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Hn.ny will ar,ree that the imnact of the computer revolution on the 

actuarial profession has forced us to seek new ways to do our old thinr:s, 

quite often witl• results that surnrise us, hccouse it never occnrJ•ed to us 

to look at tl:c problem from anv but the 1 trndi tional 1 pcrsnrctivc, Tho 

classical mC>tl•o<ls of anpro:dma t.inr, an annuity value are pre!\icnte<l on the 

assumption that tho interest clement of the imr.~c<linte annni ty fnncti on is 

matllemntically so inextricably entanr,lcd 1dth tho mortnlity clc,.,ent tl1nt 

it is not Possible to separate the two, hence tho necessity for apnroxima­

tion, We shall show that this premise, if not false, at least should be 

qualifie<l, The r.10rtality element can be partially isolated in a rartict•lnr 

manner, allowino: an nxact annuity value to be rradily obtained at any interest 

rate, as we slmll presently show. 

Analysis will show t!lat the immediate annuity, llx• may be expressed as a 

polynomial in the interest function d ( or i ) with the coefficients of each 

term being uniquely determined by the mortality ol<mcnt alone. l·foreover, and 

this is the whole basis for this paper, t 11esc coefficients arc rccdilv avail­

able from a table r,cncrated by the successive summations of the 1x coltmm of 

tho pertinent mortality table, For want of a more apnronriate nomenclature, 

we shall refer to tlds ns the Table of Isolrtter! Hortali ty, or TDT, for short. 

The derivation of the immediate annuity polynomial is shown in the Appendix. 

As some amplification on the nnture of the beast appenrs to be in order 

here, the pohnomial is given below for convenienc~. 

1 [ 51 
2 3 2 4 d3 5 4 nx lx x+1 - sx+1'd + sx+2.d Rx+3' + sx+4 .d 

The coefficients Si refers to tl•e clement in the Table 

ality corresnondinr, t~ age yin the ith summation column, 

In theory, the polynomial should extend to the 

6 5 
sx+5.d + ... J 

the polynomial ma.Y be truncated after a few terms dcnondi.n,. on the interest 

rate for a value of ax correct to, say, three decimal places. The practicality 

of this method depends on this property of tho nol•~omjal. The reason for 

this will become noparl'nt when one considers the fact that while t.he corff­

icients increase in linear comnotmO. fashi.on wi t11 ~ach successive tcnn, tl1o 

values of dt dcrrcase exponentially, so that convcrr;encc is quite ranid after 

the first few terms, the value of tho trtmcate<l nolynominl oscillnt.in'! about 

the true value of ax with each added term, If the interest function is i in-
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stead of d, converr,ence is assumntotic. The 1<ri ter' s cltoice of d instead of 

i is based on a belief tltat convergence is slir:htly bettor with the formrr. 

The precise number of terms reqnire<l for n cerl.ain <l~P,'ree of accuracy depends 

on the interest rate nnd the mortality basis. The hi~her the interest rate, 

the flatter the mortality curve, the slower the rate of convergence. 

As a vehicle for illustration, Table 1 has been prepared by r:enerntin~ the 

sncccssive summations of the lx column of tho 1071 i1roup Annuity Hale ~'ort­

alit:r Table. The render will note that bet;inninr: from the left, each success­

ive column to tho rir.''t is r:enernted by swmnin.n- t11e vnlnes of tlte one on its 

left, it being understood that summation is from age C.), 

To illustrate how the table is to be used, let us write the immediate 

annuity polynomial for n male aged 60. As indicated in the formula, tho 

coefficients will be along the sol irl line shmm in the table. 'Tote thnt the 

1 ine starts at np;e 60+1, and after the second term, nrnceeds step-1r:ise <lown 

the table. The polynomial, truncated after the 8th term, is 

[

.1592913E+0B- (.1903783E+09)d + (.1560010E+10)d
2

-

---1~- ( .10181i'l4E+11)d:l + ( .5406143E+11)d4 - ( .2r,:'J485BE+12)d
5 + 

.BTl!aSTSE+OS (.1020240E+13)d0 (.3637164E+13)d7 + (.11012:16E+14)d8 

for nnv interest rate. Values of d t can be genert•ted without too much 

effort by the relationship d = i 
1+i 

Let us evaluate a 60 for n particular value of i. For i 

is 10.942. 

II 

4% 1 the value 

] 

It may have occurred to some readers that the increasing immediate nnnui ty, 

lax' may he suscentible to the same kind of analysis, on<l if so, the question 

comes to mind w1,ether tho coefficient-s of the resulting polynomial may bo 

found from tho Table if Isolated Hortnli ty. The rn$wer is, not surorisingly, 

yes. The derivation of the polynomial is shown in the Apnon<lix. Noto that the 

polynomial mn:r be exnressed in two equivalent forms. As n matter of choice 

tho first form will be used in our illustrative example, but no sirmiftcnnt 

advantage is seen in choosing ono foi'I!l ovor the other. Again, for convonience, 

we give below tho required polynocinl: 

I a 
X 

1 
1 

X 

(3S4 - S:J )d2 - (4s5 -
x+2 x+l! x+3 

(ss~. 5- s;.5 )d
5 

+ •••••• J 
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Note thnt each coefl:'ici.ent is a li 1tcar co·:nonnrl of two v.:LlUPS from our 

table. /\s nn e:rn!D.plc, ln+, us write thP. increasing i 'f1''1 r! lia t.~J nnnui. ty ryo ly­

nortial for n T:ta le nr:cd m;. 'l'he coefficients arc ohtaincrl a long t'1c bro!u:m 

lines shown in the table. Ia
60 

equals 

.ttn2126F.+On - (2*.Do52425E+09 - .11~2126F.+On)d + 

(3*.r,o20945B+10 - .B:IG0300E+On)d2 (4*.26G0571E+11 .46R4nl~E+10)d~ 
+ (5*.10n984BE+12 .2192079E+11)d4 - (O*.:In76378E+18 .~R00197E+ll)d~ 

----~87~-0-61+ (7*.1274764E+13 - .:IOU5732E+12)d6 - (B*.3660934E+13 - .9651Q11E+12)d7 
.R0476 E+ 

+ (9*.9491682E+13 - .26U5743E+13)d8 -

for a~y intcr0.nt rate. For i 51, tho value is 75.586 

HI 

Thero arc two ot'1er cmnnity IJolvnomials w'dch follnw naturally fron t'lC 

rlcri.vation of the two just discussed, and tl10sc are the rlcforre<l lifo annni ty, 

n jax , an<\ tl1e deferred increasing annni ty, denote~ here as n I lax. No nm< 

concepts are involved in tlteir derivation, n.'lrl we give t 1 tetn here hclmi: 

nlnx = vlnx [ - ...... ) 
s2 )d + (as4 - s~ )d2 

x+n+1 x+n+2 x+n+2 ] 
These two I'Vlrli tional ryol:momials, "'.fldlo nllm~i.n~ us to ohtnin two nrltl-

i tionnl annui tics by rncnns of TDf, nlr10 servo n muclt more i_;:t·lortn.rtt func·t.i on. 

Taking advn.ntnr;e of tho bnsic relntton~1dps between nnnuitie~ rutd insurnnces, 

it is evident that most if not nll sinr:le lif" stcm'lnrd annni ty and insurance 

functions can be expressed ns n linear combina:f:ion of somo or nll of t1tc four 

annui tios ror ,;bicl1 we have dorived polynomials. l'or example, talco n co-oCJlcx 

function snell as tho decreasing insurance, DA~ • This cnn l10 shown to be 
x:n 1 

equal to 

Thus TTN proves to be a muc'• more ';loworful tool th:m just another a~>:,ro:~-
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imatton met11orl for simple annuities. Tf one has tl1c facilities of n commtcr 

on n time-sharing basis, the successive Blll'unntions oi" t1w 1~ values ''IO.,V lJe 

generated simultaneously without mucl1 imaginative proc;ra<llJ'Iinr, ju~t once nnd 

stored. 1qe coul-\ then obtain o.ny single life nctnarinl function at a l<i<lc 

variety of interest rates l<ithout having to r:renernte co.,utatio:t functions 

encl1 ti~e. 

IV 

Ot'•er npnlications 

There is D..'lothrr tyoe of nnnui ty to which TIN may he used ~<i th advanta~e. 

Suppose wo have the situation in w)Jich the annual annni ty na;nncnt escalates 

at so11e fixed rate j per year, as in a cost-of-Hvin_-; bcnc•it. ''ore precisely, 

suppose wo have an annuity-due where the first annual ·•ay-:JCnt is 1, th<> next 

(1+j), nnd tl!O next (1+j) 2 , etc. The present value of this annuity would be 

In the special case where 

El+/ )t•t!'x 

t•l 

II 
where i 

is greater than i, n~ 

l!.±.i.l - 1 

(l+i) 

whcro i' (1+i) - 1 

(l+j) 

will be of tho .form 

TDI takes it all in stride. The coefficients of the nolynomiat are ob­

tained in exactly the samo fashion. Tho polynor.lial •m•lerc;ors a slight tr•ms­

fonnntion however. d is replaced by i
11

, anti instead of t.he alternating si;ns, 

all sif!DS arc now positive. To unrlerstnnd "''Y this is so, one neorl only 

recall the binooial expansion of (1+i
11 

) a.nd tho associated sign rule. The 

transfol'Jnerl polynomial thus becomos 

a' 
X 1 [ st 1 + I X+ 

X 

Joint-Life Annuities 

'. ···] 
If a particulnr "ortality table follows Hal<ol•run's l<'irst Law, "x =A+ ncx,· 

joint-life annuity values r.ta7 also be obtaine<\ fro11 TIN. Hal<ehamize<\ mortality 

tables are not so much in vogue to-day a.nd Hal<ehll.I!I's fa.'Uons Law seoms to be 
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dcst.ined for tho history books, and so the technique will not hnve tho de;:rve 

of utility that it mi~ht have had say a counle of docados ago, but it will be 

given hero, if only to demonstrate the versatility of TIM. 

In The Record, 1!130 - Jones, it was demonstrnted that where tho mortality 

baeis follows Makoham' s Law, a joint-life annuity is identical to a single 

life annuity, with a change in tho interest rate, and n chnn~e in the a~e x 

to z, as defined below. TIM provides a practical method for utilizing Jones' 

discovery. 

Thue, a 
, ~1x2x3 ... xn 

1 where i = 1 + i n::r-• 

"a 
YYY•••Yn 

1, and z "' y 

at interest 

ln n 
- IiiC 

rate i a' at interest rate z 

The joint age y, of co11rse, comes from the Unifonn Table of Seniority, 

s and c are the ~lakeham constants, and n the number of lives. 

' Since z is usually not an integral a~e, two values of ax on either side 

of a~ will be needed, l~e may then interpolate linearly for a~ • 

v 

Critique 

It is not sur,gested here that TIM can replace that redoubtable corner­

stone of actuarial science, the Co111111ntation Function. Rather it is offerred 

here as an alternative in the spocial applications w11ere only a few annni ty 

values are required, but for a wide rnn,'l;e of interest rates, Indee·l, in this 

age of the hi~h-speed electronic computers, there will be many who will rer,ard 

the gain in computational efficiency as insignificant, prcferrinr, to r:rind 

out the values via tl1e tradi tiona! co111111utation function route. Be that as it 

may; ingrained proce1ures will not be given up rend.ily, the lmr of mathema­

ticai parsimony notwithstanding. Imaginative research in actuarial mathematics, 

however, as in t.,e other mathematical disciplines, is not pre•Ucatcd on a nre­

requisi te of utility; all that is required is that +.he fro'ltiers of aca<lomic 

know'.e~e be pushed back a little bit. Horeover, a new look at an old problem 

ean sometimes bo quite refreshing. As to utility, the verdict will be left to 

the individual reader to decide. 
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APPENDIX 

Analysis of a 
X 

()Q ol> ~ 

[\Px E- d)ttPx 
1 G t a I - d) lx+t X X 

t'l 
- d)t 

t• I t·l 
Expanding ( 1 binomially and collecting terms, we arrive at the 

following expression for ax: 

fx ~ 1x+1 + 1x+2 + 1x+3 + 1x+4 + 1x+5 + 1x+6 + • • • • • • • }do 

(lx+l + 2 lx+2 + 3 lx+3 + 4 lx+4 + 5 lx+5 + 6 lx+8 + ••• )d1 + 

(lx+3 + 4 lx+4 + 10 lx+B + 20 lx+S + 35 lx+7 +56 lx+B + ••• )d
3 

+ 

(lx+4 + 5 lx+ 5 + 15 lx+S + 35 lx+7 + 70 lx+B + 126 lx+9 + ,,,}d
4

-

(lx+ 5 + 8 lx+S + 21 lx+7 + 56 lx+S + 126 lx+9 + 252 lx+lO + ••• }d
5 

+ 

(lx+S + 7 1x+7 + 28 1x+S + 84 lx+g + 210 lx+lO + 462 lx+11 + ••• )d
6

- ••• etc] 

The coefficient of d0 is the summation of the lx column to lx+1 , which the 

render will recorrnize as the familiar actunrinl ftmction Tx+1• Let us define 

this as s:+l, hmtever. The coefficient of d1 is the double sulTIJllntion of the 1 
A 2 i th X 

coltmm to lx+1 , l~e wUl denote thb as Sx+1• We will denote Sy as the i sum-

mation to age y. It may be seen by inspection thnt 

[ s;+l 

( s!+l - 3s! .. 1 + 3s!.1 - s!.1 )d
4 

-

( s
6 

- 4s
5 

+ ss;+l - 4s
3 

+ sx
2 

• 1) d
5 

+ X+l X+i A X+i T 

The coefficients of s!+l should be readily recognized as tlte binomial 

coefficients, A furt,er simplification is possihle. Notice that the coeff­

icient of d2 can be reduced to s 3 
2 , the coefficient of d3 can be reduced to X+ 

(S4 - g3 ) - 4 X+2 X+2 - Sx+3 ' etc,, finally yielding the following result: 
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A 

- 2 -

a 
X 

1 
I 

X 
[ 51 - (52 ) d + (53 ) d2 

x+l x+l x+2 

(5:+6)do - ••••• ] 

which is our desired formula, 

II Annlysis of !ax 

dl (Ill 

Gl 

t•l 

- d)\px 

co 

1 ~ - d)tl I X x+t 
t• I 

Iax = ~ttPx 
t• I 

Expanding (1 - d) t 
tho followin~: 

binomially, and collecting coefficients, we arrive at 

1 
IX 

la 
X 

[(1X+1 

(lx+1 

+ 2 1 X+2 

+ 4 1x+2 

+ 3 1 x+3 + 4 1 X+4 

+ 9 1 X+3 + 16 lx+4 

+ 5 1 x+5 + 6 1 X+6 + ... )do-

+ 25 1 x+5 + 30 1 X+6 + ... )d1 + 

(6 lx+6 + 49 lx+T + 224 lx+B + 756 lx+Q + 2100 lx+lO + 5082 lx+ll + ,,)d
0 

- ...... etc) 

Using the notation of the previous section, the above may be written as 

Ia = 
X [

52 - (25
3 

- 5
2 

)d + (35
4 

- 5
3 

)d
2 

- (45
5 

- 54 )d3 
x+l x+1 x+1 x+2 x+2 x+3 X+3 

+ (55!.4 - 5!.4)d
4 

- (65;+5 - 5!+5)d
5 

+ (Ts!.o - s;.6)d
6 

- .... J 
Alternatively, we may write this formuln no 
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A 
- 3 -

The above two formulas may be written more concisely as 

In order to make the quantum jump from the binomial expansion to the 

formula in our summation form, the reader is well advised to refer to Pascal's 

Triangle whore !\Tlong its many remarkable properties one will find the success­

ive summations of the binomial coefficients, 

EN I> 
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ADDE~DT'!-1 

T>.e Fortran .,rorTam "TT'ol1" was used to ~enerate the Table of Isolated 

"ortal'itv. J'"e 1"71 !lroun Annnitv }!ortality ~values were accessed via a 

subrontine. 

T>.e ot~er Fortran ~rogram was used to obtain three continuous annuity 

values nsin .. the TIM technique. The age, sex and interest rate for the three 

annnitv val,es were sm)l)liei to the ">ro~am via a Data File "TIJ.I D.·\TA". If 

a whole tah1e of annuity values were required, the "lro~:ram could easily be 

ac\a.,te<l hv i"trodnction of a DO LOOP. }!ale and Female ~ values were avail­

able froM t"e •ubroutine. 
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TIM! FOi!TRA~ P PAGE l 

INTEGER XoZ , TIMOOO! 
RE~L QXC2oll01oLXC2oll01oSUMC15ollOioAXoDoVINToVINTX TIM0002 
lMSETB 0 TIM0003 
!FSETB = 0 TlM0004. 
I•ED = 1 TIMOOOS 
!SEX = 1 TlMOOOb• 
CALL GA71CQXolWEDoiMSETBoiFSETBI TIM0007• 
LXCloSI=lOOOOOO. • TJMOOOB· 
LXC2o51=1000000o TIM0009• 
DO 160 J=lo2 TlMOOlOI 
DO 160 I=lolOS TI~OOllt 

160 LXCJo5+II=LXCJo4•Il*Cl-QXCJo4+11 I TI..,0012• 
DO 170 I=lolS TIM00l3! 

170 SUMCiollOI=LXCISEXollOI TIMOOI4t 
DO 180 I=lolOS TJM00l51 
SUM C 1 • C 110-I I I =SUM C 1 • C 111-11 I +LX C ISEXo 110-I I TIMOO lbi 
DO 180 J=2ol5 TIM00171 

180 SUMCJoCllO-III=SUMCJoClll-III+SUMCCJ-lloCll0-111 TlMOOl81 
190 CONTINUE TlM00l9i 

WR!TEC4o3021 TIM0020< 
DO 300 1=15o64 TIM0021• 
WR!TEC4oSOOIIoLXClolloSUNClolloSUMC2olloSUMC3olloSUMC4olloSUMCSoiiTIM0022' 

loSUMC6oiioSUMC7oll TIM0023i 
300 CONTINUE TIM0024! 

WRITE C4o3021 TIM0025! 
302 FORMATC•lt//2Xo•X•oBX,oLX•ol2Xo•SUMl•ollXo•SUM2•ollXo•SUM3'ollXo'STIM0026l 

lUM4•ollXotSU~S•ollXo 0 SUM6'•llXo 0 SUM7'//I . TIM0027l 
303- FORMATC•l•//2Xo•X•o7Xo•SUM8'oliXo•SUM91ol!X,•SUMlO•olOXo'SUMll•olOTIM0028! 

1Xo•SU~l2 1 ol0Xo•SUM13°ol0Xo•SUM14'ol0Xo•SUM15°//I TIM00291 
00 600 1=65oll0 TIM0030! 
WRITEC4oSOOIIoLXCloii·oSUMCloiioSUMC2oiioSUMt3oiioSUMC4olloSUMC5oiiTIM003l! 

loSUMC6oiioSUMC7oii TIM0032l 
500 FORMATC2Xoi3o8j2XoEl3.711 TIM0033! 
600 CONTINUE TIM00341 

WRITEC4o3031 TIM0035l 
DO SOl 1=15o64 TIM0036< 
WRITEC4o5001IoSUMC8oiioSUMC9oiioSUMClOoiioSUMilloiioSUMC12olloSUMCTIM00371 

113oll oSUMC14oii oSUMC!Soii TIM0038• 
501 CONTINUE TIM0039• 

WRITE C4o3031 TIM00401 
DO 700 1=65oll0 TIM00411 
WRITEC4oSOOIIoSUMCBoiioSUMC9olloSUMC10olloSUMCllolloSUMI12olloSUMITIM0042t 

113oii oSUMC14oii oSUMClSoii TI"0043• 
700 CONTINUE TIM0044i 
230 CALL EXIT TIM00451 ' 

END TIM0046! 
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TIM FORTRAN P PAGE 

INTEGER x,z TJMOOOlC 
REAL QX12tll0ltLX12tllOltSUMII5ollOl tAXtDtVINTtVI~TX TJM00020 
READilt*liMSETBt!FSETB T)M0003G 
IWFD = I TIM0004U 
ILTSEX = 0 Tl~0005G 
CALL GA5JEXIQX,JWED•IMSETBtlFSETBI Tl~OOOoO 
LX(It5l=IOOOOOO, T!M00070 
LX12o5l=IOOOOOO, T!MOOO~O 
DO 160 J=l•2 T!M00090 
DO 160 J:J,J05 TI~OOIOO 

160 LXIJt5•Il=LXIJo4+11*11-QXIJ•4+lll TIMOQJJO 
WRITEI4t2001 TI~OOI20 

200 FORMATI'l 0 //'I~T RATE AGE SEX ABARX•//1 T!~OOJ30 
5 READilt*tEND=230lZtlSEXtVINT TlMOOI40 

lFIZ.EQ,OIGO TO 230 TJMOOJ50 
lfi!SEX,EO,ILTSEXIGO TO 190 TlMOOI60 
DO 170 l=ltl5 TlMOOJ70 

ITO SUMil•IIOI=LXIISEXtllOI TlM00)80 
DO 180 1=1•105 TJMOOJ90 
SUMiltlllO-lll=SUM(ltllll-lll+LXIISEXollO-ll TlM00200 
DO 180 J=2tl5 TlM00210 

180 SUM(JtlllO--lll=SUM(Jtllll-lll+SUM((J-llolllO-lll TlMOOaO 
190 CONTINUE Tl~00230 

VINT = V!NT*,Ol T!M00240 
D = VlNT/Il+VINT) TlM00250 
X = Z Tlt<\00260 
AX:(((((((((((((ISUMI15tiX+l4lll*D-SUMII4tiX+J3lll*D+SUMII3t(X+l21Tl~00270 

lll*O-SUMI12tiX+lllll*D+SUMilltiX•JOlll*D-SUMilOtiX+91)l*D•SUMI9o(XTIM00280 
2+8)ll*D-SUMIBtiX•7lll*D+SUMI7tiX•6ill*D•SUMI6tiX+5)ll*D+SUMIStiX+4TlM00290 
31 l l *D-SUM 14t IX+3l l l *D•SUM (3t IX+2l l l *D-SUM 12t IX+! l l l *D+SUMI 1 t (X+J l l T 1M00300 

AX=AX/LXIISEXtXl + ,5 Tl"00310 
VlNTX = V!NT*lOO 71"00320 
WRJTEI4t210tENDr230lV!NTXtZt!SEXtAX TlM00330 

210 FORMATIF6,4tlXt'~'t4Xtl2t4Xtllt4XoFT,4l TlM00340 
lLTSEX = !SEX TlM00350 
GO TO 5 TlM00360 

230 CALL EXIT TlM00370 
END T!M00380 
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TIM DATA 

o.o 
65• lt6.o. 
65• I .5.'0' 
50tlt4o75t 
38•2•5.25• 
20t2t3.75• 
0/ 

p PAGE. I 
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