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Abstract

Significant changes in the insurance and financial markets are giv-
ing increasing attention to the need for developing a standard frame-
work for risk management. Today’s competitive and investment ori-
ented marketplace requires from insurance directors to use all the ad-
vantages of investing risk capitals of their enterprises. Recently, there
has been growing interest among insurance and investment experts to
focus on the use of a tail conditional expectation as a measure of risk,
since it shares properties that are considered desirable and applicable
in a variety of situations. In particular, such a method allows for
a natural allocation of the total risk capital among its various con-
stituents. This paper examines above risk measure in the case of a
multivariate gamma portfolio. We demonstrate the explicit formulas
for tail conditional expectation and based on it capital allocation when
the proposed multivariate model consists of dependent and indepen-
dent gamma marginals. Financial enterprises are always concerned of
fairly allocating the total risk capital to these constituents. Conse-
quently, this work is particularly meaningful in practice in the case
of computing capital requirements for an institution who may have
several lines of correlated business and whose data is distributed mul-
tivariate gamma model considered here.

1 Introduction

Consider a loss random variable X whose distribution density function we
denote by fx (x), distribution function by Fx (z) and then the tail function



of X is Fx (z) = 1— Fx (z). This may refer to a total claim for an insurance
company or to the total loss in a portfolio of investments for an individual
or institution. The tail conditional expectation (TCE) is defined to be

TCEx (z,) = E(X|X > ) (1)

and it may be interpreted as the mean of worse losses. It gives an average
amount of the tail of the distribution. This tail is usually based on the g-th
quantile z, of the loss distribution with the property

FX (mq) =1 —q,

when 0 < ¢ < 1. It is called value-at-risk, denoted by VaRx (¢) and it is
defined as

z, = inf {z|Fx (z) > q}. (2)

In the case of a continuous random variable the definition above is unique and
equaled to F' )}1 (). The formula used to evaluate tail conditional expectation
is

TCEy (z,) = ﬁ / " 2dFx (1), (3)

where Fx (x,) > 0.

Tail conditional expectations for the univariate and multivariate Normal
family have been well-developed in Panjer (2001). Landsman and Valdez
(2003a) extended these results for the essentially larger class of elliptical dis-
tributions. Unfortunately, all members of the elliptical family are symmetric.
The first step in investigating the tail conditional expectation risk measure
in the context of non-symmetric loss distributions was made by Landsman
and Valdez (2003b). These authors developed the TCE formulas for the uni-
variate exponential dispersion family (EDF) that includes many well-known
distributions like Normal, Gamma and Inverse Gausian, which, except for
Normal, are not symmetric, have non-negative support and provide excellent
model for fitting insurance losses. It is therefore not surprising to find they
are becoming popular among actuaries.

Although the univariate EDF is considerably rich and widely applied, the
case is different in the modeling of an n - variate portfolios of financial risks
and insurance claims distributed multivariate EDF. For example, it does not
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include important multivariate distributions whose univariate marginals are
inverse Gaussian, gamma or stable (see Bildicar and Potil (1968)). Conse-
quently, the multivariate EDF can not be used to model n - variate portfolios
with such claims.

Tail conditional expectation posses a lot of attractive properties. It is
proved to be a coherent risk measure (see Artzner, et al. 1999) and it allows
for a natural allocation of the total loss among its various constituents. As-
sume that an insurance company manages n lines of business and the risk
managers are interested to know how much risk concealed in line 5. The an-
swer to this question is simple. The contribution of the j-th line of business
of the insurance company to its total risk capital is

TCEx;s (8g) = E(X;]S > s4), (4)

where S = X; + Xo + --- X,,. Certainly, due to the additive property of
conditional expectation, the sum of all marginal risks is equal to the total
risk measure for the whole company, i.e.

TCEs (sq) = ZH:E(XAS > 5q) - (5)

J=1

In this paper we advance (4) and (5) in the general framework of a mul-
tivariate model with univariate gamma marginals and the dependency struc-
ture based on the approach in Mathai and Moschopoulos (1991). Multivariate
distributions with non-negative support are extremely important in actuarial
science and the suggested family may provide a good basis for the modeling
of such portfolios.

The rest of the paper, is then organized as follows. Section 2 recalls
the definition and the most important properties of multivariate gamma dis-
tribution in sense of Mathai and Moschopoulos (1991). In this section we
also point at the problem of calculating the distribution of the sum of n
gamma random variables with any shape and rate parameters and we give
a Lemma in order to solve this difficulty. In Section 3 two forms for tail
conditional expectation in the case of the univariate gamma distribution are
presented. Section 4 provides a general expression for the contribution of a
marginal loss X to the total risk measure for any non-negative independent
random variables with densities fx, (z) and finite expectations. In Section
5 we derive the most general representation of TCE in the context of the



proposed multivariate gamma distribution. Section 6 presents the formula
for risk capital decomposition based on the tail conditional expectation risk
measure, and section 7 concludes this paper. At last, we give another, more
attractive form of the expression for tail conditional expectation for the sum
of n gamma risks in Appendix 1.

2 Multivariate Gamma Distribution

We consider here a multivariate gamma model introduced by Cheriyan (1941)
and Ramabhadran (1951), and generalized by Mathai and Moschopoulos
(1991). The dependency structure of this distribution is obtained by adding
a common random variable to every univariate marginal.

Let Yy, Y1, ..., Y, be mutually independent gamma random variables with
shape parameters -, and rate parameters «;, i.e. Y; v« Ga(v;, ;). The
probability density function of Y; is then

eiaiyy’yiil&’ﬁ y > 0, o > O,’}/l > O, (Z = 07 17 e n) (6)

7 7

Denote

X; =LYy +Y;,5=1,2, ., (7)

J

Definition 1 The joint distribution of the random vector X = (X1, Xs, ..., X;))"
1s the multivariate gamma distribution in sense of Mathai and Moschopoulos
(1991).

Some important properties of this distribution follow directly from the
moment generating function of X, which is easily obtained:

Mx (t) = E |exp (%Z%G) HE[ethj]
S (exE) men) T e

Consequently:



1. Xj v Ga (70 + vj,aj) .

2. E(X;) = (0 +7) /oy

3. Var (X;) = (v +1;) /o3

4. Cov (X;, X;) = 7o/ (auay) ,i # .

5. p(XZ,X]) = o .
Vo +7) (0 + 7))

The special case when «; = 1 was considered by Cheriyan (1941) and
Ramabhadran (1951).

Suppose 7, — 0 then Y5 =% 0. We call Y v Ga (0, ) a non-proper
gamma distributed random variable. Clearly when this is the case, the ran-
dom vector X consists of n independent gamma random variables. Hence,
we get a multivariate independent gamma distribution.

Notice, that the distribution of S = X; + --- 4+ X, is not gamma even
if all X are mutually independent gamma random variables with different
rate parameters (see Mathai and Moschopoulos (1991), Theorem 2.1). The
following lemma gives a new interpretation of the Moschopoulos (1985) result
concerning the distribution of S.

Denote v = Z?Zl 7v; and Quax = max (au, ..., ).

Lemma 1 The distribution of the sum S is mixed gamma with mixing shape
parameter, i.e.

S Ga(y+ K, amax) ,
where K is a non negative integer random variable with probabilities

where




k n

Ok =k Y Ak, k>0, (10)

i=1 j=1

and 6o = 1.

Proof. Observe that from Moschopoulos (1985), Theorem 1 ), - pr =
Zkz[) C(Sk =1. m

Remark 1 The case when oy = op = ... = o, implies A; = 0 and conse-
quently P (K =0) =1, i.e. S« Ga(y,a).

Finally, we present two graphs, comparing bivariate independent gamma
distribution and bivariate dependent one.

Figure 1: Bivariate Gamma density with independent univariate marginals.



Figure 2: Bivariate Gamma density with dependent univariate marginals.

3 TCE Formula for Univariate Gamma Dis-
tribution

Consider gamma distributed loss random variable X with shape parameter
v and rate parameter «. Let ¢ be such that 0 < ¢ <1 and let z, denote the
g-th quantile of the distribution of X. We denote by g (z|y, @) and G (z|, «)
the density and the cumulative distribution functions respectively and let
the tail probability function of X be G (z|vy,a) = 1 — G (z]y,a). We call X
a standardized gamma random variable if &« = 1 and then we write simply

g(zly), G (z|y) and G (z]7).

Theorem 1 Let X « Ga (v, ) then the tail conditional expectation of X is
gien by

TCEx () = B(x) 0%+ (11)
G (az,y|y)
= E(X)+z,), (12)
where A = M is a hazard function.
G (axg|7)



We would like to notice here, that representation (11) coincides with that
given in Landsman and Valdez (2003b). In the same time the form of (12)
was first obtained in the context of multivariate Normal family (see Panjer
(2001)) However, for the case of non-negative losses, representation (11) is
more convenient.

4 Portfolio Risk Decomposition with TCE for
Nonnegative Independent Losses

When uncertainty is due to different sources, it is often natural to ask how
to decompose the total level of uncertainty to these sources. Frees (1998)
suggested methods for quantifying the degree of importance of various sources
of uncertainty for insurance systems.

For our purposes, suppose that the total loss or claim is equaled to
S = Z;L:lXj, where one can think of each X; as the claim arising from
a particular line of business or product line in the case of insurance, or the
loss resulting from a financial instrument or a portfolio of instruments in any
other case. As it was noticed by Panjer (2001), from the additivity of expec-
tation, the tail conditional expectation allows for a natural decomposition of
the total loss:

TCEs (s,) = zn:E (X;]S > s,). (13)

Note that this is not in general equivalent to the sum of the tail conditional
expectations of the individual components. This is because

TCEXj (Sq) 7é E (XJ’S > Sq) .
Instead we denote this as
TCEx;s (sq) = E(X;]S > s9) (14)

the contribution to the total risk attributable to risk j. It can be interpreted
as follows: that in the case of a disaster as measured by an amount at least as
large as the quantile of the total loss distribution, this refers to the average
amount that would be due to the presence of risk j.



TCE based allocation formulas for symmetric distributions, having ellip-
tical dependence structure, were studied in Landsman and Valdez (2003a).
Notice, that TCE decomposition technics for portfolios with non-negative
risks essentially differ from the methods applied to the situations when the
risks are symmetric. For example, the distribution function of the convo-
lution of two independent non-negative random variables X and Y may be
rewritten as

Faoy () = /0 Py (m— 1) dBy (1) (15)

The following Lemma brings out the contribution of the marginal loss X
given that the aggregate risk S is bigger than any shortfall z,.We consider
this Lemma an important tool for the allocation technics concerning non-
negative risks in the most general form.

Lemma 2 Let X = (X3, Xo, ..., Xn)T be a multivariate portfolio, constructed

by independent non-negative risks X1, X, ..., Xy, with densities fx, (x), j =

1,2,....,n and finite expectations. Then

E(X;) ( iy o afx, (2) Fs_x, (s, —:c)dx)
Fy (sq)

E(X)|S > s,) = (16)

We have already pointed out that there is some complexity with the con-
volution of gamma losses. In fact, even the distribution of the sum of n inde-
pendent gamma random variables with different rates is rather complicated.
We treated this problem by introducing some integer random variables. One
of them K, defined earlier in Lemma 1, has the probability distribution func-
tion

Another integer random variable V' appears after summarizing two gamma
risks Y v Ga(y+k+1,amax) and Yy « Ga(yy, a0/n), where aumax =
max (v, g, ..., @) and y = Y77 ;. In fact V is also determined by Lemma
1 in the sense that the distribution of S =Y + Y, may be considered a mix-
ture gamma Ga (7 + k 4+ V + 1, Qpax) , where the random shape y+k+V +1
is the mixing parameter.



Let us define ayax = max (g, Gmax) and v = +,. We denote Z; to be a
gamma random variable with shape parameter equaled 1 and rate parameter
ag, t=0,1,...,n and for the case when o = Qpax, We write Zpax. Let Ex (+)
and Fy () be the expectations with respect to K and V respectively.

We now state a theorem for calculating the TCE of the sum S.

Theorem 2 The tail conditional expectation can be expressed

TCES (Sq)

(17)

EFS‘FWZO (Sq) :)7 FSJFZmax (Sq) _I_ EK ('[(V'EV'E (Sq,’y + K + V —I— 1’ an'la'x))

a  Fg(s,) Omax  F5(5,) OmaxF's (54)
Corollary 1 Supposey, — 0 then Yy =% 0, V 2% 0. In the limit case, the
random vector X = (X1, Xo, ..., Xn)T becomes a vector of n independent uni-
variate gamma random variables with any rate and shape parameters. Con-

sequently V =20, and the formula for tail conditional expectation simplifies
to

TCES (S ) _ /’? Fsizmax (Sq) i EK (K@ <8q|§i— K + 1, &max)) .
! Omax  Fs(89) Omax s (Sq)

(18)

Furthermore, if in addition to independency the equality of all rate parameters
ai, o, ..., a, to some a is implied, then the formula for TCE becomes even
simpler, because in this case P (K =0) =1

Glsfi+1)

TCEs(s,) = B(S) ~1 =

(19)

5 TCE based capital allocation

In Section 4 we have already emphasized that TCE based allocation technics
for portfolios with non-negative risks essentially differ from the methods ap-
plied to elliptical portfolios. Additional distinction appears because of the
fact that elliptical marginals are closed under convolutions. In the same time,
the distribution of the sum of gamma random variables with different rate
parameters is not gamma and therefore is much more complicated then the
distributions of the constituents of such a sum.

In the following Theorem we show that the contribution of each marginal
risk to the shortfall is stipulated by its expectation, risk’s rate parameter and
additional gamma random variable added to the aggregate sum.
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Theorem 3 Let X = (X1, Xo, ...,Xn)T be an n wvariate dependent gamma
distributed random vector, where X; «~ Ga ('yo +7; Oéj), then

aOFS+nZo (8) ﬁﬁb”rzj (sq)

TOBxs (s0) = EM0) = s ™ T oy Fg (s9)

(20)

Corollary 2 In the case when the random vector X = (X1, X, ..., X,,)" con-
sists of n independent univariate gammas with arbitrary rate and shape pa-
rameters, i.e. Yy “= 0 (see Corollary 1) the formula for the allocation reduces
to

v FSJFZJ- (Sq>

TOEX”S (Sq) = a— FS (3 )
J q

In the situation when X = (X1, Xo, ..., Xn)T consists of n independent gamma
random variables with the same rate a and any shapes the formula takes the
following form

TCEx,s(s) = B(¥) “EiL L.

Let us notice, that due the full allocation principle, one can get the ex-
pression for tail conditional expectation risk measure (17) from the formula
for TCE based allocation (20), i.e.

F " v, Fsyz
TCEs (s,) = E (nYy) 150z (50 | 5~ sz, (50) (5) (21)

FS (SQ) j=1 aj FS (SQ>

We prove the correctness of this result in Appendix 1.

6 Conclusions

In this paper we examined tail conditional expectation and based on it cap-
ital allocation for loss random variables that belong to multivariate Gamma
distribution. The discussed distribution posses some features that are consid-
ered desirable for actuarial professionals. For instance it is non-symmetric, it
has positive support and it is relatively tolerant to big losses. We studied the
multivariate Gamma model presented by Mathai and Moschopoulos (1991).
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The dependence structure of this distribution is obtained by adding a com-
mon random variable to every univariate marginal. We found an appealing
way to express the tail conditional expectation formula for Gamma random
variables. Furthermore, we evaluated the formula for the contribution of j-th
loss to the whole insurance company risk capital and we showed that the full
allocation principle holds in our context. Anybody believing his data is dis-
tributed multivariate Gamma model considered in here may find this work
self-contained.

References

1]

2]

Acerbi, C. and Tasche, D. (2002) ”On the Coherence of Expected Short-
fall,” Journal of Banking and Finance 26, 1487-1503.

Artin, E. (1964) The Gamma Function, New York, Halt, Rinebart &
Winston.

Artzner, P., Delbaen, F., Eber, J. M. and Heath, D. (1999) ” Coherent
Measure of Risk,” Mathematical Finance 9, 203-228.

Artzner, P. (1999) ” Application of Coherent Risk Measures to Capital
Requirements in Insurance,” North American Actuarial Journal 3, 11-
25.

Cheriyan, K. (1941) ” A Bivariate Correlated Gamma-Type Distribution
Function,” Journal of the Indian Mathematical Society 5, 133-144.

David, F. N. and Evelyn, F. "Rank Correlation and Regression in a
Nonnormal Surface,” In proceedings of the fourth Berkeley conference.

Delbaen, F. and Denault, M. (2000) ” Coherent Allocation of Risk Cap-
ital,” Working Paper, RiskLab, Zurich.

Embrechts, P., McNeil, A. and Straumann, D. (2001) ”Correlation and
Dependence in Risk Management: Properties and Pitfalls,” Risk Man-
agement: Value at Risk and Beyond, ed. by Dempster, M. and Moffatt,
H. K., Cambridge University Press.

Hardy, M.R. (2001) ” A Regime-Switching Model of Long-Term Stock
Returns,” North American Actuarial Journal 5, 41-53.

12



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Kotz, S., Balakrishman, N. and Johnson, N. L. (2000) Continuous Mul-
tivariate Distributions, New York: John Wiley & Sons, Inc.

Landsman, Z. and Valdez, E. (2003) ”Tail Conditional Expectation for
Elliptical Distributions,” North American Actuarial Journal 4.

Landsman, Z. and Valdez, E. (2003) ”Tail Conditional Expectation for
Exponential Dispersion Models,” working paper.

Landsman, Z. (2003) ”On Generalization of Esscher and Variance Pre-
mium adjusted for Elliptical Family and the Portfolio Capital Alloca-
tion,” Abstract of the 7th congress of Insurance, Mathematics and Eco-
nomics, Lyon.

Mathai, A. M. (1982) ”Storage Capacity of a Dam with Gamma Type
inputs,” Annals of the Institute of Statistical Mathematics 34, 591-597.

Mathai, A. M. and Moschopoulos P. G. (1991) "On a Multivariate
Gamma.” Journal of Multivariate Analysis 39, 135-153.

Meyers, G. (2001) Presentation On Coherent Risk Measures At The
CAS Seminar On Dynamical Financial Analysis, June 8, 2001.

Moschopoulos, P. G. (1985) ”The Distribution of the Sum of Indepen-
dent Gamma Random Variables,” Annals of the Institute of Statistical
Mathematics 37, 541-544.

OverBeck, L. (2000) ” Allocation of Economic Capital in Loan Portfo-
lios,” Measuring risk in complex systems, Frank, J., Haerdie, W. and
Stabl, G. (eds), Springer.

Panjer, H. H. and Jing, J. (2001) ”Solvency and Capital Allocation,”
Institute of Insurance and Pension Research, University of Waterloo,
Research Report 01-14.

Ramabhadran, V. (1951) ” A Multivariate Gamma-Type Distribution,”
Journal of Multivariate Analysis 38, 213:232.

Sim, C. H. (1992) ”Point Processes with Correlated Gamma Interarrival
Times,” Statistics and Probability Letters 15, 135-141.

13



[22] Tasche, D. (2001) ”Expected Shortfall and Beyond,” Journal of Banking
and Finance 26, 1519-1533.

(23] Wang, S. (1996) ”Premium Calculation by Transforming the Layer Pre-
mium Density,” ASTIN Bulletin 26, 71-92.

[24] Wang, S. (1997) "Implementation of PH Transforms in Ratemaking,”
Proc. Casualty Actuarial Society.

[25] Wang, S., Young, V.R. and Panjer, H.H. (1997).” Axiomatic Characteri-
zation of Insurance Prices,” Insurance: Mathematics and Economics 25,
337-347.

[26] Wirch, J. and Hardy, M. (1999) ” A synthesis of Risk Measures for Cap-
ital Adequacy,” Insurance: Mathematics and Economics 25, 337-348.

[27] Yang, H. and Sin, T.K. (2001) ”Coherent Risk Measure For Deriva-
tives Under Black-Scholes Economy,” International Journal of Theoret-
ical and Applied Finance 4, 819-835.

7 Appendix

Define K be an integer non-negative random variable generated by the
convolution > | Y;+ Z;, thus K (@) has the probability distribution function

p =cs) k>0, (22)
where CU) and 6,(3 ) follow directly from Lemma 1.

Theorem 4 1. The expression for tail conditional expectation may be
written as follows

F " 5, Fsiz,
TOBs (s,) = B (nvy) L5 (o) | 5~ Foz, (50)

Fs (sq) j=1 Q) Fy (84) (23)

2. Two useful relations between py, and p,(f ) are

AW
(4) Q; k[ 051

A B AR RF i S5 24
Py pkam < 73’( kék ; ( )
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1< ;
be =7 Z%Ajé,ﬁj_)l, k>0

7j=1

and pY) = py=2-, 69 =5, = 1.

Qmax
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