
tives must be equal, and subtraction of ITI-(1) from II-(3) gives

0 _ n?(i) P(!) + ‘v(i) IJ.:-TF) V(T) ui::‘ . (1 1)

Since we have assumed reserves are zero for { = 0, it follows that ¢p =
Yp® and VIR, = F @ uld, for all ¢ in the range. The latter relation
would also follow from equation (11) if we are given *p® = *p®,
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We can summarize by stating:

Theorem 1. A necessary and sufficient condition that V% = {y®,
0< t < m,is that §VOuT) = T PulP, 0 < ¢ < n, and each of these
relations implies P = p®,

One might anticipate that if *p® = ¥p then the corresponding re-
serves would be equal. It turns out, however, that this condition is not
sufficient to establish the equality of the independent and dependent re-
serves throughout the n-year period, as we have been able to construct a
counter example which will appear in the dissertation. The example is
certainly artificial but it demonstrates that equality of the ith independ-
ent and dependent premiums does not imply equality of the correspond-
ing reserves. The example also shows that even if p®W = P& =1 2,

, m, the reserve components may still differ.

A theorem that is useful in applications is the following:

Theorem 2. 1f B4, = B.1,j=1,2,...,m0<t<n, and u{}, =
c®ull), 0 <t < n, and, for the same ¢, B, = ¢¥B{T) then p® =
Y@ and t:v(-') = l:V(i)’ 0<t<m.

In other words, if the benefits payable on decrement may vary with ¢
but not with cause of decrement, and if u{¥, is a constant multiple of
u¢T) and BLY, is the same multiple of B{T), then the ith independent and
dependent components are equal.

As a first step in proving Theorem 2, one notes on comparing equation
11-(7) for *P with equation I-(15) for P(™ that, under the given condi-
tions, P = ¢WP!T), The relation 5V = ¢,V then follows from
equations IT-(8) and I-(18). Hence ¢V®ulT) = V(™u{Y,, and Theorem 1
may be applied to complete the proof.

Examples of Dependent Premiums and Reserves

Some rather special difficulties appear when one considers dependent
premiums and reserves for the pension benefits of Example 2. For that
example, ¢li' = 1, and the corresponding force of retirement must in-
crease mdeﬁmtely over the final year of age. For our calculations we as-
sumed that

r 1
M£81+¢=—1-—_7, 0<it<1,

which implies /{33 = I{7)(1 — ). Further, for formulas such as I-(17),
III-(4), ITI-(6), maturity values must be assigned. These were immaterial
for the calculation of the total and independent premiums and reserves
for Example 2, because the survivorship function /{7,} was assumed to be
zero for ¢ = 37. For dependent premiums, however, the maturity values
are material and must be considered.
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In our general theory, if {7) # 0, then V™) approaches the maturity
value BT} as #— n. In order that premiums and reserves for cases where
IT) is zero may be consistent with the corresponding quantities when i1
is different from zero but relatively small, it is necessary that, in all cases,
the reserve approach the maturity value as { — ». For Example 2, it may
be shown that under the assumption in regard to pghs, ‘lix;; VI =

-

hm B, = 37ds. Then for total maturity value B{J’ we took 37des.

A natural distribution into components is: B}’ = B{s’, B® = B{® =

B(d) = 0.
The dependent premiums were then calculated by an approximate ap-
plication of formula (4), namely

P = gz[ k+m(B:+k+1/2 VT )COIOge P[:tt]-k] +Bz+n 2 / an.

k=0

In the case of *P(”, a special integration was required for the final year.
The resulting premiums were:

B —6.11, P¥=008, PY=-023, *P@=-002.

The components for death and withdrawal are negative, since no benefit
is paid during the first 10 years in respect to these causes of termination
and V") is payable thereafter. The dependent retirement premium is
considerably higher than its independent counterpart, because it must
provide the retirement benefits without aid of survivorship in respect to
the other causes. In this instance, the total of the components exceeds
P™ by 0.02, a not unreasonable discrepancy in view of the small number
of significant figures available and the approximations employed.
Ezample 4. For this illustration, which is analogous to Example 3, we
assume that in regard to a particular cause of decrement, say (1), that

Biﬁ;= q'(1)_!_'751) . ‘V(T), 0 s ¢ <n , (1 2)

where a® and y{!) are known, preassigned coefficients, and further, there
is a given maturity value B{},. Application of formula (4) to this case
yields

=l
'p 1)___; (1)f ¢ Sz‘dt_*_f t#:(;ﬁz (1) 1);V(T)dt

(13)
+Bm "%/dm.



368 PREMIUMS, RESERVES IN MULTIPLE DECREMENT THEORY
If y{¥ = 1, then

b'P'(x) - z a(1)~/0‘ ‘U‘M:L):dt‘*‘Bign "”E/ i (14)
and, in particular, if oV is also zero,
Y =B/ 5=, s

Formula (14) is a form of generalization to a multiple decrement case of
the formulas, {9], {3, p. 120], for insurances for face amount plus the re-
serve. Formula (15) indicates that if the benefit for a particular cause of
decrement is V™) for 0 < ¢ < n, then the dependent premium equals
the sinking fund deposit required to accumulate the maturity value by
the end of # years.

Example 5. If the insurance is a joint life endowment of sum insured 1
in respect to m lives (1), (*2), ..., (#m), then Theorem 2 may be ap-
plicable. One such case is that in which the lives are of equal age and the
total maturity value of 1 has been assigned in equal portions to the m lives.
Then
| -

=0 _ a0 =P 1
bP ="P P;‘z, .. .zm:Tﬂ+ 1/ (mjzlz’ N .z,‘:F]) - Mmoo EFy e EwiEL

This is otherwise obvious from considerations of symmetry.

If the lives are of unequal age, but the same Gompertz law is applicable
to each, and if the maturity value is distributed in proportion to the in-
dividual forces of mortality, then Theorem 2 is again applicable, and

51 _ a5} _ M H

PV =F" = - P
where w is the equivalent single age. For a whole life case, the condition in
regard to distribution of the maturity value is unnecessary, it being as-
sumed that the insurance continues for an indefinite term in accordance
with the underlying Gompertz law.

IV. LOEWY PREMIUMS AND RESERVES

Introduction

One of the topics considered by Loewy in his paper {1] concerned the
effect on the total premium and total reserve of adding an additional force
of decrement and additional payment in the event of decrement from this
new cause. Loewy compared the two premium-reserve equations of the
same form as equation I-(13) but with and without the addition of the
new force of decrement and payment, and obtained expressions for the
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change in the total premium and total reserve. If such a technique is re-
peated m times, starting with zero and introducing one force at a time,
the m differences of the successive total premiums may be considered a
splitting of the final total premium P{”) into m components, each asso-
ciated with a particular cause of decrement. Such components will be
called Loewy premiums, and the corresponding reserve components will
be called Loewy reserves.

The Loewy premium for a particular cause of decrement will depend
not only on the particular benefit and force, but on the other benefits and
forces used to calculate the preceding premiums. Thus, in contrast to the
situation for independent and dependent premiums, the order in which
the components are computed is material. To eliminate this last source of
variation, we assume here that forces, benefits and premiums are in a
preassigned order to remain fixed throughout the discussion.

Some new notation is needed. The total premium for the first 2 benefits
will be denoted by P¥ and the corresponding total reserve by V*. It is
convenient to consider # to take on values 0, 1, 2, ..., m where P! =
V¢ = 0 and P2 = P™. The Loewy premium for the ith cause of decre-
ment will be denoted by “P® and is defined by the relation “P¥=
P! — Pi=1. Similarly, we define the ith Loewy reserve by Zy® =
Vi — V=L, As before, all initial reserves will be assumed to be zero, and
maturity components will be as previously assigned. It is assumed that

"—fi = B;i-hl = ZBs(Qa !
i=1
so that V(9 = B{%),.
Similar notations will be required for other functions appearing in the
discussion. For example,

k
L .
Mzpe = 2 B
=1
with pdy,; = 0;

t &k — -3
E = TDke—] Gz, O, k= k
D, =Die [oseiroe, Ni+t"‘[ Dlids.

Formulas for Loewy Premiums and Reserves

As for the other forms of premium components, several different for-
mulas are available for the determination of Loewy premiums. There is,
of course, the defining relation

LP() =Pi —Ppizt )
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where, for instance, P! may be determined by application of formula
I-(15), thus

Pe={d> f B, D, wp,dt+B4, D1 b/ (Ri-Fe ), @
J-l

and P£-1 may be obtained similarly, or by summation of *P9?, j = 1, 2,
1—1
For other forms, we follow Loewy and apply equation I-(13) for total
premiums and reserves based on (i — 1) and 4 causes of decrement, re-
spectively:

d—‘.—l =1 ]

e e = 2 B, 3)
=

d—dv—= it (ud,, 4 8) Vi ;B( ) b, 4)

Subtracting equation (3) from equation (4), we may write the resulting
equation either as

)
Lv =IPO + (Wi + 8) 3V — ufd), (B, — V9 (5)
or as
o)
d _ _ o
IZ =IPO+ (pfy,+0) VO — R BR, —V:=h . (6)

If in equation (5) we transpose the term (uif} + 8)5V®, apply the in-
tegrating factor D7}, and integrate from O to », we find

P = ("Dt B, - ¥ d1+B9,piz]

_ _ 7N
/ (K- Ny
Similarly, by appropriate steps applied to equation (6), we obtain
B0 = ['Ds, e, BY, - ¥i=y di+ By, Dy, |
(8)

/ (Ni—

Either of equations (7) and (8) shows that the first Loewy premium,
LpW, equals PV, the single decrement premium for the first benefit.
Equation (7) also shows that if B{, equals the reserve V¥, then Lp® is
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the annual premium which, under interest and the force of decrement

i3, will accumulate to the maturity value B{¥,. Similarly, from equa-

tion (8), if B{Y, equals the reserve ;V=1, then “P? is the annual premium

which under interest and the force of decrement uio¢ will accumulate to
B, If, in these cases, B{Y, = 0, then “P¢? = 0 also,

It may be pointed out that if we change our viewpoint and require
that the total maturity value B{}) shall be accumulated by means of the
premium PY, hitherto taken as zero, then P? = B{)»"/d; and, in that
case, from equation (8),

B0 = | ["DL i, B2~ s at} / M= (WL

which is related to Linton’s analysis of the endowment premium {10],
{3, p. 86].

Formulas for Loewy reserves are evident. As an example, the retrospec-
tive reserve formula, corresponding to equation (8) for P9, is

— - —. — ¢ .
WO = {250 (Ni= ML) = [ D, i, B, — 9= d}

/o

Computation of Loewy Premiums and Reserves for Example 2

Computation procedures for Loewy premiums would be guided in all
cases by the nature of the benefits involved and the tables available. This
is illustrated by the computation of Loewy components for Example 2.
For this example, the causes of decrement were assigned the order: retire-
ment, first; disability, second; withdrawal, third; death, fourth.

The retirement component, “P", is simply the single decrement pre-
mium P17 which may be approximated by the formula

36
P 3Bt /NG,
k=23

To calculate “P®, the second Loewy premium, the double decrement
total premium P # for both retirement and disability was computed
and “P subtracted from it. Since, from duration 10 onward, XZ,) is
based on only the two forces of disability and retirement, it was possible
to employ the commutation functions M&.2, MG:5 previously used
to compute P‘™) (¢f. equation I-(24)). All that was necessary was to re-

place I{T,), 0 < ¢ < 10, by values of I3}, based on pl3), pi), and



372 PREMIUMS, RESERVES IN MULTIPLE DECREMENT THEORY

such that #3* = I{J"), and to make the corresponding changes in the
D and N functions. Then

e = (g -+ g2 /NG,

The withdrawal and death benefits, when payable, are equal to the
total reserve. A joint Loewy premium was calculated for these benefits,
by application of formula (7), which gives for this case

Lpw. 9 =3 f DG Vund ‘V(T)dt% /N(' g

=1~ ZM,V(”DM colog, (1~ ggl,) (1 - gy } /Rgm.

Finally, by multiplying the values of D{%’ by the corresponding

values of I{£!,, we obtained the function D{}:}*). Then *P¥® was com-
puted by the formula

0= f = 3., T colog, (1 - gl | /N bw,

and by subtraction from “P®.® the third component “P® was obtained.
The Loewy premiums so calculated were

pn =6.11, PMm=008, LP®m=—0.24, P& =—-0.03.

As a check, it may be seen that their sum is equal to 5.92, exactly the
value found for P{). As mentioned in the discussion of the other types of
premium components, perfect agreement with P(*) was not expected.

Reserves were computed by corresponding formulas and are summa-
rized in Table 2 of the Appendix. For this particular example and particu-
lar order used, the dependent and the Loewy components are very clase
in value. This would not necessarily be the case in general.

Relations for Annuity Values

By use of the Loewy technique, a number of relations for annuity and
insurances values, based on (m — 1) and on m forces of decrement, may
be obtained. To establish these formulas, one may write appropriate dif-
ferential equations and proceed as we did to obtain formulas (7) and (8).
Alternatively, one may apply formulas (7) and (8) to the case where
B¥y=17j=12...,m0<t<n and Bi3 = B}, = 1, so that
B=) = Q.
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Then, from equation (7), we have
Pr—Pe=t = ["Dazium a0 ~ Vm @t} [/ (Rp=- Nz

But, in the present case,

Pr=1/s2.-35, nol=1/gmst— 5,
and

Ve=1-—an, /ég.

Substitution from these relations and simplification then yields

n
azgt - amn =1 [ Dz it} /D21 A0)
Particular cases are:

n
= 6.5 =/; LA S (11)

d::i‘\ - dzy:ﬂ = §>/0. Dz+t”’y+ld:+t:y+t:7:ﬂdt; /Dz (1 2)

By similar arguments applied to equation (8), we obtain

n
ongt—azo={ [ Drwazai—a} /D2, a3

The particular cases, corresponding to formulas (11) and (12), are the
familiar reversionary formulas:

L %'/;nDzivl“z-l—ldi:ﬂdt} /Dz (14)

Gm ™~ Goym = ;./‘]"‘Dz+l:y~+t”y+tdz+t:i:ﬂdt$ /D,,- (15}

Greville [11, p. 288] has given a relation analogous to formula (13) for ex-
pectations of life.

Other Investigations

By working with the basic differential equations II-(3) and IV-(S) or
1V-(6), one may obtain relations for the difference *P® — P, Similar-
ly, from equations ITI-(1) and IV-(5) or IV-(6), one finds relations for
Yp — ZPW, The work is straightforward and the results complicated,
and will not be presented in this condensation. Details may be found in
the dissertation.

Another question investigated was how the ith independent premium
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is affected if an additional force of decrement u{7t1 and a correspond-
ing benefit B{7tY are added to the underlying general insurance arrange-
ment. Let 7%y, &™*+7® denote the ith independent reserve when m
and (m + 1) forces, respectively, are operating. Then it may be shown
that the introduction of the (m + 1)th force produces a change in the
ith independent premium of amount equal to

{~ [ Dnuggr emrFoa) [ (No- Nz
0
This change may be expressed alternatively as

{= [ Dzpug-oroal [ (Fpa—Ray.
The analogous question for the ith dependent premium was also stud-
ied, and it was found that the change in such premium resulting from the
addition of the (m - 1)th force and benefit is equal to

n —
i—fo v‘pz(i?"f‘v(""“)dtz/dm,

where Ly is the (m + 1)th Loewy reserve for the augmented insur-
ance.

Closely related to the Loewy analysis for premiums and reserves is a
generalization of Lidstone’s theory of variation of reserves due to changes
in the annual rates of interest and mortality, including the famous equa-
tion of equilibrium. Expositions of this theory for life insurance reserves
have been presented recently by Baillie {12}, Simonsen [13] and Jor-
dan {3]. In the dissertation, the analogous theory for the total reserve
and the various types of component reserves has been indicated for the
general insurance considered here.
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APPENDIX

TABLE 1

SPECIAL MULTIPLE DECREMENT TABLE FOR EXAMPLE 2*

Duration Survivors Retirements Disable- With. Deaths
: K2 LN Bl
daziy dat

O......... 36,361 14 985 40
1o........ 35,322 18 886 42
2. 34,376 17 798 45
3. 33,516 17 727 47
4......... 32,725 20 661 49
S 31,995 19 602 51
6......... 31,323 19 551 33
7ot 30,700 18 510 58
8. 30,114 21 473 60
9. ... 29,560 21 440 65
0. ... 29,034 23

.. 29,011 23

12,0 . 28,988 26

13......... 28,962 29

4. ... 28,933 32

15......... 28 901 35

16......... 28,866 40

17.... ... 28,826 46

18......... 28,780 52

19........ 28,728 57

20......... 28,671 66

20.........1 28,605 74

22, 28,531 86

2. 28,445 102

24......... 28,343 119

25 28,224 141

26......... 28083 166

b R 27,917 193

28......... 27,724 83 250

29......... 27,391 88 318

30......... 26,985 97 394

..., 26,494 111 480

32......... 25,903 127 572

3., 25,204 10,082

34......... 15,122 2,420

35......... 12,702 2,286

36......... 10,416 10,416

* For the first ten years, the table is based on the annual (independent) rates of dis-
ability, withdrawal and mortality of the UAW 1955 Tables; thereafter it is based on the
annual rates of disability and retirement. For details of construction, see Part I, Example 2.
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TABLE 2
SUMMARY OF PREMIUMS AND RESERVES FOR EXAMPLE 2

BENEFIT
TyPE OF
COMPONENT
Retirement Disability Withdrawal Death Total
Premium Components
Independent....... 3.85 0.57 0.41 1.09 5.92
Dependent. ....... 6.11 0.08 —0.23 - 0.02 5.94
Loewy......... 6.11 0.08 -0.24 - 0.03 5.92
Reserve Components at End of 10 Years
Independent....... 50.0 7.4 5.4 14.2 77.0
Dependent. . ...... 7.1 1.2 4.3 0.4 77.0
Loewy............ 71.0 1.3 4.2 0.4 76.9
Reserve Components at End of 20 Years
Independent....... 127.1 16.0 -0.7 238.9 171.3
Dependent........ 166.6 1.6 3.1 0.3 171.6
15175 166.5 1.8 2.8 0.3 171.4
Reserve Components at End of 30 Years
Independent....... 258.3 11.3 —-1.7 25.6 293.5
Dependent. . ...... 295.1 - 2.7 1.5 0.1 294.0
Loewy............ 294.8 - 2.4 1.1 0.1 293.6

Note.—The variation in the total figures is due to various approximations employed and to the limited
pumber of significant figures in some of the basic tables.
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DISCUSSION OF PRECEDING PAPER
T. N. E. GREVILLE!

This paper brings out a number of interesting and useful concepts and
relationships between actuarial functions which I am afraid may be
missed by many readers because of the formidable-looking mathematical
dress in which they are presented. This discussion has been written in the
hope of bringing a few of the basic ideas down to a mathematical level
where they can be understood by the great majority of actuaries.

EXPRESSION FOR NET LEVEL PREMIUM IN TERMS OF NET COSTS

Equation I-(17) of the paper expresses an interesting relationship which
applies to single decrement as well as multiple decrement tables. I do not
recall seeing any specific discussion of it before, although it appeared in
Question 2(a) of Part 5 of the Joint Examinations in 1942, For simplicity,
we take mortality as the only decrement and consider a level-premium
life insurance contract (possibly with the amount of insurance varying
from year to year). We shall also make the traditional assumption that
death claims are payable at the end of the policy year of death. If P de-
notes the net level annual premium, ,V the fth terminal reserve, and F
the amount of insurance during the sth policy year, this relationship
becomes

n—1

P= [; v (W F = u V) + ”"nv] /d?p (1)
This shows that the net level premium is the level annual payment equiva-
lent on the basis of interest alone (without benefit of survivorship) to the
payment at the beginning of each policy year of the cost of insurance
for that year for the net amount at risk, together with payment at
maturity (in the case of an endowment policy) of the amount then due.
A similar relationship would hold for a single premium policy; in this case,
the denominator dx; would be omitted from the right member.
This formula would not be useful for the calculation of premiums but
could be employed as a check on the computation of reserves or costs of
insurance.

“INDEPENDENT”’ AND “DEPENDENT’’ PREMIUMS AND RESERVES
The concept of ‘““independent” and ‘“‘dependent’” premiums and re-
serves arises immediately out of a consideration of multiple causes of
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decrement. We are considering here an insurance contract or other ar-
rangement under which certain benefits are payable on the occurrence of
any one of the various contingencies represented by decrements in the
table. The benefits payable may vary by cause of decrement as well as
duration (and may be zero in some cases). The payment to be made at
maturity (if any) is arbitrarily assigned to one of the causes of decrement,
or arbitrarily apportioned among them. The problem is to break down
the net level premium and also the reserve at any duration into a number
of components corresponding to the different causes of decrement. The
authors point out that this can be done in a variety of ways and they call
attention to two of these which seem the most obvious.

I had considerable difficulty at first in grasping the significance of the
“independent” and ‘‘dependent” premiums and reserves and am not sure
that these are the best names to call them. However, I have not been
able to think of better ones. I am going to explain them in a slightly dif-
ferent way than the authors, thinking that this approach may possibly be
a little clearer to some readers, as it was to me.

Under the “independent” method the net level premium corresponding
to the ith decrement is the level payment which is just sufficient, with
interest and benefit of survivorship (as against all decrements), to provide
all benefits payable on the occurrence of the ith decrement and to make
the payment at maturity (if any) assigned to the ith decrement, under
the assumption that no other benefits are payable. In other words, there
is a complete forfeiture when any of the other decrements occurs. Thus,
in the case of a retirement plan providing for certain benefits on retire-
ment, death, or withdrawal the “independent” retirement component of
the net premium would be the level premium for the retirement benefits
alone, computed on the assumption that no payment of any kind is made
on death or withdrawal. The “independent” method is so called because
the independent component corresponding to the ith decrement does not
depend on what benefits are payable on the occurrence of other dec-
rements.

The ‘““dependent” method lends itself less readily to a simple explana-
tion. The ‘“‘dependent” premium component corresponding to the sth
decrement is the level payment which, with interest (but without any
benefit of survivorship), will just provide the additional amounts needed
(i.e., over and above the fotal reserve) to provide the benefits payable on
the occurrence of the ith decrement, as well as any maturity value asso-
ciated with the 7th decrement. If the benefit payable when the ith decre-
ment occurs is consistently less than the total reserve, the corresponding
dependent compenent of the net level premium may be negative. If the
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benefits payable on the occurrence of decrements other than the ith are
changed, this will generally change the total reserves, and will therefore
change the ith dependent component of the premium.

In slightly different words suggested by formula (1) of this discussion,
the dependent component of the net level premium is the level payment
which, at interest alone, is exactly equivalent to the payment of the net
costs of insurance (based on the total reserve) against the ith decrement
as they occur, and payment at maturity of any maturity value associated
with the ith decrement.

A SIMPLE EXAMPLE

These concepts became much clearer to me after applying them to a
very simple example—that of a plain n-year endowment insurance policy.
Two decrements are considered: death and maturity. The second decre-
ment (maturity) has a force of decrement equal to zero at all ages, but a
payment at maturity (of the face amount) is associated with it.

If the level net premium for this contract is analyzed by the “independ-
ent” method the respective components are, as might be expected, the
level net premiums for n-year term insurance and n-year pure endowment.
By the “dependent” method the maturity component is 1/55;, the sinking
fund payment to accumulate the face amount in # years, and the death
component is the difference between the sinking fund payment and the
level net premium for the policy.

SOME UNEXPECTED ACTUARJAL RELATIONSHIPS

If the principle of equation I-(17) of the paper is applied to an n-year
temporary life annuity due, we obtain the relation

a—1
Eo LARRT UL SPEET e Ll il SIS (2)
=
This equation can also be obtained, after some reduction, by applying
equation (1) of this discussion to an annual premium n-year endowment

insurance.
The interpretation of equation (2) is not immediately obvious. By con-

trast, it is fairly clear that

n—L
ED VLD, o B = G Gy
=

It is at first a bit surprising that these two summations should be equal,
since clearly the summands are not, in general, equal. However, if we con-
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sider the progress of the reserve on the temporary life annuity, it is seen
that this reserve suffers

(i) an annual increment from interest,

(ii) an annual decrement from disbursement of the annuity payment,

(iii) a further annual increment due to reserves released by death.

Inasmuch as the decrement (i} exceeds the sum of the increments (i)
and (iii), the reserve decreases, over the n-year period, from &,.5; to zero.
The annuity certain is affected also by the increment (i) and the decre-
ment (ii), but the increment (iii) is lacking.

To compute the increment (iii), we note that the reserves at the begin-
ning and at the end of the (¢ + 1)th contract year are given by 6.4 ,.5z7=1
and 4,4 ¢4y.4=7=1) respectively, and these are connected by the relation

(A +D o, o= Pev o Bov crrimieny
or

At+de, mmnt v der i = Gogerrimin) -

The second term of the left member therefore represents the increment
due to reserves released by death. Since the excess of the present value of
the annuity certain over that of the temporary life annuity must equal
the discounted value of all such increments (iii), we obtain equation (2),

A similar analysis of an n-year forborne life annuity leads to the equa-
tion

n—1
E (1+1) ”—‘_lqz-H """::TTI—] = }ﬂﬂ‘ }"—]'

=0

which may be compared to the relation

n—1

2 (1+4+1) "_"lqﬁg'&mq/n—:—xpzuﬂ = }z:ﬂ_ E’TI‘

t=0

Analysis along the same lines of the single premium for an n-year pure
endowment gives, after some simplification,

a~—1

ﬂqz:zﬂ qz+l.n-t—1pz+‘+l, (3)
fa=
which may be compared with

a—1

nqx= Z lpzqu‘ (4)

t
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Equation (3) is easily verified algebraically, since ¢..t = 1 — p,,; and
therefore the right member of equation (3) is equal to

a1

IEO (n—!—le+l+! —n—tpz+t) =1 _npz‘
It can be interpreted in terms of a single premium n-year term insurance
at a zero interest rate, but I do not see any verbalization in terms of prob-
ability relationships, such as is available for equation (4).

NOTATION
In the last five years there have appeared two official textbooks of the
Society of Actuaries (those of Jordan and Spiegelman) using different no-
tations for functions in multiple decrement tables and the associated
single decrement tables. This paper presents still a third notation. As
there appears to be increasing interest in the subject, it would be desir-
able, in my opinion, to reach agreement on a uniform system of notation,

HARWOOD ROSSER:

This paper sets a laudable precedent, which I, for one, hope will be
followed, of digesting an academic dissertation, on a subject of great inter-
est to actuaries, which would be read by very few in its original form. And
who is better prepared, and more interested in doing this, than the writer
of the dissertation and his faculty advisor? This is a function that a re-
viewer cannot hope to accomplish, for reasons of space limitation, if for
no other. The authors are greatly to be complimented on reducing to
more readable form what is probably, for most of us, a formidable treatise.
They may have paraphrased the late Huey Long and taken as their
slogan: “Every man his own popularizer,”

Also, as one who has taught classes in life contingencies, I should like
to see some sections of this paper added to the examination syllabus, at
least on an optional basis, as by a reference in the Study Notes. For in-
stance, their verbal interpretation of formula II-(10) offers the most
satisfactory answer I have seen to a natural question that arises in the
mind of the thoughtful Part 4 student. In fact, I have heard debates on
it. (I refuse to admit whether or not I was one of the debaters.)

In this condensation, emphasis is placed upon the ‘‘decomposition” of
a total premium, which it is supposed has already been calculated. How-
ever, except for the ‘““dependent” approach, a process of adding one benefit
at a time, or of building up the premiums and reserves, can be followed.
For that matter, this is applicable also to the “dependent” case; but, as
the name implies, the components will change whenever a new benefit is
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included. The authors hint that such a synthesis is possible, and no doubt
this is more fully treated in the original work. My reason for mentioning
this will appear later.

My greatest interest in this paper, however, is as a consulting actuary
primarily concerned with pensions. The paper sheds a great deal of light
on the actuarial theory involved in some of the variations thereof, espe-
cially as regards vesting. This is coming more and more to the forefront,
as a result of labor union pressure.

To illustrate, we have on our books clients whose plans constitute in-
terpretations of each of the four cases under Comparison of Independent
and Dependent Components in Part III. These, with comments, are as
follows:

a) There is no vesting. Hence a gain occurs on withdrawal. This gives
rise to the negative dependent premium component.

) This could be a self-insured plan with a death benefit equal to the
reserve. Then there exists a certain analogy to Fassel-type coverage; that
is, insurance for face amount or reserve, if greater. It is common to say
that “mortality drops out” of the latter after a certain point, which means
that it becomes a calculation involving interest only (%.e., one less decre-
mental force). The analogy would be complete if the Fassel plan used the
reserve as the death benefit throughout. In a sense, as the algebra shows,
the inclusion of the death benefit does not alter the total level cost. Pre-
sumably, the same result would be obtained by computing figures using
one less decrement—i.e., on a single-decrement table with the comple-
mentary force u{7i. This has computational advantages. For instance, if
the plan takes account of mortality and withdrawal, then the annual cost
would be calculated from single-decrement functions involving with-
drawal only. If withdrawal rates and benefits are ignored, the cost calcu-
lations depend only on interest, as above.

¢) This is a basic pension plan, where benefits are provided only upon
survival to retirement age, although recognition is given in the calcula-
tions to termination by death, withdrawal, and perhaps disability. The
premium and reserve equalities shown would be expected.

d) Here we have a fully vested plan. (To meet the conditions, it would
probably have to be trusteed. Under an insured plan, the full reserve
would usually not always be available at surrender. Deferment until re-
tirement age of vested pensions for withdrawing employees might also be
deemed to invalidate the conditions. So also might dividends.) This is a
logical extension of the situation under (b). It reduces to a single-decre-
ment table problem. In fact, if all retirements are at the same age (or if
early retirements are handled by actuarial reduction of the pension—i.e.,
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by granting the reserve at early retirement), it reduces to a compound
interest problem, as previously.

Some of these ideas, especially those in (§) above, foreshadow what is
to come in Part IV, immediately following (8). This is, to a large extent,
a clearer restatement of earlier remarks. In passing, we note that (7) and
(8) suggest approximate methods of obtaining figures when correct cal-
culations would be unduly laborious.

Many members of the Society have already encountered the Loewy
technique, although not by that name, in Jenkins’ paper in RAJ4 XXI;
‘‘Non-participating Premiums Considering Withdrawals.” This has been
required reading for Fellowship students for a number of years. His Table
I shows the results of a direct application of the Loewy method.

Jenkins’ Table III may be an example of decomposition of a total pre-
mium into “dependent” components, although this is less clear. The pic-
ture is somewhat confused by the expense element. It would be possible
to regard expenses as a sort of benefit payable, not once, at the occurrence
of a particular decrement, but yearly upon survival. However, it seems
simpler to consider the net premium excluding expenses.

Of the three methods of decomposition into components, the dependent
premiums and reserves, although more difficult to compute, make more
sense to this reader. After all, upon termination the entire reserve is taken
down, at least at the next valuation.

Also, this approach gives a truer picture of the cost allecation. Not un-
commonly, when a consultant is working on a proposed pension plan, or
the revision of an existing one, he is asked: “How much extra will it cost
to add a death benefit, a disability benefit, perhaps some graded vesting
on withdrawal, or some combination thereof?” A glance at the authors’
Table 2 will furnish adequate commentary on the inappropriateness of
using “‘independent’’ premiums. The Loewy method requires the client to
answer in advance such questions as: *‘If you can’t afford both, would you
rather have the death benefit or the disability coverage?”’ The usual—and
obvious—answer is: “That depends on their relative costs!”

Perhaps it is an incorrect inference, from the fact that it is dealt with
last, that the authors regard the Loewy technique as the preferred one,
For me, at least, it is not, for the reasons given. Computationwise, it has
advantages over the “dependent” method; but I would normally regard
it merely as an approximation to the latter (despite the authors’ warning
that it is not necessarily a good one). Even this I will not resort to if I can
add ‘“‘dependent” premiums to the long list of pension calculations we
have adapted, with permanent instruction boards, for our IBM in-
stallation.
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In any event, the actuarial profession is deeply indebted to these two
men for presenting a new (and, in my opinion, preferable) method of
premium decompesition (and synthesis), for so ably comparing it with
those already in use, and for illuminating the whole subject of multiple
decrement theory. Possibly they were wise to leave us to our own choice
of method.

MARJORIE V. BUTCHER:

In their comprehensive and scholarly paper, Messrs. Bicknell and
Nesbitt present a generalized approach to net premiums and reserves in
multiple decrement theory. Their work is based upon repeated use of a
set of basic differential equations which analyze by cause the expected
approximate instantaneous increase in either the total policy reserve or a
component of it. Upon application of an integrating factor, integration
over the entire term yields an expression for the appropriate premium
while integration over the first ¢ or last (n — £) years of the term yields
the ith reserve.

For such differential equations several convenient integrating facturs
exist, including D}, D3}, DD, D, KD, 118, 1D and ot Mak-
ing a game out of obtaining premiums and reserves by such means, one may
express quite an array of results. Those containing DT} usually have the
most familiar appearance, those with D!}, may be comparable with cor-
responding single decrement results, etc.; and among the factors, in each
case one will offer computing advantages. 1 found it interesting to apply

1T to I-(13), I1-(3), ITI-(1) and IV-(6). There result, in turn,

BTN —TD) +5 [ VOumar
0
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According to survivorship group theory, (1) expresses the equivalence of
the aggregate income and outgo of the whole policy, without discounting
factors, the other equations do likewise relative to the ith benefit-decre-
meat component. Incidentally, after comparing equations (3) and (4),
one is not surprised when corresponding Loewy and dependent basis
components in Example 2 of the paper, with the primary benefit ordered
first, are nearly identical.

In some situations it would be convenient to allow the added generality
of premiums varying with time. For this purpose one would alter condi-
tion II-(1) by requiring that the sum of all component premiums paid
at any time equal the total premium paid at that time. One soon discovers
that, even under simple schemes of premium variation, difficulties arise.
For instance, if one wished each component premium to cease when its
benefit period expired, thus introducing variation in only the total pre-
mium, in general at any time one would have different total premiums for
independent, dependent and other bases of splitting. Besides, under the
dependent basis, cessation of 2 negative dependent premium would actu-
ally increase the total premium. One type of varying premiums which fits
the theory is a step function total premium which assumes various con-
stant multiples of the initial premium from time to time, with each com-
ponent premium in an invariant ratio to the total premium.

The Loewy formulas IV-(8) and (9) give a mathematical demonstra-
tion that if a surrender (withdrawal) benefit equals the full policy value
resulting from the other benefits and their decrements, inclusion of the
withdrawal benefit and decrement in calculations does not alter results.
The Loewy theory is of value in changing or drepping a benefit and its
related decrement, while the independent theory readily permits changing
or dropping a benefit while retaining its decrement. Need for such altera-
tions arises with respect to pensions and social security.

The authors take full advantage of the relative ease of thought and
expression which the continuous basis affords. This writer appreciates
their well-organized paper treating the essence of actuarial mathematics.
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(AUTHORS’ REVIEW OF DISCUSSION)

WILLIAM S. BICKNELL AND CECIL J. NESBITT:

A full reply to all the points raised by those who have discussed our
paper would be somewhat difficult and lengthy. Our reply will be limited
to some immediate remarks and to expressing our thanks to the discussers
for the interest they have shown and the ideas they have contributed.

Dr. Greville presented an explanation and illustration of the concepts
of “independent” and “‘dependent” premium and reserve components.
To our minds, the essential point is that for the independent system each
component premium and reserve is applied only toward its corresponding
benefit while, for the dependent system, whenever a benefit becomes pay-
able the total reserve for all benefits, and not the component reserve only,
will be available to offset the payment. In some cases, the independent
premium component corresponding to the ith cause of decrement may be
affected by the benefits payable in respect to the other decrements, as
happens, for instance, when the ith benefit is related to the total reserve.

Both Dr. Greville and Mr. Rosser consider the methods of the paper in
relation to ordinary insurances and annuities. The methads are applicable
on a discrete as well as continuous basis, and may be extended to cases
not included in the paper—for instance, single premium situations. This
is well illustrated in Dr. Greville’s discussion. It may be noted from for-
mula IV-(7) of the paper that if there are only two components, the first
of which is associated with a zero force of decrement (that is, interest
only), and the second with mortality, then the Loewy components will
coincide with the dependent components. For example, formulas (2) and
(3) of Dr. Greville’s discussion may be obtained in this way by the Loewy
method applied to the single premiums for a temporary annuity-due and
a pure endowment.

We are indebted to Mr. Rosser for his reference to W. A. Jenkins’ paper
in RAI4 XXTI: “Non-participating Premiums Considering Withdrawals,”
as it suggests a good numerical illustration of the three methods. In regard
to Jenkins' Table ITI, we would classify the decomposition as being ac-
cording to the independent method. By the dependent method, one would
have for the twenty year endowment premium the components
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for expenses, surrender values, mortality and maturities, respectively,
where .,V denotes the asset share considering lapses as given in Jenkins’
Table V, and E.,, s34, denote the expenses and cash value for policy
year { + 1. The numerical results, with those of Jenkins’ given for com-
parison, are shown in the actompanying table, It is to be noted that, as

DISTRIBUTION OF 20 YEAR ENDOWMENT GROSS ANNUAL
PREMIUM PER $1,000 BY ELEMENTS OF COST

INDEPENDENT COMPONENTS D C
(AS GIvEN BY JENKINS) EPENDENT COMPONENTS
ELEMENT

Amounts Percentages Amounts Percentages
Expenses............. $9.2 229, $7.07 179,
Surrender values....... 12.79 30 -.08 0
Mortality............. 7.69 18 4.82 11
Maturities. ........... 12.59 30 30.50 72

Total............. $42.27 100%, $42.31 100%

in the case of Example 2 in the paper, the dependent components give a
much different analysis of the total premium than that provided by the
independent components. For the purpose of gauging the effect of sur-
render values, the dependent method seems more appropriate than the
independent method. As pointed out by Mr. Rosser, Jenkins’ Table I
gives a partial Loewy analysis, and it is interesting to note that, for the
endowment premium, the Loewy component of $ —.18 for withdrawal is
close to the dependent component of $—.08.

Mrs. Butcher has caught our fascination with the variety of formulas
available and has even gone on to add some of her own. She raises inter-
esting questions about extending the methods to cases with premiums
varying with time. If the insurance provides a somewhat loose aggregate
of more or less unrelated benefits, and if premium terms are of various
lengths, then the independent method may be the only one conveniently
applicable, If, however, the insurance is a coherent set of interrelated
benefits, and if the total premium and reserves may be obtained by direct
means (that is, other than by computing the independent components and
taking the sum), then the dependent approach may be useful, The Loewy
method may be intermediate to the independent and dependent methods
in respect to flexibility and adaptability.

These last remarks have bearing on Mr. Rosser’s consideration of the
practical implications of the dependent approach for pension computa-
tions. In case of complete vesting on termination before retirement, the
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dependent method is the simplest and the natural one to use. In cases
where vesting is not complete, as in Examples 1 and 2 of the paper, but
where the total reserves may still be computed directly (possibly on a
discrete basis), the dependent method may retain advantage. It seems,
however, that we have not made actuarial matters any simpler for the
pension client. To the present choice of assumptions and of funding
method we have added the possibility of choice as to how the funding
method will be applied, namely on an independent, dependent or Loewy
basis. We hasten to assure Mr. Rosser that we have no particular prefer-
ence for the Loewy method, and that it appeared last in our paper be-
cause it is affected by the order of the components while the other two
methods ate not. However, we were intrigued by the dualism of formulas
IV-(7) and IV-(8). In general, our interest was primarily in the theoretical
relationships and only secondarily in applications. In this regard it is inter-
esting that the four theoretical cases we used to compare independent and
dependent components have practical pension fund counterparts.

The matter of notation has been brought up by Dr. Greville and also
in a letter from Mr. Eugene Rasor. Our notation was based mainly on
that used by Jordan, in the Life Conlingencies text, with the exception
that we used square brackets rather than a prime in the superscript to
denote functions for the associated single decrement tables. The sugges-
tion has been made that brackets be omitted as much as possible from the
superscripts. We are somewhat against this suggestion as the superscript
¢ may possibly be interpreted as an exponent or as indicating a disabled
life function. We agree that some attempt to simplify and standardize
multiple decrement notation should be made, but in view of the ramifi-
cations of pension funding functions it may be a difficult task.

Again, our thanks and appreciation to the discussers of the paper.



