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INTRODUCTION

HEN the Life Insurance Company Income Tax Act of 1959
became law in June 1959, the immediate concern of the life
insurance industry was with the interpretation of the law and
with the problems of preparing tax data. As more and more of these prob-
lems are being resolved, increasing attention is being given to studying
the tax implications of management decisions made under the new tax law.

The new tax law is complex and it is “sensitive.” This means that
management decisions can have enormous and often quite unexpected tax
implications. Moreover, the tax implications of a decision can be quite
different from one company to another or even from one taxable year to
the next. Thus, a general understanding of the operation of the law is
essential to a proper evaluation of the tax implications of life insurance
company decisions. '

The purpose of this paper is to set forth a mathematical technique
which in the author’s experience has proved useful in testing the tax im-
plications of various management actions. This paper is not concerned
with the definition of the “tax basis’’ of the various items entering into the
tax calculation, although any significant differences between tax and
annual statement bases will be pointed out. It will be necessary, of course,
to describe the workings of the tax formula but the author makes no claim
that this description is complete in its last detail since many details may
confuse rather than clarify. The analysis deals only with Phase 1 and
Phase 2 and is not concerned with specialized subjects such as operations
loss carry-overs and carry-backs, the tax on capital gains, the preliminary
term election, Phase 3, variable annuities, etc. It will also be assumed that
the tax is to be computed according to the present Treasury regulations,
although it is recognized that changes may subsequently be made in these
regulations. '

The paper is divided into 5 parts: RUSHMORE MUTUAL LIFE

LIBRARY

Part 1 is a description of the tax formula.
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Part 2 is a discussion of the concept of “marginality.”

Part 3 is the mathematical analysis of the new tax law.

Part 4 is an illustration of how the results developed in Part 3 may be ap-
plied in the case of a hypothetical company.

Part S is a discussion of investment problems, which require special atten-
tion.

The paper concludes with a summary of the more important conclu-
sions brought out by our analysis.

PART 1—THE TAX FORMULA
The tax imposed under the new law equals the sum of:
1. A normal tax at 36% on “Taxable Income” 2 b
2. A surtax at 229, on “Taxable Income” in excess of $25,000 2 Lo
3. A tax at 259 on the excess, if any, of net long-term capital gains over
net short-term capital losses.

Items 1 and 2 are applicable to taxable years beginning after December
31,1957 and item 3 is applicable to taxable years beginning after Decem-
ber 31, 1958. As under previous laws, a credit against the tax is allowed
for income taxes (or taxes in lieu of income taxes) paid to a foreign country
or U.S. possession.

In theory the normal tax rate of 309 is only a temporary rate, sched-
uled to revert this year to a permanent rate of 259;,. However, Congress
has extended this 309 rate each year for many years and we must assume
in our analysis that this rate, as well as the 229, rate of surtax, will con-
tinue to be applicable indefinitely.

The new tax law requires that an accrual basis of accounting be used.
This represents a change {from the previous tax laws, under which a cash
basis of accounting was permitted. A special transitional rule provides for
an adjustment of the 1957 tax in the case of companies on a cash basis
prior to 1958 and any additional 1957 taxes thereby produced may be
paid in 10 equal annual instalments beginning March 15, 1960.

Life insurance company ‘Taxable Income” equals the sum of:
Phases 1 and 2: The smaller of “Taxable Investment Income” and “Gain

~ from Operations,”
plus 509, of any excess of “Gain from Operations” over
“Taxable Investment Income.”
Phase 3: In the case of stock companies, the amount, if any, sub-
tracted during the year from the “Policyholders’ Sur-
plus Account,” as defined in the law.

It is seen that “Taxable Income” under Phase 1 and Phage 2 is based
upon “Taxable Investment Income’ and “Gain from Operations.”

£
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Description of “Taxable Investment Income”

In the determination of “Taxable Investment Income” it is first neces-
sary to determine “investment yield.” “Investment yield” is essentially
-the company’s net investment income before federal income tax, including
tax-exempt investment income. However, there are certain tax adjust-
ments that must be made in determining “investment yield,”” some of
which may be quite significant, depending upon individual circumstances.
“Taxable Investment Income” is then determined as the excess, if any,
of “investment yield”” over the following five items:

1. Nonpension Reserve Deduction

For the current taxable year and each of the four preceding taxable
years an earnings rate is computed by dividing “investment yield”” by
“assets,” “Assets” as defined for tax purposes are the company’s total
mean assets including nonadmitted assets, after making certain special
adjustments such as the exclusion of real and personal property (other
than money) used in the insurance trade or business.

An arithmetical average of these five earnings rates is then obtained
and the lower of (a) the 5 year average earnings rate and (b) the current
earnings rate is taken as the “adjusted reserves rate.” The reserves for
contracts involving life contingencies (excluding reserves that qualify as
“‘pension reserves,” reserves for cancelable Health contracts, and de-
ficiency reserves) are then revalued at the “adjusted reserves rate” by an
approximation known as the “10 for 1” rule.

The “10 for 1" rule states that for each 19 increase in the valuation
rate, reserves will be decreased by 109, and vice versa. Thus, if the “ad-
justed reserves rate” is 3.80% and the reserves to be revalued are 2.50%,
reserves, the actual reserves would be reduced by 10 times the difference
(3.80% — 2.50%,), or by 139, to obtain ‘‘adjusted reserves” for tax
purposes. It should be noted that “adjusted reserves” are permitted to
exceed actual reserves if the “adjusted reserves rate’’ should happen to be
less than the valuation rate.

The product of the ‘“‘adjusted reserves rate’” and the “adjusted re-
serves” gives the first of the interest deductions allowed in the determina-
tion of “Taxable Investment Income.”

Two comments should be made regarding the basis to be used for re-
serves. First of all, where a change in reserve basis has taken place during
the current taxable year, the “old basis” reserves are to be used as of the
close-of that taxable year and the “new basis” reserves are to be used as
of the beginning of the next taxable year. Second, a company using a pre-
liminary term method of valuation may elect to revalue reserves for tax
purposes on a net level basis, either by an exact revaluation of such re-
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serves or by means of an approximate formula set forth in the law. How-
ever, once this election to revalue reserves is made, the company must for
tax purposes continue to revalue all of its preliminary term reserves on a
net level basis in future taxable years. These two comments are also
applicable to “pension reserves” in item 2 following.

2. Pension Reserve Deduction

Reserves involving life contingencies that meet the definition of quali-
fied “‘pension reserves’ are accorded more favorable tax treatment than
in item 1. The pension reserve interest deduction equals the product of the
full current earnings rate times unadjusted pension reserves. However,
this more favorable treatment is subject to a grade-in period, being in-
applicable for 1958, only % effective for 1959, only 2 effective for 1960 and
fully applicable beginning in 1961. In other words, for 1958 all qualified
pension reserves are treated as nonpension reserves, for 1959 1 are treated
as pension reserves and % as nonpension reserves, and for 1960 % are
treated as pension reserves and § as nonpension reserves.

3. Interest Paid Deduction

On contracts or supplemental funds not involving life contingencies the
actual interest paid, credited or accrued during the taxable year is de-
ductible in determining “Taxable Investment Income.” Certain other
types of interest are also deductible, such as interest on indebtedness and
interest on certain special contingency reserves. This deduction is called
the “interest paid” deduction.

4. Tax-Exempt Income Deduction

Deductions 1, 2 and 3 are added together, the total being called the
“policy and other contract liability requirements.”” This result is then
divided by “investment yield,” which includes tax-exempt income, to
determine a ratio (not to exceed 1009;) known as the “policyholders’
share of investment yield.” The excess of 1009, over the ‘“policyholders’
share” is the “company’s share” and is applied to the amount of tax-
exempt income, including the tax-exempt portion of stock dividends (gen-
erally 85%) and of partially tax-exempt interest. Only the amount of tax-
exempt income represented by the “company’s share” is deductible, on
the theory that the amount of tax-exempt income represented by the
“policyholders’ share’” has already been included in deductions 1, 2 and 3.
The deduction for stock dividends is limited to 859, of “Taxable Invest-
ment Income” computed without regard to such deduction. However, it
would appear that this limitation can be operative only in the most
unusual circumstances and we will assume in our analysis that it is not
operative,
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The law contains a provision that, if it is established that the treatment
of tax-exempt income in determining ‘“Taxable Investment Income” and
the treatment of tax-exempt income in determining the “Gain from Oper-
ations” result in the imposition of a tax on such income, then adjustment
shall be made to the extent necessary to prevent such imposition. Some
persons believe that an adjustment 45 necessary to avoid the imposition
of a tax on tax-exempt income, but the Treasury regulations do not pro-
vide for any such adjustment.

5. Small Business Deduction
The last of the five deductions allowed in the determination of ‘“Tax-

able Investment Income” is the small business deduction, which equals the
lesser of (a) 109 of investment yield and () $25,000.

Description of “Gain froni Operations”

The “Gain from Operations” for tax purposes is derived from the
annual statement gain from operations before federal income tax and may
not be less than zero. In cases where deductions exceed income a “Loss
from Operations” occurs and the special rules governing operations loss
carry-overs and carry-backs apply.

Among the more noteworthy adjustments required for tax purposes are
the following:

1. Tabular interest requirements (using the declared interest in the case
of contracts or supplemental funds not involving life contingencies) are
deducted from both investment yield and the increase in reserves, the
net effect of both adjustments being zero.

2. A deduction is allowed for tax-exempt income, such deduction being
different from that used in determining “Taxable Investment In-
come.” For purposes of the “Gain from Operations” the deduction for
tax-exempt income is found by multiplying tax-exempt investment
yield by a ratio equal to the excess, if any, of 1009, over the “Share of
Investment Yield Set Aside for Policyholders.” This “Share of Invest-_
ment Yield Set Aside for Policyholders” equals the ratio of (¢) the tab-
ular interest requirements described above to (8) investment yield.

In determining the “Gain from Operations” the limitation imposed
upon the deduction for the tax-exempt portion of stock dividends is
equal to 859 of the “Gain from Operations” computed without regard
to such deduction and without regard to deductions 6, 7, 8 and 9 follow-
ing. This limitation does not apply if the unlimited deduction would
produce an operating loss. The result is that in certain special situations
small changes in gains can lead to large variations in the tax liability.
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However, most companies are not affected by this limitation and we
will assume in our analysis that it is not operative.

. In determining the “Gain from Operations,” changes in the basis of
g P ) g

valuation of reserves must be spread over a 10 year period at the rate
of 10% per year beginning in the taxable year following the change.
In cases where the preliminary term election has been made, the
amount of the reserve change is determined as if such election were not
in effect and any strengthening attributable to a change from a pre-

- liminary term to a net level premium basis in such cases is not de-

9.

ductible as a change in basis.

. In determining the deduction for the normal increase in reserves during

the year, the basis of reserves must be the same as that used in deter-
mining “Taxable Investment Income”—i.e., “new basis” reserves are
not used until the taxable year following the change in basis. Also, a net
level premium basis must be used in determining the normal increase in
reserves if the preliminary term election has been made.

. The small business deduction allowed in determining the “Gain from

Operations” is the same as that allowed in determining “Taxable In-
vestment Income,” i.e., the lesser of 109, of investment yield and
$25,000.

. Operations loss carry-overs and carry-backs are permitted, subject to

the special rules governing such carry-overs and carry-backs.

. A special deduction for nonparticipating contracts is permitted in de-

termining the “Gain from Operations.” This special deduction equals
the greater of () 109, of the increase in reserves for nonparticipating
contracts (excluding annuity features) and (b) 3%, of premiums for
nonparticipating contracts (excluding annuity features) issued or re-
newed for 5 years or more. Annuity and group contracts are not eli-
gible for this special nonparticipating deduction.

. A special deduction for Group Life and Health contracts is also per-

mitted. This deduction equals 2%, of current year premiums, subject to
the limitation that the deduction for all taxable years up to and includ-
ing the current taxable year shall not exceed 509, of current year
premiums.

Dividends to policyholders and the amounts under deductions 7 and 8
above are subject to a very important limitation since the total deduc-
tion for these items may never exceed $250,000 plus the excess, if any,
of (a) the “Gain from Operations” computed without regard to these
deductions over () “Taxable Investment Income.” This limitation
applies first to the amounts in 8, then to the amounts in 7 and finally to
the amounts in 9. However, this order of priority has significance only
from a Phase 3 standpoint.
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Four Different Tax Siluations
The effect of the aforementioned limitation on the deduction for divi-
dends and for nonparticipating and group contracts is to create four dis-
tinct tax situations. Although we are not yet ready to begin the mathe-
matical analysis, it is convenient at this point to define three quantities.
Let I = “Taxable Investment Income”

D = Dividends to policyholders and special deductions for non-
participating and group contracts, before application of limi-
tation

G = “Gain from Operations” before deduction of items in D above

“Taxable Income” under Phase 1 and Phase 2 equals the smaller of
“Taxable Investment Income” and ‘‘Gain from Operations” plus 50%, of
any excess of “Gain from Operations” over “Taxable Investment In-
come.” “Taxable Investment Income’ is represented by I and “Gain
from Operations” by G less the deductible portion of D. The deductible
portion of D equals the smaller of (¢) D and (b) $250,000 + any excess of
G over I. Since the “Gain from Operations” can exceed “Taxable Invest-
ment Income” only where the full deduction D has been taken, this means
that “Taxable Income” equals the sum of items () and () below:

(a) thesmaller of I and {G minus smaller of D and ($250,000 + any excess

of G over I)]
(8) 509% of any excess of G — D over I.

It may be verified by examining the foregoing expression that four dif-
ferent tax situations are possible under Phase 1 and Phase 2 of the new tax
law. These are as follows:

. Taxable Income Equals
A. WhereG — I <0 : G — $250,000*
B. Where 0 < G — I < D — $250,000 = I — $250,000
C. Where D — $250,000< G-I <D -G—-D
D. Where D <G~ I I+ G-D

* Use D instead of $250,000 if D is less than $250,000.

It shouid be noted that for a company with D less than $250,000, situa-

The tax implications of management decisions are quite different in
each of these four tax situations. In situation A the tax is based upon the
gains from operations, before the special deduction D, less $250,000 (ex-
cept in the case of a company for which D is less than $250,000, where the
tax is based upon the gain from operations after the special deduction D).
In situation B the tax is based upon “Taxable Investment Income’ less
$250,000, the results depending on whether the “adjusted reserves rate”
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equals the 5 year average earnings rate or the current earnings rate. In
situation C, known as the “$250,000 corridor,” the tax is based upon the
gains from operations after the special deduction D. And finally, in situa-
tion D the tax is based upon the mean of (@) “Taxable Investment In-
come’ and (b) the gains from operations after the special deduction D.
It is quite evident that a company in a transition phase from one tax
situation to another, particularly one about to pass through the $250,000
corridor from situation B to situation D, or vice versa, is going to have
considerable difficulty with its tax planning. In such a case, reliable pro-
jections of gains can be enormously important.

PART 2—THE CONCEPT OF “MARGINALITY”

Before proceeding with our mathematical analysis it seems desirable to
discuss the concept of “marginality” and the application of this concept
under the new tax law.

In cost analysis the term “marginal” cost is often used to denote the
additional cost that is incurred as a result of some action such as adding a
new product line, accepting an additional order, etc. Several noted ac-
tuaries have used the term ‘“marginal” in discussing this new tax law and
it seems to be an appropriate term to use in our analysis.

Certain tax problems involve the allocation of existing taxes in one way
or another, such as by line of business or by dividend class. In such cases
we are not concerned with “marginal” tax effects.

Most tax problems, however, do not involve allocations of tax but are
concerned with the increases or decreases in tax that will take place asa
result of taking some action such as changing the basis of certain reserves,
qualifying the company’s retirement plan for employees, etc. In such
cases we are concerned with “marginal” tax effects. This is particularly
true of investment actions where the problem is not one of allocation but
of measuring the change in the company’s net retention after taxes as a
result of buying or selling Investment A as compared with Investment B,
etc.

Unlike the tax formulas previously in effect, the tax formula under the
new tax law is a complex function of many variables. Consequently, it is
not generally possible to gain an intuitive understanding of how the tax
will change with changes in the variables upon which it depends, such as
with changes in assets, fully taxable investment yield, reserves, etc.

In any given situation it is always possible to determine the tax effects
of a given action by comparing the tax computed on two different bases,
(1) assuming that the decision /ad not been made and (2) assuming the
decision kad been made. However, this “before’” and “after” approach is
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rather cumbersome, particularly for use in a company’s day-to-day invest-
ment operations, and a more analytical approach seems to be desirable.
Nevertheless, the “before’” and ‘“‘after’”” method serves as a valuable de-
vice, not only as a check in any doubtful situation-but also as a means of
demonstrating the marginal effects of the tax formula to persons unfamil-
iar with the law.

The development of an analytical technique is the subject of this paper.
It involves the partial differentiation of the tax function with respect to
each of the variables and the evaluation of these partial derivatives at the
“margin,” 1.e., the insertion of the actual values of the variables for the
taxable year in question into the formulas for the partial derivatives. The
resulting rates will be called “marginal tax rates.”

In making use of partial derivatives in the determination of these
“marginal tax rates” we are not assuming that our variables—i.e., assets,
fully taxable investment yield, etc.—are all completely independent of one
another, since we know that in any practical situation this is not true.
However, since there is no necessary relationship between these factors—
say, between assets and fully taxable investment yield—it is convenient to
treat each of our variables as an independent variable in our analysis.
Then in dealing with any practical problem the relationship between the
factors and the changes in these factors can be established according to
the facts of the situation. '

For example, if we wish to measure the income tax effect of receiving,
say, $100,000 of additional assets in a capital gains transaction and invest-
ing these additional assets at 59, to produce $5,000 of additional fully
taxable investment yield, all else remaining equal, we would multiply the
additional $100,000 of assets by the marginal tax rate on assets and mul-
tiply the $5,000 of additional fully taxable investment yield by the mar-
ginal tax rate on fully taxable investment yield and add the two results to
determine the total income tax effect of the entire transaction. The result
would be quite close, of course, to the additional tax obtained by a recom-
putation of the company’s total tax after arbitrarily increasing assets and
fully taxable investment yield by $100,000 and $5,000, respectively. In
this example, the relationship between the change in assets and the change
in fully taxable investment yield is established by the data furnished. As
we shall see, this technique may be used in dealing with any tax problem
where the changes in the various factors affecting the tax are known or may
be predicted. However, in applying this technique, care should be taken
to consider changes in all pertinent factors and only pertinent factors.

For'example, in considering the tax effect of a reserve change it is im-
portant to first determine whether or not, say, assets will also be affected
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and, if so, to what extent and how soon. Of course, if assets are affected,
investment yield will probably also be affected. If the reserve change is
intended to be merely an internal accounting change that will not affect
assets, investment yield, etc., then it would be inappropriate to consider
any factor other than reserves. The author has found that the use of mar-
ginal tax rates involves many pitfalls and that great care should be taken
to see that all aspects of the problem have been properly considered.”

Before concluding our discussion of marginality, it seems desirable to
examine the implications of this “marginal” technique a little more
closely. Since marginal tax rates were obtained by means of differential
calculus, shouldn’t they be applicable only to very small changes in a
single variable? From a theoretical standpoint, isn’t the marginal tax rate
applicable to the first $1 of change different from the marginal tax rate
applicable to the second $1 of change and so forth? Moreover, are these
marginal tax rates applicable in the event that other variables are chang-
ing?

These are hard questions that the actuary must be prepared to answer
since management is deeply concerned with this new tax law and seeks to
understand it. The answer, as we shall see, is that for all practical purposes
our marginal tax rates are applicable to the first $1, the second $1 and in
fact all dollars. Moreover, we can make this statement because of the fact
that in practice the other variables are changing. If these other variables
were not changing, there would be different marginal tax rates applicable
to the first $1, the second $1 and so forth.

It is not immediately apparent why this should be so. However, when
we complete our mathematical analysis in Part 3 we will see that our tax
functions have the property that if the relationships between the variables
affecting the tax remain unchanged, all of the marginal tax rates also re-
main unchanged. In other words, a company that in all respects is exactly
double another company will, aside from the effect of the constant statu-
tory deductions and limitations, pay exactly twice the tax but will have
the same marginal tax rates as the first company.

The fact that a company’s marginal tax rates depend upon the relation-
ships between its tax variables and not upon the level of its tax variables
means that a company’s marginal tax rates will remain unchanged from
one taxable year to the next if all of its tax variables increase by the same
percentage between the two years. For example, if a company’s tax vari-
ables, assets, fully taxable investment yield, reserves, etc., all increase by
39, between the taxable year 1962 and the taxable year 1963, the com-
pany’s 1963 marginal tax rates will be the same as its 1962 marginal tax
rates.



LIFE INSURANCE COMPANY INCOME TAX ACT OF 1959 61

In practice, the relationships between a company’s tax variables in a
given tax situation A, B, C or D do not generally change significantly
from one taxable year to the next, except during the grade-in period 1958
to 1960 in the case of a company with a high proportion of pension re-
serves and a tax based in part upon “Taxable Investment Income.”” The
result, except in the aforementioned case, is that a company’s marginal
tax rates in a given tax situation should not change significantly from one
taxzable year to the next and decisions made on the basis of the marginal
tax rates of the current year or the projected marginal tax rates of the
next several years should in most cases continue to be valid even over the
long term. However, if a change from one tax situation to another is an-
ticipated, that is quite another matter, as we shall presently see.

PART 3—MATHEMATICAL ANALYSIS OF PHASE 1 AND PHASE 2

We will now proceed to define our notation and to develop the tax for-
mulas under situations A, B, C and D. We will then develop the formulas
for the marginal tax rates with respect to each of the variables and put
them into workable form. To help in the presentation, some of the theoreti-
cal development that is not necessary to an understanding of the basic
technique will be relegated to the Appendixes, whereit may be verified
by those who are interested in going into this subject in complete detail,
In Part 4 we will evaluate these marginal tax rates for a hypothetical com-
pany in situation D, the most complex of the four situations, and illustrate
their application.

Definitions

For convenience the three definitions given in Part 1 will be repeated
here and the definition of “Taxable Investment Income’ will be general-
ized to apply to taxable years other than the current taxable year. The
subscript 7 will be used to denote the taxable year to which the quantity
refers, with § = O representing the current taxable year, § = 1representing
the taxable year following the current taxable year, j = —1 representing
the taxable year preceding the current taxable year, and so forth. Certain
quantities refer only to the current taxable year and in these cases any
subscripts used will have a different meaning.

Let us define the following quantities.

I; = “Taxable Investment Income’ in year §

D = Dividends to policyholders and special deductions for nonpar-
ticipating and group contracts for current taxable year before
application of limitation

G = “Gain from Operations” for current taxable year before deduction
of items in D above

]
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A; = Mean assets in year § adjusted to a tax basis

I7 = Tully taxable investment yield in year j, including the portion of
stock dividends and partially tax-exempt interest not included in
I7T following

IT = Tax-exempt investment yield in year j, including tax-exempt por-

tion of stock dividends and partially tax-exempt interest

1 = (IT 4 IT)/A; = Current earnings rate in year j '

13 = 3(is + i + 32 + 4} + i5) = Five year average earnings
rate in year §

17 = “adjusted reserves rate” = lesser of ¢} and 42

ki = IT/(IT 4 IF*) = Ratio of fully taxable investment yield to total
investment yield in year j ’

Iy = kth different value of valuation interest rate; for example, # =
2%1 by = 2%%) I3 = 2%%) etc.

VP = Mean nonpension reserves valued at rate Z in current taxable year
(including qualified reserves not included in pension reserves be-
cause of “grade-in”’ period), adjusted to a tax basis by eliminating
deficiency reserves, etc., but before application of ““10 for 1"’ rule

VE = Mean pension reserves valued at rate % in current taxable year
{excluding amounts included in V{¥ during “grade-in” period),
adjusted to a tax basis

n .
' P — P— . .
VNP = ) V¥ =Total mean nonpension reserves in current taxable year
k=1 .

assuming # different valuation rates 4 for nonpension reserves

VB = E V? =Total mean pension reserves in current taxable year
k=1

assuming  different valuation rates £ for pension reserves
Average valuation interest rate on total nonpension reserves in
year j; note that

t¥ = Average valuation interest rate on total pension reserves in year
j» note that

r¥P = Ratio of total mean nonpension reserves in year j to total mean
nonpension reserves VN? in current taxable year; note that rfFVN?
represents the amount of total mean nonpension reserves in year j
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r¥ = Ratio of total mean pension reserves in year j to total mean pen-

sion reserves V¥ in current taxable year; note that fV? represents
the amount of total mean pension reserves in year §
1 4+ 10:¥? — 10:% = adjustment factor to be applied to total non-
pension reserves in year § ’

= VNP/4, = Ratio of total nonpension reserves to assets in current

taxable year

= VP?/A4, = Ratio of total pension reserves to assets in current tax-

" able year

F;=

Analjsis of Tax in Situation A

= “Interest Paid” deduction for yearj with respect to contracts and

supplemental funds not involving life contingencies

“Interest Paid” deduction for year j with respect to interest on
indebtedness and other items which are deductible in determining
“Taxable Investment Income” but are not included in the “Share
of Investment Yield Set Aside for Policyholders” used in deter-
mlmng the “Gain from Operations”

B;+ B} = Total “Interest Paid”’ deduction in year i used in the
determmatlon of “Taxable Investment Income”

Bo/(IT + I§T) = Ratio of total “Interest Paid” deduction B, to
investment yield in current taxable year ~.
By/(IT + I¥T) = Ratio of By to investment yield in current tax-
able year

Gains for current taxable year indicated by G exclusive of invest-
ment yield IT + Iy, before deduction of interest paid B; (which
is part of the payments and reserve increases on contracts and
supplemental funds not involving life contingencies), before de-
duction of interest paid By and before deduction of the tax-exempt
and small business deductions} thus, G’ equals (@) premiums and
other operating income (except for investment yield) less (5)
claims, insurance expenses, reserve increases and other allowable
deductions (except for By, B, D and the tax-exempt and small
business deductions) —

Foreign tax credit in year j T,

In situation A “Taxable Income” equals G less the smaller of D and

$250
plus

0. The tax rate is;.?uﬂ% on the first $25,000 of “Taxable Income”
» on the balance. Assuming a company has at least $25,000 of

“Taxable Income,” this may be restated as 529, of ‘“Taxable Income”’ less

24 229, of $25,000, or $5,500. Thus, the tax in situation A for the current

taxable year (which we will designate as 74), assuming at least $25,000 of

~.
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“Taxable In‘{:ome and a forelgn tax credit of Fy, equals the greater of
(a) 52G — $250 OOO) —-$5,500 = .52G — F, — $135,500
and (&) .52(G — D) — $5,500.

The “Gain from Operations” G, before deduction of dividends and the
special nonparticipating and group deductions, equals:

1. (¢) Premiums and other income exclusive of investment yield, less
(b) claims, insurance expenses reserve increases and other allowable
deductions exclusive of Bq, By, D and the tax- -exempt and small busi-
ness deductions; this was designated as G’

2. Plus investment yield I 4 INT

3. Less the “Interest Paid” deductions By and By

4. Less the tax-exempt deduction, which equals tax-exempt investment
yield I§¥T multiplied by the excess, if any, of 1009, over the ratio of (a)
tabular interest requirements to (b) investment yield IT + IYT. Al-
though there may be small differences in practice, we may consider
tabular interest requirements for purposes of our analysis to be equal
to the sum of (a) the average valuation interest rate on nonpension
reserves times the amount of nonpension reserves, i.e., & VNP, (b) the
average valuation interest rate on pension reserves times the amount of
pension reserves, i.e., i3 VP and (c) the “Interest Paid” deduction B,
with respect to contracts and supplemental funds not involving life
contingencies. Thus, the tax-exempt deduction for the “Gain from
Operations” equals

e ( 1 i’J"VNP+i§VP+B(,)
0 I+ IT*

5. Less the small business deduction equal to the lesser of $25,000 and
10% of investment yield, i.e., 5§ 4 I§'T)
Consequently, the expression for G is

NPy ;NP -Py/P
, A i V' 445V + B}
G=G +(I§+I§T)—30—Bg—zgr(1—° IH(}S‘ °)

— [lesser of $25,000 and .1(1'5—!—'13“')]

NT
Iy

=G’+I§—B(’)—Bé’+—————I°T+IyT

(iXPVNP 4 FVF 4 BY)

~ [lesser of $25,000 and .1 (114 I7")] .
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Substituting this value of G into the tax expression, the tax in situation
A is seen to be the greater of

NT
(a) 5246+ JOT—B(;--B(,ur_pﬂflgﬁ [iXPVP 4 FVP 4 B! ]
0
— [lesser of $25,000 and .1 (I3 + 1)1 } — F,— $135,500
and -
INT
(5) .52 gG’—f-IOT—B(;——B(;’:i——IOT—:—I-ﬁT[i‘gPVNP—i-i})’V"-}—B;]

— llesser of $25,000 and .1 (T4 I¥™)] — D} —F, - $5,500.

If we consider G’ to be a basic variable for purposes of our analysis
(since it is made up of items all of which, except for sign, affect the tax in
an identical manner), and if for the moment we consider i{Y*V™? and
PV to be basic variables, it is seen that there are 9 basic variables in the
above expression. These are G, IT, I¥T, By, By', D, Fo, iY?VN? and {FV®,
It should be noted that G’ is after deduction of the increases in reserves
which are related to 5yPVN? and 4§ VP. However, these reserve increases
bear no necessaryrelation to ¢y 'V¥F and 57 VP, so that it is more convenient
in our analysis to deal with these reserve increases as part of G’ and treat
them independently of 7Y*V™? and )

Let us now replace ¢YFVNP and 7 VP thh more appropriate variables.
What we really want to know when we are dealing with reserves is how the
tax varies with any changes in nonpensmn or pension reserves valued at a
given rate f. Since

BEVE = (VP + VI L VAT
and
PVP =4 VP + 4,V 4. ...+ tVE,

this means that for purposes of determining marginal tax rates the vari-
ables #®V™® and ¢f'V? can each be replaced by the set of variables V¥,
VY, ....VE¥P and V}, V§, . ... VR, respectively, for which the gen-
eralized expressions are VIF and V| respectively. '

In Appendix A the partial derivatives of the tax in situation A are
developed with respect to each of our 9 basic variables, G/, IT, INT, By,
By, D, Fy, V¥? and V. The results are as follows: oo
aTe

ean 52=mg’, meaning the marginal tax rate on G’ in tax situation A
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‘;ZF 2[1—(1—11(,)(%5-vNP+%-vP+b'>—.ﬁ]=m§
aﬁll%= .SZ[ho (1?—; 'um’—i—i.—g- P+ b’)— .1*] = miT
%11;: — .52k -mB
g—g‘%= —.52=mB"
‘?f; 0 for D> $250,000
= — .52 for D<$250,000
= m?
aiv%‘ 52(1= b)), = miPu
g]\: S52(1— k)t = my*% and is the same as myP
%Ip:i= —1=mf

Analysis of Tax in Situation B

In situation B “Taxable Income” equals “Taxable Investment In-
come” less $250,000. Because of the possibility that a S year average earn-
ings rate may be used as the ‘‘adjusted reserves rate” in one or more of the
four taxable years following the current taxable year, our analysis of the
tax effects of the financial operations of the current taxable year must be
extended to cover not only the current taxable year but also the four suc-
ceeding taxable years. Assuming once again that there is at least $25,000
of “Taxable Income,” the tax in situation B for the current taxable year
(4 = 0) and the four succeeding taxable years (j = 1 to 4) equals

T® = .52(I; — $250,000) — F; — $5,500 = .52]; — F; — $135,500.

* Take as zero if investment yield is $250,000 or more.
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‘“Taxable Investment Income’ I ; equals investment yield IT 4 I less
the following five deductions:

1. Nonpension deduction equals i%7PVN?(1 + 10457 — 10:%)

2. Pension deduction equals ¢rfV?

3. “Interest Paid” deduction equals B} + B; = Bj; in our analysis of
situation B only the variable B; will be used and it will be understood
that the marginal tax rates with respect to B; and B} are the same as
the marginal tax rates with respect to the general variable B;

4. Tax-Exempt Income deduction equals tax-exempt investment yield
I¥T times (100%, minus the ratio of (¢) the sum of items 1, 2 and 3
above to (b) investment yield IT + IT7), i.e.,

1NT[1 GV (141085 — 1043) +¢,°-r}’v"+B,-]
i T+

5. Small business deduction equals the lesser of $25,000 and 109, of in-
vestment yield, i.e., £5(IT + I¥7).

Thus, the tax T8 = .52I; — F; — $135,500 in situation B for year j
equals

TP = 52§ (JT+ INT) —5r®V™(1+ 108 — 1032) — iz rFV* — B,

e [1 GV (14104 — 104) +i,°~r}’v"+B,-]
" GFIF

— [lesser of $25,000 and .1 (IF+ I')] } — F,— $135,500

NT
I;

= .sz{z;— [1 ~

| v 1 107 — 10if) +iprrve

+B;) — [lesser of $25,000 and .1(IT+ I¥™)] | —F, — §135,500
T

I;
= 52—
i

[izrYPVNP (1 103 — 10i2) +isrPVP 4B,
“— [lesser of $25,000 and .1 (IT+ I™T)] 2_— F, —$135,500.

In terms of basic variables the quantity

‘C.= i—l—_];j

1 Aj !
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while the quantity ¢% equals the lesser of ¢ and 43

_L(L B Dot B | Lo+ I,
5

Aj—s Aj—s Aj-

I+ 0%

+ -

+

Ij+ If”)
Aj; )

There are three basic variables for the current taxable year, namely A4,
IT and I}Y®, that can affect 5 and i when j = 0 to 4. These three basic
variables will always affect 75 and ¢% when j = 0; they will affect i when
7 = 1to 4 if 4%is less than 4%. For the current taxzable year the basic vari-
ables IT and I} also appear elsewhere in the tax formula.

The expressions i7YPV¥P(1 4- 10:5® — 10:%) and 4§ V?, which represent
the nonpension and pension reserve deductions, respectively, in year j,
depend upon 4, IT and I5T through the effect of these variables on 1§ and
3. The reserves VNP and V® and the average valuation interest rate ¢§'*
for the current taxable year also affect these nonpension and pension re-
serve deductions, but only for = 0. The quantities #F¥*V¥? and r} VP,
which would appear to involve VNF and V® whenj = 1 to 4, actually rep-
resent the reserves in year j and may be considered to be independent of
VNP and VP whenj = 1 to 4.

In deciding upon our basic variables in tax situation A, we indicated
that in dealing with changes involving reserves we were really interested
in knowing how the tax varies with changes in reserves valued at a given
rate ;. We will follow this same approach in tax situation B.

The expression 1gV¥?(1 4 104'F — 10z§), which represents the nonpen-
sion deduction in the current taxable year, may be rewritten as

V(1 — 1035) + 45V (1057)

=i2(1—108) 2 VI+10i > Vi,
k=1 k=1
Consequently, as in tax situation A, we can deal with the marginal tax
effects of nonpension reserves by means of the set of variables VI'®, V§¥,
... V¥P for which the generalized expression is V¥'F,
Similarly, the expression ¢§V®, which represents the pension deduction
in the current taxable year, may be rewritten as

m
; P
> VE-
k=1

Although the marginal tax rate applicable to pension reserves does not
depend upon /4 in tax situation B, for consistency with tax situation A we
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will also use as our basic variables in tax situation B the set of variables
VF, VE, ... VE for which the generalized expression is V¥.

In addition to 4, IT, I¥T, V¥®, VI, there are two more basic variables
for the current taxable year that affect T'7. These are Bo and Fo and they
affect only 75. In Appendix A the partial derivatives of 7% are developed
with respect to each of our 7 basic variables. The results are as follows:
With Respect to Assets 4¢
1. When % < 42

Current Year .52koigfo™*(3fo — 2i5) + 7

Each of Next 4 Years .52kflrTPo™(3f; — 2i9)]

2. When % > 15

Current Year .52hgii[vNB(fo — 10if) + o]

With Respect to Fully Taxable Investment Yield 7
1. When i3 < i¢ _

Current Year .52[{1 — o™Pfo(i5/4§) — o® —b}

+ ho (NPl fo(i/ig — B) + 2051 + b) — .1*]

Each of Next 4 Years — .52k, {rYPoNP(1f; — 2i%)]

2. When 1§ =

Current Year .52[(1 — v™Pfy — o® — b) + ho(10i5eNF + b) — .1%]

With Respect to Tax-Exempt Investment Yield I}

1. When i3 < 42 : '
Current Year .S2[hofo™®[fo(i5/%5 — 3) + 245] + 8} — .1%]
Each of Next 4 Years —.52k,{rJTv™"®(3f; — 2i%)]

2. When 7% > %

Current Year .52[A(10i5N? + b) — .1%]

With Respect to Nonpension Reserves Valued at Ratg\)tk, 2.6, VI
Current Year —.52ki3(1 + 104 — 1043) = mYT%

With Respect to Pension Reserves Valued at Rate &, i.e., V¥

Current Year —.52k¢i§ = mp
With Respect to Interest Paid B,
Current Year —.52k = mj = my = mg

With Respect to Fdreign Tax Credit Fy
Current Year —1 = m5

Note that we have not indicated what the marginal tax rates mg, m}
arid m¥T with respect to Ao, IT and I}T, respectively, are to be. Before this
' * Take as zero if investment yield is $250,000 or more.

\

t

,K
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can be done and the marginal tax rates evaluated we have to solve the
problem of how to deal with the tax effects of Ao, I§ and I§* occurring in
the four succeeding taxable years. There are three problems here.

1. The “adjusted reserves rate” may equal the 5 year average earnings
rate in the current taxable year but change to the current earnings rate
in one or more of the four succeeding taxable years, and vice versa.
This will inevitably be the case for any company as interest rates turn
down and the current earnings rate drops below the 5 year average
earnings rate. We can handle this problem in our theoretical analysis
by multiplying the expressions for the tax effects in future years by a
quantity r; which is to equal 1 if 7§ < 7§ and to equal 0 if % > 5.

2, In any practical situation the quantities %;, rJ¥, f; and i}, which are
needed to measure the tax effects in future years, will be unknown.
However, this does not appear to be a serious problem since the mar-
ginal tax rates on Ao, IT and IYT are quite insensitive to the values of
these projected quantities k;, #%, f; and 45, so that the crudest sort of
projection will undoubtedly suffice. The only care that must be taken
is in predicting which of the quantities $'and ¢§ will be the “adjusted
reserves rate” in each of the next four years, since the value of the
multiplier 74 0 or 1, is of some significance. ’

3. The tax effects taking place in future years should be discounted at
interest, one year for j = 1, 2 years for j = 2, 3 years forj = 3 and 4
years for § = 4. It is logical to assume that the rate of interest used
should reflect the marginal net rate of retention after taxes on new
investments, but how is this to be determined if the marginal tax rate
is unknown? It may be theoretically possible to determine algebraically
the interest rate necessary to produce the marginal tax rate necessary
to produce in turn the interest rate. However, let the reader be assured
that the algebra involved is frightening if not impossible and doesn’t
even begin to be justified by the extra little bit of theoretical accuracy
obtained. Consequently, we will resort to the technique of successive
approximation. For the present, we will take the liberty of using an
interest rate of 3%, and attempt to justify the use of this rate when we
discuss our hypothetical company in Part 4.

Our development of m§, m3 and myT is simplified if we define another
quantity for use in expressing the present value of future tax effects

4
T N
g£= 52 ;m hir}“’vm(%f,—.?'t‘;).

It will also be helpful if we use the special notation m4,, m3, and m§]
to cover the case where i < 3¢ and the special notation mg,, m%, and m§3
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to cover the case where 55 > if. The general notation m§, m§ and mNT will
be used to cover both cases. Thus,

ma = .52hge [ VW (LS, — 243) + o7 +icg

mt, =52 {1~ vNPfo-:.:‘i— o — b}
0
euferla Gt ol
0
“myr= 52 ] o[, (::—g—%>+2ig] +o}~.1#] -
0

ma = .52hoig[vNP(fo-j 104e) + o°] +icg
,=-52[(1— o™ f — P — b))+ (105oN° b)) —.1*) — ¢
myy =.52 [h,(10i0™ 4+ b) — 1*] -3g.

Note that g may have value even where 5 > i since the same relation-
ship may not hold in all four of the succeeding taxable years.

Amnalysis of Tax in Situation C

In situation ‘C “Taxable Income” equals G — D. Assuming once again
that there is at least $25,000 of ‘““Taxable Income,” the tax T¢§ for the

-0
current taxable year in situation C equals .52(6~=B)~F7=$5;560. .'Y{!((’ )

Since this is identically the same case as situation A where D was less than -13250
$250,000, the results are the same as in that case. - Fo
] .

Analysis of Tax in Situation D

In situation D “Taxable Income” for the current taxable year equals
1(Io 4+ G — D). Assuming once again that there is at least $25,000 of
“Taxable Income,” the tax 7§ in situation D for the current taxable year
equals

TP = .52{4(Iy+ G — D)} — Fo— $5,500
= 26(Io+ G — D) — Foy — $5,500 .

Since T® = .52Iy — Fy — $135,500 = (.52Iy — Fy — $5,500) — $130,-
000 and 7§ = .52(G — D) — Fo — $5,500, it follows that
YT+ T8 =[26(Io+ G — D) — Fo — $5,500] — $65,000

= TP — $65,000.

* Take as zero if investment yield is $250,000 or more.
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Thus, T'2= (T2 + T¢) + $65,000. Since the $65,000 constant does
not affect the rate of change of tax with respect to the basic variables, the
marginal tax effects during the current taxable year in situation D are
equal to the average of the marginal tax effects in situations B and C. It
is easily verified that the marginal tax effects in the four succeeding tax-
able years under situation D are also equal to the average of the marginal
tax effects under situations B and C (there being none in situation C in
these four succeeding taxable years), so that mp = %(mg + ) in all
cases. As in situation B we will use the special notation mjg,, m3, and
my{ to cover the case where i < 4, the special notation m;,, mE, and
mp; to cover the case where 7§ > 4§ and the general notation mJ, m]
and mB7 to cover both cases.

-

Summary of Resulls
Situation A:

T4 = greater of .52 (G 4 IT — B, + [1 — ] (V™ 4 iPV?+ B
— llesser of $25,000 and .1 (I7+ IJ™) 1} —F,— $135,500
and .52{G'+ IT =B, + [1 — I} [V 4 iPVP 4 B]
— [lesser of $25,000 and .1 (I7+ )] — D} — F — $5,500.

‘Note that we have substituted 1 — A, for Igr/(Ig‘}‘I.gIT)
and Bo for (B + By').
mg' =52
NP P
mp= 521 (1- ho)(%-- PP gy b’)— 1%]
0

Y

NP P
it = 52[ ko %-vm+:.—§-vv+b')—.1*]
me = — 52k
mB" = — .52

m? =0 for D> $250,000 and mP = — .52 for D < $250,000
mi®% = mth = .52(1— k)¢,

Fo
my = 1.

* Take as zero if investment yield is $250,000 or more.
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Situation B:
TB=.52{IT— b [1zVN? f +iVP+B|]
— [lesser of $25,000 and .1 (IT4+I)")}} — F, — $135,500 .

Note that we have substituted 4, for IT/(IT + I¥T) and f, for 14 10:'®
— 1032,

mg, = .52 hic [ NP(L So—248) 4 o] +12g

B1

my, =.32ﬂ:; 1- vNPfo-:—:‘é— 9P — bz
0
il G-Haleof- ]
myr = 52[[ 1o [ 1, 0(% $)+2i]+ef—av] -

md = .52 [WP(f,—10%) + o°] +icg
mi, =.52[(1— " f — oP—b) + k(10" +b) —.1*%] —¢
myT = .52 [k (105 o™+ b) — .1*] — ¢,

where
4

3 YT (4= 243).

Note that mE = m¥T + .52[1 — o™Bfy(ig/i5) — v* — 8] .

mhs = mpi =mpy = —.52h
MNP = — S2heis(1 4 104, — 10i3)

mite = — 52/0if

Situation C:
TS = .52 (G + IT — B, + [1 — k] [iPV¥* +ifVP 4 B

— [lesser of $25,000 and .1 (IT+I¥7)] — D} —F, — $5,500 .

* Take as zero if investment yield is $250,000 or more.
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Marginal tax rates are the same as in situation A except m2 = —.52.

Situation D:
TP = (T2 + T§) + $65,000 .

Marginal tax rates are the averages of those in situations B and C.
In particular, w3 = —.52kand mp~ = —.26(1 + ko).

Points of Discontinuity

In using marginal tax rates care should be taken that the discontinuity
at the point D = $250,000 in tax situation A and the discontinuity at the
point I'T 4 IF* = $250,000 in all four tax situations is properly observed.

For example, if a company with $245,000 of investment yield is at-
tempting to determine the tax effect of adding another $25,000 to its in-
vestment yield, $5,000 of the additional investment yield should be multi-
plied by the marginal tax rate in the case where I+ IgT < $250,000
and $20,000 by the marginal tax rate in the case where I + IF* >
$250,000.

Homogeneity of Tax Function

A function of several variables is “homogeneous in the first degree” if it
satisfies the equation f(nx, ny . ..) = nf(x, y...) where x, y . . . are the
variables and # is a constant multiplier. A homogeneous function of the
first degree need not be linear but according to the definition must have
the property that if the value of each variable is, say, doubled, the value
of the function is doubled. It is evident that our tax functions (which are
not linear) have this property, aside from the constant statutory deduc-
tions and limitations, since a company that is, say, exactly twice the size
of another company in the same tax situation will pay exactly twice the
tax (except to the extent of the tax effects attributable to the constant
statutory deductions and limitations).

All differentiable homogeneous. functions of the first degree also have
the property

8f , . 98f -
x6—92+y6_y—+”'_f(x’y“')'

This is a very valuable property of our tax functions since it enables us
to express the tax as a linear compound function of the variables affecting
the tax, the coefficient of each variable being equal to the marginal tax
rate applicable to that variable. Of course, the tax is not actually alinear
compound function of the ten variables, but within the practical range in
which decisions are made it may be treated as such with excellent results.
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" Thus,

n
A — G’ T4y T NT 43y NT ’ B’ " B’ NP 4, NP2
To=G'mg +Igmi+-17"mT+Bmp +B'm3" + E VoPmTe

k=1

+ > VEmB 4+ DmD+F,mf — $13,000* — $130,0001 — $5,500

k=1

n m
T = A md+ ITmE 4+ INm + BB+ 3 V¥4 > VemPu
k=1

k=1

+F,mE —$13,000% — $135,500
TS=G'mE + ITml+ IN'mYT + BimB + By m8" + kz VP NP
' =1

+ ;V{mg‘k+ DmP +F,mF — $13,000* — $5,500
k=1

= G'm& + Aomf)4 + Igmg + I:’Tmf;"f —l—B‘;,mlf’ +B/mp

+ ZV:‘PmB‘P‘k+ ZV,‘:mg‘k—i- Dmp +F mf
k=1

k=1
— $13,000* — §5,500 .

These relations will be left to the reader to verify. What this means in’
practical terms is that we can set up an easily understood mathematical
model of any company’s tax that can be used to predict the tax effect of
changes in any or all of the variables affecting the tax (see illustrations in
Part 4). It also permits the application of the marginal approach to certain
types of allocation problems such as allocations of the tax by line of busi-
ness or by dividend class, provided an “investment generation” method of
allocating investment income is not being used (see Example 2 in Part 4).

A question may be raised as to how such a relationship could possibly
be true for 7§ and T, since the marginal tax rates with respect to 4,, IT
and IJT take into consideration the tax effects in the four succeeding tax-
able years as well as in the current taxable year. This is due to the fact
that when the marginal tax rates are multiplied by the quantities 4, I7
and I§T, the quantity g which measures the tax effects in future years is
canceled out; i.e., (iog)4do — g(I7 + I§T) = 0.

* Take as zero if investment yield is less than $250,000.

t Take as zero if D is less than $250,000. :

4
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“Zero Complexes”

There are some interesting relationships between the marginal tax rates
that should be helpful in quickly predicting the tax effect of certain com-
binations of changes. In the common case where investment yield is
$250,000 or more,

hgemT 4 (1 — k))iemi® = mp A hgimi+ (1 — k) icm}T

= higmE (1= h)igmi™ = mi+ hgmT+ (1 = hy)igm3™

2 NP
1oMB . .
— ) —_ B e __ Bt
= meth = D — = —1imy = —1‘m .
B tg(1+101k—1013) 07raA 0B
= g€y B’' — __jca B’ — § ;€
1em iemp .3211010 .

. Using these relationships, we can form combinations of changes which
will result in a net change of zero in the tax. We will call these “zero com-
plexes” and if we wish to measure the total tax effect of a series of changes
that represents a small modification from a “zero complex,” we can simply
measure the tax effect of the modification. Two illustrations of the use of
“‘zero complexes” in tax situation B are shown below, and in Example 2 of
Part 4 a ““zero complex” is used to solve a problem in tax situation D.

Two Illustrations in Tax Situation B:

Assets are increased by A and invested at the current earnings rate 7§
in the current proportions %, of fully taxable investment yield and 1 — /o -
of tax-exempt investment yield. The additional tax equals

(At + (Kigho)m + (Aiglt — ko))" .

a) If A represents pension funds placed entirely in pension reserves, we
have a zero complex since

Amig + Ohoigm} + A1 — ho)igmyT 4+ AmE% = 0,

Thus, the entire transaction leaves the tax unchanged so that we can
work out of this zero complex if we wish to determine the tax effect of
putting only, say, 959%, into pension reserves [result = —.05AmE%] or
of investing A entirely in fully taxable securities [result = A(1 —
ho)ig(m — my").

b) If A represents deposit funds on which interest is declared at the cur-
rent earnings rate 7§, we also have a zero complex since

A+ Dhoigm3 + AL — ha)ismT + Aigmf = 0.
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This transaction also leaves the tax unchanged so that we can work
out of this zero complex if we wish to determine the tax effect of declar-
ing interest at, say, % less than the current earnings rate (result =
—.005AmE). :

Changes in Tax Situation

Under situations B and D the marginal tax rates on 4, IT and I§T for
the current taxable year depend upon whether or not the 5 year average
will be applicable in the four succeeding taxable years. Similarly, these
marginal tax rates depend upon whether the current tax situations B or D
will continue to hold. For example, consider the following case of a com-
pany passing through situation C, the $250,000 corridor, from situation B
to situation D. '

Relationship of 5 Year Average

Y i i .
ear Tax Situation to Current Earnings Rate

5 year average smaller
5 year average smaller
5 year average smaller
5 year average smaller
Current earnings rate smaller

pogoww

In computing, say, the 1962 marginal tax rates m4,, m%; and m3T this
case is easily handled by means of the quantity ;. If we let r, = 1,
72 = 0, 73 = $ and 7, = 0 in determining the value of g for 1962, we get
a proper measure of the tax effects in the four succeeding taxable years
1963 to 1966. Of course, the accuracy of the 1962 marginal tax rates ms,,
m, and m3T will depend upon how accurately the 1963 to 1966 tax situa-
tions can be predicted. This may be very difficult, since estimates of gains
that are accurate enough to predict exactly when a company will pass
through the $250,000 corridor may be hard to achieve.

A similar technique can be used to deal with an anticipated change from
tax situation A or C, where the tax effects are confined to the current
taxable year, to tax situation B or D, where there may be residual tax
effects occurring in subsequent taxable years that must be considered.

It should also be kept in mind that in borderline tax situations the
marginal changes under study may result in a change in the company’s tax
situation in one or more years. In such cases, appropriate modification can
be made in the marginal tax rates and it is recommended that the results
be checked empirically by the “before’” and “after’” technique.
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Changes in Reserve Bases

In tax situation B the tax effects of a change in reserve basis, all else
remaining unchanged, can be measured (beginning in the taxable year
following the change) by multiplying the reserves on the old basis by the
appropriate marginal tax rate and comparing the result with that ob-
tained by multiplying the reserves on the new basis by the appropriate
marginal tax rate. If the reserves are nonpension reserves and the valua-
tion interest rate is being changed, the marginal tax rates on the old and
new bases will differ. If a company is interested in measuring the tax
effects in future years, it would be necessary, of course, to prepare a pro-
jection of reserves on both the old and new bases and perhaps a projection
of the marginal tax rates applicable to such reserves.

In tax situations A, C and D a similar method may be used, keeping in
mind that changes in the valuation interest rate of pension reserves as well
as nonpension reserves now involve the use of different marginal tax rates
on the old and new reserve bases. However, there is an additional problem
in tax situations A, C and D. First of all, 109, of the change in basis must
be brought into the “Gain from Operations” in each of the 10 succeeding
taxable years. Second, the normal increase in reserves in future taxable
years can be expected to be different on the new basis as compared with
the old basis. Thus, the value of G’ used in determining the “Gain from

-Operations” will be affected in future years until such time as the block of
issues on which the reserve basis was changed goes off the books. Because
of the very high marginal tax rate, 269, or 52%, applicable to G’, the
taxes in a given year can be materially affected by the change in reserve
basis. However, it should be kept in mind that if the reserve changes rep-
resent merely internal accounting changes that will not affect assets, etc.,
the net effect on G’ over all future years will be zero, except in the case of
a change from a preliminary term to a net level premium basis of valua-
tion for a company that has made the preliminary term election. The net
effect on G’ over all future years is zero because the amount by which
reserves were increased or decreased by the change in reserve basis must
be brought into G’ over the next 10 years at the rate of 109, per year and
will exactly counterbalance the total change in the normal increases in
reserves over the remaining lifetime of the block of issues. Consequently,
the net tax effects attributable to changes in G’ will be zero over the re-
maining lifetime of the block of issues except for the effect of interest due
to the acceleration or deceleration of taxes, provided no change in the tax
law or in the company’s tax situation is anticipated. Of course, if a change
in the tax situation is anticipated, that is quite another matter.
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It should also be noted that in certain cases where the reserves involved
are nonparticipating reserves the tax may be affected by changes in the
value of D. )

The effect of a change in reserve basis from preliminary term to net
level premium, or vice versa, is a specialized subject related to the pre-
liminary term election and outside the scope of this paper. Those inter-
ested in the tax effects of such changes should read the excellent discussions
of this subject by Mr. Andrew Delaney, 7S4 XII, 150-155 and by Mr.
William E. Lewis, TSA4 XIII, D225-229, and the excellent paper on the
use of the approximate revaluation formula titled “Reserve Criteria
under Section 818(c)” by Mr. Harwood Rosser, .54 XIV (May-June,
1962).

Limitations on Policyholders’ Share

As noted in Part 1 the “policyholders’ share of investment yield” used
in determining ““Taxable Investment Income” and the “‘share of invest-
ment yield set aside for policyholders” used in determining the “Gain
from Operations” are not permitted to exceed 100%,. The foregoing math-
ematical analysis assumes that these limitations are not operative. In the
unlikely event that either or both of these limitations should be operative
appropriate modifications must be made in the tax formulas and marginal
tax rates developed herein.

Loss from Operations

The foregoing mathematical analysis also does not deal specifically with
situations where a “Loss from QOperations” occurs. However, in such cases
the same general principles would apply, with appropriate modifications
being made to reflect the interest discount involved in any deferral of tax
credits or to reflect the possible loss of such credits due to the time limit
imposed upon their use.

PART 4—ILLUSTRATION OF USE OF MARGINAL TAX RATES

We will now illustrate the application of marginal tax rates in a prac-
tical situation. A

Company Z is a hypothetical company in the $1,000,000,000 assets
range. The company is in tax situation D and expects to remain in that
same tax situation indefinitely. The basic data for Company Z are as
follows (all amounts are in thousands of dollars and are assumed to have
been adjusted to a tax basis): :



1962 1963 Proj. 1964 Proj. 1965 Proj. 1966 Proj.
1. Mean Assets Aj.....ooveiininiiineneon.. $1,000,000 £1,050,000 $1,100,000 $1,150,000 $1, 200,000
2. Fully Taxable Investment Yield I7......... 36,000 38,550 41,200 43,950 46,800
3. Tax-Exempt Investment Yield IFT.......... 4,000 4,500 5,000 5,500 6,000
4. Total Investment Yield= (2)+(3) .......... 40,000 43,050 46,200 49,450 52,800
5. Current Earnings Rate=(4)-(1) —zi ........ 4.00%, 4.10%, 4, 20%, 4,309, 4.409%,
6. 5 Year Average Earnings Rate=143.......... 3.80% 3.90% 4.00%, 4.10% 4.20%
7. Mean Nonpension Reserves
@) Valuedat 29,. ........................ $ 375,000 $ 349,650 $ 321,200 $ 289,800 $ 255,600
b) Valuedat 3%,. . ............c.oiiena.. 375,000 427,350 481,800 538,200 596,400
¢) Total @+)........cv o $ 750,000 (VNF) | & 777,000 $ 803,000 $ 828,000 $ 852,000
d) Average Valuation Rate=#}P............ 2.509, 2.559%, % 2.659, 2.70%,
8. Mean Pension Reserves
a) Valuedat 23%. .. ..................... $ 25,000 $ 28,980 $ 32,340 $ 34,960 $ 36,720
b) Valuedat 3%,. . ............coviint. 25,000 34,020 44,660 57,040 71,280
¢) Total @)+@).......covoviiviai et $ 50,000 (VP) $ ,000 $ 77,000 $ 92,000 108,000
Average Valuation Rate=4}............. 2.73%, 2.77% 2.79%, 2.81% 2.839%,
9. Interest Paid
@) on Contracts Not Involving=Bj......... $ 3,400 $ 3,670 $ 3,950 $ 4,240 $ 4,540
b) on Indebtedness, etc.=Bj’.............. 100 110 120 130 140
¢) Total (@)+®)=B;.......ccovvvv.nn. $ 3,500 $ 3,780 $ 4,070 $ 4,370 8 4,680
10. Premiums Less Certain Deductions G'....... $ 14,500 e e e
11. Dividends and Special Nonparticipating and | ~
Group Deductions D.........ccvvvveivnnnns $ 10,000 [ e e
12. Foreign Tax Credit Fo.............c.onvn.. $ 100 oo
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In Appendix B Company Z’s “Taxable Investment Income” I; is com-
puted for the years 1962 to 1966, inclusive. The “Taxable Investment
Income” for 1962 (I,) is $8,709.

The 1962 tax of Company Z is computed as follows (amounts are in
thousands of dollars):

Tabular Interest Requirements = yPVNP 4 jPVP - Bol
= (.025) ($750,000) + (.0275) ($50,000) -+ $3,400 = $23,525

Share of Investment Yield Set Aside for Policyholders
= $23,525 + $40,000 = 58.81259,

Deductible Tax-Exempt Investment Yield in “Gain from Operations’
= (1009,-58.81259,) of $4,000
= §1,648

“Gain from Operations” = G’ + IF + I§T — By — D — (Deductible
tax-exempt investment yield) — (Small business deduction)

= ($—14,500) + ($36,000) + ($4,000) — ($3,500) — ($10,000)
— ($1,648) — ($25) = 810,327

“Taxable Income’ = Lesser of “Taxable Investment Income” and “Gain
from Operations” plus 509, of any excess of ‘‘Gain from Operations”
over ‘““Taxable Investment Income” = $8,709 + 1($10,327

— $8,709) = $9,518
Tax = (5297 of $9,518) — $5.5 — Fo = $4,044 — $100 = $4,844

In Appendix C the 1962 marginal tax rates of Company Z are com-
puted. In Part 3 we showed how the homogeneity of the tax function en-
ables us to set up a mathematical model expressing the tax in terms of the
marginal effects contributed by each variable. Using the marginal tax
rates developed in Appendix C we can set up the mathematical model of
Company Z’s 1962 tax shown on page 82,

Surely, for purposes of this model the amounts in column (3) can be
considered to be the contribution of each item in column (1) to Company
Z’s total 1962 tax. The model also serves as a partial check on the compu-
tation of the marginal tax rates. If the model fails to balance, aside from
small rounding adjustments, it indicates that an error has been made.
However, it does not follow that the marginal tax rates are necessarily cor-
rect if the model does balance. In particular, errors in g will remain unde-
tected since g, as we have seen, is canceled out in the model. -

Using this mathematical model it is now quite easy to measure the
marginal tax effects of changing the amount of any of these items once we.
have determined the marginal change, if any, in each of the items con-
tributing to the tax. In this connection it is important to recognize any
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significant differences between the tax and annual statement bases of ac-
counting of the various items. Before illustrating the use of these marginal
tax rates we will attempt to justify in a rough way, at least for our illus-
trative Company Z, the 3%, interest rate used in our marginal tax for-
mulas. ’

MATHEMATICAL MODEL OF 1962 TAX OF COMPANY Z
(Amounts in Thousands of Dollars)

) 2) 3)
Amount Marginal C‘?’;;‘ﬁu;:: of
of Item Tax Rate WIX@)

ASSEtS Ap i $1,000,000 .369279%, | $+ 3,693*
Fully Tazable Investment Yield I3.... 36,000 39.270 +14,137*
Tax-Exempt Investment Yield I¥T.... 4,000 22.253 + 890*
Nonpension Reserves VNP

2% Reserves................. e 375,000 | — .67714% | - 2,539

30 Reserves. .. ....coouveennnn... 375,000 | —  .74006 — 2,775
Pension Reserves VP

23% Reserves. . ...........coounnn 25,000 | — .87100% | — 218

30, Reserves. .o vvveveniieennnn 25,000 | —  .85800 - 215
Interest Paid .

On Contracts Not Involving, By. . .. 3,400 | — 46.800% - 1,591

On Indebtedness, etc., By .......... 100 | — 49.400 - 49
Gl e — 14,500 26.000 - 3,770
Dividends, etc., D................... 10,000 | — 26.000 - 2,
Foreign Tax Credit Fo. .............. 100 | —100.000 — 100
Small Businessand Statutory Deductions|. ...........}c.c.couiniainn., - 19

B A I $ 4,84

* The total of these three items must equal 52% of I5.

Justification of 39, Interest Rate

Every $100 of tax saved by Company Z in, say, 1962, all else remaining
equal, increases the amount of new money that Company Z can invest by
$100 and in effect represents additional invested assets of $100. If Com-
pany Z invests this $100 in, say, new fully taxable investments on which
it obtains a marginal net yield rate of 55, before taxes, the marginal net
fully taxable investment yield attributable to this $100 investment is
$5.50. By marginal net yield before taxes we mean gross yield less any
expenses directly attributable to the investment, such as mortgage loan
servicing fees, tax stamps, brokers’ fees, etc. Marginal net yield does not
include any deduction for overhead expenses or other fixed expenses
which cannot be expected to change significantly as a result of having
additional money to invest from tax savings.

Assuming Company Z had no idea of the interest rate to be used in
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computing its marginal tax rates, it would have to begin by making some
arbitrary assumption. Let us assume that initially a rate of 49, was as-
sumed. In this case Company Z’s marginal tax rate on assets would have
been estimated as .36%, (instead of .379,) and its marginal tax rate on
fully taxable investment yield would have been estimated as 39.4%, (in-
stead of 39.39,) as a result of using a 49, interest rate instead of a 39
interest rate. Consequently, the marginal net retention after taxes on this
$100 investment arising from the tax savings would have been estimated
as follows:

Based on Preliminary 4%, Interest Rate

Marginal fully ‘taxable net yield before taxes......... $5.50
less marginal tax at 39.4% on $5.50............ - 217
less marginal tax at .36%, on $100 additional as-

L - - .36
Net oo e $2.97

Thus, the net retention after taxes on this $100 additional investment
due to the tax savings would have been estimated as $2.97, which repre-
sents a net rate of retention after taxes of 2.97%, on the $100 investment.
This indicates that an interest rate of 3%, would be more accurate for
Company Z than a rate of 4%),. Consequently, Company Z would recom-
pute its marginal tax rates on the basis of a 3%, interest rate and once
again determine its net rate of retention after taxes on the $100 investment
arising from the tax savings (see below).

Based on Final 3%, Interest Rate

Marginal fully taxable net yield before taxes........ $5.50

"less marginal tax at 39.3% on 85.50. ........... — 2,16
less marginal tax at .37%, on $100 additional as-

T - N - .37

Net or i e e et $2.97

The result of 2.97%, is the same as before and indicates that a 3%, inter-
est rate is sufficiently accurate for all practical purposes when the tax
savings are invested in fully taxable investments. Assuming tax-exempt
investments are made at an “equivalent’ rate before taxes to give roughly
the same rate of net marginal retention after taxes as fully taxable invest-
ments, the 39, interest rate would be appropriate for new tax-exempt in-
vestments as well. We will return to this point in Part 5 when we discuss
investment problems.
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Of course, the interest rate to be used by any company depends to
some extent upon the company’s tax situation, the relationships between
the variables affecting its tax and, in particular, upon its net marginal
yield rate before taxes on new investments. Consequently, some com-
panies may find that interest rates of, say, 2% or 3}% might be more
appropriate for their own use. If so, a different interest rate can be substi-
tuted in the formula for g. As the preceding illustration indicates, the re-
sulting marginal tax rates are not going to be substantially affected in any
event. :

We will now present several examples of how Company Z might deal
with specific tax problems with which it is faced. It will be assumed in the
following examples that the adjustments, if any, necessary to put the
figures on a tax basis have already been made.

Example 1

Company Z receives a large group annuity premium at the end of 1961
that affects its 1962 financial operations as follows (amounts are now in
dollars rather than in thousands of dollars):

Mean Assets. .........c.iiiiiiiia.. Higher by $1,000,000
Fully Taxable Investment Yield. ....... Higher by 27,500
Tax-Exempt Investment Yield. ........ Higher by 21,250
Mean 39, Pension Reserves............ Higher by 1,000,000

Premiums less Insurance Expenses,
Claims, Reserve Increases—i.e., Effect
onG ... Lower by 40,000

What is the tax effect of this transaction asa fesult of the 1962 financial
experience attributable thereto? This is computed below (in dollars).

Effect Due to Change in:
ASSBES. Lot $1,000,000X( .36927%)| & 3,693
Fully Taxable Investment Yield $  27,500X(39.270%) 10,799
Tax-Exempt Investment Yield........... $ 21,250X%(22.253%) 4,729
39 Pension Reserves.................... $1,000,000X(—.85800%) | — 8,580
Premiums less Insurance Expenses, Claims,
Reserve Increases—i.e.,,G'............. $ —40,000%(26.000%) —10,400
Present Value of Net Change in Taxes..............cooivennn.. $ 241

If we assume that the basic 1962 data previously given for Company Z
represent the financial situation before the occurrence of this transaction,
we can obtain a verification of this result by recomputing the 1962 to 1966
taxes of Company Z upon the assumption that () 1962 assets had been
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greater by $1,000,000, (b) 1962 fully taxable investment yield had been
greater by $27,500, (¢) 1962 tax-exempt investment yield had been greater
by $21,250, (d) 1962 39, pension reserves had been greater by $1,000,000
and (e¢) 1962 premiums less insurance expenses, claims and reserve in-
creases had been lower by $40,000. The effect of these revised assumptions
on the 1962 to 1966 taxes of Company Z is as follows (in dollars):

(1) ) (3)

Taxable Year | Net Change { 3% Discount fP;Iesexz:thValue.
in Taxes Factor of Net Change 1n

Tazes=(1)X(2)

1962........ $+794 1.00000 $+794
1963........ —150 .97087 —146
1964........ -—149 .94260 —140
1965........ —149 91514 —-136
1966........ —148 .88849 —131

Total. .... $4198 ...l $+241

The $241 increase in the present value of taxes obtained by this method
is the same as that obtained by the use of marginal tax rates. In carrying
out this “before” and “after’” tax calculation to obtain the results shown
in column (1), the practical advantages of using marginal tax rates become
evident. The calculation necessary to obtain the results in column (1) is
extremely tedious, particularly in view of the fact that to obtain the de-
gree of accuracy shown it was necessary to carry out the tax calculation
to many more decimal places than we illustrated in the original tax calcu-
lation.

Example 2

For 1962 Company Z allocates interest to all of its contracts on the
basis of its current earnings rate of 49 before taxes. If it requires .209 to
cover insurance expenses on dividend deposits, what is the maximum rate
it can declare on these dividend deposits after allowing for federal income
taxes as well as the .209 of insurance expenses?

Each $100 of dividend deposits is allocated $4.00 of 1962 net interest
earnings before taxes, 90%, of which (or $3.60) is fully taxable and 109 of
which (or $.40) is tax-exempt. The amount needed for insurance expenses
is $.20 so that insurance expenses on each $100 of dividend deposits con-
tribute —$.20 to G'. If d is the maximum rate of interest that can be de-
clared, then $100d represents the interest paid deduction on each $100 of
dividend deposits.

Although this is a problem involving the allocation of tax and not one
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involving marginal changes in tax, the special property of our tax function
enables us to deal with this problem by means of marginal tax rates. The
taxes allocable to each $100 of dividend deposits are found as follows:

Dueto Assets. ................... $100.00 X ( .36927%) = § .369
Due to Fully Taxable Investment

Yield...........oooii 3.60 X ( 39.270%) = 1.414
Due to Tax-Exempt Investment

Vield. .. ooooeein e 40 X ( 22.253%) = .089
Due to Interest Paid on Supplemen-

tal Fund....................... $100d X (—46.800%) = —46.84
Due to Effect of Insurance Expenses

onG.. — 20X ( 26.000%) - .052

Total...................ot.. $1.82 — $46.84

Thus, the taxes on $100 of dividend deposits are $1.82 — $46.84 and the
maximum rate d that can be declared is found from

$100d = $4.00 — $.20 — ($1.82 — $46.84)
s.d = 3.729%,

This problem can also be solved by making use of the “zero complex”
mp + hoiimd + (1 — ho)iimiT + i¢mp = 0. This says that the alloca-
tion of earnings to dividend deposits on this “average” portfolio basis (as
opposed to an “investment generation’ allocation) would result in a zero
tax, if no insurance expenses were allocated to dividend deposits so that
the full current earnings rate i{ = 49, could be declared. However, we are
allocating insurance expenses of .20% to those contracts, of which .20%
(1 —m§) = 209 (1 — .26) = .148%, (after the 26%, tax credit on the
expenses included in G’) must be recovered by reducing the declared rate
below 4%. This reduction equals .148% + (1 — mp") = .148%, + (1 —
.468) = .28 so that the maximum rate that can be declared is (4.009, —
28%) = 3.72%, as before,

Example 3

Company Z is considering qualifying its retirement plan for employees.
The reserves for the plan currently amount to $10,000,000 and are valued
at 3%,. These reserves would, if qualified, be transferred from a nonpen-
sion to a pension reserve status for tax purposes. In addition, the qualifica-
tion of the plan would increase deductible investment expenses by $50,000
and deductible insurance expenses by $250,000. How much can Company
Z reduce its taxes attributable to 1962 operations if the plan can be quali-
fied by December 31, 1961? The present value of the net change in taxes
would be computed as follows (in dollars):
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Due to Lower Fully Taxable Invest-
ment Yield as a Result of Higher

Investment Expenses........... $— 50,000 X ( 39.270% ) = $-19,635
Due to Change in Status of Reserves
3% Nonpension out. . ........ $—10,000,000 X (— .74006%) = 74,006
3% Pensionin............... £-+10,000,000 X (— .85800%,) = —85,800
Due to Lower G’ as a Result of
Higher Insurance Expenses. .. .. $— 250,000 X ( 26.0009% )= -—65,000
Present Value of Net Change

inTaxes.........co.v.us $-96,429

Example 4

Company Z has a block of very old participating policies issued with
3% interest guarantees and on which reserves were strengthened to a 29,
interest basis during the 1940’s. The company wishes to know what the
tax consequences would have been if the reserves for these issues had been
destrengthened from 29, to 3% at the end of 1961. These reserves are net
level nonpension reserves and the company estimates that the effect of
the change on reserves and reserve increases over the remaining lifetime
of these issues will be as shown in A of Appendix D. Except for any
changes resulting from increases or decreases in the tax, it is not antici-
pated that Company Z’s assets will be affected by the change in reserve
basis.

The calculation of the tax effect of these reserve changes involves the
use of three marginal tax rates m3', mN?2% and m}?%%. To get a complete
picture of the tax effect of this reserve change we need to develop mar-
ginal tax rates not only for 1962 but also for each of the years during the
remaining lifetime of these issues. The marginal tax rate m$ will always
be a constant 269, of course, as long as Company Z remains in tax situa-
tion D, which is anticipated. The projected marginal tax rates m§?2% and
my?3% are shown in columns (9) and (10), respectively, of Appendix D, the
1963 to 1966 rates being based on the basic projected data previously
given and the rates for the later years being based upon a crude extrapola-
tion. Using these projected marginal tax rates, the tax effects of the re-
serve change over the remaining lifetime of the block of issues is esti-
mated. These results are then discounted at 39, to determine the present
value of these tax effects. The entire calculation is shown in B of Appendix
D.

The estimated present value of the net tax savings over the remaining
lifetime of these issues amounts to $122,000. Of this amount, $23,000 is
contributed by the postponement of the reserve releases in the “Gain from

"Operations” and the remaining $99,000 is contributed by the effect of the
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reserve change on the deductions used in determining “Taxable Invest-
ment Income’” and on the tax-exempt interest deduction used in deter-
mining the “Gain from Operations.” It should be emphasized that this
example is intended only as an illustration of the technique and the results
should not be considered to be typical of the effect of reserve changes in
general, since results can vary widely depending upon the individual cir-
cumstances. We have shown an example of destrengthening rather than
one of strengthening to point up the fact that in certain cases the de-
strengthening of the interest rate on older issues can lead to a reduction in
taxes.

Example 5

Company Z wishes to know how much additional income it would have
retained after taxes as a result of its 1962 financial operations if it had been
able to earn an additional 1%, on its $1,000,000,000 of assets, all else, in-
cluding assets, remaining the same. The company assumes that the result-
ing $2,500,000 of additional investment yield would have been distributed
on the basis of the current proportions of fully taxable investment yield
(3.e., 90% of $2,500,000 = $2,250,000) and of tax-exempt investment yield
(i.e., 109, of $2,500,000 = $250,000). The present value of the net change
in taxes attributable to this additional $2,500,000 of 1962 investment
yield is

Fully taxable $2,250,000 X (39.2709,) = $883,575
Tax-exempt $ 250,000 X (22.2539%) = 55,633

Total $939,208

so that ($2,500,000 — $939,208) = $1,560,792 represents the present
value of the increase in after-tax earnings. '

Because of the relatively large marginal change represented by the
$2,500,000 of additional investment yield in this example in a situation
where the other variables are not changing in such a way as to restore the
relationships upon which the marginal tax rates depend (see Part 2), it
seemed desirable to verify the above result by means of the “before’ and
“after” technique. When $2,250,000 was added to 1962 fully taxable in-
vestment yield and $250,000 was added to 1962 tax-exempt investment
yield using this approach, all else remaining unchanged, the following ad-
ditional 1962 to 1966 taxes (in dollars) resulted:
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Present Value
of Net Change in
Taxes =(1) X (2)

1) @) 3)

Net Change | 3% Discount
Taxable Year in Taxes Factor

1962........ $1,098,191 | 1.00000 $1,008,191
1963........ —42,512 | .97087 —a1,2714
1964 ... ... —42)357 | .94260 —39.926 ‘
1965........ —42,094 | .91514 —38,522
1966... ... .. —41,724 | .88849 —37,071
Total.. ... $ 929,504 |........... $ 941,398

The present value of additional taxes by this “before” and “after”
method is $941,398 as compared with $939,208 obtained by using mar-
ginal tax rates. This represents a difference of $2,190, or only 0.29,. In
view of the theoretical differences between the two approaches, this small
percentage difference is reassuring.

The preceding example leads us into our discussion of investment prob-
lems in Part 5. However, before beginning Part 5 the author wishes to
state that the five examples offered here in Part 4 were intended only as
illustrations of the application of marginal tax rates. The author has tried
to consider all pertinent factors and only the pertinent factors affecting
the tax, but recognizes that to some extent this may be a judgment area.
The reader is also warned that the results of these examples may not be
typical and that no general conclusions should be drawn therefrom.

PART 5—INVESTMENT PROBLEMS
In General

We have seen that under the new tax law the tax now depends not only
upon investment yield, including tax-exempt investment yield, but also
upon assets, reserves, etc. Consequently, there is now some question as to
whether the term “yield rate after taxes’ has any meaning in an absolute
sense (unless it refers to the marginal rate of retention after taxes as com-
" pared with uninvested cash). Nevertheless, in dealing with day-to-day in-
vestment problems there are very concrete differences between the mar-
ginal tax implications of alternative courses of investment action, so that
a “rate after taxes” should be defined and computed with respect to each
investment if the marginal tax implications of alternative investment ac-

tions are to be properly and conveniently evaluated.
Nothing in the foregoing is intended to imply that the 3%, interest rate
used in our formulas for the marginal tax rates depends upon how we



90 LIFE INSURANCE COMPANY INCOME TAX ACT OF 1959

define the “‘rate after taxes’ used for investment purposes. Our interest
rate was for use in dealing with the specific and unrelated problem of de-
termining the present value of marginal tax changes. However, we may
make use of this technique as a first step in our development of a “rate
after taxes” that might be used for investment purposes.

In Part 4 we showed how a marginal tax savings of $100 by Company Z
invested at a marginal fully taxable net yield of 539, before taxes would
result in a marginal after-tax net retention of 2.979,. This represented the
net of the following:

Fully Taxable Investment

Marginal net yield before taxes............... 5.509%,
less marginal tax at 39.3%, on 5.50%,. ... .. —2.16
less marginal tax of 0.379, on assets. ...... — .37

Netooor o e 2.97%,

Let us now assume that the investment department of Company Z,
instead of investing in fully taxable securities with a marginal net yield of
539, before taxes, decided to invest this $100 of tax savings in wholly tax-
exempt securities with a marginal net yield of 439, before taxes. Company
Z’s marginal tax rate on tax-exempt investment yield is 22.3%, so that the
result would be as follows:.

Wholly Tax-Exempt Investment

Marginal net yield before taxes. .............. 4.259,
less marginal tax at 22.3%, on 4.259,...... — .95
less marginal tax of 0.37%, on assets....... - .37
Net. o oo e 2.939,

It is seen that from the standpoint of Company Z’s investment depart-
ment the two investments are roughly equivalent in terms of marginal
after-tax net retention.

“Rates after taxes”’ developed according to the foregoing technique
would be satisfactory for use in investment analysis (since they properly
reflect the marginal tax effects of the factors, assets and investment yield,
that may be related to the investment decision), if it were not for the fact
that uninvested funds with a zero rate of return before taxes would havea
negative “rate after taxes” (—.37% in the case of Company Z) because of
the marginal tax rate on assets. This happens because of the effect of as-
sets on ‘“Taxable Investment Income’; the receipt by the company of
cash assets which are allowed to remain uninvested will, in the absence of
other changes, increase “Taxable Investment Income” because of the
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reduction in the earnings rate used in determining the nonpension and
pension reserve deductions. Since cash has traditionally been assumed to
have a zero rate of return both before and after taxes, it seems desirable
to redefine the “rates after taxes” in such a way that cash will have a zero
“rate after taxes.”

We can accomplish this objective by arbitrarily adding back the mar-
ginal tax rate on assets to the rates determined by the foregoing method.
Specifically, in our illustration this would mean that the “‘rate after taxes”
to be assigned for investment purposes to 539, fully taxable securities
would be arbitrarily increased by 37 basis points from 2.979 to 3.34%
and the “‘rate after taxes” to be assigned for investment purposes to 419
wholly tax-exempt securities would be arbitrarily increased by 37 basis
points from 2.93%, to 3.30%. In the case of most investments this is simply
equivalent to ignoring the marginal tax rate on assets in determining the
“rate after taxes” for investment purposes.

However, there are certain types of investments, such as real estate,
where we have to recognize the special tax basis of assets and income and
in this case the results are not equivalent to ignoring the marginal tax rate
on assets. In the case of such investmients we must first compute the mar-
ginal taxes attributable to the assets and income of the investment, both
on a tax basis. Then, using the net cash retention after taxes thus deter-
mined, we must compute a preliminary “rate after taxes” before the afore-
mentioned “cash equals zero”” adjustment. The final step is to add the
marginal tax rate on assets to the preliminary “rate after taxes’ to put the
rate on a final “cash equals zero™ basis. An illustration of this technique is
given below.

Tlustrative Calculation )

Company Z purchases for $1,000,000 a parcel of investment real estate
(see Appendix E) on which the rent at the end of each year during the 30
year initial term is $70,119. This annual rent is on a net basis and produces
a yield before taxes during the initial term of 6%, after amortizing the in-
vestment to a residual value of $200,000 at the end of the 30 years. For
tax purposes the assets of the investment must be based on estimated
market value (see column (5) of Appendix E) and investment yield is
based on rent less depreciation, where the “sum of the digits” method is
used to write down the depreciable portion of the investment, assumed to
be $900,000, to zero over a 40 year “useful life.”

Columns (1) to (4) of Appendix E show the amortization schedule on
the basis of the before-tax yield of 6%, columns (5) to (7) show the data
reported for tax purposes, and columns (8) to (10) show the computation
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of the marginal taxes attributable to the investment on the basis of the
1962 marginal tax rates with respect to assets and fully taxable invest-
ment yield. We have not attempted to refine the calculation by using
projected marginal tax rates, but have used 1962 marginal tax rates
throughout the entire 30 year period. We will come back to this point
later on.

In columns (11) to (14) of Appendix E the “after-tax’ amortization
schedule is shown. Actually, this amortization schedule shows the method
by which the preliminary “rate after taxes’ was determined. Starting with
an initial principal balance of $1,000,000 and the net cash flow from the
investment as shown in column (13) (.e., rent less taxes), the schedule was
worked and reworked testing one interest rate after another until the rate
was found that produced the $200,000 residual balance at the end of the
30 year initial term. Prior to the advent of electronic computing devices
the use of such a method as a general technique would have been unthink-
able, but it is now possible even with a relatively limited electronic com-
puter to run off such a calculation and print the final amortization sched-
ule in a matter of minutes. This method has been found to be most useful
in practice since (1) it is applicable to any investment (even the most
complex), (2) it does not require the use of technical personnel and (3) it
will produce any degree of accuracy desired (subject to the capacity of the
machine).

Note that the “after-tax’’ amortization schedule differs from that on
the “before-tax” basis. This happens because the taxes are not a fixed per-
centage of the principal balance on a before-tax basis, so that it is neces-
sary to “bend” the amortization schedule to some extent in obtaining the
constant preliminary “rate after taxes’’ over the entire initial term of the
investment. The preliminary “rate after taxes” produced by the amortiza-
tion schedule is 3.71%. To adjust this to a final “cash equals zero” basis,
this rate is then increased by 37 basis points to 4.08%, which is the figure
given to the investment analyst for his use.

Simplified Meihod for Most Investments

The calculation illustrated in Appendix E is quite complex. Fortu-
nately, it is not necessary in the great majority of cases to go through all
this work. Where the tax in each year is a fixed percentage of the prin-
cipal balance on the “before-tax’’ amortization schedule the final “rate
after taxes’”’ may be found directly, simply by applying the marginal tax
rate on investment yield, whether fully taxable or tax-exempt, to the rate
before taxes and deducting the result from the rate before taxes.

The tax will be a fixed percentage of the principal balance on the
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“before-tax’’ amortization schedule if (1) the fax basis of assets and invest-
ment yield is the same as the basis used in the “before-tax’ amortization
schedule and (2) constant marginal tax rates on assets and investment
yield are applicable over the entire life of the investment. This is illus-
trated in Appendix F where investments of several different types are
tested under these conditions and are found to have the same “rate after
taxes”” by both the simplified method and the more complex method that
must be used for investments not meeting these conditions.

It should now be apparent why no attempt was made to project mar-
ginal tax rates in our real estate illustration in Appendix E. If this had
been done, we would not have had a proper basis of comparison with the
majority of the investments that could be done by the simplified method.
If it is deemed desirable to recognize future changes in marginal tax rates,
a better method might be to determine some sort of average marginal tax
rate expected over the next 10 or 20 years with respect to each item and to
use this constant average rate in place of the current year rate.

Factors of Equivalence

In considering the purchase or sale of preferred or common stocks and
wholly or partially tax-exempt securities, the investment analyst will wish
to know what rate before taxes he should try to obtain on such securities
to produce the same “rate after taxes” as a fully taxable security with a
given rate before taxes. This can be handled by the use of “factors of
equivalence.” The Company Z factors of equivalence based on its 1962
marginal tax rates are derived below for wholly tax-exempt securities and
85%, tax-exempt stocks, assuming no special tax basis for assets or in-
come.

W holly Tax-Exempt Securities B
Let X = rate before taxes on wholly tax-exempt securities to produce the
same rate after taxes as a rate of ¥ before taxes on fully taxable
securities

X(1—ml§“-')=Y(1—-m§1

1
X(1-.223) =V (1—.393)
X _1-.393_.607

Thus, the factor of equivalence for wholly tax-exempt securities is
78.19, meaning that on wholly tax-exempt securities Company Z need
obtain only 78.19, of the going rate before taxes on fully taxable securities
to obtain the same rate after taxes.
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859 Tax-Exempt Stocks
Let X’ = rate before taxes on 85%, tax-exempt stocks to produce the

same rate after taxes as a rate of ¥ before taxes on fully taxable
securities

X'[1—(15m) +.85mfD)] =Y (1 —m3 )

X'{1— [.15(.393) +.85(.223)]} = ¥ (1 — .393)

CX'_ 1-.393 _.6070

S =T—2485~ 7515 808%:

Thus the factor of equivalence for 859, tax-exempt stocks is 80.8%,
meaning that on 837, tax-exempt stocks Company Z need obtain only
80.8%, of the going rate before taxes on fully taxable securities to obtain
the same rate after taxes.

The foregoing examples assume that Company Z’s 1962 marginal tax
rates will continue to be applicable over the entire life of the investments
under consideration. If projections indicate that this is not a valid assump-
tion, appropriate modifications can be made in the calculation.

Investment Problems—Conclusion

It has been the author’s experience that the area of investment prob-
lems is by far the most difficult of all the problem areas created by the new
tax law. This is probably due to the fact that the term “rate after taxes”
appears to have no absolute meaning under the new tax law, either in
comparing various investments within a given company or in comparing
the “after-tax”’ investment performance of one company versus another.
The controversy regarding the “taxation” of tax-exempt income appears
to be related to this problem since there also appears to be no meeting of
the minds on what is meant by “taxation” of tax-exempt income.

Nevertheless, for one purpose or another “rates after taxes” must be
defined and computed. Such rates are necessary for certain purposes such
as measuring the differences between the rate of after-tax marginal reten-
tion on one investment versus another. However, it does not follow that
“rates after taxes” developed for one specific purpose such as this are
necessarily appropriate for another purpose such as determining “rates
after taxes” credited to a company’s various lines of business in the annual
statement.

In short, in discussing and comparing “rates after taxes’ under the
new tax law it is essential that the meaning of these rates and the purpose
for which they were developed be kept in mind. If this is not done, a great
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deal of misunderstanding and unnecessary controversy may result, lead-
ing in some cases to improper decisions from a tax standpoint.

SUMMARY

The new tax law is complex and it is ‘“‘sensitive,” so that management
decisions can have enormous and often quite unexpected tax implications.
Moreover, the tax implications of management decisions can be quite dif-
ferent from one company to another or even from one taxable year to the
next. Thus, an understanding of the effects of the new tax law is essential
to the proper evaluation of the tax implications of decisions.

There are four possible tax situations in which a company may find
itself under the new tax law. Since the tax implications of decisions made
under one tax situation may be quite different from those made under
another tax situation, it is essential that any changes that may take place
in a company’s tax situation be anticipated and taken into consideration.

The tax under the new tax law is a complex function of many variables
such as assets, investment income, reserves and gains from operations.
Although these factors are generally related to one another in any given
situation, it is possible to treat them as independent variables and develop
marginal tax rates with respect to each of such variables. Then in any
specific situation the tax effect of a particular decision can be measured by
first determining the extent to which each of these factors will be affected
by the decision and then determining the tax effect of the decision by ap-
plication of the marginal tax rates to the anticipated change in each of the
factors affecting the tax.

The tax formulas have the mathematical property that the tax may be
expressed as a linear compound function of the variables affecting the tax,
the coefficient of each variable being its marginal tax rate. This permits
us to construct a readily explainable mathematical model of a company’s
tax that can be used to acquaint top management with the tax 1mphca-
tions of changes in the various factors affecting the tax.

This marginal tax rate approach can be used to measure the tax impli-
cations of any decision that a company may make or may be considering
and, because of the aforementioned special property of the tax formulas,
may also be used in making certain types of tax allocations. Several illus-
trations of the apphcatlon of this marginal technique are presented in this
paper.

For the purpose of measuring the different tax effects of alternative in-
vestment actions it is also necessary to define a ‘“‘rate after taxes,” since
the term no longer appears to have an absolute meaning under the new tax
law. One approach to this problem has been outlined in the paper, but
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others are possible. The important consideration in discussing “rates after
taxes’’ is that the term be defined and properly understood. .

And finally, in approaching this new and complex tax law the most im-
portant single point to keep in mind, in the opinion of the author, is the
admonition, “Beware of generalizations.” From a tax standpoint, what is
one company’s meat may very well be another company’s poison.

The author sincerely hopes that the mathematical analysis presented
herein will help to shed some light on the technical complexities of this
important new federal income tax act.

APPENDIX A
Development of Partial Derivatives of Tax in Situations A and B
with Respect to Each of the Basic Variables Affecting Such Tax
Tax Situation A '
Tax (T§) = greater of
T
a) .52§G'+10T—BO'—B"+_ 0

IT-I- INT(tNPVNP-{-t"VP—}-B’)

— lesser of $25,000 and .1 (154 1)1 } — F,— $135,600

b) .SZJG’+IOT—B({—B(’)’+FO§OF(1'§"VNP+Q’VP+BQ
— llesser of $25,000 and .1(I3+I")] — D} — F,— $5,500
%?’ = .52 |
g%_ 52[1 ﬁf_%m(igl’wwﬂg\mr}sg) —.1%]
- 52[1- (ITf;m)Q ERUHARTASE AR d
=.52§1—H%"%T—[]géz’ﬁ ig‘P-V—iP-Hf;-Yz)

+rerw] =1

Il

52[1—-(1—h) : NP+ P+b')—.1*],

0

* Take as zero if investment yield is $250,000 or more.
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since
1—1 =LNT_ ic:iilﬂ. ,,NP:Yf
TR T4, 1,
P
Bj
Py ’
v X and b T Iw

T NT NT
aT:)\ =52[(IO +IO )_IO (igPVNP-'-il;VP“}'Bé)—-l*]

3% (I3 + 1372
4 ,
'_"'52[(11' +OIN'r)2 A°(1m+’PVP ) =1 ]
VNP
= 52;1T+1NT IT+INT<
0 "
+I§+Iz"] '
io” i
= o, wP o P ry *
2[ #, T +b) 1*],
since -
, 6 LD e VT
R o A’
\A By
P 4
v=g, W Vegiw
aTy _ ( I )_ : _ Iy
FEARAVEES Y A L B i
aTo
0 = .52
3Bl
Moo for  D28250,000
-‘;ﬂ;=—.52 for  D< $250,000
oTy Io" Py = ( ) '
oV~ P T e e aVNP“NPVN) Ve ?:?NNP 4

=.52(1— ho)tk’ since l—ho=77:L_|o_7ﬁ
0

* Take as zero if investment yield is $250,000 or more.
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aly Ign‘ . 8 .. =9 k )_—

To . 2 _(irvey = AR

ENH 52 IT 413 b since A (V") vt ; KTk g
} NT

=.52(1—h)!t si cel—-h"————-l0 ~

. 004, sin Oy

Tax Situation B

Let us first establish the general partial derivatives of ¢ with respect to
Ay, IT and IY? in any year in which 4} < 75

The quantity ¢}, whether it be 4, 4}, 73, 7§ or ¢}, contains only one term
involving A, I§ and IYT. That term is (IT + I¥T)/54, so that the partial
derivatives of 13 with respect to 4o, I7 and I}'" are the same as the partial
derivatives of (IT 4 I¥T)/54¢. Thus,

a3 _ 9 (IO+I§T)=_1§+1§T=_ IR i 3
94, 94 5(4,)? 54, " hT T,

9IT ~ oIt

9 9 Io+INT)
54,

35 _ 8 10+1§”)
dI  HINT 54,

Next let us determine the partial derivatives of £§ with respect to Ao,
IT and IYT,

3 _ 9 (I'£+1f,”>=_1§+1£“_ It +I5"

o e =
6140 (A0)2 A ’ smce1 AO

9o 9 I3 +I§T _1

oIt “aIT\" 4, 4,

iy _ (Io +I%.“)_ 1

oINT aINT 4,

We will now take the partial derivatives of T'% with respect to 4o, I§
and IYT,
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1. When 72 < i¢

T3 =52 {17 — I

i Ijl.__l_———m['l‘;fyvaP(l'*'lo’l«?P—10’1«:)+1/:ffvp+B,]
1

— [lesser of $25,000 and .1 (17 + I}™) ] { — F, - $135,500

aT(?_ Io 610 NP a
m—.szi I,+IM[M FNPYNE (1 4 106NP — 1042)
_ diy po 610 /P
10 5 r Vo vr]f
=52{—4 (-—’-3—>VNP(f—10i“)+(—i§-)VP
{= (-5 -1 +( -4 ]$
=.52{hzc[VNp L(f,—108) +2 ]f
= S2hy [0V (3 f,— 2i8) + oF1,
cop = 10 . _ NP .
since O -y s ror=ro=1, f,=1+10% —1019,
VNP VP
pNP=—" and of =—
AO AO
T 2,304 I 8i; ‘NP _ 1 ()40
SHE = 52— ]?+Im[“0 PYPVNP (1 4+ 10 — 10d2)
=iy |
=.52[ —n; (-~ SA rYPVNP( f — 101,]
. v :
=.52hi¢g[r§"-A—o-.§(f,.—10@‘;)]
= S2hig Ao (L s, = 2],
. I; NP , w V¥
since &, = f;=1+104F— 103 and »"* = ——

IR
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OT(?_ (Ip +I§T) . P "
arr — 2 j1- (,T+,m)2 [z rNPYNP (1 4 1047 — 104)
I3 i
+igrg VP + 5] “m[ﬁg— YPVNE (1 + 104" — 1042)
Qu 610
—10 IT 070 ]—-1*%
- Iﬁ" Avgapey e
[ V(S o¢a)+i-vp]—.1*§
SA 0 0 Ao
I’ Ay NE )
- 31‘I§+I§T[I§+I§T 4, S ’)+zr+m]
\A Ve
— by ——1(f,—108) +—|— .1*
O[AO 57 /0 0 Ao] %
=.52 ;1-— (1_};0)(1,pr0.i__g+vp+b>
(1]
— Iy [0 (L f, — 28) 4 o7 ] —.1*%
- 2 §(1= g, —0)
eh () )=
0
. I3 . Lo+ I
since kb, = =, ge=221"0 PNP— fP
T ITFIN 0 A, 0 0
VNP
fo=1+10:° —10i2, 'z)NP=A—0,
\'al Bo
9P = and b=—=—"2_
, ATy

* Take as zero if investment yield is §250,000 or more.
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(')T1 Sord _ <, ;__ I [ a1;
('”T [’T-{-I}" 6[3‘

7NPVNP (1 + 104° — 1042)

52(—h) r"“’V’“’(f—lOz)

NP

52( - h,.)[rf."P-YZ;-%(fi— 102) |

— 52k [P (LS —2i0)],

It v

7 . a _
since /; = m, fi=1+10:f~10¢  and 'uN"—A—0
aTo
91T

Iy

=52 [y

[ia#NPYNP (1 4+ 104N — 1042)
+igrg VP +B ]

Iy [aiﬁ

"}?WDN—T fNPVNP(l"l‘lO’igIP'—lOi:)

a1y o
—10 8oy

6IN'1‘00

a(?rgT gw]—‘l*%

In
(ITF 715 A

h,,[g-vmfo— 10ig) + - V* | .17}
0

=.52 j Z0(eVErf iV 4B,

=.5221Tf1m IT_HNT(VNP fie+ >+]T+]N'r
—”o[\,;os'(fo 0i8)+‘1{1—o]_'i*2

=524k, (vNPfo-:;;+vP+b)— By 0 (31, 2i) +0%] —.1#}

=52 {i, ([, (::—g—%>+2¢g]+ b) — 1%

* Take as zero if investment yield is $250,000 or more.
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. -~ I; . Lo+ 15"
smceh0=IT_:Im., = 0;*1_00 , rP=1t=1,
0 0
VNP P Bo
fi=14+10"" - 104, ™ =—— P=__ and b=
° o : e
0T 2,501 4 is the same as 0T 2,300 4
aIT > al:

2. When #§ >
T? is independent of Ao, I and I§T except forj = 0.
I

T8 = 824" —————
F= St

[i¢ PNEVAP (1 + 10 — 104¢)

+i¢rt VP+B,1 — [lesserof $25,000 and .1 (I + I7™)] z»

—F,—$135,500

oTs _ I3 1% -
aAo—.szi IT+INT[6A VRR (1 + 1088 — 1045)
610 810
T1057, WV g, VP]%
= .52 {—ho[(—%)vwfo—wig)+(—i9;)vr]§
VP o,V

= .52 hoz:,[ﬁ:(f0 —108) +7;]

= 52hg [v™(f,— 10ic) + v°1,
since & =—I§——, NP = pP =1, fo=1-+10F —10s,

0 I’g+I§T 0 0 0 ]

NP
v“"=‘% and P =YA—
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aTs _ (Is + 1) =15 ., o .
a7 =52 - (1r+1NT)2 (e (14 1008 — 1039)
+14¢VF +B(]
Io 614] NP _ c ato P
-7 +Im[aITVNP(1+IOz 10 o7t o VN
a’to _ .
My VP] 1+
If,“
—_ _1_ P - 7C i —_ 1%
ho[Ao VIR, = 105) + v |-+
_ Iy \AS . B,
_52 ;1 IT+INT IT+INT( fO o 10)+W]
VP VvE
- [—(f — 10i5) + ] 1+{
=.52{1—(1—h0)('um’f0+v1’+b)
— B[V (f,— 10i5) + 07 — 1%}
= .52 [(1 = v"f, — o — b) + k(1059 + ) —.1%],
Is . _Io +1I5"
smceho=1;r_:1§.r, ©w= OAOO ) =1 =1,
v \'%4 By
f = NP _ { ()5¢ NP Y P =" = B0
fo=1+10{% —10é, v )’ v x and b T Iw

* Take as zero if investment yield is $250,000 or more.
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I
(Ir+ 1y

TS

W;szg

[1eVA® (1 + 104)® — 104) +4cVF + B|]

Is [ 915

i 3[NTVNP(1+101”“10’°)“10 1gVIF

aINT 0

- A REN

It A,

.oZi—-—-——-—(IT_*_Im)Z T VSV +B)

B[V =10+ v ] -

=.52 ;ITfI-OTINT[ITiOINT N foto+ >+1T+Im
[VNp(f—lozv)+] 1+

= .52 { k(v fy+ 0"+ b) — k[ (f, — 104) + 0] —.1%}

=.52 [k, (1089 +b) —.1%],

T T NT
IO -C_IO +IO NP P
fe=""7_) =l =1,

since B, = ———+—,
TIT I T T 4,

fo=1+10"— 10, oNP=——,

And finally, we will take derivatives of T} with respect to V¥, V¢,
By and F,. The derivatives of TF forj = 1 to 4 are all zero with respect to
these variables since the quantities 7}FVN? and 7} VP, which represent the
reserves in year 4, are really independent of VN? and V¥, the reserves for
the current year. Forj = 0,

* Take as zero if investment yield is $250,000 or more.
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Iy . : N g
TP = .52 {17 —ﬁfoﬁ[ng(1+ 103 — 10i2) +igV® +B,]

— [lesser of $25,000 and .1 (77 + I3 { — F, — $135,800.

The expression VNP1 + 10:YP — 104¢] equals
(1—108) D7 VI + 108V = (1 —104) D VP10 D 4V3*.
k=1 k=1 k=1

Thus, the derivative of VN?[1 4 104Y? — 10:3] with respect to VE? is
(1—1035) +104 = (1+104—105)

‘T ) )
Lo 52( 1T+1Nr #(1+ 106, — 108)
IT
= - 52111,(1+10t—101r), Sincello=73ﬁ§¥
6To . . Is
Also, = 52( Pt= — 52h1", since 1, = -
IT +INT 0 0’0 0 I;J).'+I§IT
aTo _ I . I H
GBO 52( IT—}-INT — .52k, since ho_mgﬁ
Ty

oF, b
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APPENDIX B
TAXABLE INVESTMENT INCOME I; AND DETERMINATION OF g FOR ILLUSTRATIVE COMPANY Z

(Amounts in thousands of dollars)

1962 1963 1964 1965 1966
(j=0) G=1 (i=2) (j=3) (i=4)
Cdlculation of **Taxable Investment Income” I;
1. Mean Assets Aj.....ovvnnernnnnennnannn. $1,000,000 $1,050,000 $1,100,000 $1,150,000 $1,200,000
2. Fully Taxable Investment Yield IT......... 36,000 38,550 41,200 43,950 46,800
3. Tax-Exempt Investment Yield I”JT ......... 4,000 4,500 5,000 5,500 6,000
4. Total Investment Yield= (2)+(33 .......... 40,000 43,050 46,200 49,450 52,800
5. Current Earnings Rate #{=(4) + (1) ......... 4.00%, 4.109, 4.209, 4.309, 4.409,
6. 5 Year Average Earnings Rate4%.......... 3.80% 3.90% 4.009%, 4.109% 4.209%,
7. Mean Nonpension Reserves
e) Valuedat2%,. .......... ..ol $ 375,000 $ 349,650 $ 321,200 $ 289,800 $ 255,600
b) Valuedat3%...............c.oonne.. 375,000 427,350 481,800 538,200 596,400
¢) Total=(@)+®)......cocov v ineL, $§ 750,000 (VN®)| $ 777,000 $ 803,000 $ 828,000 ¢ 852,000
d) Average Valuation Rate on (¢)=4}P..... 2.50%, 2.55%, 2.60% 2.65%, 2.70%
8. Mean Pension Reserves
a) Valuedat 239%..............cooeennl. $ 25,000 $ 28,980 $ 32,340 $ 34,960 $ 36,720
b) Valuedat3%.........coovvvevennnnn. 25,000 34,020 44,660 57,040 71,280
¢) Total=(@)+®). .. ..ccvvnrii .. $ 50,000 (V®) $ 63,000 $ 77,000 $ 92,000 $ 108,000
d) Average Valuation Rate on (¢)=35...... 2.75% . 2.T1% 2.79% 2.819, 2.839,
9. Adjusted Reserves Factor fj=
14+10(7d)—10(6) . . ...t 87.0% 86.5% 86.09%, 85.5%, 85.09,
10. Adjusted Nonpension Reserves=(7¢) X(9)... 652,500 672,105 690,580 707,940 724,200
11. Nonpension Reserve Deduction=(6)X(10).. 24,795 26,212 27,623 29,026 30,416
12. Pension Reserve Deduction= (5)X(8¢)...... 2,000 2,583 3,234 3,956 4,752
13. Interest Paid Deduction B;................ 3,500 3,780 4,070 4,370 4,680
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g = .52 (.75) [8.5565% -+ 8.2799%, -+ 7.9917%, + 7.6938%] = 12.6835%, where .75 = NP =

4,  §1,000,000°

1962 1963 1964 1965 1966
(j=0) (G=1 (j=2) (§=3) (i=4)
Calculation of “Taxable Invesiment Income” I;

14. Policy and Contract Liability Require- -

ments=(11)4+12)+013)................ $ 30,295 $ 32,575 $ 34,927 $ 37,352 $ 39,848
15. Policyholder’s Share of Investment Yield=

L8 Ty R € ) TP 75.71375%, 75.6678%, 75.5996% 75.53499%, 75.46979%,
16. Company’s Share of Investment Yield=

AN T Y 2426259, 24.33229, 24.4004%, 24.4651% 24.53039%,
17. Amount of Company’s Investment Yield= : .

HXA)=H—1D.........c.iia $ 9,705 $ 10,475 $ 11,273 $ 12,098 $ 12,952
18. Amount of Company’s Tax-Exempt Invest-

ment Yield=(3)X16).................. 971 1,095 1,220 1,346 1,472
19, Small Business Deduction................. 25 25 25 25 25
20. Taxable Investment Income I;=

AN-0U8)—(19). ..o $ 8,709 8 9,355 § 10,028 $ 10,727 $ 11,455

Calculamm of g
Proportxon of Fu]l Taxable Investment

Yield hi=Q)+@) ..ol 90.0000%, 89.5470%, 89.17715% 88.8777%, 88.6364%
L PO one one one one
23. Discount Factorat 3%................... 1.00000 .97087 .94260 .91514 .88849
24. Ratio of (7¢) in year Fjto(Te) in 1962=r,F% | ... ............ 103.60009, 107.0667%, 110.40009%, 113.6000%,
25. 39 —2(6)=3fi—2i7. . ... 9.509%, 9.20 8.909 8.609%,
26. ?21))( Q22)X2HIXEHXK2S) oo evoeeeene e 8.5565% 8.2799% 7.99179%, 7.69387%,

yne $750,000
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APPENDIX C
Computation of 1962 Marginal Tax Rates of Company Z

The marginal tax rates of Company Z in tax situation D are found
from:

On Assets:
mpy = 26hoig[vV P (% fo — 243) + oP] + $is g

On Fully Taxable Investment Yield:

’I:NP 1,P
my =.26ﬂ:1—(1—h0) %E"”Np+fg’vp+b'>
0

i 1o "
+(1—vm’f0-%— WP — b)+ o § 02 £, (%—%)-I-Zzo] +o}]-4s
On Tax-Exempt Investment Yield:

o-vP-I-b')
1,

iNP iP

NT — 2D L gNey MO
my .26[[110 70 + =
0 0

+ h, g vm[fq(%—é>+2ig]+b%:ﬂ -3z

On Nonpension Reserves:

mP% = 26[(1 — holte — hoid(1 + 104 — 1042)]

On Pension Reserves:

mBle = 26[(1 — ko)ly — hai)

On Interest Paid on Contracts Not Involving:

mg' = — 52[10

On Interest Paid on Indebtedness, etc.:
mp” = —.26(1 4 ko)
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where

_ It _  $36,000  _
b= T 7% ~ §36,000 + §4,000 0 7

It + 1" _ $36,000 +$4,000 _, o
° "4,  $1,000,000 ¢

iNP=2509%, £ =2.759% and =23.809, (SeeAppendix B)

fo=14+10g%F—104=1+10(.025) —10(.038) =87%

- By — $3,500 _

b= T F 1™ 36,000 F 84,000 o0 %
4

yo Bb $3,400 —8.509

T ITHINT T §36,000+ $4,000

g=12.68359, (See Appendix B)

Thus, the marginal tax rates are:
On Assets:
md =.26(.90)(.04){.75[.2(.87) —2(.038)] +.05}
+3(.04)(.126835)
= (.00936){.75[.098] + .05} +.0025367
=.00115596+.0023367 =.369279%,
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On Fully Taxable Investment Yield:

ms, =261 - (1—90) [222(15) ¢ 0273 (05) +.0850]
+[1-7508n 08— 05— 0875]

+.90§.75] 87(038—.2)+z(.038)]+.0875§]]
—3(.126835)

26{1—.10(.468754+.034375+4.0850)
+ [1—.75(.82635) —.05—.0875]
+.90[.75(.7285) 4+ .08751 } —.0634175
=.26(1—.0588125+4.2426254.5704875) —.0634175
=.456118—.0634175=39.2709%
On Tax-Exempt Investment Yield:

025 0275

myz = 26[ 90[ 2 2(75) + 222 1 (:05) +.0850

+.90 §.75 [87 038— z)+2( 038) | +.0875{ ]

—%(.126835)
26{.90(.468754.034375+ .0850)

+.90[.75(.7285) 4+.0875] } —-.0634175
26(.52931254+.5704875) —.0634175 =.285948
—.0634175=22.2539,

-

On Nonpension Reserves:
2% mi%=26{(1—.90)(.02) —.90(.038)[1+410(.02)

—10(.038)1}

=.26[.002 —.0342(.82)] = 26(—026044)
= —.67714%

3% md*% = 26{(1—.90)(.03) ~.90(.038)[1+10(.03)
—10(.038)1}

=.26{.003—-.0342(.92)] =.26(—.028464)
= —.74006%
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On Pension Reserves:
239, m};ﬂ% =.26[(1—.90)(.025) —.90(.04)]
=.,26(.0025~.036) = — .87100%
3% m3% =.26[(1—-.90)(.03)—.90(.04)]
=.26(.003—-.036) = —.85800%
On Interest Paid:
mB' = — .52(.90) = —46.8% and mB"” = —.26(1-+4.90)

= —49.49
Also,

mg =26%, mP=—26% and mf=—100%.
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APPENDIX D

TAX EFFECT OF DESTRENGTHENING 29 BLOCK OF RESERVES TO 3% BASIS
AT END OF 1961 BY COMPANY Z (SEE EXAMPLE 4 IN PART 4)

(Amounts in thousands of dollars)

A. ReSERVES AND RESERVE INCREASES

2% Basis

3% Basis

10% or
- 12/31/61 E::EG“
YEeaz RESERVE
Mean= Normal Increase Mean = Normal Increase (3)~(6)—(7)
ReserveDec. 311 yr)+(pml | (D —(Dem | REETVE P31 |40 (4)em) () - Wrn CuanGe
1) (2) 3) 4) (5) ©) () 8)
1961...... $100,000 ... oo $91,800  |.........oea e i
1962, 00" 90,000 | '$95,000 | "$— 10,000 83, $87,400 $= 8,800 |'$~ '820 | '$-380
1963...... 80,100 85,050 — 9,900 74,200 78,600 — 8,800 - 820 —280
1964 . . 70,500 75,300 — 9.600 65,600 69,900 — 8,600 — 82 ~180
1965. . 61,300 65,900 — 9,200 57,300 61,450 — 830 | — 80 | -8
1966. ... 52,700 57,000 — 8600 49,500 53,400 — 7800 — 80 | +20
1967, 447800 48,750 — 77900 42,300 457900 — 7200 | — 80 | +120
1968 ... 37,600 41,200 — 77200 35,700 39,000 — 6600 | — 80 | 4220
1969, ... 317200 34,400 — 6,400 20800 32,750 — 5000 | — 80 | -+320
1970...... 25,600 28,400 - 5,600 24,600 27,200 — 5,200 - 820 ~+420
1971, .00 20,700 23,150 — 1,900 20,000 22300 — 2,600 — 80 | 4520
1972...... 16,400 18,550 - 4,300 15,900 17,950 — 4,100 |[........... —200
1973000 12,600 14,500 — 3,800 12,200 14,050 — 3500 |l —100
1974, 9,200 10,900 — 30400 8900 10,550 — 30300 |l —100
1975. ... 6,100 7,650 ~ 37100 5,900 7,400 — 3000 |0 -100
1976 . ... 31200 40650 — 21900 3,100 47500 — 27800 |l —100
1977.. 000" 500 1,850 - 22700 500 1,800 — 20600 ...l —100
1978...... 0 250 - 500 0 250 — 500 {........... 0
(Total....hoooi it et $—100,000 ...l ]eieiiiiiiii $—91,800 $—8,200 $ 0
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B. CarcoraTion of Tax Errect oF ReEserve CHANGE

. Marginal Marginal Tax Effect Discount | Present Value
Tax Rate Tax Rate —(2)X(9) +(58) X(10) 26% of (8) for Year Factor Tax Effect
Year w2 % mBF3% (114 (12)4(13) at 3% (14) X(15)
9) (10) an (12) (13) (14) (15) (16)

—.67714%, — . 74006% $ 643 $— 647 . $— 98 $—102 1.00000 $—102
—.68113 -~ . 74476 579 - 585 - 72 - 78 .97087 — 76
— .68567 —.75028 516 - 524 — 47 - 35 .94260 — 52
— .69065 —.75647 455 -~ 465 - 21 - 31 .91514 — 28
—.69588 —.76312 397 - 408 + 5 - 6 .88849 - 35

—.70110 -, 77000 342 — 353 + 31 + 20 . 86261 + 17
—.70610 -~ . 77600 291 - 303 + 57 + 45 .83748 + 38
—~.71010 - . 78080 244 - 256 + 83 : + 71 . 81309 + 58

.=~.71310 — 78440 203 - 213 +109 4+ 99 . 78941 + 78
—.71510 — . 78680 166 - 175 -+135 4126 . 76642 =+ 97
—.71610 —. 78800 133 -~ 141 - 52 — 60 . 74409 — 45
—.71610 — . 78800 104 - 11 - 26 — 33 72242 — 24
—.71610 —.78800 78 - 83 - 26 — 31 . 70138 - 22
—.71610 —.78800 55 - 58 — 26 - 29 .68095 - 20
—.71610 —.78800 33 - 35 - 26 — 28 .66112 - 19
—~.71610 — . 78800 13 ~ 14 - 26 - 27 .64186 — 17
—.71610 —.78800 2 - 2 0 0 .62317 0

1S $4,254 $—4,373 $ 0 $—119  |........... $—122*

* Includes $ —23 = Z(13) X(15) attributai)le to deceleration of reserve decreases in column (8).



APPENDIX E
TLLUSTRATIVE REAL ESTATE INVESTMENT OF COMPANY Z

AMORTIZATION SCHEDULE BEFORE TAXES Tax DAtA MarcmvAL Tax AMORTIZATION SCHEDULE AFTER TAXES
PrincipalA Principal Tax De- Principal Principal
YeAR Beginning Interest Rent Repaid Tax preciation| Taxable On On Total Beginning Interest | Rent Less Repaid
Y, Payable 3 Assets Assets Income at Taxes End .
of Year on (1) End of during k (Sum of Income o Tax of Year 3.707919 Tof Y during
1) pr— 6% o v (Market _ .36927%]| 39.270% 8)+ (9) _ . o| of Year Year
PR at 6% Year ar | Value) the | =©) "5 | ot(m | OF Der— | "on (1) | 3)—(10)
“pr (-2 Digits) (19)pr (13)—-(12)
n 2) ©)] 4 (s) (6) ) (8) ) (10) 1) (12) (13) (14)

....... $1,000,00018  60,000($  70,119($ 10,119[$1,000,000($ 43,902(8 26,217|$ 3,693|$ 10,295($ 13,988[81,000,000/$ 37,0798  56,131$ 19,052
....... 989,881 59,303 70,119 10,726] 976,667 42,805 27.314| 3.607| 10,726 14.333 '980,948| 36,373 55,786 19,413
....... 979,155 58,749 70,119 11,370 ©053.333| 41,707| 28,412 3,520 11,157 14.677| 961,535 35,653|  55,442| 19,789
....... 967,785  58,067|  70,119| 12,052| 930,000, 40,610| 29,500 3.434| 11.588| 15.022| 041.746| 34,919 55,007 20,178
....... 955,733| 57,344  70,119| 12,775 906,667 39.512| 30,607 3.348| 12.019| 15.367{ 921.568| 34,171| 54,752 20,581
....... 942,058] 56,577 70,119\ 13,542 883.333| 38.415| 31,704 3.262] 12,450 15.712] 900,987 33,407|  54,407| 21,000
....... 929,416| 55,765 70,119 14,354 860,000| 37.317| 32,802 3.176| 12.881| 16,057} 879,987| 32,630| 54,062 21,432
....... 915,062  54,904]  70,119| 15.215| 836,667 36,220 33,899 3.090| 13.312| 16,402 858,555 31,834| 53,717 21,883
....... 809,847l 53,091  70,119| 16,128| 813,333] 35,122| 34,997 3.003| 13.743| 16,746 836,672| 31,023| 53,373 22,350
....... 883,719  53,023|  70,119| 17.096| 790,000 34.024| 36,005 2.917| 14,175 17.092| 814,322 30,194| 53,027 22,833
....... 866,623 51,997 70,119 18,122] 766,667 32,927 37,192 2.831| 14,605 17.436| 701,489 29,348 52,683 23,335
....... 848,501 50,9100 70,119 19,209 743,333 31.820|  38,200| 2.7a5| 15.036| 17,781 768,154 28,483| 52,338 23,855
....... 829,292( 49,758 70,119 20.361| 720,000 30.732| 39,387 2.659| 15.467| 18,126\ 744,200 27.507| 51,993 24,396
....... 808,931  48,536| 70,119 21,583| 696,667 29.634|  40,485| 2.573| 15,808| 18471| 719.903| 26,604| 51,648 24,954
....... 787,348| 47,241 70,119 22,878| 673.333| 28.537|  41,582| 2.486| 16,329 18.815| 694,949 25,768 51,304 25,536
ceeei.| 764,4700 45,868 70,119| 24.251| 650,000 27,439| 42,680 '2.400( 16.,760| 19,160 669,413 24,821  50,959| 26,138
17....... 740,219  44,413| 70,119 25.706 626,667 26.341| 43.778| 2.314| 17,192] 19.506| 643,275 23,852| 50,613 26,761
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AMORTIZATION SCHEDULE BEYORE TAXES TAx DATA MaremNaL TAx AMORTIZATION SCHEDULE AFTER TAXEs
Prh?cigal Rent Princi?al Tax T". D‘e- On On Prix3ci;_>al Interest | Rent Less Princil.)al
YEeAR Befg1;nmg Intez'gt Payable :llep.ald Assets p(r;cmuofn 'fnaxable Assets | Income 'I’;t‘)tal Be{gx;nmg at Taxes End I;q:ud
Wrae at 6% End of Year | Market | CURC | SOTC [ 360279 39.270% | (M | Gy | 3.707919)  of Year | (ITE
@r Year (3)=(2) Value) Digits) of (5) of (7) (14)pm on (11) (3) —(10) (13)=(12)
) (2) (3) 4) (53 (6) (] (8) 9) (10) (11) 12) (13) (14)
R
....... 687,265 41,236 28,8 , 24,146 45,973 , » ,19 589,1

20....... 658,382]  30.503] 70,119 30.616| 556.667| 23.049|  47.070| 2,056 18,484| 20,540| 561,025 20,803| 49,579 28,776
21....... 627,766 37,666 70,119 32,453 533,333{ 21,951 48,168| 1,969 18,916 20,885 532,249 19,735 49,2341 29,499
22....... 595,313 35,719 70,119] 34,400 510,000 20,854 49,265 1,883 19,346 21,229] 502,750 18,642 48,890| 30,248
23....... 560,913 33,655 70,119 36,464 486,667 19,756 50,363 1,797| 19,778 21,575| 472,502| 17,520 48,544| 31,024
24....... 524,449 31,467 70,119} 38,652 463,333; 18,659 51,460 1,711| 20,208 21,919 441,478 16,369 48,200| 31,831
25....... 485,797 29,148 70,119} 40,971 440,000{ 17,561 52,558 1,625 20,640 22,265 409,647 15,189 47,854 32,665
26....... 444,826 26,690 70,119 43,429 416,667 16,463 53,656] 1,539 21,071 22,610 376,982 13,979 47,509| 33,530
27....... 401,397 24 084 70,119] 46,035 393,333 15,366 54,753 1,452 21,502] 22,954] 343,452] 12,735 47,165 34,430
28....... 355,362 21,322 70,119] 48,797 370,000] 14,268 55,851] 1,366 21,933] 23,299 309,022 11,458 46,820| 35,362
29....... 306,565 18,394 70,119 51,725 346,667 13,171 56,948 1,280 22,363| 23,643 273,660 10,147 46,476] 36,329
30....... 254,840 15,279 70,119 54,840f 323,333 12,073 58,046] 1,194} 22,795} 23,989 237,331 8,799 46,130 37,331
200,000, ......... ool 300,000f........0..ccoveii e e 200,000. ...... oo fonan
Total...|.......... $2,103,570{$800,000|.......... $839,634($1,263,936|$73,300/8496,345/8569,645). ......... $733,925($1,533,925($800,000

$1,303,570

Rate after Taxes: 5
Preliminary Rate per Amortization Schedule Above............
“Cash Equals Zero” Adjustment............



APPENDIX F

TEST OF SIMPLIFIED METHOD OF DETERMINING “RATE AFTER TAXES” FOR SEVERAL DIFFERENT TYPES
OF 6% FIVE YEAR FULLY TAXABLE INVESTMENTS OF COMPANY Z

AMORTIZATION SCHEDULE BEFORE TAXES

MarciNaL Tax

AMORTIZATION SCHEDULE AFTER TAXES

Principal Re-

Payment Less

Principal Re-

YEaAz Principal Be- Interest . . On Assets | On Income Principal Be- | Interest at . .
ginning of Year]  on (1) Payment | paid during | “ye0,00 | 392709, | TO2l ToX |oiining of Vear| 3.274539; | To%es 2t End [ paid during
(1)pn—(4)pm at 6% at End of Year Year of (1) of (2) (5)4-(6) ®)pn—(11)p, on (8) of Year Year
° (3)— @) " B (3)—(n (10)—(9)
(1) 2) 3) (4) (5) (6) (6] 8) (€2} (10) (11)
A. Self-Amortizing Mortgage

.............. $1,000,000 | $ 60,000 | $ 237,396 | § 177,396 1 $ 3,693 | $ 23,562 | § 27,255 | $1,000,000,| $ ‘32,745 $ 210,141 | $ 177,396

b
.............. 822,604 49,356 237,396 188,040 3,038 19,382 22,420 822,604 26,936 214,976 188,040
.............. 634,564 38,074 237,396 199,322 2,343 14,952 17,295 634,564 20,779 220,101 199,322
.............. 435,242 26,115 237,396 211,281 1,607 10,255 11,862 435,242 14,253 225,534 211,281
.............. 223,961 13,435 237,396 223,961 827 5,276 6,103 223,961 7,332 231,293 223,961
L I e L O U
Total........|eeeeeeenns. $186,980 | $1,186,980 | $1,000,000 | $11,508 | $ 73,427 | $ 84,935 |............ $102,045 | $1,102,045 | $1,000,000

B. Bond with 6% Coupon Purchased at Par

.............. $1,000,000 | $ 60,000 | $ 60,000 | $ o|$3,603 |8 23,562 |8 27,255 | $1,000,000 | § 32,745 | $ 32,745 | § 0
.............. 1,000,000 | 60,000 60,000 ol 3603) 23.562] 27,255| 1,000,000 | 32,745 32,743 0
.............. 1,000,000 60,000 60,000 0 3,693 23,562 27,255 1,000,000 32,745 32,745 0
.............. 1,000,000 60,000 60,000 0 3,693 23,562 27,255 | 1,000,000 32,745 32,745 0
.............. 1,000,000 60,000 | 1,060,000 1,000,000 3,693 23,562 27,255 1,000,008 32,745 1,032,745 | 1,000,000
[ S e U ) e O O ¢ O O
Total....oo.|oerennnnns. $300,000 | $1,300,000 | $1,000,000 | $18,465 | $117,810 | $136,275 [............ $163,725 | $1,163,725 | $1,000,000
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AMORTIZATION SCHEDULE BEFORE TAXES MARGINAL Tax AMORTIZATION SCHEDULE AFTER TAXES

T Principal Re- — Payment Less | Principal Re-
YrAR Principal Be- Interest . . On Assets | On Income Principal Be- | Interest at N .
ginning of Year| on (1) | . Eﬁmﬁ paid during | 3602719 | 392709 T("S‘)“d:_?;‘ ginning of Vear | 3.27453% | Torce ot Eed | paid during
Mpr—@rr | ateg |[H 07 &, of (1) of (2) @®ra—(11)pr| on @ P iy
@)-@ 3)—- (10)—(9)
(1) (2) 3) . @) (5) ) (1 (8) 9) (10) (11)
C. Bond with 3% Coupon Purchased at Discount
.............. $ 873,629 1 $ 52,418 $ 30,000 | $ —22,418 | $ 3,226 | $ 20,585 | $ 23,811 | $ 873,629 | $ 28,607 | $ 6,189} $ —22,418
.............. 896,047 . 30,000 | —23.763 | 3,300 | 21,113 | 24,422 896,047 | 29,341 5,578}  —23.763
.............. 919,810 | 55,189 30,000 | —25,180 | 3,397 21,673 25,070 919,810 | 30,119 4,930 | —25,189
.............. 944,999 56,700 30,000 —26,700 3,490 22,266 25,756 944,999 30,944 4,244 —26,700
.............. 971,698 58,301 1,030,000 971,699 3,588 22,895 26,483 971,699 31,818 1,003,517 971,699
............................................................... O e
Total. .......].ccoenien. $276,371 | $1,150,000 | $ 873,629 | $17,010 ( $108,532 | $125,542 |............ $150,829 | $1,024,458 | $ 873,629
D. Investment with Irregular Payments
.............. $1,000,000 | $ 60,000 | $ 0|$% —60,000 | $ 3,603 | $ 23,562 | $ 27,255 | $1,000,000 | § 32,745 | $ —27,255 | $ —60,000
.............. 1,060,000 | 63,600 100,000 36,400 | 3,914 | 24,976 | 28,890 | 1,060,000 | 34,710 71,110 36,400
.............. 1,023,600 | 61,416 400,000 338,584 | 3.780 | 24,118 | 27,898 | 1,023,600 | 33,518 372,102 338,584
.............. 685,016 | 41,101 300,000 258,809 | 2,530 | 16,140 | 18,670 685,016 | 22,431 281,330 258,899
.............. 426,117 | 25,567 451,634 426,117 | 1,574 | 10,040 | 11,614 426,117 | 13,953 440,070 426,117
L I P O Y IS L O R N
Total. .....ofeuvenannenn, $251,684 | $1,251,684 | $1,000,000 | $15,491 | § 98,836 | $114,327 [............ $137,357 | $1,137,357 | $1,000,000
Rate after Taxes Extended Method Rate after Taxes Simplified Method
Rate per Column (9) above....... 3.27453%, Rate before Taxes ............. 6.000009%,
add back Marginal Tax Rate on deduct Marginal Taxes at
LT . R .36927 39.270% on 6%........0.uus —2.35620
3.64380% 3.64380%



DISCUSSION OF PRECEDING PAPER

ROBERT C. TOOKEY:

Mr. Fraser’s masterpiece will become required reading for all Peat,
Marwick, Mitchell & Co. personnel who handle life insurance tax prob-
lems. With the salient features of the tax law and many of the resulting
tax situations so well defined by algebraic relationships, the tax planning
job of the actuary has been greatly ameliorated. We were especially im-
pressed with the applications to various investment problems and will
make considerable use of Mr. Fraser’s analyses in this area.

I shall limit this discussion to a facet of the tax problem which the
author very briefly mentioned, loss from operations. It is fitting that he
did not tarnish the mathematical splendor of his paper with any extensive
treatment of such discontinuous items as carry-overs and carry-backs,
which are best handled by the scruff of the neck.

A company might be confronted with an operations loss in a number
of situations. The new company almost invariably shows an operations
loss the first several years of its existence. The established company un-
dergoing a particularly extensive expansion program could end up with
an operations loss, especially if it has accompanying adverse mortality or
morbidity experience to give it the needed nudge into the red ink column.
The company committed to expansion via acquisition of other companies
could end up with an operations loss in the year of a particularly heavy
acquisition. If an influenza epidemic of 1918 proportions ever strikes again
(and our virologists assure us that with the right mutation of “flu” germs
this could happen), many prosperous companies will have the novel ex-
perience of an operations loss. Consequently, sound tax planning should
not completely overlook the possibility of a loss.

When a loss is incurred, it is first applied as a carry-back against the
prior three years of operations commencing with the earliest year. The
effect of the carry-back is to reduce G’. From the relationships: 8T'4/3G’
= .52, aT8/aG’' =0, 8TC/dG’ = .52, aTP/3G’ = .26, we see that a
carry-back is worth 52%, in tax savings in situations A and C and 26%,
in situation D. However, in situation B the carry-back is worthless be-
cause of the offsetting effect of the corresponding reduction in the deduc-
tions D. When it becomes apparent that the company may suffer a loss,
it should study the effects of the carry-back against the third preceding
year against which it must be applied. If such year was in situation A, it
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might be well to go ahead and take the loss. On the other hand, in situa-
tion D, the value of the carry-back is only half as much, and in situation
B it is worthless. )

To minimize the tax load, the company must maximize the tax-reducing
effect of the carry-back. If there is any possibility of incurring an opera-
tions loss for two consecutive years, consideration may be given to accel-
erating deductions to incur all the losses in one year in order to get the
most favorable treatment of the carry-back. Tax savings would be appre-
ciable if the entire loss could be applied against a situation A year and
avoid the situation B or D year that followed. It is also possible to de-
celerate deductions to postpone an operating loss for a year should the
third preceding year result in unfavorable tax treatment of the carry-back.

In the case of loss carry-overs, it would be expected that a company
would not normally emerge immediately from a loss position into a situa-
tion D, so that the initial application of the carry-over would result in a
529, tax savings. Any five year old carry-over in danger of being lost can
often be saved by acceleration of income or deceleration of expense, or
both, and this can be accomplished by various means. However, there are
so many technical points involved that the local Internal Revenue office
might approve of one method in one case and disapprove of a similar
method in the second case. The tax advisor should be consulted since each
case must be handled on its own merits. :

One very detrimental effect of a loss carry-back could be the incurral
of a Phase 3 tax for the year against which it is applied. This could happen
if the balance in stockholders’ surplus after application of the carry-back
were insufficient to cover dividends paid to stockholders, resulting in an
invasion of policyholders’ surplus. Remedial action designed to prevent
this situation must be taken long before December 31, pointing to the
importance of vigilant tax planning. '

A parting thought on the subject of tax planning relates to the possi-
bility of reduction in the corporate tax rate. Although there has been
discussion of this for many years with no action taken, there is now a bill
under serious study in Washington which among other changes would
reduce the corporate tax rate to around 45%. At the risk of being called
a dreamer, I should like to point out that this possibility should be con-
sidered when timing your deductions for 1962 and 1963.

QUINCY S. ABBOT:
Mr. Fraser is to be commended for his fine mathematical analysis of
the Life Insurance Company Income Tax Act of 1959. The formulas he
has given for the development-of marginal tax rates are most helpful.
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The use of these marginal tax rates to predict the effect on the tax of
various transactions is, however, an exceedingly hazardous occupation. A
major difficulty in many companies is determining the future “tax situa-
tion,”” which requires projecting the taxable investment income and tax-
able gain from operations. Until an audit of early returns under this law
has been completed by the government, some companies do not know
their past and current tax situation, much less being able to predict with
assurance their future tax situation.

Allocation by Line of Business

Allocation of the tax is an area of major concern. The concept of mar-
ginal tax rates may be extended into allocation problems with some degree
of success and enlightenment. If a model office of the tax is set up for
each line of business within the company, marginal tax rates may then
be computed to show the effect of an investment or other action on the
net retention of that line of business after federal income tax. These mar-
ginal tax rates do vary substantially by line of business.

Equity Investments

Mr. Fraser develops a factor of equivalence for use in determining the ‘
relative values of fully taxable income and dividend income, which is
85% tax-exempt.

Investment in equities involves not only the tax on dividends as evalu-
ated by this factor of equivalence, but also the tax on additional assets
arising from the difference between mean market value and cost. The tax
on the portion of assets represented by the cost of the stock may be
ignored under a “cash equals zero’ basis, as this asset would exist even
with a fixed dollar investment. Certain difficulties may best be illustrated
by using the example of an actual high growth, low yield, blue chip stock,
and the marginal tax rates where the tax is based on investment income
only (situation B1) for Company Z. These marginal rates are 4%, of assets
and 199, of dividend income.

Increase

Tax Tax .
12/3t Mean in Mean Dividends
Year | Market | Market | Market | Dividend | @ 2% o0 | @ 19% | Total 1 motal
Increase | on Divi- Tax

Value Value Value in Assets | dends Tax

over Cost
1957. ... 305 ... oo
1958....| 548 427 122 2.60 .92 49 1.41 1.19
1959....| 438 493 188 2.25 1.41 43 1.84 41
1960. ... 593 516 211 3.00 1.58 57 2.15 .85
1961. ...} 579 586 281 2.18 2.11 41 2.52 - .34
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The market value of this stock has risen from 305 in 1957 to 579 at
the end of 1961, while the dividends have varied from a high of $3.00
in 1960 to a low of $2.18 in 1961.

Assuming a share was bought on December 31, 1957, and held through
the end of 1961, the mean market value has increased $281 over the cost.
The 1961 tax on this increase in assets is $2.11, while the tax on dividends
is $.41, resulting in a total tax of $2.52. This is $.34 more than the divi-
dend of $2.18.

The 1961 Annual Statement gain from operations was thus reduced by
$.34 for each share of this stock that was purchased on December 31, 1957,
and held through 1961. The capital gain has gone through Exhibit 4 and
into the security valuation reserve (unless this has reached its maximum).
An unexpected effect of the investment has been to reduce 1961 annual
statement gain from operations and to reduce the 1961 increase in unas-
signed surplus by this $.34 per share.

There is no simple solution to determining the value after federal
income tax of an equity investment by a life insurance company. In the
approach outlined above, the tax on the increase in assets is offset against
dividend income. Another method for evaluating a potential equity in-
vestment is to offset the tax on the anticipated increase in assets against
expected capital gains. This tax would, of course, be in addition to the
tax of 25 percent payable at the time a capital gain is realized.

All of this does not mean that a high growth, low yield stock is neces-
sarily a poor investment for a life insurance company. It does mean that
the Life Insurance Company Income Tax Act of 1959 has interjected
problems into the evaluation of equity investments that did not exist
previously and do not exist for any other type of investor.

HARRY D. GARBER!:

I would like to compliment Mr. Fraser on his comprehensive and pro-
fessional analysis of the mathematics of the new federal income tax law
for life insurance companies. He has covered the subject so thoroughly
that there is little room for discussion. My comments will be limited to
an expansion of one of Mr. Fraser’s statements and to suggestions for
simplifying a few of the basic formulas for day-to-day use.

In the section headed ‘“Homogeneity of Tax Function,” Mr. Fraser
states that the marginal tax rates may be used in allocating the tax by
line of business. Since the marginal rates reflect, among other things, the
earnings rates and the ratios of pension plan and other life insurance
reserves to assets for the entire company, the use of this allocation method
involves the assumption that each line is essentially similar to the entire
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company in these respects. Mr. Fraser points out that this allocation
technique would probably not be applicable when investment income is
allocated on an “investment generation’” basis. In the latter case, the
earnings rates vary by line of business. This tax allocation technique also
may not be applicable in the case of a company with a large group opera-
tion, where it is almost certain that no line will mirror the characteristics
of the whole company. In these cases, the method will tend to charge to
the group lines more tax than they would have incurred as separate com-
panies.

In situation B, the formulas for the marginal tax rates on fully taxable
and on nontaxable investment income, denoted in Mr. Fraser’s paper by
the symbols m3;, m3,, 73T, and mE¥, can be simplified by introducing
a new symbol, Sy. This represents the Phase 1 Company’s Share of Invest-
ment Yield in the current year. I believe that the resulting formulas, given
below, are easier to manipulate and show more clearly their relationship
to the formula for the marginal tax rate on assets:

mey = .52 {Sotho(1=S0) — bo [v"" (2fo—2i5)+0"1 } —.1*] — ¢

mu: =.52[{ho(1—So) — by [ V" (2fo—2i5) +0"1} —.1*]— ¢
mus=.52[[{So+ hoe(1 —So) — kol o™ (fo—10%5) + v*1}—.1*] — ¢
myy=.52[[{ k(1 —So) — ko [v" (fo—1045) + o1} —.1*] —g.

Although T have not checked, I believe that similar simplifications can be
made in the formulas for tax situation A.

In his formulas for tax situation B, Mr. Fraser uses a symbol g to denote
the present value of the effect on the tax in the four succeeding years of
changes made in the present year. In the formula for g he takes into
account, for each of the four years, (1) whether the adjusted reserve rate
will be the current or the average earnings rate, (ii) the estimated growth
in life insurance reserves and the trend in the average assumed interest
rate, (iii) the ratio of fully taxable investment income to investment yield,
(iv) the assumed average earnings rate, and (v) an interest discount factor.
He points out that the most powerful element in g is the adjusted reserve
rate. We believe that the degree of accuracy obtained by these detailed
calculations will rarely be required. All we desire, usually, is the over-all,
and not the exact, effect of a contemplated change. The following assump-
tions will simplify the application of these techniques to individual prob-
lems.

* Take as zero if investment yield is $250,000 or more.
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1. The adjusted reserve rate in each of the next four years will be based
on the same type of rate (current earnings rate or average earnings
rate) as in the present year.

2. The average of the average earnings rates for the current and succeed-
ing four years will be equal to the current earnings rate of the present
year.

3. The ratio of fully taxable investment income to investment yield will
not change over the five year period.

4. The increase in life insurance reserves, other than pension plan reserves,
during the next four years will be offset exactly by the interest discount
factor; the assumed interest rate on these reserves will not change dur-
ing this period.

With these assumptions, the same marginal rate formula applies to a com-
pany whether or not its average earnings rate presently is less than the
current earnings rate and the two sets of formulas presented by Mr,
Fraser are reduced to one. Specifically, the m3, and the mE7 formulas, as
modified above, with fo = 1 + 10§* — 10§ and g = 0 apply. Since the
Phase 1 Company’s Share of Investment Yield in the present year is not
the same, however, when the adjusted reserves rate is the current earnings
rate as when it is the average earnings rate, the marginal rates will differ
even though the formulas do not.

We made a test calculation based on the facts presented for Company
Z. The differences between the results produced by our approximate for-
mulas and those resulting from Mr. Fraser’s more exact techniques are
quite small.

JOSEPH C. NOBACK AND RUSSELL R. JENSEN:

In presenting this paper on the federal income tax, Mr. John C. Fraser
has made a valuable and very timely contribution to actuarial literature.
He has taken an extremely complex subject and has developed it clearly
and concisely.

Many of us, for very practical reasons, have concentrated our attention
on our own company’s tax situation. We are therefore indebted to Mr.
Fraser for raising our sights with his panoramic picture of the new tax
law. This picture takes the form of several generalized mathematical
models that describe the new tax law symbolically for every conceivable
company situation. Having done this, the author partially differentiates
his equations to produce marginal rates of return and shows how the re-
sulting differential equations can be used to evaluate the tax impact of
many management decisions. Finally, he illustrates this technique for
several specific cases involving a hypothetical company subject to situa-
tion D.
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Before we describe an analysis that we have found helpful for a com-
pany in situation B, we would like to inject a word of advice to the neo-
phyte.

In Part 1 of his paper, Mr. Fraser demonstrates that four tax situations
can and do occur under the new tax law. This demonstration covers four
short sentences following the definitions of 7, D and G. The author’s ex-
planation is very terse and may seem self-evident. However, the uniniti-
ated had better proceed with caution.

We are frank to admit that we had difficulty seeing the proof. Perhaps
our difficulty was due to our inability to differentiate between G and “Gain
from Operations” and between D and the deductible portion of D. We
finally resolved our confusion by proceeding to make a step-by-step
analysis.

In the hope that our elementary development may be helpful to others,
we shall append it to this discussion as Appendix A.

In our development, Fraser’s situation A has been subdivided into two
subsituations, A-1 and A-2, depending on whether D is less or greater
than $230,000.

In situation A-1, Taxable Income is G — D

In situation A-2, ¢ “ “ G — $250,000
In situation B, “ “ “ J — $250,000
In situation C, “ “ “G-D

In situation D, “ « “iI+G— D).

After we had mastered the development of Mr. Fraser’s four tax situa-
tions, we looked for some statement of the rationale of the law. We were
disappointed to find that the author did not shed any light on the origin
or theory of this peculiar tax structure. We wondered if other industries
are subject to such a complex and seemingly incomprehensible definition
of taxable income.

The taxable income for companies in situation A-1 and in situation C
makes sense. It is the Gain from Operations, after deducting policyholder
dividends. Why is it that the tax basis in situations B and D is so differ-
ent?

If one looks at these situations from the point of view of a mutual life
insurance company and ignores the $§250,000 deduction for the moment,
then the taxable income is the smaller of G or 7, except where a company’s
“Underwriting Gains” and “Expense Margins” exceed its policyholder
dividends. In that case its taxable income is I + (G — I — D). It would
appear that, in any case, policyholder dividends play a rather passive role.
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While we can understand the relationship between the four situations,
we still cannot find a rationale for the basis. Perhaps someone can en-
lighten us.

Mr. Fraser’s development of marginal rate of interest is designed to aid
management in evaluating decisions affecting both the investment and
the insurance operations. Consequently, he is concerned that, when he
changes 7¢, the current interest rate, he may affect the yield in the four
succeeding years.

We have addressed ourselves to a simpler problem.

We have limited ourselves to modifications in the insurance area only.
Hence we are not concerned with g. Furthermore, we have concentrated
our attention on situation B, where the taxable income equals Jo —
$250,000. Our objective has been to uncover the essentials of our tax by
stripping from the formula all minor elements. We believe the resulting
formulas can aid in decisions affecting valuation, surplus and dividend
distribution, and can be used to obtain valid marginal rates of return.

Mr. Fraser expresses the situation B tax as follows:

TE = .sz{ (I 4+ Iy — 23V (1 + 1087 — 1063) —iVE — Bq

e V(141060 — 106%) +45VE + B,
— 11~ R ]

— [lesser of $25,000 and .1(Is+ I3 ")) }—Fo— $135,500.

We looked at each of the components of this formula with reference to
our own situation and concluded that certain changes and approximations
could be made. Furthermore, since we were dealing with only one calendar
year, we found that the subscript 0 could be omitted.

First we defined:
VP = Deposit Funds
1? = The average rate of interest paid on these Deposit Funds,
so that B’ = ¢PVD,

We set B"” = 0 because our indebtedness to others is nominal. We set
INT = 0 because only a small percentage of our interest income is from
tax-exempt securities. We dropped the terms “lesser of $25,000 and .1(/T
~+ INT)” and “$135,500” as being of relatively minor importance. Finally,
we agreed to look at the tax load in total—that is, to focus our attention
on T8 4 F = TFB We were interested in our rate of return after all
income taxes, including that which we pay to the Dominion of Canada.
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With these changes and approximations we got:
TF®= 520 1% =" Y (1 +106— 101 V¥ =iV —V?}.
k=1
The net investment income after federal tax may then be expressed as:

I"=TF® = 481" +.52{i" Y (1 +104— 10 V" +iV* +i°V?} .

k=1

Dividing by the mean assets 4, we derived the {ollowing expression for
the company’s current earned rate, after taxes.

Boat co. = 487 +.5248 D7 (14 106— 10" 217 +i" +3% |,

k=1
where
s =Vi + 4
F=V'+ 4
2°=V°+ 4 .

We also derived current earned rates, after taxes, for isolated blocks of
our business under two separate assumptions:

1. That surplus stands as a separate fund (:2t)

2. That surplus is allocated (¢AT)

These “isolated after-tax yield rates’ are derived in Appendix B.

We believe that a number of useful observations regarding valuation,
surplus and dividend distribution can be made using these equations and
we would welcome any discussion or criticism of this approach to the
federal income tax.

These formulas are rather simple and elementary. They do not con-
template changes in 7§ and are applicable only to a limited number of
companies that are subject to situation B.

By contrast, Mr. Fraser’s formulas are elegant and comprehensive.
Perhaps this serves to emphasize the magnitude of the contribution he
has made with this paper.

APPENDIX A

STEP-BY-STEP ANALYSIS OF THE PHASE
1 AND 2 TAX BY SITUATION
1. Basic Expression
“Taxable Income’ equals (a) the smaller of I and (G — the deductible
portion of D), plus (5) 509 of the excess, if any, of (G — the deductible



DISCUSSION 127

portion of D) over I, where the “deductible portion of D’ is the smaller
of D and ($250,000 4 the excess, if any, of G over I).
2. Situation A-1: Where G — I < 0 and D < $250,000
Since G < I, the ““deductible portion of D’ is the smaller of D and
$250,000. Since D < $250,000, the “deductible portion of D” is D.
Now having found the value of the ““deductible portion of D,”
Taxable Income = (a) the smaller of I and (G — D), plus
(b) 50%, of the excess, if any, of (G — D) over I.
ButsinceI > G,I >G—Dand (G—D) — 1 <0,
Therefore taxable income = G — D.
3. Situation A-2: Where G — I < 0 and D > $250,000
Since G < I, the “deductible portion of D” is the smaller of D and
$250,000
Since D > $250,000, the “deductible portion of D’ is $250,000
Taxable income = (@) the smaller of I and (G — $250,000), plus
(8) 509, of the excess, if any, of (G — $250,000)
over I.
But since I > G, I > G — $250,000 and (G — $250,000) — 7 < O
Therefore taxable income = G — $250,000.
4. Situation B: Where 0 < G — I < D — $250,000
In this situation G > I. Consequently, the “deductible portion of D”
is the smaller of D and ($250,000 4 G — I).
However, the condition states that $250,000 + (G — I) < D.
Therefore, the “deductible portion of D” is ($250,000 + G — I)
and (G — the deductible portion of D} = G — ($250,000 4 G — I)
(G — the deductible portion of D) = I — $250,000.
Taxable income = (a) the smaller of 7 and (I — $250,000), plus
() 509, of the excess, if any, of (I — $250,000)
over [.
Therefore taxable income = I — $250,000
S. Situation C: Where 0 < D — $250,000 < G — I < D
In this situation G > I. Consequently, the “deductible portion of D”
is the smaller of D and ($250,000 4- G — I).
But the condition prescribes that D < $250,000 + (G — I).
Therefore, the “deductible portion of D is D.
Taxable income = (&) the smaller of I and (G — D), plus
(5) 50% of the excess, if any, of (G — D) over I,
Now G — D - I < 0. Hence, the excess above is zero, and also
G-D<I.
Therefore taxable income = G — D.
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6. Situation D: Where 0 < D < G — I
In this situation G > I and G — I 4- $250,000 > D; therefore the “de-
ductible portion of D” is D.
Taxable income equals (@) the smaller of I and (G — D), plus
(8) 50% of the excess, if any, of (G — D)
over [.
SinceG—D—12>0,and I <G - D,
Taxable income =14+ 3G —71—D) =4I+ G — D).

APPENDIX B
DEFINITION OF “ISOLATED AFTER-TAX YIELD RATES”
Definition of Terms
Let 4 = Total Assets of the Company
V = Total Reserves and other funds of the Company that are allowed
an interest credit in Phase 1.
S = All funds of the Company that do not receive an interest credit
in Phase 1 (i.e., Unassigned Surplus, Mandatory Security Valu-

ation Reserve, Policyholder Dividends Declared, etc.)
A=V+5S

n
Letd = 2 AE 4+ A%+ 4 P where each term represents the assets
k=1 comparable to the reserves in the follow-
ing formula:

V=D Vit ViV,
k=1

Let 42* = the current net earned interest rate after taxes for reserves VIE,
where surplus is treated as a separate fund

13 = the corresponding net earned interest rate after taxes for
reserves V2

% = the corresponding net earned interest rate after taxes for
reserves VP

1% = the corresponding net earned interest rate after taxes for
Surplus.

Let 74T = the current net earned interest rate after taxes for assets AYE,
where surplus is allocated.

74T = the current net earned interest rate after taxes for assets 4%,
where surplus is allocated.
14T = the current net earned interest rate after taxes for assets AP,

where surplus is allocated.
Values of < are taken as the ratio of earned interest to the mean assets.
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We have shown that where the taxable income is I — $250,000 the net
investment income, after federal income tax, may be approximated by
the following formula:

I"—TF® = .481T+.52[i’2 (14104 — 10i‘)v,§"+i°vp+i°v°] .
=1

Isolated Rates with Surplus Treated as Separate Fund
Since
I"= D EVE iV VP 445,
k=1

n

I"—TF® =" [48:+.52i"(1+ 104 — 10:%) ] Vi

k=1

4 (.48i°+.52¢°) VP + (.48:°+.524°) VP + .48:°S .

If we take each component of “Net Investment Income after taxes’” and
divide it by the corresponding funds, we get

igt = 480 + 52i(1 + 104 — 109)
i =it

iy = A8i 4 52iP

it = 483,

Isolated Rates Where Surplus Has Been Allocated

We define
14 s = 4N i®
14+sT=4F=V"
14 s°=4"%=VP
Thus

A=D1+ s+ A+ sH V) + 1+ s7)V°

k=1

and

I'= ii“(l + s OVE it (14 sTHVE (1 + s VP,
k=1
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Then

I"—=TF® =" 48 (14 sy )Vi +.48°(1 4 sT)V*

k=1
+.48i°(1+ s)VP+ D7 .527(1+ 104 — 10i°) Vi
k=1

+ .52i°VF 4 .52:°V"

I"—TF" = 2;.48¢°+.52f 14104 — 107 IOiz)gA}fP

et 1+ sk
L 524 ) 2 o, 52" ) p
+;.48z+1+SP}A +§.48¢+1+5D§A ,

If we now take each component of the “Net Investment Income after
tazes’ and divide it by the corresponding mean assets, we get isolated
after-tax yield rates as follows:

AT = 48ic+ .52i (1_+11+9‘ ks;x;r 101")

AT= 48+ 52 (ﬁ)
. . 0
’lgT: .48’Lc+.52 (ﬁ?ﬁ

CECIL J. NESBITT AND DONALD A. JONES:

In our actuarial mathematics seminar at The University of Michigan,
we became interested in the mathematical foundation of this paper, in
particular, its basis in the theory of homogeneous functions. Some of the
main facts of this theory may be summarized as follows:

The function f(zy, %3, . . ., x,) is said to be homogeneous of degree m
over a suitable domain if

(A) f(txl, ixz, ey tx,,) = t"‘f(xl, X2y 00y x,.) .

It m =1, finy, t2o, . . ., i2n) = 4f(%1, %o, . . ., %n), t.e., f changes propor-
tionately, and if m = O, f(tx1, txs, . . ., tx,) = f(x1, %, . . ., %), that is, f
remains fixed.

If fi(m, @2, . . ., %) = (8/82:) f(%1, %3, . - . , %) Where f is homogeneous
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of degree m, then f; is homogeneous of degree m — 1. This may be shown
by differentiating formula (A) in regard to ., thus

of (txy, bxoy o o oy tmn)
f b ax‘ ’ =l"'f,'(x1, x2)-")xn)
af (txy, txay . . ., txn)
f 10(1?5,) : .t=tmf“(x1’x2,---)xn),
or
(B) Siltxy, txsy . o dx) = 07 l(®y, %oy oo, T0)

If m =1, f: is of degree 0, and its values remain unchanged if the #;
change proportionately.

(9] wifi+ xfot . xafa = mf(ay, xe, L, w)

This relation for m = 1 has been given in the paper. For m = 0 we have

(D) it xfat .. Faafa=0. | )
If m = 1, and formula (C) is applied at (z1, x5, ..., %) and z,, x7,

vov, %), and if

(E) Sl w3 ) = fulal x, ) = S

say, then »

(F) f(x:” x;,: ce xr’ll) "'f(x;: x;’ T ;/x:‘) ’ " ’
=(x; —a)fi+ ...+ (x. —x)fn.

In the paper the tax function (possibly less statutory constants) plays the
role of f, and the author’s marginal rates take the place of the partial
derivatives fi, fs, ..., fa. The degree of the tax function is 1, and the
degree of the marginal rates is 0. The question arises whether relations
(E) hold, which would then justify the assertion of (F) for the tax
problem.

Circumstances under which some or all of relations (E) hold are

(1) x1' /2, = x;' /2, = ... =%, /,, that is, all variables change propor-
tionately. In the author’s examples, some of the variables remain un-
changed while others may vary proportionately, so this case does not
apply to his examples.

(2) The partial derivative f;is a constant ¢;. Then, of course, fi(x,’, %, ,
oo, xn) = fi(x], %3, . . ., x2), no matter how the variables change. Some
of the author’s marginal rates are constant, and this remark applies to
them.
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(3) The partial derivative f; is homogeneous of degree 0 in a subset
of the variables x;. Thus, for example, the author’s marginal rate

Y _
my = aBI—.O IT+Iﬁ

INT

is homogeneous of degree 0 in the variables IT, I¥T, Then, as long as these
two variables change proportionately, the marginal rate remains fixed,
no matter how the other variables change.

(4) Even though the variables appearing in f; do not change in exact
proportion, nevertheless f; may change slowly on account of the maturity
of the company’s position, and for estimation purposes f; may be regarded
as constant. The zero degree homogeneity of f; may reinforce its relative
constancy. Also, it is noteworthy that since the derivatives f; are inde-
pendent of scale, so are percentage errors; thus the percentage error for
one company is the same as for another company with variables twice
as large.

It appeared to us that circumstances (2), (3) and possibly (4) were the
real justification for the stability of the author’s marginal rates. In any
application, the marginal rates would require examination to check
whether relative stability could be assumed for estimation purposes.

The author’s zero complexes aroused our curiosity. We had some
thought that they might be justified by relation (D) for a subset of the
variables and we have been able to verify this, For example, considering
only IT and I™T as variables, one may write

TA = 52I" - U, INT)
where U is homogeneous of degree 0 in IT and INT, Then

oT* aTA
It g

=.52]T,

since by (D) the U term will contribute 0. This yields the zero complex
hiemY + (1 — h)iem§T = 52hie.

In a recent article concerning England in these changing times there
was a reference to “the American genius for labyrinthine legal technicali-
ties.” Surely, this tax law is such a labyrinth, but also surely, Mr. Fraser
has demonstrated he is a most able guide. He has performed a tremendous
analysis. In addition, he has shown how rather remote mathematical facts
may have a most practical application.
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H. EDWARD HARLAND:

Mr. Fraser has given us an excellent mathematical analysis of the
Federal Income Tax Act. I am confident that everyone involved in tax
planning will find his marginal tax rates a most useful tool.

I applied the formulas to our tax position for 1961 and obtained mar-
ginal rates. The sum of the products of the various independent variables
and their associated marginal rates reproduced the total tax almost ex-
actly. As pointed out by Mr. Fraser, this constitutes a necessary but not
sufficient test of the accuracy of the rates.

We had previously performed, on the IBM 650, a job which we do each
year for the investment department in connection with tax planning. Al-
though the program was prepared and tested, it took several hours to code
new input and have cards punched, and to get free machine time to run
the calculations. To test for myself the speed and accuracy involved in
using Mr. Fraser’s formulas I reworked the problem using marginal tax
rates. This method reproduced the machine-calculated results exactly,
and the total working time was approximately two minutes.

J. STANLEY HILL:

Actuaries and other officers responsible for life company tax analysis
are highly indebted to Mr. Fraser for a virtual gold mine of information
and analysis,

Many actuaries and other tax analysts have recognized the significance
of the marginal tax rate concept in understanding the workings of this
complex law. But Mr. Fraser has set a new high in the vigor of his analysis
and the clarity of the exposition.

An excellent example is the clarity with which he has shown the tax
imposed on “tax-exempt” investment yield. For Company Z, he shows
the rate to be 22%,. In Example 1, he shows that Company Z will pay
$4,700 additional tax because of the receipt of an additional $21,250 of
tax-exempt interest. Again, in Example 5, he shows that Company Z will
pay $55,000 additional tax because it received $250,000 of additional tax-
exempt interest.

In Part 5 under “Factors of Equivalents,” he brings out the signifi-
cance of this marginal rate on tax-exempts in a different context. The
typical investor with a marginal tax rate of 39.3%, would expect equiva-
lence if he were to obtain, on his tax-exempts, 60.7%, of the available yield
on taxables—not so for Company Z, which must obtain 78.19,. As Mr.
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Fraser’s algebra shows, this is because of the 22.39%, marginal rate on tax-
exempts.

Another point which may need additional emphasis is the value of
the “before and after” technique in avoiding pitfalls. If the computer is
available, the programming effort is not prohibitive and the resulting
marginal rates are both useful and impressive. We have a program for
our Burroughs 205 which develops 216 marginal rates from 28 items of
input which are readily obtainable from the tax return. The program was
written in about eight hours and “debugged”’ in about the same length
of time.

When Company Z's figures are used as input, the resulting rates agree
rather well with those produced by Mr. Fraser.

(AUTHOR’S REVIEW OF DISCUSSION)

JOHN C. FRASER!

I wish to thank the many participants in the discussion for their very
thoughtful and erudite comments.

Mr. Tookey has covered very thoroughly an area that I studiously
avoided in the paper, the subject of “loss from operations.” As he points
out, this is a subject of considerable importance to many companies and
requires careful analysis and tax planning. I am most grateful to him for
this valuable addition.

Mr. Abbot raises several very interesting points in his discussion. He
notes quite correctly that many companies do not know their past and
present tax situations, much less their future tax situations. However,
this should become less and less of a problem as more and more tax audits
are completed and the law “shakes down.”

Mr. Abbot’s comment regarding variations in marginal tax rates by line
of business requires some interpretation and will be covered in my reply
to Mr. Garber’s discussion.

Mr. Abbot also notes that where yields are based on cost rather than
on market value, it is possible to obtain negative after-tax yields (as com-
pared with uninvested cash) on rapidly appreciating equity investments.
This illustrates the dangers of ignoring capital gains in the determination
of over-all investment performance. It also points up one of the problems
associated with the annual statement blank. I might also add that the
problem of equities appreciating too rapidly is a problem many persons
would like to share with Mr. Abbot.

I am indebted to Mr. Garber for the two modifications he has made in
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the situation B marginal tax formulas. First of all, he has introduced a
simplification through the use of a quantity Sy, the Phase 1 Company’s
Share of Investment Yield for the current taxable year. This quantity S,
may be obtained directly from the tax form, thereby facilitating the
calculation of the marginal tax rates.

Secondly, by making certain special but, at the present time, quite rea-
sonable assumptions as to the relationships of the tax variables in the four
succeeding taxable years, Mr. Garber has eliminated the need for making
specific projections of these tax variables. To assist those who wish to
follow his derivation, I might just note that the effect of his assumptions
is to make g = .52hgoVP(% + 8T — 20if 4 44Y for the case ¢f-< ifand
g = O for the case if%> 4§. Also, I would like to add a note of caution in
the use of his approximation. If interest rates are turning down and par-
ticularly if there is a chance that the current earnings rate will drop below
the five year average earnings rate during the next four taxable years,
Mr. Garber’s assumptions may not prove to be sufficiently valid to pro-
duce reliable results.

Mr. Garber has also raised a very fundamental question regarding tax
allocations under this new tax law. In many ways this question appears
to be as controversial as the one involving the taxation of tax-exempt
interest and the opposing views as uncompromising. I was most remiss
in not making clear in the paper the point of view I was adopting regard-
ing tax allocations.

Essentially, there are two opposing views regarding tax allocations,
which I will refer to as the “combined company” and “separate company”’
approaches, respectively.

The “combined company” approach, which is the one to which I was
referring in the paper, takes the position that if a company is in a given
tax situation and expects to remain in that same situation indefinitely,
then all lines of business and classes of policies must bear their share of
the tax according to that tax situation, irrespective of the tax situation
that would be applicable if the line of business or class of policies consti-
tuted a separate company.

On the other hand, the “separate company” approach, to which Mr.
Garber is referring, takes the position that the tax allocation should reflect
the tax situation the line of business or class of policies would be in if
it constituted a separate company (after appropriate scaling down of the
fixed statutory deductions and limitations). Thus, if the Group Health
line, for example, would be in tax situation D as a separate company, then
the situation D tax formula would be applied to that line although the
company as a whole might be in tax situation B. Under the “separate
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company”’ approach the sum of the taxes for the various lines and classes
of policies will not, of course, balance exactly to the company’s total
actual tax, so that a further adjustment is necessary.

I will not attempt to set forth here the pros and cons of these two basic
approaches as I see them. Each appears to have its merits depending upon
the nature of a company’s business, its present and future tax situations
and its general pricing objectives. It is important to recognize, however,
that two different approaches exist or else there may be complete lack
of rapport in discussions of this tax allocation problem. The author has
already made this error, as have others.

The foregoing leads us back to the point raised by Mr. Abbot regarding
variations in marginal tax rates by line of business. He is presumably
referring to a situation where a “separate company” allocation method
is being used, since this would not occur under a “combined company”
approach. While marginal tax rates varying by line of business may give
an appropriate measure of how the taxes allocated to various lines of
business will be affected by a given action, they are not appropriate for
measuring the tax effect of the action on the company as a whole and
should not be used in determining whether or not a given action is desir-
able from a tax standpoint.

In dealing with tax problems under this new tax law it is extremely
important to distinguish between problems involving the tax implications
of decisions and problems involving tax allocations. It is very easy to con-
fuse the two types of problem and to think that you are dealing with a
tax implication problem when you are actually dealing with a tax alloca-
tion problem, and vice versa. This is particularly dangerous in the invest-
ment area where an allocation of the total “tax load” by class of invest-
ment may be an interesting statistical exercise but serves no useful pur-
pose from a “buy or sell”” standpoint and may lead to confusion. In fact,
it appears that the controversy regarding the taxation of tax-exempt in-
terest stems from a lack of agreement as to which of the two types of
problem is involved. '

It is clear from Mr. Abbot’s comments that he is fully aware of the
difference between tax implication and tax allocation problems, but I felt
that his point required some amplification for the benefit of those less
expert in the law then he.

I wish to thank Messrs. Noback and Jensen for expanding on my
derivation of the four different tax situations. I will assume that their
questions regarding the rationale of the law are rhetorical and pass on
to their interesting derivation of “isolated after-tax yield rates.” They
are dealing here with a tax allocation problem based on the “combined
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company”’ approach for a company in tax situation B. Except for their
method of allocating surplus, their approach is very similar to that used
by my own company, which is also in tax situation B.

I would like to offer a brief general reasoning derivation of their equa-
tions.

If we view the Internal Revenue Service as being made up of two de-
partments, one collecting a tax at 529, on all investment earnings and
the other reimbursing the companies at the rate of 529, on their reserve
interest credits, we see that before considering the reimbursement for the
reserve interest credits all funds are earning only .48:°. However, the rates
of reimbursement for the reserve interest credits are as follows:

Nonpension Reserves: .52:7(1 + 102 — 10:2)
Pension Reserves: .52¢¢
Deposit Funds: .52
Surplus: None

Adding these reserve interest credits to .48i¢ leads directly to their
results.

Mr. Harland has commented upon the practical applications of mar-
ginal tax rates and his remarks are greatly appreciated. In my own com-
pany we rarely make use of the “before’” and “after” technique any more
and rely upon marginal tax rates to solve almost all of our tax implication
and tax allocation problems. I wish to reiterate that we can use marginal
tax rates in dealing with tax allocation problems only because we are using
the “combined company” and not the “separate company’’ approach.

I am greatly indebted to Doctors Nesbitt and Jones for their very
learned analysis of the mathematical properties of the tax function. We
had never attempted a mathematical analysis of the stability of the
marginal tax rates but had based our conclusion on actual observations.
In practice, we actually change our marginal tax rates slightly from one
year to the next to reflect the changing relationships in our tax variables.
Incidentally, in following up their analysis I discovered a loose statement
in my discussion of homogeneity that requires modification. It was stated
that the tax function was homogeneous in the first degree with respect to
the current year tax variables. While this is quite true of the current year
tax function, it is not true of the tax functions of the four succeeding
taxable years, which are homogeneous in the zero degree with respect to
the current year tax variables; i.e., future year’s taxes are unaffected by,
say, doubling all of the current year tax variables.

Mr. Hill's comment regarding the 229, tax “imposed” on Company
Z’s tax-exempt income goes right to the heart of the tax-exempt contro-
versy. Some say that the marginal tax on tax-exempt income represents
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“taxation” in a legal sense. Others say that it no more represents a tax
in a legal sense than the marginal tax on assets represents a tax in a legal
sense and that the question is an allocation and not a marginal question.
This matter will probably be decided in the courts and my only comment
is that it is a bit like arguing with the umpire; if he says you are “out,”
you are out and that is that.

Before concluding, I would like to comment on my observation that
marginal tax rates might not be appropriate for tax allocations under an
“investment generation” allocation system. I had in mind here a type of
tax allocation where the current earnings rate and five-year average
earnings rate for tax purposes were also on an “investment generation”
basis. However, this approach has the disadvantage that the increase in
tax resulting from a large influx of Group Annuity funds invested at
new money rates will not be charged entirely to the Group Annuity line.
A tax allocation based on marginal tax rates will overcome this difficulty.

I wish to thank once again the many persons who have contributed
their interesting and valuable ideas to this discussion. I am also deeply
indebted to the anonymous reviewers of my paper for the many valuable
suggestions incorporated herein.



